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Abstract. We show that if D %2R" isopen, f: D! R" is continuous, open and discrete
such that for some h > 0 the linear dilatation satis es h(x;f) < h for every x 2 D, then f is
K (h; n)-quasiregular. Here\lim inf" is usedin the de nition for h(x;f). A remavability result on
guasiregular mappings is obtained, and we enlargethe notion of the discrete modulus introduced
by J. Heinonenand P. Koskela in [7]. We also give somebounds for the discrete modulus.

1. Intro duction

In arecert paper [7], J. Heinonenand P. Koskela shaved that if f: R" ! R"
is @ homeomorphism sud that for some h > 0, h(x;f) < h holds for every
x 2 R", then f is K (h;n)-quasiconformal. Here

Lx;fir)= sup jf(y)i f(X)j;

jyi xj=r
I(x; f;r) = jyiig}f:rjf )i fOl
h(x;f) = I|m |nf II'((X ff rr))
L(x;f;r).

H(x;f) = Ilmsupl( o)

This generalizeghe classicalresult which says that f is quasiconformalif H (x; f)
is uniformly bounded. In [3] we introduced the inferior linear dilatation h(x;f)
for mappingsf: D! R", D %2R" open, f continuous, open and discrete, and
we studied some properties of such mappings. We showv now that if D %2 R" is
open,n, 2,f:D ! R" iscorntinuous, open and discrete such that there exists
h > 0 sud that h(x;f) < h for every x 2 D, then f is K (h; n)-quasiregularand
H(x;f) = h(x;f) a.e.in D. In this way, the problem of nding the best constart
of quasiregularity K (h;n) is reducedto the classicalcasewhen H(x;f) < H for
every x2D.

A removability result of J. Heinonenand P. Koskela [7] shows that if n | 2,
f: R"1 R" isahomeomorphismsud that there existsaclosedsetH 2 R" such
that f is K -quasiconformalon R"nH and a > 1 suc that for every x 2 H there
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exists a sequencer; ! 0 dependingon x sud that IB(x; arj )nB (x; r,-)¢\ H=;
forevery j 2 N, then it followsthat f is K -quasiconformal. We shall shaw that if
D %R" isopen,n, 2,f:D! R" iscontinuoussud that there exists H ¥2D
closedin D sud that f is K -quasiregularon D nH and there exists 0< a< 1
and B = (Bj)i2n an a-porous baseof H, then, if f is open and discrete or if
intf(H) = ; , it followsthat f is K -quasiregularon D . Here,if D %2R" is open,
n, 2, A¥%D,0<a<1,and B = (Bj)i2n is a covering of A, we sa that B
is an a-porous covering of A if (BijnaB;)\ A = forevery i 2 N and we say
that B is an a-porousbaseof A if B is an a-porouscovering of A and for every
x2 A and U 2 V(Xx), there existsi 2 N sudh that x 2 B; “2U.

We showed in [5] that if D 2 R" isopen,n, 2, f:D ! R" is con-
tinuous, open and discrg &ﬁ sudl that thegg exists 0 < a - 1 and H > 0 with
limsup, df B(x;ar) =%, 't B(x ry - H for every x 2 D, then f is
K (H;n; a)-quasiregular. We shall partially generalizethis result, giving at the
sametime a generalizationof the removability result of J. Heinonenand P. Koskela
from [7]. We shaw that if D %2 R" isopen,n, 2, f:D ! R" is continuous,
openand d|scrlete ther@q;emstle| ¥2D agg h;t > 0 such that for every x 2 D nK,
liminf,, od f B(Xx;r) f B(x;r) < h, and there exists 0 < ag 1 and
B = (Bij)ian an a-porous baseof K sudc that d'f(aBi) n:1,1'f(Bi) < t for
every i 2 N, then it followsthat f is K (h;t; n)-quasiregularand Ko(f) < V, tH ,
where H = maxf h; tg.

As in [7], the principal instrument usedin proving suc theoremsis the new
discrete modulus introduced by J. Heinonen and P. Koskela. We give a slightly
modi ed version of this notion, and obtain bounds for this classof discrete mod-
ulus. For these bounds we modify somecovering theoremsfrom [10] and, for the
sake of completenesswe give a detailed proof of one of them (Theorem 3).

We usethe notation from [15],[9] and [12]. If f: D l R" igg map, D %2R"
is open, x 2 D, U(x;f;r) is the componert of fi 1'g f(x) r corntaining X.
For D % R" openand f: D ! R" amap, we sa that f is discreteif fi(y)
is isolated for every y 2 R", and we say that f is light if fi 1(y) is a set of
topological dimension zerofor every y 2 R" .

iP ¢, -
For x 2 R" we denote by jxj = I X2 2 and if A;B % R", we
denote by d(A) = sup. ,ajXi yj and by d(A;B) = infxza yos jXi yj. If
A2 L(R";R"), let jAj = supp; jA(N)j, and I(A) = infjnj=y jA(h)].

If D% R" isadomain,n, 2,andf: D! R" isamap, wesg that f is
quasiregularif f is ACL" and there exists K , 1 suc that jf O(X)j ¢< ¢Js (X)
a.e.in D. For a quasiregular map we also have Ji(x) - KOl fo(x) a.e.in
D for some K% 1, and we denote by Kqo(f) the smallest K , 1 sud that
ifAx)j" - K.¢Js (X ae.in D, and by K, (f) the smallest K , 1 sud that
Ji (x) - K ¢l f9x) " a.e.in D. We say that a quasiregularmap f: D! R",
n, 2,is K -quasiregularif Ko(f) - K, K, (f) -
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If i is a path family, we denote by
Yo Z
F(G) = BR" [0;1 ]aBorelmap: Yds, lforewery® 2ig

andby M(j) = infiorg o ¥2(X)dx.

If E;F %2 R", D % R" is opensuc that E[ F %D, let ¢(E;F;D)
be those paths, open or not, which join E with F in D. If f: D I R" isa
map, we let N(f;D) = sup,gn~ Cardf! Yy). A domain A % R" isa ring if
CA has exactly two componerts Co and C;, and we denote A = R(Cy;C,),
Co being bounded,and j o = ¢( Co;C1;A). Forr > 0, let ©,(r) be the set of
all rings A = R(Cp;Cy) in R" sud that 02 Co and there exists a 2 Cp with
jag= 1 and such that 1 2 C,, and there exists b2 C; with jb = r, and we let
H (r) = inf M (j o), the in m um beingtakenover all rings A 2 ©,(r). We denote
by V, the volume of the unit ball in R", by 1, the Lebesguemeasurein R" and
by !n, 1 the area of the uragt spherefrom R“. For 0< a< , < 1, we write
N(a;,)= 2K ¢4=_¢, i a)¢ where K = [Iog (1i a)=log,]+ 1. For " > 0 we
let N(") = (3+ ")'”(I:l =2+ ") . In[10,p. 29]the following Iemmals proved: There
exists a positive mteger B(n) sud1 that if al;""ak 2 R", rq;iiy; e 2 (0;1),
a Z2B(g;r;) fori 6 j,ij=1::kand i=1 B(ai;ri) 6 ,,then it follows
that k - B(n). Throughout this paper we shall denoteby B (n) the number from
this lemma.

2. Preliminaries

Theorem 1. Let D %2R" be open, A ¥2D closedin D and such that A is
boundedor A = D, B a collection of balls from D sudc that every ball from B
is of the form B(x;r) with x 2 A andr 2 Iy 2R with

(@) 0210 forevery x 2 A,

(b) if Xk 2 A, ry, 21y, for K2 N, xg ! X, ry, ! r and B(x;r) %D,

then r 2 1.
Then there exists an at most c§urtable collection of balls (BS).ZN such that B; =
B(xi;ri)2B fori2 N, A% ,ll Bi, rk, rksr andxg 2 1I6kB fork, 1.
Henceewery point from A belongsto at most B (n) balls and lB \ 1BJ = ; for
iiJ2N,i6]j.

Theorem 2. Let D “2R" be open, A %2 D sud that either A is bounded
or A = D, B a collection of balls from D suc that ewery ball B 2 B is
of the form B = B(x;r) with x 2 A andr 2 I, % R, suc that 0 2 I?
for every x 2 A. Then, for every " > 0 there exists an at most cgurtable
collection of balls (Bi)ion suchthat B; = B(xj;ri)2B fori 2N, A% ., B,

Bi=(2+ ")\ Bj=(2+")=; fori;j 2N, i6 ) andevery point from A belongs
to at most N (") ¢B(n) balls B;.
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Theorem 3. Let D 2R" beopen, A%D, 0< a< 1and B = (Bj)ian
an a-porous covering of A. Then, if A is boundedor if A= D and B is an
a-porous baseof A, for elery 0 < a< , < 1 wecan nd C = (Bj )kan @
subcwering of A sud1 that every point from A belongsto at most N (a;,) balls
B, and —( i a)Bi, 2( i a)BII =; for k; 2 N, k& |, where N(a;,) =
2k ¢(4=,(, i a)", Wlth k = [Iog2(1. a)=log, ]+ 1.

Proof. We suppose rst that A is bounded. Hence we can suppose that
M =sup,yri<1l,whereB;=B(xj;ri) fori2 N.Let0<a<,6 <1and

5

A1 =1fx2 Ajthereexistsi2 N and M <r;- M
such that B(x;rij) 2 B and x 2 B(x;;ri)g:

If A; 6 ;,wetake X33 2 D and M < %3 - M sud that B(X11;%1) 2 B

and A\ B(X11;%1) 6 ;. If Ap 61/zB(x11i1/41), we take X2 2 D and M <

Y22 - M sud that B(x12;%2) 2 B and A; nB(X11;%1) \ B(X12;%2) 6 ;.
If A1 6YB (X11;%21) [ B(X12;%42), we continue the processand we show that this

processmust end in a nite number of steps. Indeed, let B(xi;ri), B(xj;r;)

be two balls which cover A; obtained as before. Then there exists a point x 2

AIA such that x 2 B(¢:rj) nB(xi;ri), hencejx i x;j - arj - aM (because
B(xj;rj) nB(xj;ar;) \ A =;)and jxi Xxjj>ri, .M ,which implies that

Xii Xj), X Xii o ixi x5 0> (i aM:

Let 2= 5(, | a) and supposethat there existsa point z 2 B (X; ;%2f )\ B(Xi; %2F).
Then 21/2M5 Yok + Yok | JXj i Z)t+ X i Izj ]X, i Xjj3 G i a)M which rep-
reseris a cortradiction. It follows that B x.,z(, i ar; \ B x,,z(, i ar;) =
, . Using the boundednessof A we can nd m(1) 2 N;X11;:::; Xima 2 D,
real numbers 1/41;:é"/4m(1) 2 (I¥| M] sud that B(xqy;%) 2 B for | =
1:::;m(), Aln =1 B(x1|,1/g|) \ B(Xx1k;%x) 6 ; for k = 2;:::;m(1) and
16‘1 1 m( ) B(x1| Y1). Also, a point from A; may belongto at most m =
4= (, i a) balls B (xy;%). Indeed, let B(x1i;%i) bea xed ball of this type

and supposethat it is intersectedby m balls B(xyj;r1), ] 2 C %f1;:::;m(1)g.
Then every suc ball is contained in B(xy;;2M); hence

Vy ¢2M)" =1 B(X3i;2M) th o B(xy; E(’ i @)Y
j2c
1i ¢
Voome—'( i ayeM)”

5

and this implies that m - |4:,(, i a " . We have completedthe rst step of our
inductiv e process.
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At step ), we take

1
& 1m0 | -
Aj = X2An B(x1;%) | there existsi 2 N

k=1 1=1 3
and JM <r; - Jil¢M suc that B(xi;ri) 2 B and x 2 B(x;;ri)

If Aj 6 ;,wetakexj1 2 Aj and /M < %, - Ji 1M sudhthat B(xj1;%1) 2 B
and A; \ B(x 1'Sl/gl) 6 ;. If Aj 6YB(X;1;%1), we cortinue the processfrom step
j,andif A; 6% :(:illB(x“;l/p)xwetaé(e Xjk 2 D ang JOM < Yy - dileMm

sudh that B (Xjk;%«) 2 B and |Aj n :‘zillB(x“;l/,-a.) \ B(Xjk;%«) 6 ;
Using the boundednessof A;, we seeas in step 1 that this processmust

Yor; 00 %emey 2 (L) €M l¢M] such that B(Xji; %) 2 B l=1;::::m(j),
H k1
Ajn B(leil/f-l) \ B(Xjk;%«) 6 ;
Sm i)
for k= 1;:::; ;m(j) and A; % I=1 B (Xj1; %) .
S The processwﬂl have an in nite number of steps. We shav that A %
-1_JS ['li’s) B(Xj1;%). Indeed, if this is not true, we can nd a point x 2

i=1 rn(‘)B(x” Y,). Since (B;)i2n is a covering of A, wecan nd i 2 N
sud1 that x 2 B; and j 2 N with 1 ¢M < r; - Jil¢M . Using the def-
initiop of A;, we obtain that x 2 A;, which represerts a cortradiction, since
x 2 ") B(x1; %) and we proved that A; ¥~ 2U) B(x;1;%). It follows that
A Vs J.lzl "0V B (X1 %)

Letnow k 2 N besuchthat a- | 2, k+1. Weshow that two balls B(Xi;%),

B(Xjq;%q), | 2 f1;:::;m(i)g, 9 2 f1;:::;m(j)g with jj ij 1, k cannot
have a common p0|nt from A. Indeed, supposethat this is not true and pick
two balls as before, B(xj ;Y2 ); B(Xjq; %q), With j i ij 1, k sud that there

exists a point x 2 A\ B(Xxj;%)\ B(x'jq;l/gq). Fromy the construction of the
balls B (xk; %) we can nd @point z2 AnB(Xi;%) \ B(Xjq;¥%q), and since
A\ IB(x" :Y4)NnB (xj;at¥) = ;, weseethat the point x 2 B (X; ; a¢1/a) Then
2M ¢ 1i 1, 2%q . ixi zj, (Li a% > (1i aM ¢, ', and hencei(1 a) <
Jilil< kije a> 2 X+ 1, which contradicts the Way we chosek. It follows
that if jj ii 1, k,then any two balls B(Xj;%), B(Xjq;¥%q) With j i ii 1, k
cannot have a commonlpomt with @ Since we shawved that any point from A,
can belongto at most 4=,(, i a  balls B(x;;;%), ] 2 N, | = 1"'¢'m(J)
it follows that any point from A can belongto at most 2k ¢ 4= (, | a) balls
B(xi;%), 12N, | 2 f1;:::;m(i)g, wherek = [Iog 1i a)= Iog ]+ 1. Asin
step 1, we show that ( i a) ¢B(xj;%)\ ( i a ¢B(x1q,/gq) =,;,fori 6],
2f1:::;m(i)g, g2 fl """ :;m(j)g and the theorem Is proved if A is bounded.
If A D and B is an a-porous baseof A, we leave the proof to the reader.
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3. Discrete modulus. Bounds for discrete mo dulus

We shall use, now in a slightly enlarged form, the concept of the discrete
modulus introduced by J. Heinonenand P. Koskelain [7]. If D “2R" is open and
B = (Bj)ian Is a covering with balls of D, we say that B is a (,; !)-covering
of D if every point of D belongsto at most | balls B; and B ;\ B = ; for
i;J 2 N,i16 ) and 0< * < 1. From Theorem 1, we always have (B (n); %)
coverings of an open set D %2 R"; hencewe always have (,; *)-coverings of an
opensetD 2R" if , , B(n),0< 1t . % and we denote by E(,; %; D) all the
(,; 1)-coverings of the openset D from R". If B = BY[ ¢¢¢[ B™ is a covering
with ballsof D, 0<t < 1, D openin R", Bk = (BM)ion, k= 1;:::;m, such

B isa (m;,; *)-covering of D and we denoteby E(m; ,; %; D) all the (m;,; )-
coverings of D. In this denition it is possiblethat some families of balls B ',
Bl arethe same.If j is a path family suc that Im° %D for every ° 2 | and
B = (Bj)i2n Iis a collection of balls from D, a subcollection A = (Bj)i2, with
| 2N will be called a chain of balls frorT*Sthe collection B along the path ° if
Im°\ B; 6 ; foreveryi 21 and Im° % ,,, B;.

Letnowm;, 2N,0< 1< 1, B =B![ ¢¢B™;B 2 E(m;,; % D) and
Vk: BX1 [0;1) be set functions which assignto ea ball BX 2 B a positive

for the (m;,; ) covering of D,
B = (Bi)ian; B=B'[ 6] B™; BY*= (Bi)iar,; k=1L::5;m

and for the path family j sud that Im° %2 D for every ° 2 j , if

X X
w(Bi), 1,

k=1 i21¢\ |
for every A = (Bj)i2) chain of balls along somepath ° 2 j. We denote by
Fm.xp )(B;i) theclassofall (m;,;*; D)-admissible m-tuples of set functions
v = (vy;:::;Vy) for the collection B 2 E(m; ,; 1; D) and the path family j . For
+> 0 we denote by

_ X X X X

i Mod(m,» (i) = inf Vk(Bi)";

B2E(m;,;5D ) v=( V1V )2F(map (B ;i) k=102l
where the in m um is taken along all the collections

B2E(m; ;4 D); B=B ¢¢[ B™;, B = (Bi)ian; B¥= (Bi)iz2i,;
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forevery ° 2 j and d(Bj) < +fori 2 N. The function £! *j Mod,,» (B ;i)
is clearly decreasing;henceit hasa limit in 0 and we denote by Mod..» (i) =
lims o Mod(y.» (i) andcall the number Mod(,. . (i) the (m;,; ) discrete
modulus of the path family j . Of course,this notion hassenseif E(m; ,; *; D) 6
;. For , , B(n) and 0 < 1t . % m 2 N, the (m;,; 1) discrete modulus
is de ned. For m = 1 we note Mod .. y(j) instead of Mod(;.. )(j) and by
Fixp )(B;i) insteadof Fp..p y(B;j) for B 2 E(,; % D).

Using the method from [7], we can prove the following relation betweenthe
classicalmodulus and the (m; ,; *) discrete modulus:

Theorem 4. Let | be a path family in R". Then there exists a constart
R(n;m;?1) sud1 that M(h? R(n m 1) ¢Mod(m. 1+ (i) , where R(n;m;1) =
vV, ¢2" ¢nn’ '3n<! I(nj 1) ¢m ¢n

Theorem 5. Letn, 2, D %2R" beopen, K 2D, f: D! R" continuous
sudh that there exists h > 0 with

i ¢
df B(r) ..

lim inf —— ¢¢
rt o 1o f B(xr)
forevery x 2D nK and N(f;D)< 1 . If K =;, for E;F %D , we have
' ¢
| ¢ (D),
Modg (ny:1=2) ¢(E;F;D) - h¢N(f;D) ¢B(n )¢d'f(E) f(F)

If K 6 ;, D is bounded a.ind there @mstst > 0and 0< ®- 1 sud that for an
®-porous baseof K , & = 'B(x;;r;) .,, the mequahty

d f _®93B(Xi;ri)¢¢

—i - <t
th fB(Xisri)

holdsfor i 2 N, then, for every " > 0 and 0< ®< , < 1 it follows that

i ¢
Mod i¢(E'F'D)¢- 2H ¢N(f;D) ¢M ¢ o f 1d) 4
(2;M;P) y dlf (E) f(F)

where
) 1 _ ®3/4
P=min — ;. ;

TG > ; H=maxfh;tg; M = maxfB(n) ¢N(");N(®;,)q:

_ ' ¢
Proof. Suppose rst that K = ;. We may assumethat r = d'f (E);f(F) >
0, since otherwise the theoremis clear. If x 2 D, Iet
1 3
2 —df B(x r) /i
Iy= r2R,
n fB(X r)
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Then 0212, and Iet Bl= szD 21, B ). Wedenefor B2B* asetfunc-
tion v by v(B) = d' f(B) =d f (E);f(F) . Now B! satls es thquondltlons from
Theorem 1, hence,if +> 0 is xed, we can nd_B 2 E B(n) Z’P BI— (B.&.ZN,
a subcollection of B ! such that d(B;) < +, B; 2D, d f (B;) M1 f(Bi) <h

fori 2 N.
Let © 2 ¢(E;F;D) andA = (Bj)i2i bea chain of balls from the collection

B along the path F°> Then i2¢ f(Bj) isa connectedsqtt which covers the path
p= f £°, hence ,, d f(B ) Lo 1G) d f(E);f(F) , and this implies that
i V(B ) 1 for every A = (Bj)i2) chaln of baIIs from the co(yectlon B along
every path ° 2 ¢(E;F;D), i.e., v2 Fg(n):1=2) B ¢(E;F;D) .
We have

G
L dEE)F(F)

i ¢ A
(1) i Modpi(n)1=2 ¢(E;F;D) - v(Bi)" -
i=1

Now every point y 2 f (D) hasat most N(f;D) points xx 2 D sud that
f (xk) = y, and sincesud a point xx may belongto at most B(n) balls B, it
follows that every point y 2 f (D) belongsto at most B(n) ¢N (f;D) setsf (Bj).
This implies that

X ¢ R»7Z N 1
th f(Bi) = Xt (x)dx = Xty (x)dx
i=1 i1 f(D) f(D) j=1

B(n)¢N(f;D)dx = B(n) ¢N(f;D) ¢1nif (D)¢;
f(D)

and using (1), we have
I ¢
¢ X di)"
L dFE)T(F)
i ¢
X1 1(B)
| Ao
L dF(E)T(F) "

i
i MOd(B(n);lzz) ¢(E;F;D)

PRI

. h¢B(n) ¢N(f;D)¢d;f(E);f(F).,n

Letting + tend to zero, we obtain that

i ¢
i ¢ I f (D )
MOd(B(n);l=2) ¢( E,F,D) . h¢B(n) ¢N (f D) ¢dlf(E) f(F)

Supposenow that K 6 ; andlet 0 < ® < | sl and " > 0 and let
+> 0. Applying Theorem 2 to the baseof balls D =,k 2, B(XT), we
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can consider B 1= (Bl)|2N subc_overing of D which covers D nK suc that
dBl) < +, B 1/zD d f(BL) " If (Bl) < hfori2 N and every point from
D nK belongsto at most N (") ¢B(n) balls B! and B=(2 + ")\ B-1:(2+ ") =
foriéj,i;j 2N.

Applying Theorem 3 to the ®-porouscoveringof K, C = B(xI g ) N
can consider B 2 = (Bz).ZN a subcollection of C which covers K sud that

we

i ¢,
_ df(®B?
dB?) <+ B %D; —;(—'3¢<t
ta £(BY)
for i 2 N, and ewvery point from K belongsto at most N(®;,) balls B? and
(i ®)¢BZ\ 5 i ®¢BZ=; fori 6 j,ij2N. Since(B?j ®§i2)\
K =: fori 2 N, we seethat (®B; ?)ion is also a covering of K ; henceB =

Bl[ ®B22 E(2;M;P;D).. ; We dgne set functigns vy on the balls BF, k =
12 2 N by vi(Bi ) T d'f Bl) df(E)f(F) for i 2 N and v2(®BZ)

d f(®BZ) df(E) f(F) for i 2 N . Let us show that
i ¢
v=(v;V2) 2 Fempp) B;¢(E;F;D) :

Indeed, let ©° 2 ¢(E;F;D) and let A = (Bj)ian be a chain of balls from B
along the patl °, where | & 14 [ I2 and Bi 2 Bl fori 214, B; 2 ® 2 for
i 21,. Then i2p, f (B )[ i21g f Bi) |saconne¢:tedsetwh|ch coversthe path

i =f+£°, hence ,,, df(Bl) + I2I2df(®Bz) 1@ . df(E) f(F) and
thls implies that v = (vi;v2) 2 Fom.pp)y B;¢(E;F;D) . We have

[ ¢ X 1\n X 2\n
tj Modimp) ¢(E;F;D) - vi(B)" +  vo(®BY)
_ ¢ 21, i21,
X dieh", X diEsd"
df(E)f(F)" df(E)f(F)"
LS T E N 1Ch)
df(E)f(F) .y g2 419
u M uou
: S S
MM IR Z et e, £ B2
df(E);f(F) i21, i21;
2¢H ¢M N (f:D)
df(E)f(F) "

211 i21,

i ¢
1, f(D) :

Letting + tend to zero, we complete the proof.
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4. Conditions of quasiregularit y and a remo vabilit y result
We shall rst prove the following theorem.
Theorem 6. Let D %2 R" be open, n 2,a>1, x2Dandr >0

5

such that B (x;arr) %D and f: D! R" cortinuous, open and discrete. If f is
K -quasiregularon B (x; a:r) nB (x; r), then it follows that

i ¢¢,
df B(xr)

n
—i ¢¢ . C(a;K);
1, f B(x;ar) ( )

where C(a;K) = 1=L(a;K) and

Yo M 1

A i 2K ¢n ¢l g
L(a;K) = min — ¢tex =
( ) 2n P Cy ¢(loga)ni 1

Vi 0 6K @101 Hiok enel o
2" ¢c, ¢(loga)ni 1 P Cn ¢(loga)ni 1

1%

Proof. Suppose rst that 1nlf'S(x; a:r)¢¢ = 0. Let s = L(x;f;r);x =
K ¢! . 1=(loga)"i ! and let ® > 0 be such that 2+ = c, ¢log(1=®), where c, is
the constart from ITheorem 10.12,[15, p. 31]

Now ®= exp j 2K ¢! ; 1=G, ¢(loga)"i ! ; hence0< ®< 1.

i i ¢e i i
th £ B(X; a:m 1 B(X; a:r)
df Bo;r) " > 20¢L(xf;r)n

[(x;f;r)" ®" L
5 Vn ¢2n ¢L(X,f,l')n 5 Vn ¢2_n: L(alK)1

ifiL(x;f;(f):I(x;f;r) g 1=®. ¢Supposethat L(x;f;r)=I(x;f;r) > 1=@. If Q =
f S(x;r) ,then QI\ S f(x)'& ; for every t 2 [®s;s] a&wd IetlQp ng be the
componerts of Cf B (x;ar) which intersect B f(x);s nB f(x);®s . Since
S(x;r) % Int de ar) and f |s opengit follows that Q\ @)y = g for p2 P,
andIeCéBp— t2(®ss)j§f(x)t\dQp ;. p2P,E= 82PQpand
B= t2(®sSs)]j Sf(x)t \ E6; . SinceB isopen, B =, (a;h),
| %2 N Iand (aigh) \. (aJ B)g ; fori;j 21,16 j. Wheni 21, we denote
D;=B f(x);bh nB f(x) a and

a

© ' ¢
Ji= | 2P jthereexistst 2 (aj;l3) sud that S'f(x);t \ Q 6;

and let U; —_ SJZJ (@3 Let now i 2 | and t % (ai;b). Then there existsj 2¢J.
sud that S f (x); tl\ Q; § o SlnceS f(x);t \ Q6 ; ¢and Ql/zf B(x ar) %
CQ;,weseethat S f(x);t \ CQ; 6 ; ,henceS f(x);t \ @; 6 ;.1If ¢; isthe
family of all paths °: [0;1]! R" which joins Q with U;j in Dj, then Di\ U and
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Di\ Q are nonempty, disjoint setswhich intersect s't (x); t¢ forevery t 2 (ai;h).
Using Theorem 10.12, [15, p. 31], we obtain M (¢ ;) , c, ¢log(bh=a). Let now
°2¢; besud that °(0) 2 Q, °(1) 2 U;. Wecan nd b a subpath of °, such
that there exists a path a-: [®; -]! R" with 0- ® - - - 1, a(®) 2
S(x;r), a( )2 S(x;ar), a(®; ) ¥%B(x;ar)nB(x;r) and f +ta- = b . If
ii=faj°2¢;g,i2=fb j°2¢;g, then .,OS f(..) and tge paths from  {
are shorter than the paths from ¢ ;, andlet j 9= 2] i% = io; ii and A be

the sphericalring B(x;ar) nB (x;r).
Then  °= f(j) and

Kl _ _ o X
£= (ogant = KMGa). KM@ . MG9. mM(.?)
X X h
M), G tlog—:
i21 i21 a

We used here a path inequality of Poledii [11]. Let now J Y2 | be nite and
supposethat a, < b, - &, < L, - ¢¢C- ai, < bp is an ordering of the
endpoints of the intervals courted by J. We take b, = ®s, &,,, = s, and since

X _ X aj. 1
c, ¢ Iogh—‘+cn¢ log—-L = ¢, tlog = = 2%
) 4. . . ®
j=1 ] j=0 J
it follows that
xXP I Q.
Ch¢ log———, %
]:0 hJ
Sp i i ¢ ¢e
andlet A; = = B f(x);a,,, nB f(x);b, . Wetake} 2 (b;;a;.,, ) such

that log(a;; ., :bj) (a,,, i b,)¢l=y forj=0;1;:::;p. Then

xP XP Mg 1 o
Vh ¢ (ainj+l i tfj):ani (@, i b)¢ ai”jl+ll ¢H<j
=0 j=0 k=0
_ X
. NOV, 6@ Tes™ e (% i b))

V(A;)

nev, ¢@i tes"i te  py log - ks
j:o hl

xXP a V. Gt .
. NeV, @ ¢s" ¢ log L n ¢V, ¢£¢®" ¢s :
j=0 hj Cn
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T
Let A= 5, A;, J % | being nltﬁ\. Then A. |s Lebgsguemeasurableand
V(A), neV, ¢+xCe®" ¢s"=¢, and A = |, es:5]nB s' f (x);t , and we have

V, ¢+ ¢®@" ¢s"
VORNORRES

T ¢ i ¢
if C= 12 (@s:5)nB S f(x) t Sinceg.lf(x) t \E=; foreveryt?2 (®s s)nB, &
followsthat S f (x); t v f B (x;ar) fort2 (®s;s) nB henceC 4 f B (x;ar) .
We have now that

i ¢e i 0= ¢ce
1y £ B(X; ar‘)‘f 1, f B(x;ar) V(C)
df B(;ar) "> 20CL(xf;r)n > 20 ¢S

+ +
. n¢\/n¢®1 ¢s" ¢W=n¢vn¢®n ¢Cn¢2n s

L(a;K);

e, df B(x r) f’ N B(é ar) . C(aK).

Finally, if 1, f S(x ar) 6 0 we let " > 0¢¢Slncef is K -quasiregular
on B(X; ar)d&B (x r., vye have 1, f S(x (aj ")r 0 and this implies that
df IB(x;r) " If |B x;(aj ")r - C(aj ";K). Letting " tend to zero,we
complete the proof

Theorem 7. Let D ¥2R" beopen,n, 2, f:D ! R" continuous, open
and discrete such that there exists K 2D, and h;t > 0 sud that

df B(x r)

LTBOGH. <

lim |nf

for every x 2 D nK , and &here leX|sts < a<landB = (Bj)izn an a-porous
baseof K with d f (aBj) n F(Bij) <t fori2 N. Then f is quasiregular
and Ko(f) - V, ¢H where H = maxf h; tg.

Proof. Let g:(1;1)! (1;1) bedened by g(t) = (t"; 1=(t; 1)" for
t2(1;1). Thengqt) < Ofort> 1, limy 19(t)=1, limy;  g(t) = 1, henceg
|sabue|ct|on¢of (1;1) onto (1;1 ). Let x 2 D be xed Wecan nd U 2 V(x),
V2V If(x) suhhthat f jU:U! V isa proper map, f(@Q) = @, U is
compactand N (f;U) = ji(f;x)j. Let r > 0 be small enoughsud that B (x;r) [
U(x;f;Le) U, 0< I® lang Le = = L(x; & @), | = 1(x;f;r) and supposethat
Le=l, 1. Let A=B f(X);Le nB f(x);l and B = U(x;f;Le)nU(X;f;l).

From [15, p. 9], for r > 0 small enough, B is also a ring of componerts
Co = U(x;f;l), C;1 = CU(x;f;Leg) and f(B) = A. Also, the componert Cg
contains the point x and a point a sud that jx i aj = r and the component C;
contains 1 and a point b sud that jxj by = ®r, hencefrom [15, p. 36]it follows
that M(ig), Hn(jxi bIxi aj)=Hn(®. Let">0and0< a< , <1 and
let M = maxfB(n) ¢N(");N(a;,)g, P = minf1=2+ ");(, i a)=29.
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Using Theorem 4 and Theorem 5, we obtain
Hn(® - M(ig) - R(n;2P)¢Mody.m.py(is) _ ¢
1o 'f(B)
- 2C¢R(n;2;P) ¢H ¢N(f;B) ¢M ¢—— ¢ i ¢¢
dB f(x);l ;CB f(x);Le)
'n(A)
(Lei D"

(Lei I")
2¢R(N: 2;P) ¢H ¢M ¢N (F:U) ¢V, ¢—81 )
(Lei DO

2 ¢R(N; 2;P) ¢H ¢M ¢N (f; U) ¢y ¢g(Le=I):

n

- 2¢R(N;2,P) ¢H ¢M ¢N(f;U) ¢

Sincelimg oHL(®) =1 ,wecan nd 0< ®< 1 small enoughsud that
H,(® > 2¢R(n; 2;P) ¢H ¢M ¢N (f; U) ¢V, :
Then H 1

@ . gi 1 H n(®)
| 2¢R(n; 2;P) ¢H ¢M ¢N (f; U) ¢V,

We denote
Y H E22

_ H 1 (®)
. . T - . |1 n
Cihit®. 5 U)=max 19 " SR 2Py ¢H oM N (F:U) oV,

It follows that
L(x;f;®r)

I(x;f;r)
for every r > 0 such that B (x;r)[ U(x;f;Le) ¥2U. This yields that

- C(n;h;t; ®;,; "; U)

CEN L(x; f;@r)
Ho(x 1) = lim sup I(x; f;r)

This inequality is also valid for every point z 2 U; hencefrom Theorem 1 [4] it
follows that f is quasiregularon U. We have therefore proved that f is locally
quasiregularon D ; hencef is ACL" on D and f is a.e.di®ereriable on D and
Ji(x) 8 0a.e.in D.

Let usnow x a point x 2 D nK sud that f is di®ereniable in x and
Ji(x) 8 0 and let 0< " < jfqx)j be xed. Then there exists r- > 0 sud that
if@i fX)i f9)(zi x)j- "¢jzj xj forjzi xj- r«. Then

- C(n;h; t; ®;,; " U):

(2) GFO)ji ") er - L(xf;r) forO<r<r.:

i ¢ i ¢ i ¢
Since J; (x) 6 0, we have I'f(x) > 0, and let s= (I'fqx) + ")=I'f {x)
and':R"! R" bedenedby ' (z)="f((X)+fq(x)(zi x) forz2 R".
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We show that fI,B(x; r)il/z' IB(x; rs)¢ for O<r . r-. Indeed,let O0< r <
r- be xed andy 2 f lB(x; r) . Thenthereexistsa2 B(x;r) sucthat y = f (a),
andsince' : R" ! R" is a bijection, wecan nd z2 R" suchthat y=" (2).
We have

' ¢
jzi a4 - JIO(X)(Zl a)j= |f0(X) =] (le (a)j¢|lf0(x)
= f(a)i f(X)l fAx)(x i a) —| ' qx)
¢ ¢
"gix i aj=l' fUx) < " er=1"f qx) :

hencejzi xj - jxi a+jzij a - r+ r":I'fO(x)¢ = rsi and thi§t shaws that
z 2 B(x;rs). We ﬁ)roved t@at y = f(a) = 'I (z) 2 ¢ B(X'rs) a@d since
y Was arbltraq% in fIB(x r)y , %Jollowsl that f B (X; r}w B(x;rs) ; hence

o B(x ry - B(x;rs) =1, 0(x) B(x;rs) = Vyp ¢(rs)" ¢jJs (x)j.
From (2) we have

. ¢ . ¢ . ¢
R N L S I L O T
TEOx) + " eV G ()] Ve Crs)" G ()] "
ML S dEBXN .

DEBOGT) 1 fB(Gr)

for O< r - r- and we obtain that

ifax)ji " I f9x) +" df B(x r)

© et ko) i B( )
for O<r - Slncellm inf, &f B(x r) b @(Itf |B(x; r) - h, we can nd
rr! 0O sud1 that d'f B(x o) f B(x ror) - hforewery p2 N; hence
replacing r by ry in (3) and letting p tend to in nite, we obtain that

i. . ¢, U W Th

ifii " I f°(><)

———————— W ¢the¢ —|—¢— ;

i1 (%) " 1 f 9(x)

and letting now " tend to zero, we nd that jf qx)j"5Js(x)j - V. ¢h. Since
1,(K) = 0 (no point of K canbe a point of density of K ), f is a.e.di®ereriable
in D and J (x) 8 0 a.e.in D, it follows that jf q(x)j" - V, ¢h ¢jJ; (x)j a.e.in D
and since f is ACL", it follows from [9, p. 9] that f is quasiregularon D and
Ko(f) - Vi ¢h.

Corollary 1. Let D 2R" beopen,K 2D, n, 2,f:D! R" continuous,
open and discrete suc that there exists h > 0 sud that h(x;f) < h for ewvery
X2 DnK, and there¢eX|stst >0¢0<a<1 and B = (Bj)i2n an a-porousbase
of K with d f (aB;) n f(Bj) <tforevweryi2 N. Then f is quasiregular
and H(x;f) = h(x;f) < h a.e.in D.
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Proof. From Theorem 10 it follows that f is quasiregular; hencef is a.e.
di®ereriable and J; (x) > 0 a.e.in D. Let x 2 D begxed such that f is di®er-
entiable in x and J;(x) > O andlet 0< " < | fo(x) Since f is di®erertiable
in X, there exists r- > 0 sud that jf (z) i f(X) i fo(x)(zi X)j - "¢z xj for
1Z xj - r+. Then
iFU0i " LOafin i 0jg "

Eox) + " 10fr)  1TFYx)
for O<r - r«. Wecan nd r, ! 0 sud that L(x;f;rp)=I(x;f;rp) ! h(x;f),
andlet pr 2 N besudthat O<ry, - r- for p, p-. From (4) we havefor p, p-

that . i . .
0 " Leafirg)  ifig "
fox) +"  10Gfrp)  EX) |

and Iettilng r§f ptend to 1 and then letting " tend to zero, we obtain that
it (x)j=l fYx) = h(x;f). Using (4) again, we seethat

(4)

if ()i " : if g "
o e MO gy

' ¢
and letting " tend to zero we obtain that H(x;f) = jf o(x)j=|'f°(x) . hence
H(x;f) = h(x;f). We have therefore proved that H(x;f) = h(x;f) a.e.in D.

Remark. In 1994,at a seminarheld in Helsinki, J. VAis#lA raised the follow-
ing problem:

It is known that if f: R" ! R" is a homeomorphismsud that there exists
h > 0 such that h(x;f) < h for every x 2 R", then f is K (h; n) -quasiconformal
(it is the result of J. Heinonen and P. Koskela from [7]). Find the best estima-
tion of the constart of quasiconformality K (h;n). Corollary 1 shows that this
problem is reduced to the classical problem when the inferior linear dilatation
h(x; f) is replaced by the classicallinear dilatation H(x;f). Indeed, we proved
that H(x;f) = h(x;f) a.e.in D. Sincef is ACL", hencea.e. di®ereriable in
D, the problem of nding the best constart of quasiregularity K = K (h;n) is
reducedin this way to the known casewhen we have that H (x;f) < H for every
x 2 D . For interesting estimations of this kind, seethe papers of M. Vuorinen [1],
[2], [13], [14].

As an open problem, we raise the following question: If D %2 R" is open,
n, 2,f:D! R" iscontinuous, open and discrete such that there exists h > 0
with h(x;f) < h for every x 2 D, doesit follow that H(x;f) < h for ewvery
x 2 D ? We can now prove the following generalization of a removability result of
J. Heinonenand P. Koskela from [7]:

Theorem 8. Let D 2 R" beopen,n, 2, f:D ! R" continuous, suc
that there exists H %2 D closedin D sud that f is K -quasiregularon D nH and
there exists 0< a< 1, and B = (Bj)i2an , an a-porous baseof H. Then, if f is
open and discrete, or if intf(H) = ; , it follows that f is K -quasiregularon D .
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Proof. Weseethat 1 ,(H) = 0 and dim(H) = 0, hencef isalight map. Sup-
posethat int f(H) = 0. Using the fact that f is quasiregularon D nH , it follows
that f is di®ereniable on D nH and J; (x) , O0in D nH, andsinceintf(H) = ;,
we apply Theorem 10[6] to obtain that f is openland dlsgrete on D. Jsing Theo-
rem6,wecan nd aconstart C(a;K) suchthat d f (aB;) f(B ) - C(a;K)
for every i 2 N. We apply now Theorem 7 to seethat f is quaswegularon D.
Sincel,(H) = 0 and f is K -quasiregularon D nH, it follows that f is K -
qguasiregularon D .

Another generalization of the removability result from [7] may be found in [8].

Acknowledgemen. | wish to thank the refereefor his commerts.
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