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Abstract. Weprovethat if n, 2 there existsa close-tocorvexfunction f in S whosen-th
logarithmic coezcient °, satis es j°,j > 1=n. Also, we prove someresults related to a conjecture
of Milin on the logarithmic coezxcients of functions in the class S and give someapplications of
them to obtain upper bounds on the integral meansof these functions.

1. Intro duction and statemen t of results

Let S be the classof functions f analytic and univalernt in the unit disc
¢ =fz2C:jzj< 1g

with f(0) = 0, f%0) = 1. Let S? denote the subsetof S consisting of those
functions f in S for which f (¢) is starlike with respectto 0. It is well known
(see[6] or [20]).that if f is gpalytic in ¢ , with f (0) = O, f0)= 1,thenf 2 S? if
and only if Re zf z)=f(z) > 0, for all z in ¢ . Finally, we let C denotethe set
of those functions f in S for which there exists a real number ® and a function
g in S? sud that

zf 9z)

. > 0
e€®g(z)
The elemerts of C are called close-to-covex functions. Clearly, S” % C .

Asscciated with ead f in S is a well de ned logarithmic function

Re 22 ¢:

log—= = °nz"; 2 ¢:
ogZ nZ"; z2 ¢

The numbers °, are called the logarithmic coezxcients of f . Thus the Koebe
function k(z) = z{:],i z)i 2 haslogarithmic coexcients °, = 1=n.
If f(z)=2z+ i:z anz" 2 S then °; = %az. Hence,sincejayj - 2, j°1) - 1.
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The inequality j°,j - 1=n holds for functions f in S?, but is false for the
full class S, even in order of magnitude. Indeed, (see Theorem 8.4 on p. 242
of [6]) there exists a bounded function f 2 S with logarithmic coexcients °,, 6
O(ni 0:83).

In arecert paper [7] it is preseried that the inequality j°,j - 1=n holds also
for close-to-covex functions. Howewer, it is pointed out in [19]that there are some
errors in the proof and, hence,the result is not substartiated. We will prove that
actually the result is falsefor n , 2.

Following [10], ECC will denote the set of the extreme points of the closed
corvex hull of the class C. Brickman, MacGregor and Wilk en proved in [4] (see
also[10, p. 56]) that

(1:1) ECC=ffyy :x5y2C; jxj=Jyj=1, X6 yg;
where

zi 3(x+y)7?
1:2 fyy (2) = 2 ; z2¢:

Each elemen of ECC belongsto C and it maps ¢ onto the complemen of a
half-line. It is also known that the set EC C coincideswith the set of support
points of C [9], [13] (seealso[10, p. 98{100]).

Now we can state our rst result.

Theorem 1. If n, 2 there exists a function f in ECC (and, hence,f in
C) with

f(2)

log ——2 °Z

sud that j°nj > 1=n.

The relevance of the logarithmic coexcients comesfrom the fact that, by
meansof the socalled Lebedev{Milin inequalities ([6, p. 142{146],[16, Chapter 2]),
estimateson the logarithmic coexcients °; of f can be transferred to bounds on
the coexcients of f and related functions. Milin conjectured the inequality

o B 1!
(1:3) Kj®k] K

m=1 k=1

- 0 n=12:::;

which implies Robertson's conjecture and, hence, Bieberbad's conjecture. L.
de Branges[3] (seealso [11]) proved (1.3) and thus establishedthe Bieberbat
conjecture. In Section 2, we shall draw our attention to another conjecture of
Milin relative to the logarithmic coezcients.
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For an arbitrary function g, analytic in ¢ , we shall set

(1:4) M (r;g) = maxjg(z)j; O<r<1
jzj=r

Lebedev [15] (seealso [16, p. 55{57]) proved that if f in S hasthe logarithmic
coezcients f°jgj1=1 then

2 | .
(1:5) jicjjerd %IogM(:'f); o<r< 1
j=1

[.M. Milin conjecturedin [17]that the right hand side of (1.5) can be changedto
Zlog(M (r2;f)=r?), that is, that the inequality

R 1
(1:6) oy -
=1

M (r%;f) .
é OgTi

should hold for arbitrary f in S and O<r < 1.

Milin [17] proved that (1.6) holdsif f 2 S” and 0< r < 1 and that given f
in S there exists r¢ , with 0< r¢ < 1, sud that (1.6) holdsfor f and 0< r < r¢.
Using di®erert ideas, Milin proved in [18] that (1.6) alsoholdsfor O< r < 1 if f
belongsto a certain subclassof those f in S that have real coetcients and are
such that both f and f © have a cortin uous extensionto the closedunit disc.

Let D be a domainin C with 02 D. We shall say that D is circularly
symmetric if, for every R with 0< R< 1 , D\ fj zj = Rqg, is either empty, is the
whole circle jzj = R, or is a single arc on jzj = R which contains z = R and is
symmetric with respect to the real axis. Following [14], we shall denote by Y the
classof thosefunctions f in S which map ¢ onto a circularly symmetric domain.
The elemerns of Y will be called circularly symmetric functions. Our rst result
in Section 2 will be observingthat the method of Milin [18] can be usedto prove
that (1.6) holdsfor 0< r < 1 if f belongsto either S? or Y.

Theorem 2. Supposethat f 2 S?’[ Y andthat f haslogarithmic coexcients
f°jg's; . Then (1.6) holdsfor 0< r < 1.

We can also prove the following.

Theorem 3. Supposethat f 2 ECC andthat f haslogarithmic coexcients
f°;g'., . Then (1.6) holdsfor 0< r < 1.

In Section4 we shall prove that the results obtained in Section 3 can be used
to obtain upper bounds on the integral meansof f . In particular, we can prove
the following result.
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Theorem 4. Let f belongto any of the classesS’, Y or ECC. Then

Z 2Y4

(1:7) 5 if (re®)jdp- M(r2;£)¥¥2;, 0<r< 1

We remark that, by the distortion theorem, the inequality (1.7) is stronger
than the inequality

1 Z 2Y4 )
= jf(re")jdu-

O<r<1,;
2Ys o

r .
1 r?’
which holds for every f in S [2] (seealso [6, Chapter 7]).

2. Logarithmic coezxcien ts of close-to-con vex functions

Before embarking on the proof of Theorem 1, let us x somenotation. Given
x;y in C with jxj = jyj = 1 and x 6 y, we shall denotethe logarithmic coexcients
of fxy by f°;(x;y)gl.; , that is, we set

X

(2:1) log T (@) _ °i (% y)Z"; z2¢:
z -

Also, we shall write °j(x) for °;(x;1), j = 1,2;:::, that is
_ p 3

(2:2) log fx1(2) _ 2 °i(x)zZ"; z2¢:

z =1

Notice that if jxj = jyj = 1 and x 6 y, we have that f,y (z) = y' Yy 1.1(y2)
and, hence,
(2:3) TOGY) = 0y Y =L

Proof of Theorem 1. Take x in C with jxj= 1 and x 6 1 then

zi 3(x+ 1)z%

; 2 ¢C:
17 2)2 g

fx.1(2) =

Then, if we set
b= bx) = J(x + 1);

we have that jbj %j = 5 and b6 1. Hence, b can be written in the form

1
2

(2:4) b=€e¥cosp  with  jy- 1% pe o
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Now
’ u ﬂ
fr1(2) 1; bz %A 1 1.
lo 2 = 1 zb Z:
) @i22 "0 2
That is, we have that
M )l
1.
25) W00= 5 i GH 0 i= 12
Then, using (2.4), we obtain
u 1
00 = 5 1+ 47 i Reb
(2:6) H T
1 1 5 - . . N
:j—2 1+ Zco§ Wi cos pcosjp ; j= 120
Given n | 2 if, with the above notation, we take x sothat p= ¥&2n we
have that L H L y q
‘o 2 4
I'n(X)j” = n2 1+ ZCOSZn n

and, hencej°,(x)j > 1=n. This nishes the proof.

Remark 1. Using (2.5) and having in mind that jbj 3j = 3, we easily see
that for every x with jxj= 1 and x 6 1 we have

31

1°5 ()] - 2] =120
This and (2.3) implies that
%56 y)j - g% j=12::; forevery x;y with jxj=jyj= 1and x 6 y.

That is, we have proved the following result.
Prop osition 1. If f 2 ECC then its logarithmic coexcients °; satisfy
31

(2:7) % 27 =120
Remark 2. Sincethe functional J de ned by J(f) = °,, where
log —(Z) = v

i=1

is not linear, Proposition 1 doesnot imply that (2.7) should hold for arbitrary f
in C. In fact, it is an open question whether or not given f in C its logarithmic
coexcients °; satisfy °; = O(1=j),asj ! 1.
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3. Some results related to a conjecture of Milin

We start by introducing somenotation. Given a function 2 , analytic in ¢,

we set
7

(3:1) ¥r;?) = 1}

i2a Y2)j?dxdy; O0<r<1
/4 jzj<r

P
Notice that if 3 z) = _, ®2z" then
%
(3:2) Yr;a) = nj®,j%r2"; 0<r<1

n=1

Using (3.2), we easily seethat if f in S hasthe logarithmic coezxcients f°; gjlzl

then u q
* jj°jitrd = = r'Iog—f @ o<r<t
. ) 47" z '
j=1
Hence(1.6) is equivalert to
H l 2.
(3:3) Ya r;Iog@ - 2log w

As we mentioned above, Milin proved in [18, Theorem 2] the validity of (1.6)
for O<r < 1if f belongsto a certain subclassof those functions in S with real
coexcients. The following simple lemma was a key ingrediert in the proof of this
result.

Lemma A (Milin, [18, p. 136]). Let @ be a function which is analytic in
¢,u=Re? andv=Im?a . If r 2 (0;1) and ry;r, 2 (0;1) and are sud that
riro, = r? then

Z 2Ys

O = 27 yirion B2

Let us notice that Lemma A can be easily proved writing u and v in terms
of the Taylor seriesexpansionof @ . Our proof of Theorem 2 will also be based
on Lemma A. Hence,in a uni ed way, we shall obtain

(i) a new proof of the validity of (1.6) for O< r < 1if f 2 S?,
and,

(i) an extensionof Theorem 2 of [18] to the classY of circularly symmetric
functions.

In the following lemmawe point out a certain property which is satis ed both
for the elemens of S and thoseof Y and which will play a key role in the proof
of Theorem 2.

Z 2Y, )
A =, u(roe") dp
0
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Lemma 1. Supposethat f 2 S?[ Y andthat 0< ry - r, < 1. Then the
curve with parametrization

if (raeh)je @0t 0.y 2

is a Jordan curve.

Proof. Let 0<ry- rp< 1andf in S’[ Y. For simplicity, set
(3:4) i(1) = jf (r g")je a9t (rze®). 0- - 2%

Notice that _ -
jf (rae¥)j,
jt (raev)j

Henceit is clearthat j is the parametrization of a closedcurve. Consequetly, it
sutcesto provethat j isinjectivein [0;2Y).

Suppose rst that f 2 S?. Then (see[6, p. 41{42)]) argf (r.e") is a strictly
increasingfunction of p in [0; 2] and the di®erencebetweenits value at 2% and
its valueat 0 is 2¥4 Then it is clearthat the function u7! € @9f(2e") jsinjective
in [0;2Y). Clearly, this implies that  is injectivein [0;2%).

On the other hand, if f 2 Y then (see[14]), unlessf (z) © z in which case
the result is obvious, the function p 7! jf (r.€")j is strictly decreasingin [0; ¥}
and strictly increasingin [¥42%]. This implies that | is injective in [0;%] and
in [¥%2%). This and the fact that Imf(z) > 0 if Imz > 0 and Imf(z) < O if
Im z < 0 easilyimply that j isinjectivein [0;2%). This nishes the proof.

(1) = f (ro€")

Proof of Theorem 2. Supposethat f 2 S?[ Y andthat f hasthe logarithmic
coexcients f°; gjl=l . Let (R;©) be the polar coordinates in the w-plane (i.e., in
the image plane). If r 2 (0;1) and " 2 (0; 1) we set

(3:5) r{=r3";  ry=r;
sothat rqir, = r?. For simplicity, set
(36) R(W=jf(je")j;  ©oW=argf(e);, 0. p 2] =12
Let i bethe ordan curve con%deredln Lemma 1. Using Lemma A and having
in mind that 02/“ Iog(Rl(p) ry) du= 0, we seethat
12 ¢
B IC) ) g Ralt) Tdeowi u
Z 1/4ZO rl @l
M
1= g R (" @

= — | = =
Ya o ] (@] du= 1/4 ;

du
(3:7)

R
log N de:
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Let L be the circle jwj = M (rq;f). Clearly, | livesin the closeddisc fjwj -
M (rq1;f)g. Let G be the region boundedby j and L. By Green'stheorem, we
have
“ dRdo _ ’ Iogu—ﬂ do ’ Ioguiﬂ do:
G R L rl : i I’1 .

Then, using (3.7) and the de_nition of r1, we deducethat
M ZZ

( ) M(ry;f) 1 dR d©
3 -
Ya 1;log — 2log o | v, o R
. 2i ".
. 2|Og%i’f) = 2|ogw

Since " is arbitrary subject to 0< " < 1, letting " tend to zero we obtain (3.3)
and, hence,(1.6). This nishes the proof.

Remark 3. The argumert usedin the proof of Theorem 2 can be used to
give a short proof of the above mentioned result of Lebedev which assertsthat
(1.5) holds for arbitrary f in S (compare[16, p. 55{57]). Indeed,let f bein S
and 0< r < 1. Argue asin the proof of Theorem 2 but taking rl =rp,=r. Then

we obtain 77 4R do M (1 f U
— = 21/4|ogL i Y& r;log—= ( )
c R r

and, hence, u

Y r;log—=

() 2logM ),

This gives(1.5).

Proof of Theorem 3. In view of the facts that we stated at the beginning of
the proof of Theorem 1, it is clear that Theorem 3 is equivalent to the following
result.

Prop osition 2. Let b belongto C and supposethat jbj 3j= 3 and b6 1.

f(2)

If
zj bZ

f(z):(liz)z and o——2j:1°jzj; z2¢;
then )
o 20 1o M(r5f). .
i Sleg— 5= 0<r<l
j=1
Proof. We recall from (2.5) that
H 1
1 1;
== 1j ;b =12
I I 2tj J
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Then, for O0< r < 1,

% % M T Al
TR TR R T A
ji=1 i=1 J q
1R o > T
(3:8) -7 Ly, % _}jbjzlrZJ i Re Ly
j= ) j=1 ) j=1 )

1
—— _+ Zlog———— i log—:
1i r2+ 40911 jbj2r2l Ogjli br?j

We recall from (2.4) that b can be written in the form b= e" cosp with p2 R
and then

jli br?j>= 1+ jb%r*j 2Re(br®) = 1+ r*cos nj 2r2cos
1i r?cogpu= 1j jbr?

and, hence
1

log m - 2log

_1
jli br?j’
which implies
1
4

=

. |O 1 .
951 bry

lo lo .
g 9177 12

1 .
1i jbzrz
Then, using (3.8), we obtain

X , 1 1 1
. "o_'2 2] . . - .
(3:9) j:]_“ T Iog—1i 7 2|Ogj711 b7’

On the other hand,

}|o:f(r2)z—} M—k) i }|0 ;
29z T 29 2 T 9 2T oy

which, with (3.9), gives

o 1 ()= 1 M(rZf)
o 2,2 _ _ .
jicjicrd 2 2 §|OQT-

j=1

This nishes the proof of Proposition 2. Hence, Theorem 3 is proved.
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Remark 4. Just asin Remark 2, even though Theorem 3 is true, it is an
open question whether or not (1.6) holds for arbitrary f in C and 0<r < 1.

Remark 5. There are someother subclassesf S for which Milin's conjecture
(1.6) can be proved easily. For instance, we can prove the following result.

Prop osition 3. Supposethat f 2 S and that the logarithmic coezcients
f°;g of f arereal and satisfy 0 - °; - 1= for all j. Then (1.6) holds for
O<r<1.

' ¢
Proof. For simplicity, set g(z) = Ioglf (z)=z . Then

% zz
4 jpEd= o (@)t dxdy
P = Z)<r

(3:10) J=1 7 rjé - ya

=5 (Ve dudv= 2 vab(Verf) d¥;

/4 0 0 0
where, for h analytic in ¢ ,
Z .
l2(eh) = o, . jh(%&)j? d

Then, we have

How 2\ 1 Hox T
d Do 22 . f(rv)" _ d Cio 2.2 . 2
a4._jjj-jr1|2log > —54__111'”’1290)

ji=1 =1
2rlo(r;0% i 4rg%r?)

' 1,(r; 09 i 29%r2)

Since0- °j - 1=j, then 0- j2°?- j°;, which implies

(3:11)

h 3 . b3 .
lo(rg) =4 20D 4 jer0i D = ogYr?).
j=1 j=1
This and (3.11) show that
gt % fa)) |

ar 4 i 2

r2 0

whenewer r 2 (0;1) and, hencethe function
M X _ 2 ﬂ
r7t 4 jjeitrd 2Iogf(rr2)
j=1
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is decreasingin [0;1). Sincethe value of this function at r = 0 is 0, it follows
that “
o 20 f(r?
4 JJOjJZrZJ . 2|Og f’rz )
j=1

whenewer r 2 (0;1). Hence,the proposition is proved.

We remark that the author proved in [8] that there exist functions f in Y
and satisfying j°,j > 1=n for somen. Hence,the classY is not contained in the
classof those f consideredin Proposition 3.

4. Bounds for the integral means

In this sectionwe shall show that the estimateson 3‘/4l r; Iog'f (z):z¢¢ obtained
in Section 3 can be applied to obtain upper bounds for the integral meansof f .
Our results will be obtained using the following well-known inequality of Lebedev
and Milin (seel[6, p. 143]or [16, Theorem 2.3]).

P .
First Lebedev{Milin inequalit y. Let F(z) = jl:l A;jZ' be a function
which is analytic in ¢ with F(0) = 0 and write

i ¢ X y
G(z)=exp F(2) = Dyz"; z2 ¢:
k=0
Then,
% Hx T
(4:1) jDj* - exp KjAkj?
k=0 k=1

Notice that the right hand side of (4.1) is

Z 2Ya

k k2 — - ; iILYi2 Ay
Gk§ - o;srulol Wi jG(re*)jcdy

(seee.qg.[5]) and hence(4.1) can be written as
My 1
(4:2) kGKZ, - exp KjiAyj?

k=1

Now we can prove Theorem 4.
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Proof of Theorem 4. Take a function f which belongsto S’ [ Y[ ECC
and let f°;g be its logarithmic coetcients. Take 0 < r < 1. Theorem 2 and
Theorem 3 imply that

X 1. M(@r%f)
. o 2.2k .= ’ .
(4:3) Kj°kjer 2Iog —
k=1
Set
X . ¢ “ ﬂl=2
F(z) = }Iogf(rz) = ° rkzk: G(z) = explF(z) - f(rz) - z2¢:
2 rz - rz

Then F and G satisfy the conditions of the rst Lebedev{Milin inequality. Con-
sequetily, writing (4.2) for this choiceof F and G, we obtain

My 1
(4:4) kaa 2 - exp kjo kj2r2k
k=1
Now 7 A _—
2Y4 ) 1 21/4_f (reu,l)_
2 - = ; inyi2 - = _ .
kGK, 2 s o jG(e*)jcdu Wi - —du
Then (4.3) and (4.4) give
Z 5y iu E Hx Il
i :f(l"el )_dM eXp kjokj2r2k
Y4 r -
. ex H}Io M (rz?f)ﬂ _ H|V|(f2;f)'”1:2.
P 300 B r2 ’
which clearly implies that
1 z 2 ' 2.¢1=2
il i MYi du - - f )1=2.
Wi . jf(re®)jdu- M(re;f)"=:

This nishes the proof.

Remark 6. It is an open question whether or not the inequality

1 z 2Y4 ] 5 12
. D A Cends
>, . if (re®)jdu- M (r=;f)

holds for arbitrary f in S and O0< r < 1. However, we remark that the proof of
Theorem 4 shaws that this is true whenewer (1.6) is true.
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Remark 7. If f isan arbitrary elemern of the classS and 0< r < 1 then if
we argue asin the proof of Theorem 4 but using Lebedev'sestimate (1.5) instead
of (1.6), we obtain that
1 z 2 s i ¢
— freM)jdu- rM(r;f) T O<r<1f2S:
Y4

Remark 8. Andreev and Duren [1, p. 722] proved as a consequenceof de
Branges'theorem that if f in S haslogarithmic coetcients f°; g then

X D 1
(4:5) jicjjtr? - =rd = log ——; o<r<1i
j=1 j=1 ] Lir

Using this inequality and the argumert of the proof of Theorem 4 we obtain
Baernstein's result

Z21/4

(4:6) o, df(re!)idu:

r
; O<r< 1
i g 1; r2 '

We should mention that Holland [12] proved (4.6) as a consequenceof the truth
of Robertson's conjecture.

I wish to thank the refereefor his helpful commerns, especially for those
relative to the proof of Theorem 2.
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