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Abstract. Sewral forms of the Dunford{P ettis property are studied, ead related to a dif-
ferert mode of sequetial corvergence,and a di®erert class of weakly compact functions. The
relationship betweenthese Dunford{P ettis properties is investigated, and the appearanceof previ-
ously studied Dunford{P ettis properties is pointed out, giving a unifying approach to the subject.

In tro duction

In recert yearsseweral forms of the Dunford{P ettis property have beenstudied
(see(6], [2], [12], [16]) which conform more or lessto the following scheme: if ¢
is sometype of sequetial corvergencein a Banacd space X , and A is a class
of functions (linear, polynomial, holomorphic) de ned on X, one can de ne a
Dunford{P ettis property on X by requiring

\For all Y, all weakly compact F 2 A (X;Y), and all ¢-null sequenceqxy)
in X, F(x,) corvergesin norm to F(0)."

Clearly, the strongerthe convergencey, is, the weaker the corresponding prop-
erty will be; and larger classesof functions A will result in stronger properties.
Our aim in this paper is to clarify the relationships between someof these prop-
erties and give a uni ed approad to the matter.

We nd that|ffor any xed type of corvergence ;|taking A to be the
classof linear operators, k-homogeneouspolynomials, or holomorphic functions
of boundedtype producesthe sameDunford{P ettis property. On the other hand,
if one takes A to be the classof all holomorphic functions, a strictly stronger
property may be obtained. We give conditions under which this happens. Finally,
we concerirate on ¢ = H (holomorphic sequetiial corvergence)and nd that in
this caseeventhe strongestform of Dunford{P ettis propertylwhen A isthe class
of all holomorphic functions|holds for any Banad space.
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Throughout, X will be a Banadc space. If Y is another Banach space,
L(X;Y) will denotethe spaceof continuouslinear operatorsfrom X to Y. A con-
tinuous k-homogeneougpolynomial P: X j! Y isgivenby P(x) = A(X;:::;X),
where A is a cortinuous k-linear function. P determinesa unique A if we requwe
it to be symmetric. The spaceof all such polynomials will be denotedby PK(X:Y)
(or simply PX(X) if Y is the scalar eld) and is a Banach spacewhen endaved
with the norm

kPk = suptk P(x)k : kxk - 1g:

A function f: X j! Y is holomorphic if it can be locally expressedas a uni-
formly corvergert power series. We will denote the spaceof all suc functions by
H(X;Y), and by Hu(X;Y) the subspaceof those functions which are bounded on
the boundedsubsetsof X (i.e., the holomorphic functions of boundedtype). These
spaceswill bedenotedby H (X) and Hy(X) in the scalar-valued case,respectively.
Hp(X) is a Fr@det spacewhen endoved with the topology ¢, of uniform conver-
genceover bounded subsetsof X . Note that PX(X) with the norm de ned above
is a closedsubspaceof H,(X ). We consider H (X) with the Nachbin topology ¢,
(see[10, 3.14]). We will say that a mapping is weakly compact if it sendssome
neighborhood of the origin onto a relatively weakly compact set.

For more on polynomials and holomorphic functions see[10], and for an ex-
tensive survey on the Dunford{P ettis property see[8].

We will use seeral di®erert forms of sequetial corvergencein X . Dudley
[11]de nesasequetiial convergenceg, in X asarelation\! ," betweensequences
and elemerts of X sud that:

(i) If xo = x for all n, then x, ! , X.

(i) If xp ! , x and (X, ) is a subsequencef (x,), then x,, ! ; X.
For our purposes,we add the following two conditions:

(i) If x, ! , O then (x,) is weakly null.

(iv) xp! ,x ifandonlyif x,j x! ;0.

Many topologiesand sequetiial corvergenceshave appearedin the literature
in accordancewith our de nition. Among them:

(1) Weak corvergence¢, = ! .

(2) The corvergence¢s introducedby PelBzyfiski [14]. A sequence(x,) is said
to be ¢s-null for s 2 [0; 1) if there existsa constart ¢> 0 sud that for any k 2 N
and any collection of distinct natural numbersny;:::;ng, KpaXn, + ¢0¢ pXn, K -
ck® whenewer juj = 1.

(3)¢Weak p-summability ¢ = ! ,. The sequence(x,) is saidto be ! p-null if

0(xn) 2 IP for each x°2 X©.

(4) The corvergence¢ = P(° ¥X) [12]. In this case (x,) is considered ¢ -
corvergert to x if P(x,) cornvergesto P(x) for any continuous scalar-valued
polynomial P of degree- k.

(5) Polynomial convergence. The sequence(x,) is polynomially corvergern
to x if P(x,) corvergesto P(x) for any continuous scalar-valued polynomial P .
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Note that this is equivalent to f (x,) converging to f (x) for any holomorphic
scalar-valued function of boundedtype f .

(6) Holomorphic corvergence[15]. Here (x,) is H -corvergen to x when
f (xn) convergesto f (x) for any holomorphic scalar-valued function f .

¢,-Dunford{P ettis prop erties

We begin by proving that for any xed ¢, the classesA of linear, polyno-
mial, or boundedtype holomorphic functions give rise to the sameDunford{P ettis
property. We will usethe following lemma.

Lemma 1. If for every ¢ -null sequence(x,) in X and for every k and every
weakly null sequence(P,) in PX(X), Pn(xn) ! 0, then all scalar-alued poly-
nomials are ¢ -sequetially continuous. Consequetly, the same holds for scalar-
valued holomorphic functions of boundedtype.

Proof. We need only ched the conclusion for homogeneouspolynomials.
This we do by induction on the degreek of a homogeneouspolynomial Q. For
k = 1 this is clear because ¢ -corvergenceimplies weak convergence. Suppose
then that the result holds for (k j 1)-homogeneouspolynomials, and consider a
¢-null sequence(x,) and a k-homogeneousscalar-valued polynomial Q. De ne
To: X i! PKi1(X) by To(x) = A(x; ¢;:::;¢) where A is the symmetric k-linear
folrm ass@iatedto Q. Tq is a gortin uouslinear operator, sofor all © 2 P*i 1(X)°,
°® To(Xn) ! O, thus Tgo(xn) isaweakly null sequenceof (kj 1)-homogeneous
polynomials, and by our inductiv e hypothesis Q(xn) = To(Xn)(Xn) ! O.

If f 2 Hp(X), its Taylor seriescorvergesuniformly over bounded sets such
as (Xp). Thus, f is also ¢-sequenially continuous. o

Theorem 2. For any Banad space X , the following are equivalert.

(a) Forall Y, all weakly compactT 2 L(X;Y), andall ¢-null sequencegxy) in
X, T(Xp)! 0 in norm.

(a% For all weakly null sequenceq°®,) ¥ X ° and all ¢-null sequencegx,) in X,
n(xp) ! 0.

(b) For all Y, all weakly compact P 2 PX(X;Y) (k, 1), and all ¢-null se-
quences(xp) in X, P(xp)! O in norm.

(b% For all weakly null sequencegP,) ¥%2PK(X) (k, 1), andall ¢-null sequences
(Xn) In X, Ph(xp)! O.

(c) For all Y, all weakly compact F 2 Hp(X;Y), and all ¢-null sequenceqx;)
in X, F(xp)! F(0) in norm.

(c% For all weakly null sequencegf,) %2Hy(X) and all ¢-null sequencegx,) in

X, fan(xp)! O.
Proof. We show rst that (c) and (c®) are equivalert. The equivalences(a)
, (@% and (b) , (b° are analogous|and perhaps lesstechnical|[so we will

omit them.
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(c) |mpI|es¢(c°) Let (f,) and (xn) beasin (c%, anddene F: X j! ¢y by
F(x) = fn(x) . Since (f,) is weakly null and point ewvaluations are corntinuous
linear forms over H,(X), F iswell de ned. Since (f,) is weakly bounded,it is ¢y-
bounded (both topologiesproducethe samedual space),and thus boundedfor the
compact-open topology. Hence (f,,) are uniformly bounded on compact subsets
of X, and so F is locally bounded. Thus, to seethat F is holomorphic, we only
|9,eedto prove weak holomorphicity. Take then a2 11, and consider (a+F)(x) =

L anfn(x). SinceazF is a uniform limit (over bounded sets) of holomorphic
functions of boundedtype, atF 2 Hy(X) for eah a, and thus F 2 Hy(X; ).
Now considerthe transpose F': It j! Hy(X) givenby F'(a) = a+F. By [17,
3.4]if we seethat F! is weakly compact, then F is alsoweakly compact. Sotake
a in the unit ball of I* and note that F'(a) = a+F is in the closedabsolutely
corvex hull of ff, :n, 1g[ fOg. Sincethis setis weakly compactin the metric
spaceHp(X), sois its hull [18,1V.11.4]. Thus F!, and F, are weakly compact.
Since (X ) is ¢-null, lim, F(x,) = F(0) exists, and

fn(Xn)j - Jfn(Xn) i Fn(0)j+ jfn(0)j - kF(Xn)i F(O)k+ jfn(0)]

so lim, f,(x,) = 0, becauselim, f,(0) = 0.

(¢ implies (c): Let F and (x,) beasin (c). We may supposeF (0) = 0, and
provethat lim, F(x,) = 0. If this werenot the case,take " > 0 and a subsequence
(X'i‘k) with ¢kF (xn, )k > " for all k. Consider (y9) ¥2 Y ? of norm oneand such that

F(xnk) = kF (Xn,)k. Now considerthe transposeof F, F': YO i1 Hp(X).
ThIS is a cortinuous linear operator and is weakly compact becauseF is. Take
then asubsequence(yk ) with F! (yk ) converging weakly to g 2 Hp(X). Since

(Xn) is ¢-null and F! (yk )i gis weakly null, then 'Ft (yk )i g (xnk )! 0. But

by Lemma 1 (note that the ¢ép topology when restricted to P*(X) commdeswith
the norm topology) g(xnkj ) ! 0, acontradiction. Thus lim, F(x,) = 0.

Clearly (c) implies (b) and (b) implies (a). Thus we will be done if we show
that (@) ) (b% and (b) ) (c).

(a) implies (b%: We prove this by induction. The caseof degreek = 1
is simply (a) ) (a®, so supposethe result true for (k j 1)-homogeneouspoly-
nomials, and consider (P,) and (x,) asin (b® above. De ne a sequenceof
polynomials (Qn) by setting Qn, = An(Xn;¢;:::;¢) where A, is the symmetric
k-linear form assaiated to P,. We neled to show that this sequenceis weakly
nul. Dene P:X j! ¢ by P(xX) = Pn(x) . P is weakly compact, for its
transposeP': I1 1 PK(X) is weakly compact (P!(e,) = P, ! 0 weakly). Thus
P®: PK(X)%;! I' hasimage contained in c. Rpr eadh L 2 P*i 1(X)% dene
L: X j! PK(X)? by L(x)(R) = LIB(X; ¢;:::;¢) , where B is the symmetric
k-linear form asswiated to R. Now consider P® +L: X j! ¢p. This is a weakly
compactlinear operator, and since (x,,) is ¢-null, we have, by (a), that P" +L (x,,)
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tends to zeroin norm, that is sup, j(L(Xn) +P");j! 0 asn grows. In particular

— <
IL(Qn)i= L'An(xn:€:::0) = jL(xn)(P)j! O:

Thus (Qpn) is weakly null, and by our inductiv e hypothesisP, (xn) = Qn(Xn) ! O.

(b) implies (c): Since ¢ -null sequencesare bounded, the Taylor seriesof f
converges uniformly over (x,). Also, eadr k-homogeneouspolynomial in this
seriesis weakly compact, so (b) applies. o

We are now in a position to de ne the ¢-Dunford{P ettis property, given a
sequetial corvergencey,.

De nition.  We will say that a Banach space X hasthe ¢-Dunford{P ettis
property if one|land therefore alljof the conditions in Theorem 2 hold.

Note that the classical Dunford{P ettis property is obtained when ¢, is weak
cornvergence.Other forms of the Dunford{P ettis property have beenstudied which
conform to this scheme. Among them:

(1) ¢ = !, producesthe DPP, studied by Castillo and S&ndhez [6].

(2) ¢ = P( ¥X) correspnds to the polynomial Dunford{P ettis property
studied by Farmer and Johnson[12].

(3) Polynomial convergencegivesrise to the polynomial Dunford{P ettis prop-
erty asde ned by BistrAm, Jaramillo and LindstrAm [2].

Next, we prove that in the de nition of the ¢-Dunford{P ettis property, the
classA of holomorphic functions of boundedtype (or the spaceof k-homogeneous
polynomials, or that of linear functions) cannot be replaced by the class of all
holomorphic functions over X . Indeed, the resulting property is in generalstrictly
stronger than the ¢ -Dunford{P ettis property. We will usethe following de nition.

De nition.  We will say a Banach space X hasthe a-Dunford{P ettis prop-
erty if for all weakly null sequencegx,) in X and all weak-a null sequencegx?)
in X% x%(xn) corvergesto 0.

This property implies the Dunford{P ettis property. Note that all Schur spaces
have the a-Dunford{P ettis property. Also, if X hasthis property, all its comple-
mented subspacesave it. For a Grothendieck spacethis property is equivalert to
the classical Dunford{P ettis property, thus for instance |* has the =-Dunford{
Pettis property [8], and sodoesH! (seeBourgain [4], [5]). The spacel! ~ I is
an exampleof a spacehaving the a-Dunford{P ettis property which is neither Schur
nor Grothendiedk. It is easily seenthat X hasthe =-Dunford{P ettis property if
and only if every weakly relatively compact subsetof X is limited.

On the other hand, it is not dixcult to ched that =-Dunford{P ettis property
coincideswith the DP = property introduced in [3], that is, the fact that weaka
and Mackey convergencecoincide sequetially in X °. We refer to [3] for further
information about this property and its connection with di®eretiabilit y.
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A typical example of a spacehaving the Dunford{P ettis property, but lacking
the a-Dunford{P ettis property is ¢y. In sud a spacealthough a weakly compact
holomorphic function F of bounded type will map weakly null sequencesnto
sequencesornverging in norm to F(0), the samewill not be true of all weakly
compact holomorphic functions.

Theorem 3. If X hasthe Dunford{P ettis property but not the a-Dunford{
Pettis property, there are scalar-valued holomorphic functions f on X which map
a weakly null sequenceanto a sequencenot norm cornvergert to f (0).

Proof. Take (xx) weakly null in X and (x?) weak-a null in X° sud that
x9(xx) doesnot corvergeto 0. Passingto a subsequenceand multiplying the xy's
by suitable (bounded) scalars,we may supposethat x2(xx) = 1 for all k. Now let
0< "< 1. Wewill extract subsequencegxy; ) and (xfk’j) inductively. Setk; = 1,
and having de ned ki;:::;k¢; 1, de ne k, asfollows: since (xE) is weak-a null,
choosen; > k;; 1 and sud that

jXE(Xkri i < F; if k, ng;

and since (xk) is weakly null, take m; > k;, 1 and sud that

X .
ixg (i < 5 ik, my

j<r
- P10,
De ne k; = maxfn,;m;g. Now construct f: X j! C asf(x) = i=1 Xk, (x).
Note that since (x? ) is weak-o null and 0 < lim sup kxgj k< 1 this isan entire
function on X which is not of boundedtype. Finally, for each r 2 N we have

. i X . . X ) y n X l'l n ﬂj
LG O A (O _
j<r j>r ]:l

bearingin mind that k, , m, andthat for j > r, kj , nr+1 . Thusjf (Xg, )i 1j <
"< 1, and f(xg, ) cannottend to 0= f(0). o

We show next that we can nd spacesX without the a-Dunford{P ettis prop-
erty in the following two situations: if X doesnot cortain a copy of I1; and if X
is not Schur, and the unit ball of X ° is weak-a sequerially compact.

Prop osition 4. If X hasthe o-Dunford{P ettis property, then X contains
a copy of I1.

Proof. By the Josefson{Nissenzwig theorem [13] there is a weak-a null se-
quence (y%) in the unit sphereof X °. Take a sequence(y,) in X with ky,k - 2
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and y%(y,) = 1 for all n. If X cortains no copy of 11, we may usethe Roserthal{
Dor theorem [9, p. 201]to extract from this last sequencea subsequencgwhich
we still call (yn)) which is weakly Cauchy. From this, we extract another subse-

choose n; > n;; 1 sud that jy,?r (Yn,, )i < ". Since (y,) is weakly Caudy,
Xk = Yn, i Yni, 1 IS weakly null. Setting xP = yﬁk we have (xx) weakly null and
(xP) weak-o null such that

R T =y, (Yny, i< "< L

Thus x?(xx) cannot convergeto zero. o

The following result is obtained in [3]. Our proof is di®erert and we include
it for the sake of completeness.

Prop osition 5. If X hasthe a-Dunford{P ettis property, and the unit ball
of X9 is weak-a sequetially compact, then X is Schur.

Proof. We follow [15]. If X were not Schur, take a weakly null sequence
(yn) cortained in the unit sphereof X . From (y,) we extract, by the Bessaga{
PelBzyfiski selectiontheorem [9, p. 42], a basic sequencewhich we still call (y,),
and considerthe coordinate functionals y2: Sj! C where S is the closedlinear
spanofthe y,'s. Thesehave norm not larger than twice the basisconstart of (y,).
Extend eat y? to all of X by Hahn{Banach, preservingthe norms (we still call
them y2). Since this sequenceis bounded and the unit ball of X° is weak-o
sequetiially compact, choosea weak-a convergert subsequence(yﬁk) and call y°
its weak-o limit. Now set x? = y3 i y°and X = yn,. The sequence(xy) is
weakly null, (x?) weak-a null, and for each k we have x2(xx) = 1. o

Note that if X is weakly compactly generated,the unit ball of X ° is weak-o
sequettially compact[9, p. 228]. For further information about spaceswith weak-a
sequetiially compactdual balls, we refer to [9, Chapter 13] and referencegherein.
A hereditarily Dunford{P ettis spacelacking the a-Dunford{P ettis property will
contain a copy of ¢y [7, Proposition 2], but we do not know if in this caseone can
‘nd a complemeried copy.

Finally, we consider what happens when the corvergence ¢, is holomorphic
convergence,that is: (x,) is H-corvergert to x if f(x,) ! f(x) for any f 2
H(X). In [15] Petunin and Savkin prove that holomorphic convergenceimplies
norm corvergencein spaceswhich are weakly compactly generated. Howewer,
there are spacessuch as I where holomorphic corvergencedoesnot imply norm
convergence[l]. In spite of this fact, as we seebelow, the \ H -Dunford{P ettis
property” holds in all Banadch spaces. We consider the strongest form of this
property, by taking A asthe classof all holomorphic functions.



474 J.A. Jaramillo, A. Prieto, and |. Zalduendo

Theorem 6. In any Banad space X , the following hold.

(i) For all Y, all weakly compactF 2 H(X;Y), and all H -null sequencegxy),
F(Xp)! F(0) in norm.

(i) For all weakly null sequencedf,) 2 H(X) and all H -null sequenceyx,),
fan(xp)! O.

Proof. (i): Let F and (x,) be asabove. By [17, 3.7], F factors through a
re°exive Banach space G, that is, there is a holomorphic function g: X j! G
and a continuous linear operator T: G j! Y sudhthat F = T +g. Sinceg
is holomorphic, the sequenceg(x,) is H -null. Blut G (s re°exive, so by [19]
g(lxn) (&onvergesin norm to g(0). Thus F(x,) = T g(xn) Iisnorm corvergert to
T g(0) = F(0).

We now prove that (i) implies (ii). Tihe prqof is similar to (c) implies (c9)
above. Wedene F: X j! ¢o by F(x) = f,(x) . This function is holomorphic,
and once again F': It j1 H(X) given by F'(a) = a*F is weakly compact,
but in this case,the weak compactnessof the closed absolutely corvex hull of
ffn :n2 Ng[ fOg is more involved. Consider the Nachbin{Co eur§ topology ¢
on H(X) (see[l10, 3.16]for de nition). Note that ¢, is bornological and coincides
with ¢, on boundedsetsof H (X ) (see[10, 3.19]). Thus, closedabsolutely convex
hulls in both topologiesare the same. Now Krein's theorem [18, 1V.11.4] assures
that this setis weakly compact (since it is complete for ¢., which is the Mackey
topology). o
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