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Abstract. The local dilatation H, at a boundary point of a quasiconformal mapping on a
plane domain of arbitrary connectivity is de ned and it is showvn that there is always a substartial
point p, sudh that H, = H, where H is the boundary dilatation. In nitesimal local boundary
dilatation is alsode ned and it is shown that the setsof in nitesimally substartial and substartial
boundary points coincide.

In tro duction

Let - be a plane domain with two or more boundary points and let M (-)
be the spaceof L; -Beltrami coexcients ! de ned on - with ktk; < 1. With
respect to the global parameter z for - , elements * of M (-) are just functions
and we arbitrarily put ! (z) identically equalto zerooutside of - . Corresponding
to any such ! there is a global quasiconformalself-mappingf ' of the plane which
solvesthe Beltrami equation [3], [2],

(1) f2(2) = * (D) 2(D);

and f' is de'ned uniquely up to postcomposition by a complex atne map of
the plane. We say such a solution f* to this equation is induced by . Con-
versely any quasiconformal mapping f de ned on - has a Beltrami coezcient
1(z) = f3(2)=f,(z) iIn M(-) . ' is called the complex dilatation of f and
K = 1+ Kk)=(1; k), where k = k(*) = ktk; , is called the dilatation of f .
K boundsthe ratio of extremal length problems corresponding under f takenin
the domain and range of f .

The Teichmiller spaceT(-) of - is a spaceof equivalenceclassef Beltrami
coexcients in M (-) . Any Beltrami coexcient * in M (-) inducesa mapping f '
which is a solution to (1), with * identically equal to zero in the complemen
of - . Two sud Beltrami coezxcients ', and !; are equivalent if they induce
mappings fo and f; sud that there is a conformal map ¢ from fo(-) to fi(-)
and an isotopy through quasiconformal mappings g, 0 - t - 1, from - to -
which extend continuously to the boundary of - sud that
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1. go(z) isidentically equalto z on - ,

2. g isidentically equalto f l+c+fq on -, and

3. ae(p) = fi T +£c+fo(p) = p for every point p in the boundary of - .

Note that this equivalencerelation is nonlinear. It is known [6] that the equivalence
relation induced by this isotopy condition is the sameas the equivalencerelation
induced by the same conditions except the isotopy in condition 3 is replaced by
an isotopy xing the ideal boundary points of - .

This equivalencerelation partitions M (-) into equivalence classesand the
space of equivalence classesis by de nition the TeichmiNler space T(-) . The
equivalenceclass[* ] of an element * of M (-) always contains an extremal repre-
senativ e, that is, a represenative ! o with the property that k! gk; - kk; for
all other represertatives?! of the sameclass. The proof of this fact dependson the
equicortinuity of a family of quasiconformal mappings with bounded dilatation.
We de ne

Ko([*]) = K okq ;
where 1 is an extremal¢represemat|v§ of its class. The dilatation of the class
is Ko([]) = 1+ ko([*]) =1i ko([*]) and the TeichmiNler metric on T(-) is
de ned to be
d([* 1 [°]) = 3 logKo([#4);
where % is the Beltrami coexcient of f° +(f")i 1. Teichmiller's metric d is the
quotient metric with respect to the Kobayashi metric on M (-) .

There is another natural constart assaiated with any equivalence class ¢,
in M(-) . Forany *, de ne h%(*) to be the in m um over all compact subsetsF
contained in - of the essetial supremum norm of the Beltrami coezxcient 1 (z)
as z variesover - nF. De ne h(¢) to be the in mum of h®(*) taken over all
represenatives® of the class¢. The numbers

1+ h%(t)
1j h°(*)

1+ h(¢)
1i h(e)
are called the boundary dilatations of * and of the class¢ = [*], respectively. It
is obvious that h(¢) - ko(¢). By de nition, ¢ in T(-) is called a Strebel point if
h(¢) < ko(¢) (see[19], [7], and [14]).

Let p be any point in the boundary of @ andlet * in M(-) represen a
class¢ in T(-) . De ne hg(*) to bethe in-m um over all opensets U in the plane

cortaining p of esssup,,yjt (2)j. hp(¢) is the inmum over all * represering
the class ¢ of hg(*). The numbers

H%(*) = and H(¢) =

oy _ 1 hp(t) 1+ hp(e)
Hp(*) = Tg(l) and Hp(é) = WE(()

are called the local boundary dilatations at p of * in M(-) and ¢ in T(-) ,
respectively.
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The de nitions sofar givendepend on the nonlinear equivalencerelation which
determinesthe Teichmiller classesn M (-) . There is an in nitesimal version of
this equivalence relation which is linear. Let A(-) be the spaceof integrable
holomorphic quadratic di®erertials ' (z) de ned on - with norm given by

zZ
k' k= j" (2)]dx dy:

We say two Beltrami coexcients *; and !, are linearly equivalent if
7 7
t1(2)" (z) dxdy = t2(2)" (z) dxdy

forall ' in A(-) .

We nd it conveniert to stipulate that elemers of ' of A(-) areidentically
equal to zeroin the complemen of - . Since A(-) is a closed subspaceof the
Banad space Li(-) , by the Hahn{Banach and Riesz represeration theorems,
the dual spaceZ(-) to A(-) isisomorphicto L; (-) &N. N is the spaceof
complex-valued, L; -Beltrami di®ereriials * de ned on - sud that

7z
1(z2)' (z)dxdy = 0

forall ' in A(-) . If visanelemeri of Z(-) and ! is a Beltrami di®erertial in
L; (-) ,wesay ! represerts v if

7
V)= v

for all ' in A(-) . Thus, the linear equivalence classesof Beltrami di®erertials
are in one-to-onecorrespondencewith the elemerns v of Z(-) .

Corresponding to this linear equivalencerelation there is a notion of in nites-
imal boundary dilatation b(v) of the equivalenceclassdetermined by v:

) b(v) = inffb°(2) : 1 represerts vg where
b°(t) = inffk® j. e ki : E ¥2-; E compacty:

b is a semi-normon Z(-) . A sequencef' ,g in A(-) is called degenerating
if kK k=1 andif ',(z) convergesuniformly to 0 on compact subsetsof - .
Another semi-norm  on Z(-) is de ned by

3) (V) = suplim supjv(* n)j;
f'ng n
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where the suprenmum is taken over all degeneratingsequences' ,g. Obviously,
~(v) - b(v) andin [4] it is shawvn that ~ (v) = b(v).
We can alsode ne the in nitesimal local boundary dilatation at any point in

© :

bp(v) = inffbh(*) : * represerts vg  where

4
@ b;(l) = inffk® j.\ y ki : U is a neighborhood of p in the planeg:

by is the in nitesimal versionof h,. Of course,thereis alsoananalogy ,to . A
degeneratingsequencé ,, (with k' k= 1) in A(-) issaidto degeneratetowards
p if for every openset U containing p,

7
nI!ilrn | I' n(z)jdxdy = 1
We de ne
() p(v) = sup lim Supjv(" n)j;

where the supremum is taken over all sequenced'’ g in A(-) which degenerate
towards p. Obviously, ,(v) - by(v) and one of our preliminary results is that
p(V) = by(v) for all v.

Two important results of this paper arethe (atrmativ €) solution of Gardiner's
conjecture

6 H() = Hy(¢
(6) (¢) gg%x p(é)
and its in nitesimal version

7 = :
(7) b(v) = max by(v)

We rst prove the in nitesimal statemert (7) and we also shov that by(v) =
“p(v) for every v 2 Z(-) . In [4] it is shown that (v) = b(v) for all v 2
Z(-) . Thus, (v) = maxpz@ p(v) for every v 2 Z(-) , and both semi-norms
b, and |, achieve their maxima at the sameboundary points. Every such point
is called an in nitesimally substartial boundary point of - for v. Formula (6) is
a generalization of Fehlmann's result which says that H([*]) = maxpo@ Hp([*])
for every Beltrami coexcient * in the unit disc ¢ , (see[8] and [9]). Frederick P.
Gardiner conjectured that Fehlmann's theorem generalizesto all plane domains.
In [16], Reich shawed that a similar version of our in nitesimal result (7) holds in
the caseof the unit disc using a di®erent method of proof. Reich's approad also
provided another proof of Fehlmann's result for all non-Strebel points in T(¢) .
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The proof of the result (6) breaksinto two cases,according to whether the
Teichméller class ¢, is a Strebel or non-Strebel point. The Teichmiler class ¢, is
called a non-Strebel classif it is represerted by an extremal Beltrami coexcient ?*
for which there is degeneratingHamilton sequence A sequence , with k' k=1
in A(-) is called a degeneratingHamilton sequencsdf it is degeneratingand if

zZ

nIlilrn "n(2)* (z) dxdy = ktk; :
It turns out that this notion can be expressedeither in terms of the linear or
non-linear equivalencerelation on Beltrami coezxcients. Suppose! is extremal
and represeits the Teichmiller class¢,. Then ! alsorepreserts a linear functional
v in Z(-) . It is known that (v) < kvk if, and only if, h(¢) < ko(¢). Strebel
points ¢ in T(-) are those for which either one of theseinequalities is strict and
non-Strebel points are those for which either inequality is an equality.

The third important result of this paper concernsthe casewhen * represens
a non-Strebel class. Assume ! is extremal in its Teichmiler class,let v be the
linear functional in Z(-) represened by * and let ¢ be the equivalenceclassof
1 in T(-) . Then the set of points p in the boundary of - for which any of the
following equalities hold is the sameset:

(1) H(¢) = Hp(e),

(2) bv) = Bp(v),

(3) “(v) = “p(v),

(4) there exists a Hamilton sequencefor * degeneratingtowards p.

Points in the boundary of - for which Hy(¢) = H(¢) are called substartial points
for ¢ and points for which b, (v) = b(v) arecalledin nitesimally substartial points
for v. In (2) and (3) the setsare determined by the linear equivalenceclassof the
linear functional v, whereasin (1) the setis determined by the nonlinear Teich-
miler equivalenceclassof ¢,. For anon-Strebel class¢, represeried by an extremal
Beltrami coezcient !, this result implies that the setof in nitesimally substartial
points corresponding to the elemert v in Z(-) represerted by * coincideswith the
set of substartial boundary points for the TeichmiNler class ¢, represeried by 1 .
Since H, and b, are upper semi-corninuous functions de ned on the compact
boundary of - , the setsof points p satisfying (1) or (2) are non-empty.

The result generalizesFehlmann's theorem on the existence of substartial
points in two ways. First of all, exactly as Gardiner conjectured, it appliesto all
plane domains, not just the unit disc. Secondly both for the unit disc and for
any plane domain, it says that for non-Strebel classesthe setsof substartial and
in nitesimally substartial boundary points coincide.

This paper is organized into sewen sections. In the rst section, we prove
b(v) = max, by(v) for v in Z(unit disc). Proving this inequality can be viewed
as a problem of sewingtogether vector elds V with dilatation bounded by M
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near a large number of points p on the boundary of - to obtain a globally de ned
vector eld with dilatation no morethan M + ". Instead of sewing,we go all the
way to the boundary of the unit disk and apply the Beurling{Ahlfors extension
processto a suitably chosenalteration of the vector eld de ned on the boundary
of the disc.

In the secondsectionwe de ne another quantity G(¢) assaiated to a Teich-
miler class ¢, which turns out &o be the sgmeas the boundary dilatation H(¢).
By de nition, G(¢) = "1+ a(¢) =1 o(¢) , whereg(¢) is

Z

lim supllm supRe 1y',dxdy
kil ng N -

and where the sequence! ¢ is in the equivalenceclass ¢, and is approximating in
the sensethat h®(*y) < h(¢) + 1=k and the suprenum is over all degenerating
sequencesf' ,g of quadratic di®ererials of norm equal to one. It turns out
that becauseof the principle of Teichméller cortraction in asymptotic Teichméler
space[4], g(¢) doesnot depend on the selectionof the approximating sequence'
in the equivalenceclass ¢,. The main result of this sectionis that G(¢) = H(¢).
The freedom to work with G as a replacemen for H is an essethal elemen
in our proof of the rst main result. In this section, we give another way to
de ne boundary dilatation. We call it S(¢) and it is the maximal distortion of
degenerating sequencesof quadratic di®erertials under the mapping by heights
induced by the Teichmiller classof ¢. In the case- is the unit disc we shav
that S = G = H. We beliewe this result should be true for any domain - ,
but veri cation awaits the proof of a preliminary theorem, namely, that there is
a well-de ned \mapping by heights" for quadratic di®ererials on plane domains
corresponding to any Teichmiller class. This topic has beenrecertly explored by
Strebel, Gardiner and Lakic (see[21] and [15] for more details).

In the third section, we prove b(v) = maxp2@ b(v) for any plane domain.
The sewingstep is avoided once again by going all the way to the boundary and
applying the Sullivan{Th urston [22] extension processusedin [5] for vector elds
vanishing at the boundary.

In the fourth section, we prove (v) = by(v) in all cases.We usethe same
method which was usedto shov (v) = b(v) in [4].

In the fth section, we give an alternativ e de nition of local boundary dilata-
tion at apoint p in the boundary of - of a Teichméller class¢,. By q;g_nition Op(é)
is a limit over sequences' ,g degeneratingtowards p of integrals ' , where
1 is a sequenceof Beltrami coezxcients in the classof ¢ whoselocal dilatations
at the point p give better and better approximations to hy(¢). We prove the local
result that g,(¢) = hp(¢) which is analogousto the global result of the second
section. The proof dependson applying the fundamenal inequalities for boundary
dilatation in [4] and on truncating suitable Beltrami coezcients represerning the
classof ¢,.
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In the sixth section, we prove Gardiner's conjecture maxp> @ Hp(¢) = H(¢)
for non-Strebel points by using the result of the third section and the two forms
of the main inequality to show that points p which realize the maximum of
coincide with points p which realize the maximum of h,.

In the sewenth section, we shaw the equality maxpo@ Hp(¢) = H(¢) also
holds for Strebel points ¢. Here the method is to usethe two main inequalities
for boundary dilatation givenin [4].

In the appendix, we give a brief discussionof someconsequencesf our theo-
rems for Strebel's chimney domain.

1. Unit disc case

Theorem 1. Forall v in Z(¢) , b(v) = maxpo @ (V).

Proof. Supposethat maxp, @ (V) < b(v) for somev in Z(¢) . Choosec
sothat maxpo @ (V) < c< b(v). Let ' , be a degeneratingsequencein A(¢)

sothat v(' ) ! (v). Let * be an extremal represenativ e of v. Then
z
b bv);
¢
and
ktk; = kvk:

Sincec> maxp2 @ bh(Vv), there exists | > 0 sudh that for every arc | on the unit
circle of length lessthan | there exists a neighborhood U of | and a Beltrami
di®erertial © equivalent to * sothat

K° juve k< c:

Following Fehimann'sidea (see[8] and [9]), we divide the unit circle into N > 4¥#|
disjoint arcs I; of equallength. Let the end points of arc |; be a; and aj+; , with
an+1 = a. Let " > 0. Choosean arc V; on the unit circle with length lessthan
I=4 and the certer at the point a;. Let R; bethe sectorin ¢ boundedby V; and
the two radial lines terminating at the end-points of V;. Dividing the sector R;
into more than 1=" disjoint sectorsand observingthat ead ' , hasnorm one,we
seethat there exist points x; on V;, sectorsS; and a subsequencéA,, of ' , sud
that x; is a mid-point of the boundary arc of S; and
Z
imsup  jA,j<" for all i
n!l S
Since the length of the open arc A; from X; to Xj+; is lessthan |, there

exists a neighborhood U; of A; and a Beltrami di®erertial °; equivalent to 1 so
that @; [ @ = fxi;xj+19 and

K% jui ¢ k< c:
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Let "t = (% 1)A¢ au, and vi = ["1]. Here A is the characteristic function of a
set. Then we alsohave v; = ['?] where "2 = (* | °)A¢\ vy, .

Let H bethe upper half plane and let 3! and 32 be the pull-backs of "1 and
"2 by a MAbius transformation m that maps the unit disc onto the upper half
plane H and satis es m(xj) = 1 . The spaceZ(H) is isomorphic to the spaceof
all Zygmund bounded functions on the real axis, and the isomorphism sendsead
v=1[3]2 Z(H) into a Zygmund bounded function V de ned by

17 2(zi W)

V@=L Wwi Dwi g M

where 3 is extended to the lower half plane using the re°ection j(z) = %, i.e.
3(%) = 3(2) (seel3]). Let V; be a Zygmund bounded function corresponding to
the linear functional mgyv; in Z(H). Formula (21) in [13] shows that

M+ 0+ Vilzi 01 @) _ 117 sw+2)

t Ya cw(wij 1)(w+ 1) dudv;

for j = 1;2. Therefore V; satis es the little Zygmund condition
Vi(z+ 1)+ Vi(zi t)i 2Vi(z) = oft)

locally uniformly for all z in R=f m(x;+1)g. Therefore, by pulling-back the Beur-
ling{Ahlfors extension

1 Zxey - Z ey Z, ,
(8) Fi(x+iy) = - Vi) dt+ - Vi(t) dt Vi(t)dt ;

2y Xiy Y «x Xiy
it follows from Lemma 8.1 in [13] that a Beltrami di®ererial “; = m°@;(z) in

the unit disc satises v;i = ['i], k'iky - Ckvik and "i(z) ! 0 if z tendsto a
point on @ | fX;;Xj+1g. Obsene that

kvik - K 2k - kvk+ c:

Thus, all di®ererials ~; are uniformly boundedin the L norm.
With no loss of generality we may assumethat the neighborhoods U; are
disjoint and that the set

is a union of a compact set and of measurezero. Then,

1D, U T ) .
v=T[t]= Auyre +AF = (i + %Ay e)+ AR -
i=1 i=1
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Let
X R R
== (it %Aue) T PAER:
i=1
Then v = [*] and
X .
B="+ %Aune +AE;
i=1
where
Xq s
= [
i=1
Therefore,
z - .z
limsup-  A,— 'NC(kvk+ c)+ Nc lim sup iAnj
n'1 [ S . n'1 [ Si
INC(kvk+ c)+ Nc "N:
Furthermore, if W; = (Ui \ ¢) n(Si[ Si+1), then
A - A I A -
lim sup- A,— limsup — ©9A,—+ limsup— AL
n'l [ Wi n!l =1 Wi i=1 j=1 n'l Wi
A - X Z
=limsup — ©°/A,— climsup iAnj - c
n'l iz1 Wi n'l iz1 Wi
Thus,
Z . ¢
b(v) = lim v(A,) = imsup *A, - c+ NC(kvk+ c)+ Nc "N:
: nll ¢

which is a contradiction provided that " is sutciently small. o

2. Boundary dilatation

The boundary dilatation H (¢) determinesTeichmiler's metric on the asymp-
totic Teichmiler space AT(-) = T(-) modTo(-) , (see[13] and [4]). It also de-
termines the Strebel points in the Teichmiller space T(-) . In this section we
‘nd seweral ways to expressthe boundary dilatation. They are analogousto the
sewral di®eren represertations of the dilatation Kg(¢), which determines the
Teichmiler's metric in T(-) .

The rst point of view is looking at the mapping by heights introduced by
Strebel in [21]. If f is a quasiconformalhomeomorphismof the unit disk ¢ and
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" isin A(¢) , then there is a unique integrable holomorphic quadratic di®ereriial
A sud that the vertical ' -distance betweenany two boundary points r and s is
equal to the vertical A-distance betweenf (r) and f (s), (see[21]). We sa that
A is the imageof ' under the mapping by heights induced by f , and we denote
A by MH(f:"). Notice that if [f1] and [f,] are the samepoints in the universal
Teichméller space T(¢) then there exists a conformal homeomorphism ® of ¢
such that fi(t) = ®+f,(t) for every t 2 @ . Therefore A, = MH(f,;') is a
pull-back of A; = MH(f1;" ) by ®:

A; = A (®)GF:

That yields kA;k = kAyk. We dene a function from T(¢) £ A(¢) onto A(¢)
by (¢;')! MH(f;"), wheref is normalizedto x 1, jl1andi,and [f]= ¢.
This function describes the mapping by heights up to the pull-backs by MAbius
transformations, so we will also call it the mapping by heights and denote it
by MH. It is provedin [15]that K(¢) is equalto the suprenum of KMH(¢;" )k
over all unit vectors' in A(¢) . In a parallel manner we de ne

S(¢) = suplim supkMH(¢;" n)k:
('n) N

Here the suprenmum is over all degeneratingsequence®f unit vectors ' .

A secondpoint of view comesfrom looking at the semi-norm b, the in nites-
imal version of the boundary dilatation h. Since b(v) = (v) for all v, we would
like to nd the corresponding statemert for the boundary dilatation. We usethe
estimatesfor the Teichmiller metric given by the following Reich{Streb el inequal-
ities:

© o) sup g ATAY
ote kAk:pl_-J : 1i jtj?
Z - o
10) LTy’
Ko@ T I Ep

forall ¢ = [*]2 T(-) andall unit vectors' in A(-) , (see[ll] for the proofs).
We say that the inequalities (10) and (9) are the rst and the secondfunda-
mental inequalities of Reich{Strebel, respectively. Reich and Strebel proved the
inequalities (10) and (9) by studying the trajectory structure of the quadratic
di®erertial ' . Using further analysis of this structure and previous results of
Hamilton and Krushkal, Reich and Strebel cameto the following criterion for the
extremality of the Beltrami coexcient ! : * is extremal in its Teichmiler classif,
and only if, there exists a Hamilton sequenceor * . Thus,
Z
Ko(¢) = sup Re 1.
k' k=1 -
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We note that whenthe class¢, contains more than oneextremal represertativ e, this
supremum takesthe samevalue independertly of which extremal represenativ e
is chosen. To de ne the analogousquartit y corresponding to boundary dilatation
we use Beltrami coexcients * which nearly realize the boundary dilatation in
their asymptotic Teichmiller class. We call a sequencet  in a given class ¢, an
approximating sequencef h®(1y) i h(¢) approaces 0 as k approadesin nit y.
Let .
i+ g(‘.’) and

i 9(¢) 7
g(¢) = suplim sup sup lim supRe 1" :
e ki1 f',g ni -

G(¢) =

Here, the rst supremum is over any sequencel! of approximating Beltrami
coezxcients for the class ¢ and the secondsupremum is over all degenerating
sequenced’ g in A(-) .

Note that (v = [*]) is the in nitesimal versionof g(¢, = [*]) and b(v = [1])
is the in nitesimal versionof h(¢ = [*]). The part of the following theorem which
equatesG(¢) and H (¢) is analogousto the theorem from [4] which equates (V)
and b(v).

Theorem 2. The distortions H, G and S coincide. More precisely

G(¢) = S(¢)=H(o)  forall g2 T(¢);
G(¢) = H(¢) forall ¢ 2 T(-) :

Proof. H(¢) = S(¢) by Theorem 5 in [15]. Clearly g(¢) - h(¢). To prove
the reverseinequality we may assumethat H(¢) > 1. By the de nition of H(¢),
there existsa sequencef represenativ es! , of ¢ sudh that h“(*,)! h(¢). Then,
by the theorem on inequalities for the boundary dilatation in [4] or, in the caseof
the unit disc, by the main theoremof [12], ([*,])! h(¢). Thus, g(¢), h(¢). o

3. In'nitesimal  substan tial points

In the proof of Theorem 1 we usedBeurling{Ahlfors extension(8) of Zygmund
bounded functions on the unit circle. In [16], Reich shaved a similar result by
consideringthe extensioninduced by the kernel

(1 jzj?)° :
241 zw)3(wij 2)°
These extensionsapply to the unit disc caseand cannot be easily extendedto an
arbitrary plane domain case.In this sectionwe generalizeTheorem 1 to the plane
domain caseby looking at the in nitesimal version of the Sullivan{Th urston [22]
extension of holomorphic motions.

Let - be a plane domain and let @ be the complemen of - . We assume
that @ contains at least three points.

S(z;w) =
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Theorem 3. Forall vin Z(-) , b(v) = maxp2@ (V).

Proof. Supposethat maxp2@ by(v) < b(v) for somev in Z(-) . Choosec so
that maxy,,@ bp(v) < c< b(v). Let ', be a degeneratingsequencen A(-) so

that v(' ,)! (v). Let * be an extremal represenativ e of v. Then
Z
Y on! (V)
and
ktk; = kvk:

Wemay assumel 2 - . Then & is compactin the Euclidean metric, and for some
positive integer M > 0, & is contained in the squareof side length 2M certered
at the origin. Since ¢ > maxp, @ (v), there exists | > 0 sudh that for every
subsetY of @ of diameter lessthan | there exists a neighborhood U of Y and a
Beltrami di®ereriial ° represeriing v sothat k° jy\,. k< c (asusual, we assume
that the L' norm of the characteristic function of an empty setis equalto zero).
Also, we may assume! , ° and ' ,, areidentically equalto zeroin the complemen
of - . We usea two-dimensionalanalogueof an idea of Fehlmann (see[8] and [9]).

with d lessthan %I. Fix " > 0. For every square A; = [a;b] £ [c;d] we consider
the frames F;, = P;, nQ;, where

| k+ 1 | k+ 1° | k+ 1 | k+ 1°
o ksl Tk+1 Clk+1 1
Pie= ai o0 P o B S 9L
and | k | k* | Kk | k*
Qn =P = @l 300" 100 £ ¢ 100797 1oL

where L > 1=" and k = 0;1;2;:::;:L. Sincek' sk = 1 for all n, there is a
subsequence&n of ' , and aframe §; = F;, sud that

z
limsup jA,j- " forall i
n'l S
Let
R LE SIS P UL SIS
T % 0L T 10 L 10 L 0 L

be the rectangle bounded by the core curve of the frame S;. Also let R; = ng ,
R, = R nRy;:ii;Rn = RY, n(R1[ Rz2[ ¢¢¢[ Ry;1). Note that » %2 Ry [
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Ro[ ¢¢¢Ry . The diameter of eadh R; is lessthan |, thus there exists a Beltrami
coexcient °; represering v and a neighborhood U; of R; sud that

8
Qi Y2 S and Ko ju - ki <c:
i=1

Let 1= (% i *)A _y, . Then [}]=[?] where "2 = (* j °)Ay, . . Pick three

points , 1, , 2, ,3 in o, let ', arational function holomorphicin C de ned by

1 (zi ,1)(zi .2)(zi ,3)

1 W et . _
W=y DWW Wi D)
and let Z
Vi) = ' 2(w) H(w) dudv:
Sincethe function w 7! * ;(w) belongsto A(-) , we also have
z
Vi)= ' o(w) () dudv:

V; isavector eld on & with boundedcrossratio norm (see[5]), and any extension
of Vi to a vector eld ¥ on C with bounded @derivative satis es [ 1] = [@F].
Instead of Beurling{Ahlfors extensionusedin Section?2 or the kernel S(z;w) used
in [16]for the unit disc case,we now apply the in nitesimal versionof the extension
procedure used by Sullivan and Thurston [22] to extend a holomorphic motion.
This extensionwas usedin [5] to show that the in"nitesimal Teichmiler norm is
equivalent to the crossratio norm. The extension ¢ is obtained as the limit of

f.1;,2;:::g isdensein o. The vector elds ¢, are obtained by pasting together
the local extensionsby a suitable (ample and uniform) partition of unity. The
local extensionsare achieved by restricting &, to athree-point setor a four-point
set depending on the thick-thin decomposition of the domain - , complemenary
to a,. In the caseof a three point set we usethe best atne extension (i.e. the
extensionwith the smallest L1 norm of its & derivative). In the caseof a four
point setwe usethe canonicalextensionobtained by looking at the one-dimensional
Teichmiler spaceof the (extended complex) plane punctured at those four points
(see[5] for more details). Since "1(z) ! 0 if z corvergesto a point on o\ U;
and “?(z) ! 0 if z corvergesto a point on @ nU;, the proof of the Equivalence
Theorem in [5] shaws (seein particular Section 7.5 in [5]) that the extension\#
of V; has @derivative "; which satises “i(z) ! 0 if z convergesto a point on
o n@. Furthermore k@®k; - Ck”2k; for someuniversal constart C. The
rest of the proof is the sameasin the unit disc case.o
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4. Local boundary semi-norms

Let - bea plane domain whosecomplemern o corntains at least three points.
It is shown in [4] that (v) = b(v) for all v in Z(-) . Now we prove the local
version of this theorem.

Theorem 4. If v2 Z(-) , then

B (V) = p(V)
forall p2 @ .

Proof. Let p2 @ . It is easyto seethat 0- p(v) - by(v). We now show
that ,(v) , bpy(v). Clearly, we may assumeb,(v) > 0. Let * be an extremal
Beltrami di®ereriial represening v. By the de nition of by(v), there exists a
sequenceof Beltrami di®erertials !, and a seguenceof neighborhoods U, of p
such that U,41 is cortained in U, for all n, U, = fpg, ead *, represerts
v, and j11(2)j - bp(v) + 1=n for all z in U, \ - . The result of the previous
sectionimplies that there exists a Beltrami di®ereriial °,, represeting [* ,A. nu, |
such that k°yk; - Ck[rpA ny ]k and °,(z) ! 0 when z corvergesto a point
on U, \ & (°, isthe @derivative of the extensionin [5] of the vector eld on =
corresponding to [t , A nu, ]). Thus, there are neighborhoods V, of p sud that
Vh 22U, and j°,(2)j < 1=n for all z2 V, \ - . Since®, is equivalent to 1, j
1Ay -, it isalsoequivalert to t j Ay \. . Furthermore k | Ay \ .k -
kvk + b(v) + 1. Thus, i ¢
k°hki - C kvk+ b(v) + 1

for someuniversalconstart C. Note that * is equivalert to the Beltrami di®eren-
tial " =%+ 1hAy,\ - . Let vp = [[hAy,\ - ]. Choosea unit vector ' , in A(-)
such that v, (' ) > kvpakj 1=n. Then

By (V) = Bp(vn) - kVnkz< Va(' n) + 1=n

- Z
. oA L 2 o
K nAv,\ - ki ' ajt1=nc by(v) + = i nj+ 1=n:
Vo - n - v-
Hence, 7
Lo B(V)i 1=n | _
Vn\_l nl., —bp(v)+2:n' 1 asn! 1:
Therefore ' , degeneratesowards p. Furthermore, .
=< - - -
V(O n)i== "n'nm, e nii — “n' T
- - nVy
1 [ ¢ 3=n
> i =i + + +1 ——
kvhK i (C+ 1) kvk+ b(v) + 1 By (v) + 2=n
3=n

1 i ¢ .
. (V)i ~ (C+ 1) kvk + b(V)+1m-
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Therefore
(V) . limlsuij(' n)j, Bp(v):o

5. Local boundary dilatation

In Section 2 we introduced the formula for the boundary dilatation using
degeneratingsequenceslin this sectionwe study the corresponding local situation.
Let p be a boundary point of the plane domain - and let ¢ bea point in T(-) .
In a parallel manner we de ne

Z

Op(e) = I|m supllm SsupRe 1y' :
ng N1 -

Here *  is a Beltrami coetcient in the classof ¢ sud that hj(* k) < hp(¢) + 1=k
and the suprenum is over all sequences' ,g in A(-) degeneratingtowards p.
In keepingwith standard notation, we put

_ 1+ g,
P O
Note that  is the in nitesimal versionof g, and b, is the in nitesimal version
of h,. The following theorem is the analogueof Theorem 4 and the local version
of Theorem 2.

Theorem 5. Forall ¢2 T(-) ,
Go(¢) = hp(e):

Proof. It is easyto seethat g, - hy. In order to estimate h, j gy, select
! represetting the class¢ in T(-) sud that hg(*) is arbitrarily closeto hp(¢).
Clearly, hj(*) = B(*). Moreover, if we let v be the linear functional in Z(-)
represerted by !, then Theorem 5 and the existenceof the limit in the de nition
of gy(¢) follow from the next lemma.

Lemma 1. For ewery -
b;(l)i “p(v) - HS(l)i Hp(é):

Proof. Pick a neighborhood U = fz :jzj pj < rg of p such that K (*A_ y) -
HF(*)+ 1=n and by(v) - bpy(v) + 1=nforall g2 @ \ U. De ne a new Beltrami
coexcient © on - Dby letting

’(z)— 1(z) forall z in - with jzj pj< ir,

“(z)=0forall z2 - nU, and ¢
“(z) =1t forallt2 (0;1) andall zin - with jzj pj=7r 1| 1t .
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Then by Theorem 3, (["]) = sup @ B([']) - B(v) + 1=n. Moreover,

HE()i HD - H'()i Hp(CD = H() i Hp(e)
K()i Hp(e) - Hp(*)i Hp(e) + 1=n:

Therefore, the inequalities for boundary dilatation in [4] yield
()i BTD - Hp(t) i Hp(e) + 1=n:
Combining theseinequalities we obtain
()i p(V) = B() i bo(v) - ()i Bp(v)
CB()i BID+ 1= HEC) i Hp(e) + 2=nie
6. Substan tial points for non-Streb el classes

Now supposethat ¢ is a non-Strebel point in T(-) . Let * be an extremal
Beltrami coezcient represering ¢. Then there exists a degenerating Hamilton
sequencefor 1 and we have h(¢) = ktky = ([*]) = b([*]) (see[7], [4]). We
now prove the local version of this result. Note that ' also represens a linear
functional v=[*]in Z(-) .

Theorem 6. The following Vv e conditions are equivalert for every boundary
point p of - and every extremal represenative * of a non-Strebel point ¢ in
T(C) :

(1) H(¢) = Hp(e),

(2) G(¢) = Gplé),

(3) b(v) = b(v),

(4) (V)= p(v),

(5) there exists a Hamilton sequencefor * degeneratingtowards p.

Proof. Let p be a boundary point of - and let * be an extremal repre-
senativ e of a non-Strebel point ¢ in T(-) . Also let v be a functional in Z(-)
represeried by the Beltrami di®ereriial * . It is showvn in [4] that b(v) = (v).
Furthermore by,(v) = ,(v) by Theorem 4. Thus, (3) is equivalert to (4). The
equivalenceof (4) and (5) follows from the de nitions of the semi-norms and
and the equivalenceof (1) and (2) follows from Theorems2 and 5.

We now show that (1) is equivalert to (5). Let f beaquasiconformalmapping
with domain - and Beltramigoecient * . Assume rst that there exists a Hamil-
ton sequence' , suchthat 't ! k'k; and', is degeneratingtowards p.
Supposethat Hp(¢) < (L+ k*ky )=(1§ k*ky ). Then there exists a neighbor-
hood U of p and a quasiconformal mapping g with domain - , range f (-) and
Beltrami coexcient © sud that gi ' +f is homotopic to identity relative to the

boundary of - and K° jgi 14t (uy ) Ki < ktky . Let %= °Ag 145 (uy o - Then %
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is equivalent to a Beltrami coezxcient 3 sothat 3(z) = 1(z) forall z2 U\ - .
Thus, the rst fundamertal inequality of Reich and Strebel yields

. Z - o
1i ko Jgi 125 (U\ ) k]_ . 1 . liminf j' J 1 3 nzj' nJ_z
1+ KO jgiisr(ur ) ki Ko(¥) na ' 1" 1i J?j?

Z - , ., .2
]

= |lim inf j —
mwlln _\UJ nJ 1 12 .
1+ k'kZ j 2limsup,; Re ¥ n
1i ktkg R
_ 1+ k*k? i 2limsup,; Y » _ 1j kiky
1i ki k2 1+ Kiky '

a cortradiction.
Finally, assumethat Hy(¢) = H(¢) andlet Uy, = fz2 - 1jzj pj < 1=ng. If
1, =1tAy ,then

1+ ktkg .

Ko@nD), Hp(nD = Hp(&) = Ty

Thus, by the secondfundamertal inequality of Reich and Strebel, there exists a
unit vector ' , in A(-) sud that

z N R nI’ nj_2 1+ kiky 1,
_J nJ 1i j'nj2 > 1 ktkg '
Therefore,
R
el Lok 2R
1i Kk o 1i k*nk
1+ ktk? + 2liminfay Re | 1,'

2 1 kk? ’
lim inf Re o, kKtky
n!l U
R : :
Therefore, u, ) ni! lasn! 1 and ' , is degeneratingtowards p. Moreover,

Z Z Z
iminfRe ', , liminf Re "nl i ktkg limsup i"nj, Ktky :o
nll ) n'l Un ni - nuU,

Corollary 1. With the samehypothesesas in the previous theorem, sub-
stantial points exist.
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Proof. From this theorem and from Theorems 3 and 4, there exist points p
for which the maximum in (1), (2), (3) and (4) are simultaneously achieved. o

Remark. Using the kernel

1i jzj%)° :
2vi(1li zw)3(wij 2)’
Reich partially proved Theorem 6 in the caseof the unit disc (see[16]) and hence
provided another proof of Fehlmann's theorem for non-Strebel points. Theorem 6
together with the results in Chapters 2 and 4 provides two new proofs of the

sameresult and it also provides the generalizationto the plane domain case. We
generalizeFehlmann's theorem for Strebel points in Theorem 8.

We say that a boundary point p of the plane domain - is a substartial
point for a Beltrami coexcient * if H([*]) = Hp(*). Also, we say that p is an
in nitesimally substartial point for a Beltrami di®ererial * if b([*]) = by([*]).
The set of all substartial points is called the substartial set, and the set of all
in nitesimally substartial points is calledthe in nitesimally substartial set. These
sets are clearly closedsubsetsof - . Theorem 6 shows that the substartial set
coincideswith the in nitesimally substartial set for any plane domain and any
extremal represenativ e of a non-Strebel point.

S(z;w) =

Theorem 7. Let - bea planedomain and let * be an extremal represerta-
tive of a non-Strebel point in T(-) . Then every degeneratingHamilton sequence
for 1 degenerategowards a subsetof the set of substartial points.

Proof. Let ' , be a degeneratingHamilton sequencefor an extremal repre-
sertative ' of a non-Strebel point ¢, 2 T(-) . Fix a neighborhood U of the set of
all substartial points for 1. Let " be a small positive number. Let p bea point in
@ =U. By Theorem 6, p is not an in nitesimally substartial point for 1. Thus,
there exists a neighborhood V = fz2 - :jzj pj< xg of p in - , a subsequence
A, of ' , and a Beltrami di®erertial ° in nitesimally equivalent to * sud that
ke jV ki < ktk; and 7

limsup  jALj< "

n'l \Wi
where W is a thin annulus consisting of those points z for which £j ®< jzj pj <
++ ® for suxciently small ® > 0. By the proof of Theorem 3, the Beltrami
di®ererial A\ isin nitesimally equivalert to the Beltrami di®ereriial = + °© Ay
where “(z) ! 0 as z convergesto a point in @ nW, and k"k; - 2Cklk; .
Therefore,

Z
kik; = limsup A,t
n'l - 7 7 ﬂ
imsup KO jy ki jAnj+ KKy iAnj + (2C)ktky ™

n'l \YJ - nVv
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R .
Thus, | jAsj! Oasnlp 1. Since @ nU is compact, by passingto a subse-
quencewe concludethat _;j' nj! Oasn! 1 .o

7. Substan tial points for Streb el classes

The following theorem generalizesto an arbitrary plane domain Fehimann's
theorem on the existenceof substartial boundary points for points in the Teich-
miler spaceof the unit disc, and soit answersazrmativ ely Gardiner's conjecture.

Theorem 8. For all points ¢ in T(-)
H(¢) = maxHp(é):
(&) ma p(&)

Proof. Let ¢ beapointin T(-) . If ¢ isanon-Strebel point, then the theorem
follows from Theorem 6. Supposethat ¢ is a Strebel point. We may assume
H(¢) > 1. Let 1, beasequenceof Beltrami coezxcients represerting ¢ suc that
h®(*n) - h(¢) + 1=n. Let f be a quasiconformal mapping with domain - and
Beltrami coexcient * . Then, by the inequalities for boundary dilatation which
led to Teichmiler's cortraction principle in [4] and [12], h®*(* )i ~([*n])! O as
n! 1 . By Theorems3 and 4, there exists a point p, on the boundary of -
suh that  ([*n]) = ([*n]). Thus, h(¢)i p. (EnD)! Oasn! 1. Takea
sequence'  degeneratingtowards p, sud that

z
Re “itn! T, (a):

There exists a neighborhood U of p, and a quasiconformal mapping g with
domain - , range f (-) and Beltrami coexcient © sud that gi 1 +f is homotopic
to identity relative to the boundary of - , k', ju\. ki < h%**,)+ 1=n and
ke jgi 14 (U\ -) ki < hpn ([*n]D+1=n. Let %= oAgi 14f (U\ =) - Then %iis equivalent
to a Beltrami coexcient 3 sothat 3(z) = 1 ,(z) forall z2 U\ - . Thus, the rst
fundamental inequality for boundary dilatation yields

1; hpni l:n. 1| ko jgi 14f (U\ -) k]_ . 1
1+ hp, +1=n 1+ Kk°jgiuny ki Ko(%)
- 2
. I S Y
Ilmlnf _j K 1

Z w L, 2
= lim inf i" ki i *n' k3 «
kil -\u “ 1i jtaj? R
1+ klnjU\- k% i 2Iimsupk!1 Re .\Ulnlk

1 K jur- k2
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R
1+ kg jun- k2§ 2limsup; Re |,

_ 1i Knjur- kg
1+ |h“(l,_r,)+ I=n "i 2 ((*a), 1i h
1i 'h°(ty)+1=n>  1+h’

Therefore,
hp, (¢) ! h(¢) asn! 1:

Finally, since @ is compact and H, is an upper-semicorinuous function of p,
there exists a point p in @ for which Hy(¢) = H(¢). o

Remark. Note that Theorem 3 is the in nitesimal version of Theorem 9.

App endix

Oneway to construct interesting TeichmiNler classef mappingsis to consider
the stretch map fx (z) = x + iy de ned on di®erert plain domains. Since fy is
the Teichmiller mapping assaiated to the quadratic di®ererial dz? and sincethe
norm of this quadratic di®ereriial is just the Euclidean area of the domain, these
examplesare uniquely extremal when the domains have nite Euclidean area. As
studied in many papersby Reich and Strebel (see[19] for further references)when
the domainshavein nite area,the stretch map may be either uniquely extremal or
just extremal or not extremal. One of the most important domainsin this study is
Strebel's chimney domain S. The chimney domain S is the union of the chimney
C and the lower half plane. The chimney C is the region in the upper half plane
between the vertical line x = 0 and the vertical line x = 2. This was the rst
example of a non-uniquely extremal quasiconformalmapping f ¢ . Strebel's frame
mapping theorem implies that the boundary dilatation H (fx ) = K (see[19], [18]
and [20] for more details).

In the chimney domain, the point at in nit y is the only substartial boundary
point. It is easyto seethat the boundary dilatation of f¢ at any boundary point
of S except a vertex point at the baseof the chimney or at the point i1 is less
than K. Toseethat H, < K at p= 0, considerthree triangles, Ty, T2, and Ts.

Let T, have verticesat j 1, j i and 0, T, have verticesat 0, j i, and 1, and
T3 have verticesat 0, 1 and i. Consider the piecewiseatne map which maps
T, to B; with verticesat j K, j iK¥2, and 0, T, to ¥, with vertices at 0,

i iIK1¥2, and 1 and T3 to ®3 = T3. Sincethe dilatation of this piecewiseatne
map is no more than K =2 and sinceit agreeswith fx onthe boundary of S in a
neighborhood of p, we seethat H, < K at this point. Clearly this sameestimate
of H, appliesat the vertex point p= 2 of S. By Theorems3, 6 and 9 there must
be a boundary point for which H, = H and this point must by i1 . Moreover,
by Theorem 7, the support of any Hamilton sequence' , must \move up" the
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chimney C. That is, for every positive number M and ewvery " > 0, there exists
an integer ng, suc that for n, ng,

[1]
(2]
(3]
[4]
[5]
[6]
[7]
(8]
9]
[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]
[18]
[19]

[20]

7

' n(2)jdxdy> 1j ™
S\f zzy>M g
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