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Abstract. The local dilatation H p at a boundary point of a quasiconformalmapping on a
plane domain of arbitrary connectivity is de¯ned and it is shown that there is always a substantial
point p, such that Hp = H , where H is the boundary dilatation. In¯nitesimal local boundary
dilatation is alsode¯ned and it is shown that the setsof in¯nitesimally substantial and substantial
boundary points coincide.

In tro duction

Let ­ be a plane domain with two or more boundary points and let M (­)
be the spaceof L 1 -Beltrami coe±cients ¹ de¯ned on ­ with k¹ k1 < 1. With
respect to the global parameter z for ­ , elements ¹ of M (­) are just functions
and we arbitrarily put ¹ (z) identically equal to zerooutside of ­ . Corresponding
to any such ¹ there is a global quasiconformalself-mapping f ¹ of the plane which
solvesthe Beltrami equation [3], [2],

(1) f ¹z (z) = ¹ (z)f z (z);

and f ¹ is de¯ned uniquely up to postcomposition by a complex a±ne map of
the plane. We say such a solution f ¹ to this equation is induced by ¹ . Con-
versely, any quasiconformal mapping f de¯ned on ­ has a Beltrami coe±cient
¹ (z) = f ¹z (z)=f z (z) in M (­) . ¹ is called the complex dilatation of f and
K = (1 + k)=(1 ¡ k) , where k = k(¹ ) = k¹ k1 , is called the dilatation of f .
K bounds the ratio of extremal length problems corresponding under f taken in
the domain and range of f .

The TeichmÄuller spaceT(­) of ­ is a spaceof equivalenceclassesof Beltrami
coe±cients in M (­) . Any Beltrami coe±cient ¹ in M (­) inducesa mapping f ¹

which is a solution to (1), with ¹ identically equal to zero in the complement
of ­ . Two such Beltrami coe±cients ¹ 0 and ¹ 1 are equivalent if they induce
mappings f 0 and f 1 such that there is a conformal map c from f 0(­) to f 1(­)
and an isotopy through quasiconformal mappings gt , 0 · t · 1, from ­ to ­
which extend continuously to the boundary of ­ such that
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1. g0(z) is identically equal to z on ­ ,
2. g1 is identically equal to f ¡ 1

1 ±c ± f 0 on ­ , and
3. gt (p) = f ¡ 1

1 ±c ± f 0(p) = p for every point p in the boundary of ­ .
Note that this equivalencerelation is nonlinear. It is known [6] that the equivalence
relation induced by this isotopy condition is the sameas the equivalencerelation
induced by the sameconditions except the isotopy in condition 3 is replaced by
an isotopy ¯xing the ideal boundary points of ­ .

This equivalence relation partitions M (­) into equivalence classesand the
spaceof equivalence classesis by de¯nition the TeichmÄuller space T(­) . The
equivalenceclass [¹ ] of an element ¹ of M (­) always contains an extremal repre-
sentativ e, that is, a representativ e ¹ 0 with the property that k¹ 0k1 · k¹ k1 for
all other representativ es ¹ of the sameclass. The proof of this fact dependson the
equicontinuit y of a family of quasiconformal mappings with bounded dilatation.
We de¯ne

k0([¹ ]) = k¹ 0k1 ;

where ¹ 0 is an extremal representativ e of its class. The dilatation of the class
is K 0([¹ ]) =

¡
1 + k0([¹ ])

¢
=
¡
1 ¡ k0([¹ ])

¢
and the TeichmÄuller metric on T(­) is

de¯ned to be
d([¹ ]; [º ]) = 1

2 logK 0([¾]);

where ¾ is the Beltrami coe±cient of f º ± (f ¹ )¡ 1 . TeichmÄuller's metric d is the
quotient metric with respect to the Kobayashi metric on M (­) .

There is another natural constant associated with any equivalence class ¿
in M (­) . For any ¹ , de¯ne h¤(¹ ) to be the in¯m um over all compact subsetsF
contained in ­ of the essential supremum norm of the Beltrami coe±cient ¹ (z)
as z varies over ­ n F . De¯ne h(¿) to be the in¯m um of h¤(¹ ) taken over all
representativ es ¹ of the class ¿. The numbers

H ¤(¹ ) =
1 + h¤(¹ )
1 ¡ h¤(¹ )

and H (¿) =
1 + h(¿)
1 ¡ h(¿)

are called the boundary dilatations of ¹ and of the class ¿ = [¹ ] , respectively. It
is obvious that h(¿) · k0(¿) . By de¯nition, ¿ in T(­) is called a Strebel point if
h(¿) < k0(¿) (see[19], [7], and [14]).

Let p be any point in the boundary of @­ and let ¹ in M (­) represent a
class¿ in T(­) . De¯ne h¤

p(¹ ) to be the in¯m um over all open sets U in the plane
containing p of esssupz2 U j¹ (z)j . hp(¿) is the in¯m um over all ¹ representing
the class ¿ of h¤

p(¹ ) . The numbers

H ¤
p (¹ ) =

1 + h¤
p(¹ )

1 ¡ h¤
p(¹ )

and Hp(¿) =
1 + hp(¿)
1 ¡ hp(¿)

are called the local boundary dilatations at p of ¹ in M (­) and ¿ in T(­) ,
respectively.
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The de¯nitions sofar givendependon the nonlinear equivalencerelation which
determines the TeichmÄuller classesin M (­) . There is an in¯nitesimal version of
this equivalence relation which is linear. Let A(­) be the spaceof integrable
holomorphic quadratic di®erentials ' (z) de¯ned on ­ with norm given by

k' k =
ZZ

­
j' (z)j dx dy:

We say two Beltrami coe±cients ¹ 1 and ¹ 2 are linearly equivalent if

ZZ

­
¹ 1(z)' (z) dx dy =

ZZ

­
¹ 2(z)' (z) dx dy

for all ' in A(­) .
We ¯nd it convenient to stipulate that elements of ' of A(­) are identically

equal to zero in the complement of ­ . Since A(­) is a closed subspaceof the
Banach space L 1(­) , by the Hahn{Banach and Riesz representation theorems,
the dual space Z (­) to A(­) is isomorphic to L 1 (­) =N . N is the spaceof
complex-valued, L 1 -Beltrami di®erentials ¹ de¯ned on ­ such that

ZZ

­
¹ (z)' (z) dx dy = 0;

for all ' in A(­) . If v is an element of Z (­) and ¹ is a Beltrami di®erential in
L 1 (­) , we say ¹ represents v if

v(' ) =
ZZ

­
¹'

for all ' in A(­) . Thus, the linear equivalenceclassesof Beltrami di®erentials
are in one-to-onecorrespondencewith the elements v of Z (­) .

Corresponding to this linear equivalencerelation there is a notion of in¯nites-
imal boundary dilatation b(v) of the equivalenceclassdetermined by v :

(2)
b(v) = inf f b¤(¹ ) : ¹ represents vg where

b¤(¹ ) = inf fk ¹ j­ nE k1 : E ½ ­ ; E compactg:

b is a semi-norm on Z (­) . A sequencef ' n g in A(­) is called degenerating
if k' n k = 1 and if ' n (z) convergesuniformly to 0 on compact subsetsof ­ .
Another semi-norm ¯ on Z (­) is de¯ned by

(3) ¯ (v) = sup
f ' n g

lim sup
n

jv(' n )j;
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where the supremum is taken over all degeneratingsequencesf ' n g. Obviously,
¯ (v) · b(v) and in [4] it is shown that ¯ (v) = b(v) .

We can also de¯ne the in¯nitesimal local boundary dilatation at any point in
@­ :

(4)
bp(v) = inf f b¤

p(¹ ) : ¹ represents vg where

b¤
p(¹ ) = inf fk ¹ j­ \ U k1 : U is a neighborhood of p in the planeg:

bp is the in¯nitesimal versionof hp . Of course,there is alsoan analogy ¯ p to ¯ . A
degeneratingsequence' n , (with k' n k = 1) in A(­) is said to degeneratetowards
p if for every open set U containing p,

lim
n !1

ZZ

U
j' n (z)j dx dy = 1:

We de¯ne

(5) ¯ p(v) = sup
f ' n g

lim sup
n

jv(' n )j;

where the supremum is taken over all sequencesf ' n g in A(­) which degenerate
towards p. Obviously, ¯ p(v) · bp(v) and one of our preliminary results is that
¯ p(v) = bp(v) for all v .

Two important resultsof this paper are the (a±rmativ e) solution of Gardiner's
conjecture

(6) H (¿) = max
p2 @­

Hp(¿)

and its in¯nitesimal version

(7) b(v) = max
p2 @­

bp(v):

We ¯rst prove the in¯nitesimal statement (7) and we also show that bp(v) =
¯ p(v) for every v 2 Z (­) . In [4] it is shown that ¯ (v) = b(v) for all v 2
Z (­) . Thus, ¯ (v) = maxp2 @­ ¯ p(v) for every v 2 Z (­) , and both semi-norms
bp and ¯ p achieve their maxima at the sameboundary points. Every such point
is called an in¯nitesimally substantial boundary point of ­ for v . Formula (6) is
a generalization of Fehlmann's result which says that H ([¹ ]) = maxp2 @¢ Hp([¹ ])
for every Beltrami coe±cient ¹ in the unit disc ¢ , (see[8] and [9]). Frederick P.
Gardiner conjectured that Fehlmann's theorem generalizesto all plane domains.
In [16], Reich showed that a similar version of our in¯nitesimal result (7) holds in
the caseof the unit disc using a di®erent method of proof. Reich's approach also
provided another proof of Fehlmann's result for all non-Strebel points in T(¢) .
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The proof of the result (6) breaks into two cases,according to whether the
TeichmÄuller class ¿ is a Strebel or non-Strebel point. The TeichmÄuller class ¿ is
called a non-Strebel classif it is represented by an extremal Beltrami coe±cient ¹
for which there is degeneratingHamilton sequence.A sequence' n with k' n k = 1
in A(­) is called a degeneratingHamilton sequenceif it is degeneratingand if

lim
n !1

ZZ

­
' n (z)¹ (z) dx dy = k¹ k1 :

It turns out that this notion can be expressedeither in terms of the linear or
non-linear equivalence relation on Beltrami coe±cients. Suppose ¹ is extremal
and represents the TeichmÄuller class¿. Then ¹ alsorepresents a linear functional
v in Z (­) . It is known that ¯ (v) < kvk if, and only if, h(¿) < k0(¿) . Strebel
points ¿ in T(­) are those for which either one of these inequalities is strict and
non-Strebel points are those for which either inequality is an equality.

The third important result of this paper concernsthe casewhen ¹ represents
a non-Strebel class. Assume ¹ is extremal in its TeichmÄuller class, let v be the
linear functional in Z (­) represented by ¹ and let ¿ be the equivalenceclassof
¹ in T(­) . Then the set of points p in the boundary of ­ for which any of the
following equalities hold is the sameset:

(1) H (¿) = Hp(¿) ,
(2) b(v) = bp(v) ,
(3) ¯ (v) = ¯ p(v) ,
(4) there exists a Hamilton sequencefor ¹ degeneratingtowards p.

Points in the boundary of ­ for which H p(¿) = H (¿) are called substantial points
for ¿ and points for which bp(v) = b(v) arecalled in¯nitesimally substantial points
for v . In (2) and (3) the setsare determined by the linear equivalenceclassof the
linear functional v , whereasin (1) the set is determined by the nonlinear Teich-
mÄuller equivalenceclassof ¿. For a non-Strebel class¿ represented by an extremal
Beltrami coe±cient ¹ , this result implies that the set of in¯nitesimally substantial
points corresponding to the element v in Z (­) represented by ¹ coincideswith the
set of substantial boundary points for the TeichmÄuller class ¿ represented by ¹ .
Since Hp and bp are upper semi-continuous functions de¯ned on the compact
boundary of ­ , the setsof points p satisfying (1) or (2) are non-empty.

The result generalizesFehlmann's theorem on the existence of substantial
points in two ways. First of all, exactly as Gardiner conjectured, it applies to all
plane domains, not just the unit disc. Secondly, both for the unit disc and for
any plane domain, it says that for non-Strebel classesthe sets of substantial and
in¯nitesimally substantial boundary points coincide.

This paper is organized into seven sections. In the ¯rst section, we prove
b(v) = maxp bp(v) for v in Z (unit disc) . Proving this inequality can be viewed
as a problem of sewing together vector ¯elds V with dilatation bounded by M
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near a large number of points p on the boundary of ­ to obtain a globally de¯ned
vector ¯eld with dilatation no more than M + " . Instead of sewing,we go all the
way to the boundary of the unit disk and apply the Beurling{Ahlfors extension
processto a suitably chosenalteration of the vector ¯eld de¯ned on the boundary
of the disc.

In the secondsection we de¯ne another quantit y G(¿) associated to a Teich-
mÄuller class ¿ which turns out to be the sameas the boundary dilatation H (¿) .
By de¯nition, G(¿) =

¡
1 + g(¿)

¢
=
¡
1 ¡ g(¿)

¢
, where g(¿) is

lim
k !1

sup
f ' n g

lim sup
n !1

Re
Z

­
¹ k ' n dx dy

and where the sequence¹ k is in the equivalenceclass ¿ and is approximating in
the sensethat h¤(¹ k ) < h(¿) + 1=k and the supremum is over all degenerating
sequencesf ' n g of quadratic di®erentials of norm equal to one. It turns out
that becauseof the principle of TeichmÄuller contraction in asymptotic TeichmÄuller
space[4], g(¿) doesnot depend on the selectionof the approximating sequence¹ k

in the equivalenceclass ¿. The main result of this section is that G(¿) = H (¿) .
The freedom to work with G as a replacement for H is an essential element
in our proof of the ¯rst main result. In this section, we give another way to
de¯ne boundary dilatation. We call it S(¿) and it is the maximal distortion of
degenerating sequencesof quadratic di®erentials under the mapping by heights
induced by the TeichmÄuller class of ¿. In the case ­ is the unit disc we show
that S = G = H . We believe this result should be true for any domain ­ ,
but veri¯cation awaits the proof of a preliminary theorem, namely, that there is
a well-de¯ned \mapping by heights" for quadratic di®erentials on plane domains
corresponding to any TeichmÄuller class. This topic has beenrecently explored by
Strebel, Gardiner and Lakic (see[21] and [15] for more details).

In the third section, we prove b(v) = maxp2 @­ bp(v) for any plane domain.
The sewingstep is avoided onceagain by going all the way to the boundary and
applying the Sullivan{Th urston [22] extension processused in [5] for vector ¯elds
vanishing at the boundary.

In the fourth section, we prove ¯ p(v) = bp(v) in all cases.We use the same
method which was usedto show ¯ (v) = b(v) in [4].

In the ¯fth section, we give an alternativ e de¯nition of local boundary dilata-
tion at a point p in the boundary of ­ of a TeichmÄuller class¿. By de¯nition gp(¿)
is a limit over sequencesf ' n g degeneratingtowards p of integrals

R
­ ¹ k ' n where

¹ k is a sequenceof Beltrami coe±cients in the classof ¿ whoselocal dilatations
at the point p give better and better approximations to hp(¿) . We prove the local
result that gp(¿) = hp(¿) which is analogousto the global result of the second
section. The proof dependson applying the fundamental inequalities for boundary
dilatation in [4] and on truncating suitable Beltrami coe±cients representing the
classof ¿.



Substantial boundary points for plane domains and Gardiner's conjecture 291

In the sixth section, we prove Gardiner's conjecture maxp2 @­ Hp(¿) = H (¿)
for non-Strebel points by using the result of the third section and the two forms
of the main inequality to show that points p which realize the maximum of ¯ p

coincide with points p which realize the maximum of hp .
In the seventh section, we show the equality maxp2 @­ Hp(¿) = H (¿) also

holds for Strebel points ¿. Here the method is to use the two main inequalities
for boundary dilatation given in [4].

In the appendix, we give a brief discussionof someconsequencesof our theo-
rems for Strebel's chimney domain.

1. Unit disc case

Theorem 1. For all v in Z (¢) , b(v) = maxp2 @¢ bp(v) .

Proof. Supposethat maxp2 @¢ bp(v) < b(v) for some v in Z (¢) . Choose c
so that maxp2 @¢ bp(v) < c < b(v) . Let ' n be a degeneratingsequencein A(¢)
so that v(' n ) ! ¯ (v) . Let ¹ be an extremal representativ e of v . Then

Z

¢
¹' n ! b(v);

and
k¹ k1 = kvk:

Since c > maxp2 @¢ bp(v) , there exists l > 0 such that for every arc I on the unit
circle of length less than l there exists a neighborhood U of I and a Beltrami
di®erential º equivalent to ¹ so that

kº jU \ ¢ k < c:

Following Fehlmann's idea (see[8] and [9]), we divide the unit circle into N > 4¼=l
disjoint arcs I i of equal length. Let the end points of arc I i be ai and ai +1 , with
aN +1 = a1 . Let " > 0. Choosean arc Vi on the unit circle with length lessthan
l=4 and the center at the point ai . Let Ri be the sector in ¢ boundedby Vi and
the two radial lines terminating at the end-points of Vi . Dividing the sector R i

into more than 1=" disjoint sectorsand observingthat each ' n has norm one, we
seethat there exist points x i on Vi , sectors Si and a subsequenceÃn of ' n such
that x i is a mid-point of the boundary arc of Si and

lim sup
n !1

Z

Si

jÃn j < " for all i:

Since the length of the open arc A i from x i to x i +1 is less than l , there
exists a neighborhood Ui of A i and a Beltrami di®erential º i equivalent to ¹ so
that @Ui [ @¢ = f x i ; x i +1 g and

kº i jU i \ ¢ k < c:
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Let ´ 1
i = (º i ¡ ¹ )Â¢ nU i and vi = [´ 1

i ] . Here Â is the characteristic function of a
set. Then we also have vi = [´ 2

i ] where ´ 2
i = (¹ ¡ º i )Â¢ \ U i .

Let H be the upper half plane and let ³ 1
i and ³ 2

i be the pull-backs of ´ 1
i and

´ 2
i by a MÄobius transformation m that maps the unit disc onto the upper half

plane H and satis¯es m(x i ) = 1 . The spaceZ (H ) is isomorphic to the spaceof
all Zygmund bounded functions on the real axis, and the isomorphism sendseach
v = [³ ] 2 Z (H ) into a Zygmund bounded function V de¯ned by

V(z) =
¡ 1
¼

Z

C

z(z ¡ 1)³ (w)
w(w ¡ 1)(w ¡ z)

du dv;

where ³ is extended to the lower half plane using the re°ection j (z) = ¹z, i.e.
³ ( ¹z) = ³ (z) (see13]). Let Vi be a Zygmund bounded function corresponding to
the linear functional m¤vi in Z (H ) . Formula (21) in [13] shows that

Vi (z + t) + Vi (z ¡ t) ¡ 2Vi (z)
t

=
¡ 1
¼

Z

C

³ j
i (tw + z)

w(w ¡ 1)(w + 1)
du dv;

for j = 1; 2. Therefore Vi satis¯es the little Zygmund condition

Vi (z + t) + Vi (z ¡ t) ¡ 2Vi (z) = o(t)

locally uniformly for all z in R =f m(x i +1 )g. Therefore, by pulling-back the Beur-
ling{Ahlfors extension

(8) Fi (x + iy ) =
1
2y

Z x + y

x ¡ y
Vi (t) dt +

i
y

· Z x + y

x
Vi (t) dt ¡

Z x

x ¡ y
Vi (t) dt

¸
;

it follows from Lemma 8.1 in [13] that a Beltrami di®erential ´ i = m¤ ¹@Fi (z) in
the unit disc satis¯es vi = [´ i ] , k´ i k1 · Ckvi k and ´ i (z) ! 0 if z tends to a
point on @¢ ¡ f x i ; x i +1 g. Observe that

kvi k · k´ 2
i k1 · kvk + c:

Thus, all di®erentials ´ i are uniformly bounded in the L 1 norm.
With no loss of generality we may assumethat the neighborhoods Ui are

disjoint and that the set

F = ¢ n
NS

i =1
Ui

is a union of a compact set and of measurezero. Then,

v = [¹ ] =
· NX

i =1

¹Â U i \ ¢ + ¹Â F

¸
=

· NX

i =1

(´ i + º i ÂU i \ ¢ ) + ¹Â F

¸
:
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Let

~¹ =
NX

i =1

(´ i + º i ÂU i \ ¢ ) + ¹Â F :

Then v = [~¹ ] and

~¹ = ´ +
NX

i =1

º i ÂU i \ ¢ + ¹Â F ;

where

´ =
NX

i =1

´ i :

Therefore,

lim sup
n !1

¯
¯
¯
¯

Z

[ Si

~¹ Ãn

¯
¯
¯
¯ ·

¡
N C(kvk + c) + N c

¢
lim sup

n !1

Z

[ Si

jÃn j

·
¡
N C(kvk + c) + N c

¢
"N :

Furthermore, if Wi = (Ui \ ¢) n (Si [ Si +1 ) , then

lim sup
n !1

¯
¯
¯
¯

Z

[ W i

~¹Ã n

¯
¯
¯
¯ · lim sup

n !1

NX

i =1

¯
¯
¯
¯

Z

W i

º i Ãn

¯
¯
¯
¯ +

NX

i =1

NX

j =1

lim sup
n !1

¯
¯
¯
¯

Z

W i

´ j Ãn

¯
¯
¯
¯

= lim sup
n !1

NX

i =1

¯
¯
¯
¯

Z

W i

º i Ãn

¯
¯
¯
¯ · c lim sup

n !1

NX

i =1

Z

W i

jÃn j · c:

Thus,

b(v) = lim
n !1

v(Ãn ) = lim sup
n !1

Z

¢
~¹ Ãn · c +

¡
N C(kvk + c) + N c

¢
"N ;

which is a contradiction provided that " is su±ciently small.

2. Boundary dilatation

The boundary dilatation H (¿) determinesTeichmÄuller's metric on the asymp-
totic TeichmÄuller space AT(­) = T(­) mod T0(­) , (see[13] and [4]). It also de-
termines the Strebel points in the TeichmÄuller space T(­) . In this section we
¯nd several ways to expressthe boundary dilatation. They are analogousto the
several di®erent representations of the dilatation K 0(¿) , which determines the
TeichmÄuller's metric in T(­) .

The ¯rst point of view is looking at the mapping by heights intro duced by
Strebel in [21]. If f is a quasiconformalhomeomorphismof the unit disk ¢ and
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' is in A(¢) , then there is a unique integrable holomorphic quadratic di®erential
Ã such that the vertical ' -distance betweenany two boundary points r and s is
equal to the vertical Ã-distance between f (r ) and f (s) , (see[21]). We say that
Ã is the image of ' under the mapping by heights induced by f , and we denote
Ã by MH( f ; ' ) . Notice that if [f 1] and [f 2] are the samepoints in the universal
TeichmÄuller space T(¢) then there exists a conformal homeomorphism ® of ¢
such that f 1(t) = ® ± f 2(t) for every t 2 @¢ . Therefore Ã2 = MH( f 2; ' ) is a
pull-back of Ã1 = MH( f 1; ' ) by ®:

Ã2 = Ã1(®)®02:

That yields kÃ1k = kÃ2k. We de¯ne a function from T(¢) £ A(¢) onto A(¢)
by (¿; ' ) ! MH( f ; ' ) , where f is normalized to ¯x 1, ¡ 1 and i , and [f ] = ¿.
This function describes the mapping by heights up to the pull-backs by MÄobius
transformations, so we will also call it the mapping by heights and denote it
by MH . It is proved in [15] that K 0(¿) is equal to the supremum of k MH(¿; ' )k
over all unit vectors ' in A(¢) . In a parallel manner we de¯ne

S(¿) = sup
( ' n )

lim sup
n !1

k MH( ¿; ' n )k:

Here the supremum is over all degeneratingsequencesof unit vectors ' n .
A secondpoint of view comesfrom looking at the semi-norm b, the in¯nites-

imal version of the boundary dilatation h. Since b(v) = ¯ (v) for all v , we would
like to ¯nd the corresponding statement for the boundary dilatation. We use the
estimatesfor the TeichmÄuller metric given by the following Reich{Strebel inequal-
ities:

K 0(¿) · sup
kÃk=1

Z

­
jÃj

¯
¯1 + ¹ (Ã=jÃj)

¯
¯2

1 ¡ j¹ j2
(9)

1
K 0(¿)

·
Z

­
j' j

¯
¯1 ¡ ¹ ('= j' j)

¯
¯2

1 ¡ j¹ j2
(10)

for all ¿ = [¹ ] 2 T(­) and all unit vectors ' in A(­) , (see[11] for the proofs).
We say that the inequalities (10) and (9) are the ¯rst and the second funda-
mental inequalities of Reich{Strebel, respectively. Reich and Strebel proved the
inequalities (10) and (9) by studying the tra jectory structure of the quadratic
di®erential ' . Using further analysis of this structure and previous results of
Hamilton and Krushkal, Reich and Strebel cameto the following criterion for the
extremality of the Beltrami coe±cient ¹ : ¹ is extremal in its TeichmÄuller classif,
and only if, there exists a Hamilton sequencefor ¹ . Thus,

k0(¿) = sup
k' k=1

Re
Z

­
¹':
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Wenote that whenthe class¿ contains morethan oneextremal representativ e, this
supremum takes the samevalue independently of which extremal representativ e
is chosen. To de¯ne the analogousquantit y corresponding to boundary dilatation
we use Beltrami coe±cients ¹ k which nearly realize the boundary dilatation in
their asymptotic TeichmÄuller class. We call a sequence¹ k in a given class ¿ an
approximating sequenceif h¤(¹ k ) ¡ h(¿) approaches 0 as k approaches in¯nit y.
Let

G(¿) =
1 + g(¿)
1 ¡ g(¿)

and

g(¿) = sup
¹ k

lim sup
k !1

sup
f ' n g

lim sup
n !1

Re
Z

­
¹ k ' n :

Here, the ¯rst supremum is over any sequence¹ k of approximating Beltrami
coe±cients for the class ¿ and the second supremum is over all degenerating
sequencesf ' n g in A(­) .

Note that ¯ (v = [¹ ]) is the in¯nitesimal version of g(¿ = [¹ ]) and b(v = [¹ ])
is the in¯nitesimal versionof h(¿ = [¹ ]) . The part of the following theorem which
equatesG(¿) and H (¿) is analogousto the theorem from [4] which equates¯ (v)
and b(v) .

Theorem 2. The distortions H , G and S coincide. More precisely,

G(¿) = S(¿) = H (¿) for all ¿ 2 T(¢) ;

G(¿) = H (¿) for all ¿ 2 T(­) :

Proof. H (¿) = S(¿) by Theorem 5 in [15]. Clearly g(¿) · h(¿) . To prove
the reverseinequality we may assumethat H (¿) > 1. By the de¯nition of H (¿) ,
there existsa sequenceof representativ es ¹ n of ¿ such that h¤(¹ n ) ! h(¿) . Then,
by the theorem on inequalities for the boundary dilatation in [4] or, in the caseof
the unit disc, by the main theorem of [12], ¯ ([¹ n ]) ! h(¿) . Thus, g(¿) ¸ h(¿) .

3. In¯nitesimal substan tial poin ts

In the proof of Theorem1 we usedBeurling{Ahlfors extension(8) of Zygmund
bounded functions on the unit circle. In [16], Reich showed a similar result by
consideringthe extension induced by the kernel

S(z; w) =
(1 ¡ jzj2)3

2¼i (1 ¡ ¹zw)3(w ¡ z)
:

Theseextensionsapply to the unit disc caseand cannot be easily extended to an
arbitrary plane domain case. In this sectionwe generalizeTheorem 1 to the plane
domain caseby looking at the in¯nitesimal version of the Sullivan{Th urston [22]
extensionof holomorphic motions.

Let ­ be a plane domain and let ¤ be the complement of ­ . We assume
that ¤ contains at least three points.
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Theorem 3. For all v in Z (­) , b(v) = maxp2 @­ bp(v) .

Proof. Supposethat maxp2 @­ bp(v) < b(v) for somev in Z (­) . Choosec so
that maxp2 @­ bp(v) < c < b(v) . Let ' n be a degeneratingsequencein A(­) so
that v(' n ) ! ¯ (v) . Let ¹ be an extremal representativ e of v . Then

Z

­
¹' n ! b(v)

and
k¹ k1 = kvk:

We may assume1 2 ­ . Then ¤ is compact in the Euclidean metric, and for some
positive integer M > 0, ¤ is contained in the squareof side length 2M centered
at the origin. Since c > maxp2 @­ bp(v) , there exists l > 0 such that for every
subset Y of ¤ of diameter lessthan l there exists a neighborhood U of Y and a
Beltrami di®erential º representing v so that kº jU \ ­ k < c (as usual, we assume
that the L 1 norm of the characteristic function of an empty set is equal to zero).
Also, we may assume¹ , º and ' n are identically equal to zero in the complement
of ­ . We usea two-dimensionalanalogueof an idea of Fehlmann (see[8] and [9]).
Divide the square [¡ M ; M ]2 into N squaresA1; A2; : : : ; AN of equal diameter d
with d lessthan 1

2 l . Fix " > 0. For every square A i = [a;b] £ [c;d] we consider
the frames Fi k = Pi k n Qi k where

Pi k =
·
a ¡

l
10

k + 1
L

; b+
l

10
k + 1

L

¸
£

·
c ¡

l
10

k + 1
L

; d +
l

10
k + 1

L

¸

and

Qi k = Pi k ¡ 1 =
·
a ¡

l
10

k
L

; b+
l

10
k
L

¸
£

·
c ¡

l
10

k
L

; d +
l

10
k
L

¸
;

where L > 1=" and k = 0; 1; 2; : : : ; L . Since k' n k = 1 for all n , there is a
subsequenceÃn of ' n and a frame Si = Fi k such that

lim sup
n !1

Z

Si

jÃn j · " for all i:

Let

R0
i k

=
·
a ¡

l
10

k + 1
2

L
; b+

l
10

k + 1
2

L

¸
£

·
c ¡

l
10

k + 1
2

L
; d +

l
10

k + 1
2

L

¸

be the rectangle bounded by the core curve of the frame Si . Also let R1 = R0
1k

,
R2 = R0

2k
n R1; : : : ; RN = R0

N k
n (R1 [ R2 [ ¢¢¢[ RN ¡ 1) . Note that ¤ ½ R1 [
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R2 [ ¢¢¢RN . The diameter of each R i is lessthan l , thus there exists a Beltrami
coe±cient º i representing v and a neighborhood Ui of Ri such that

@Ui ½
NS

i =1
Si and kº i jU i \ ­ k1 < c:

Let ´ 1
i = (º i ¡ ¹ )Â­ =U i . Then [´ 1

i ] = [´ 2
i ] where ´ 2

i = (¹ ¡ º i )ÂU i \ ­ . Pick three
points ¸ 1 , ¸ 2 , ¸ 3 in ¤ , let ' z a rational function holomorphic in C de¯ned by

' z (w) = ¡
1
¼

(z ¡ ¸ 1)(z ¡ ¸ 2)(z ¡ ¸ 3)
(w ¡ ¸ 1)(w ¡ ¸ 2)(w ¡ ¸ 3)(w ¡ z)

and let

Vi (z) =
Z

­
' z (w)´ 1

i (w) du dv:

Sincethe function w 7! ' z (w) belongsto A(­) , we also have

Vi (z) =
Z

­
' z (w)´ 2

i (w) du dv:

Vi is a vector ¯eld on ¤ with boundedcrossratio norm (see[5]), and any extension
of Vi to a vector ¯eld eV on C with bounded ¹@-derivative satis¯es [´ 1

i ] = [ ¹@eV ].
Instead of Beurling{Ahlfors extensionusedin Section2 or the kernel S(z; w) used
in [16] for the unit disccase,wenow apply the in¯nitesimal versionof the extension
procedure used by Sullivan and Thurston [22] to extend a holomorphic motion.
This extension was used in [5] to show that the in¯nitesimal TeichmÄuller norm is
equivalent to the cross ratio norm. The extension eV is obtained as the limit of
extensionseV n applied to the ¯nite sets ¤ n = f ¸ 1; ¸ 2; : : : ; ¸ n +2 g such that the set
f ¸ 1; ¸ 2; : : :g is densein ¤ . The vector ¯elds eV n are obtained by pasting together
the local extensionsby a suitable (ample and uniform) partition of unit y. The
local extensionsare achieved by restricting ¤ n to a three-point set or a four-point
set depending on the thick-thin decomposition of the domain ­ n complementary
to ¤ n . In the caseof a three point set we use the best a±ne extension (i.e. the
extension with the smallest L 1 norm of its ¹@¡ derivative). In the caseof a four
point setweusethe canonicalextensionobtained by looking at the one-dimensional
TeichmÄuller spaceof the (extended complex) plane punctured at those four points
(see [5] for more details). Since ´ 1

i (z) ! 0 if z convergesto a point on ¤ \ Ui

and ´ 2
i (z) ! 0 if z convergesto a point on ¤ n Ui , the proof of the Equivalence

Theorem in [5] shows (see in particular Section 7.5 in [5]) that the extension eV
of Vi has ¹@-derivative ´ i which satis¯es ´ i (z) ! 0 if z convergesto a point on
¤ n @Ui . Furthermore k ¹@eVk1 · Ck´ 2

i k1 for someuniversal constant C . The
rest of the proof is the sameas in the unit disc case.
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4. Lo cal boundary semi-norms

Let ­ be a plane domain whosecomplement ¤ contains at least three points.
It is shown in [4] that ¯ (v) = b(v) for all v in Z (­) . Now we prove the local
version of this theorem.

Theorem 4. If v 2 Z (­) , then

bp(v) = ¯ p(v)

for all p 2 @­ .

Proof. Let p 2 @­ . It is easyto seethat 0 · ¯ p(v) · bp(v) . We now show
that ¯ p(v) ¸ bp(v) . Clearly, we may assumebp(v) > 0. Let ¹ be an extremal
Beltrami di®erential representing v . By the de¯nition of bp(v) , there exists a
sequenceof Beltrami di®erentials ¹ n and a sequenceof neighborhoods Un of p
such that Un +1 is contained in Un for all n ,

T
n Un = f pg, each ¹ n represents

v , and j¹ n (z)j · bp(v) + 1=n for all z in Un \ ­ . The result of the previous
section implies that there exists a Beltrami di®erential º n representing [¹ n Â­ nUn ]
such that kº n k1 · Ck[¹ n Â­ nUn ]k and º n (z) ! 0 when z convergesto a point
on Un \ ¤ ( º n is the ¹@-derivative of the extension in [5] of the vector ¯eld on ¤
corresponding to [¹ n Â­ nUn ]) . Thus, there are neighborhoods Vn of p such that
Vn ½ Un and jº n (z)j < 1=n for all z 2 Vn \ ­ . Since º n is equivalent to ¹ n ¡
¹ n ÂUn \ ­ , it is also equivalent to ¹ ¡ ¹ n ÂUn \ ­ . Furthermore k¹ ¡ ¹ n ÂUn \ ­ k1 ·
kvk + b(v) + 1. Thus,

kº n k1 · C
¡
kvk + b(v) + 1

¢

for someuniversalconstant C . Note that ¹ is equivalent to the Beltrami di®eren-
tial ´ n = º n + ¹ n ÂUn \ ­ . Let vn = [´ n ÂVn \ ­ ] . Choosea unit vector ' n in A(­)
such that vn (' n ) > kvn k ¡ 1=n. Then

bp(v) = bp(vn ) · kvn k < vn (' n ) + 1=n

· k´ n ÂVn \ ­ k1

Z

Vn \ ­
j' n j + 1=n ·

³
bp(v) +

2
n

´ Z

Vn \ ­
j' n j + 1=n:

Hence, Z

Vn \ ­
j' n j ¸

bp(v) ¡ 1=n
bp(v) + 2=n

! 1 as n ! 1 :

Therefore ' n degeneratestowards p. Furthermore,

jv(' n )j =

¯
¯
¯
¯

Z

­
´ n ' n

¯
¯
¯
¯ ¸ jvn (' n )j ¡

¯
¯
¯
¯

Z

­ nVn

´ n ' n

¯
¯
¯
¯

> kvn k ¡
1
n

¡ (C + 1)
¡
kvk + b(v) + 1

¢ 3=n
bp(v) + 2=n

¸ bp(v) ¡
1
n

¡ (C + 1)
¡
kvk + b(v) + 1

¢ 3=n
bp(v) + 2=n

:
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Therefore
¯ p(v) ¸ lim sup

n !1
jv(' n )j ¸ bp(v):

5. Lo cal boundary dilatation

In Section 2 we intro duced the formula for the boundary dilatation using
degeneratingsequences.In this sectionwe study the corresponding local situation.
Let p be a boundary point of the plane domain ­ and let ¿ be a point in T(­) .
In a parallel manner we de¯ne

gp(¿) = lim
k !1

sup
f ' n g

lim sup
n !1

Re
Z

­
¹ k ' n :

Here ¹ k is a Beltrami coe±cient in the classof ¿ such that h¤
p(¹ k ) < hp(¿) + 1=k

and the supremum is over all sequencesf ' n g in A(­) degeneratingtowards p.
In keepingwith standard notation, we put

Gp =
1 + gp

1 ¡ gp
:

Note that ¯ p is the in¯nitesimal version of gp and bp is the in¯nitesimal version
of hp . The following theorem is the analogueof Theorem 4 and the local version
of Theorem 2.

Theorem 5. For all ¿ 2 T(­) ,

gp(¿) = hp(¿):

Proof. It is easy to seethat gp · hp . In order to estimate hp ¡ gp , select
¹ representing the class ¿ in T(­) such that h¤

p(¹ ) is arbitrarily closeto hp(¿) .
Clearly, h¤

p(¹ ) = b¤
p(¹ ) . Moreover, if we let v be the linear functional in Z (­)

represented by ¹ , then Theorem 5 and the existenceof the limit in the de¯nition
of gp(¿) follow from the next lemma.

Lemma 1. For every ­ ,

b¤
p(¹ ) ¡ ¯ p(v) · H ¤

p (¹ ) ¡ Hp(¿):

Proof. Pick a neighborhood U = f z : jz¡ pj < r g of p such that K (¹Â ­ \ U ) ·
H ¤

p (¹ ) + 1=n and bq(v) · bp(v) + 1=n for all q 2 @­ \ U . De¯ne a new Beltrami
coe±cient ´ on ­ by letting

´ (z) = ¹ (z) for all z in ­ with jz ¡ pj < 1
2 r ,

´ (z) = 0 for all z 2 ­ n U , and
´ (z) = t¹ for all t 2 (0; 1) and all z in ­ with jz ¡ pj = r

¡
1 ¡ 1

2 t
¢

.
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Then by Theorem 3, b([´ ]) = supq2 @­ bq([´ ]) · bp(v) + 1=n. Moreover,

H ¤(´ ) ¡ H ([´ ]) · H ¤(´ ) ¡ Hp([´ ]) = H ¤(´ ) ¡ Hp(¿)

· K (´ ) ¡ Hp(¿) · H ¤
p (¹ ) ¡ Hp(¿) + 1=n:

Therefore, the inequalities for boundary dilatation in [4] yield

b¤(´ ) ¡ b([´ ]) · H ¤
p (¹ ) ¡ Hp(¿) + 1=n:

Combining these inequalities we obtain

b¤
p(¹ ) ¡ ¯ p(v) = b¤

p(´ ) ¡ bp(v) · b¤(´ ) ¡ bp(v)

· b¤(´ ) ¡ b([´ ]) + 1=n · H ¤
p (¹ ) ¡ Hp(¿) + 2=n:

6. Substan tial poin ts for non-Streb el classes

Now supposethat ¿ is a non-Strebel point in T(­) . Let ¹ be an extremal
Beltrami coe±cient representing ¿. Then there exists a degeneratingHamilton
sequencefor ¹ and we have h(¿) = k¹ k1 = ¯ ([¹ ]) = b([¹ ]) (see [7], [4]). We
now prove the local version of this result. Note that ¹ also represents a linear
functional v = [¹ ] in Z (­) .

Theorem 6. The following ¯v e conditions are equivalent for every boundary
point p of ­ and every extremal representativ e ¹ of a non-Strebel point ¿ in
T(­) :

(1) H (¿) = Hp(¿) ,
(2) G(¿) = Gp(¿) ,
(3) b(v) = bp(v) ,
(4) ¯ (v) = ¯ p(v) ,
(5) there exists a Hamilton sequencefor ¹ degeneratingtowards p.

Proof. Let p be a boundary point of ­ and let ¹ be an extremal repre-
sentativ e of a non-Strebel point ¿ in T(­) . Also let v be a functional in Z (­)
represented by the Beltrami di®erential ¹ . It is shown in [4] that b(v) = ¯ (v) .
Furthermore bp(v) = ¯ p(v) by Theorem 4. Thus, (3) is equivalent to (4). The
equivalenceof (4) and (5) follows from the de¯nitions of the semi-norms¯ and ¯ p

and the equivalenceof (1) and (2) follows from Theorems2 and 5.
Wenow show that (1) is equivalent to (5). Let f bea quasiconformalmapping

with domain ­ and Beltrami coe±cient ¹ . Assume¯rst that there existsa Hamil-
ton sequence' n such that

R
­ ' n ¹ ! k¹ k1 and ' n is degeneratingtowards p.

Suppose that Hp(¿) < (1 + k¹ k1 )=(1 ¡ k¹ k1 ) . Then there exists a neighbor-
hood U of p and a quasiconformalmapping g with domain ­ , range f (­) and
Beltrami coe±cient º such that g¡ 1 ± f is homotopic to identit y relative to the
boundary of ­ and kº jg¡ 1 ±f (U \ ­) k1 < k¹ k1 . Let ¾= º Âg¡ 1 ±f (U \ ­) . Then ¾
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is equivalent to a Beltrami coe±cient ³ so that ³ (z) = ¹ (z) for all z 2 U \ ­ .
Thus, the ¯rst fundamental inequality of Reich and Strebel yields

1 ¡ kº jg¡ 1 ±f (U \ ­) k1

1 + kº jg¡ 1 ±f (U \ ­) k1
·

1
K 0([¾])

· lim inf
n !1

Z

­
j' n j

¯
¯1 ¡ ³ ' n =j' n j

¯
¯2

1 ¡ j³ j2

= lim inf
n !1

Z

­ \ U
j' n j

¯
¯1 ¡ ¹' n =j' n j

¯
¯2

1 ¡ j¹ j2

·
1 + k¹ k2

1 ¡ 2 lim supn !1 Re
R

­ \ U ¹' n

1 ¡ k¹ k2
1

=
1 + k¹ k2

1 ¡ 2 lim supn !1

R
­ ¹' n

1 ¡ k¹ k2
1

=
1 ¡ k¹ k1

1 + k¹ k1
;

a contradiction.
Finally, assumethat H p(¿) = H (¿) and let Un = f z 2 ­ : jz ¡ pj < 1=ng. If

¹ n = ¹Â Un , then

K 0([¹ n ]) ¸ Hp([¹ n ]) = Hp(¿) =
1 + k¹ k1

1 ¡ k¹ k1
:

Thus, by the secondfundamental inequality of Reich and Strebel, there exists a
unit vector ' n in A(­) such that

Z

­
j' n j

¯
¯1 + ¹ n ' n =j' n j

¯
¯2

1 ¡ j¹ n j2
¸

1 + k¹ k1

1 ¡ k¹ k1
¡

1
n

:

Therefore,

1 + k¹ k1

1 ¡ k¹ k1
· lim inf

n !1

1 + k¹ n k2
1 + 2Re

R
­ ¹ n ' n

1 ¡ k¹ n k2
1

·
1 + k¹ k2

1 + 2lim inf n !1 Re
R

­ ¹ n ' n

1 ¡ k¹ k2
1

;

lim inf
n !1

Re
Z

Un

¹' n ¸ k¹ k1 :

Therefore,
R

Un
j' n j ! 1 as n ! 1 and ' n is degeneratingtowards p. Moreover,

lim inf
n !1

Re
Z

­
' n ¹ ¸ lim inf

n !1
Re

Z

Un

' n ¹ ¡ k¹ k1 lim sup
n !1

Z

­ nUn

j' n j ¸ k¹ k1 :

Corollary 1. With the same hypothesesas in the previous theorem, sub-
stantial points exist.
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Proof. From this theorem and from Theorems 3 and 4, there exist points p
for which the maximum in (1), (2), (3) and (4) are simultaneously achieved.

Remark. Using the kernel

S(z; w) =
(1 ¡ jzj2)3

2¼i (1 ¡ ¹zw)3(w ¡ z)
;

Reich partially proved Theorem 6 in the caseof the unit disc (see[16]) and hence
provided another proof of Fehlmann's theorem for non-Strebel points. Theorem 6
together with the results in Chapters 2 and 4 provides two new proofs of the
sameresult and it also provides the generalization to the plane domain case. We
generalizeFehlmann's theorem for Strebel points in Theorem 8.

We say that a boundary point p of the plane domain ­ is a substantial
point for a Beltrami coe±cient ¹ if H ([¹ ]) = H p(¹ ) . Also, we say that p is an
in¯nitesimally substantial point for a Beltrami di®erential ¹ if b([¹ ]) = bp([¹ ]) .
The set of all substantial points is called the substantial set, and the set of all
in¯nitesimally substantial points is called the in¯nitesimally substantial set. These
sets are clearly closed subsetsof ­ . Theorem 6 shows that the substantial set
coincides with the in¯nitesimally substantial set for any plane domain and any
extremal representativ e of a non-Strebel point.

Theorem 7. Let ­ be a plane domain and let ¹ be an extremal representa-
tiv e of a non-Strebel point in T(­) . Then every degeneratingHamilton sequence
for ¹ degeneratestowards a subsetof the set of substantial points.

Proof. Let ' n be a degeneratingHamilton sequencefor an extremal repre-
sentativ e ¹ of a non-Strebel point ¿ 2 T(­) . Fix a neighborhood U of the set of
all substantial points for ¹ . Let " be a small positive number. Let p be a point in
@­ =U. By Theorem 6, p is not an in¯nitesimally substantial point for ¹ . Thus,
there exists a neighborhood V = f z 2 ­ : jz ¡ pj < ±g of p in ­ , a subsequence
Ãn of ' n and a Beltrami di®erential º in¯nitesimally equivalent to ¹ such that
kº jV k1 < k¹ k1 and

lim sup
n !1

Z

W
jÃn j < ";

where W is a thin annulus consistingof thosepoints z for which ±¡ ® < jz ¡ pj <
± + ® for su±ciently small ® > 0. By the proof of Theorem 3, the Beltrami
di®erential ¹Â V is in¯nitesimally equivalent to the Beltrami di®erential ´ + º ÂV

where ´ (z) ! 0 as z convergesto a point in @­ n W , and k´ k1 · 2Ck¹ k1 .
Therefore,

k¹ k1 = lim sup
n !1

Z

­
Ãn ¹

· lim sup
n !1

µ
kº jV k1

Z

V
jÃn j + k¹ k1

Z

­ nV
jÃn j

¶
+ (2C)k¹ k1 ":
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Thus,
R

V jÃn j ! 0 as n ! 1 . Since @­ n U is compact, by passingto a subse-
quencewe concludethat

R
­ =U j' n j ! 0 as n ! 1 .

7. Substan tial poin ts for Streb el classes

The following theorem generalizesto an arbitrary plane domain Fehlmann's
theorem on the existenceof substantial boundary points for points in the Teich-
mÄuller spaceof the unit disc, and soit answersa±rmativ ely Gardiner's conjecture.

Theorem 8. For all points ¿ in T(­)

H (¿) = max
p2 @­

Hp(¿):

Proof. Let ¿ bea point in T(­) . If ¿ is a non-Strebel point, then the theorem
follows from Theorem 6. Suppose that ¿ is a Strebel point. We may assume
H (¿) > 1. Let ¹ n be a sequenceof Beltrami coe±cients representing ¿ such that
h¤(¹ n ) · h(¿) + 1=n. Let f be a quasiconformal mapping with domain ­ and
Beltrami coe±cient ¹ n . Then, by the inequalities for boundary dilatation which
led to TeichmÄuller's contraction principle in [4] and [12], h¤(¹ n ) ¡ ¯ ([¹ n ]) ! 0 as
n ! 1 . By Theorems 3 and 4, there exists a point pn on the boundary of ­
such that ¯ pn ([¹ n ]) = ¯ ([¹ n ]) . Thus, h(¿) ¡ ¯ pn ([¹ n ]) ! 0 as n ! 1 . Take a
sequence' k degeneratingtowards pn such that

Re
Z

­
' k ¹ n ! ¯ pn ([¹ n ]):

There exists a neighborhood U of pn and a quasiconformal mapping g with
domain ­ , range f (­) and Beltrami coe±cient º such that g¡ 1 ±f is homotopic
to identit y relative to the boundary of ­ , k¹ n jU \ ­ k1 < h¤(¹ n ) + 1=n and
kº jg¡ 1 ±f (U \ ­) k1 < hpn ([¹ n ])+ 1=n. Let ¾= º Âg¡ 1 ±f (U \ ­) . Then ¾is equivalent
to a Beltrami coe±cient ³ so that ³ (z) = ¹ n (z) for all z 2 U \ ­ . Thus, the ¯rst
fundamental inequality for boundary dilatation yields

1 ¡ hpn ¡ 1=n
1 + hpn + 1=n

·
1 ¡ kº jg¡ 1 ±f (U \ ­) k1

1 + kº jg¡ 1 ±f (U \ ­) k1
·

1
K 0([¾])

· lim inf
k !1

Z

­
j' k j

¯
¯1 ¡ ³ ' k =j' k j

¯
¯2

1 ¡ j³ j2

= lim inf
k !1

Z

­ \ U
j' k j

¯
¯1 ¡ ¹ n ' k =j' k j

¯
¯2

1 ¡ j¹ n j2

·
1 + k¹ n jU \ ­ k2

1 ¡ 2 lim supk !1 Re
R

­ \ U ¹ n ' k

1 ¡ k¹ jU \ ­ k2
1
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=
1 + k¹ n jU \ ­ k2

1 ¡ 2 lim supk !1 Re
R

­ ¹ n ' k

1 ¡ k¹ n jU \ ­ k2
1

·
1 +

¡
h¤(¹ n ) + 1=n

¢2
¡ 2¯ ([¹ n ])

1 ¡
¡
h¤(¹ n ) + 1=n

¢2 !
1 ¡ h
1 + h

:

Therefore,
hpn (¿) ! h(¿) as n ! 1 :

Finally, since ¤ is compact and H p is an upper-semicontinuous function of p,
there exists a point p in ¤ for which H p(¿) = H (¿) .

Remark. Note that Theorem 3 is the in¯nitesimal version of Theorem 9.

App endix

Oneway to construct interesting TeichmÄuller classesof mappingsis to consider
the stretch map f K (z) = x + iy de¯ned on di®erent plain domains. Since f K is
the TeichmÄuller mapping associated to the quadratic di®erential dz2 and sincethe
norm of this quadratic di®erential is just the Euclidean area of the domain, these
examplesare uniquely extremal when the domains have ¯nite Euclidean area. As
studied in many papersby Reich and Strebel (see[19] for further references),when
the domainshave in¯nite area, the stretch map may be either uniquely extremal or
just extremal or not extremal. One of the most important domains in this study is
Strebel's chimney domain S. The chimney domain S is the union of the chimney
C and the lower half plane. The chimney C is the region in the upper half plane
between the vertical line x = 0 and the vertical line x = 2. This was the ¯rst
exampleof a non-uniquely extremal quasiconformalmapping f K . Strebel's frame
mapping theorem implies that the boundary dilatation H (f K ) = K (see[19], [18]
and [20] for more details).

In the chimney domain, the point at in¯nit y is the only substantial boundary
point. It is easyto seethat the boundary dilatation of f K at any boundary point
of S except a vertex point at the baseof the chimney or at the point i1 is less
than K . To seethat H p < K at p = 0, considerthree triangles, T1 , T2 , and T3 .
Let T1 have vertices at ¡ 1, ¡ i and 0, T2 have vertices at 0, ¡ i , and 1, and
T3 have vertices at 0, 1 and i . Consider the piecewisea±ne map which maps
T1 to eT1 with vertices at ¡ K , ¡ iK 1=2 , and 0, T2 to eT2 with vertices at 0,
¡ iK 1=2 , and 1 and T3 to eT3 = T3 . Since the dilatation of this piecewisea±ne
map is no more than K 1=2 and sinceit agreeswith f K on the boundary of S in a
neighborhood of p, we seethat H p < K at this point. Clearly this sameestimate
of Hp appliesat the vertex point p = 2 of S. By Theorems3, 6 and 9 there must
be a boundary point for which H p = H and this point must by i1 . Moreover,
by Theorem 7, the support of any Hamilton sequence' n must \move up" the
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chimney C . That is, for every positive number M and every " > 0, there exists
an integer n0 , such that for n ¸ n0 ,

ZZ

S\f z:y>M g
j' n (z)j dx dy > 1 ¡ ":
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