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Abstract. Let u be a real-valued function de ned on the unit disk D. We call u super-
biharmonic provided that u is locally integrable and the bi-laplacian ¢ 2u is a positive distribution
on D . In this paper, we shall establish a represenation formula for super-biharmonic functions.
This formula can be regarded as an analogue of the Poisson{Jensenrepresenation formula for
subharmonic functions.

0. Intro duction

Notation. We denote by C the complex plane, by D the open unit disk
fz2 C :jzj < 1g, and by T the unit circle fz 2 C : jzj = 1g. The Laplace
operator in the complex plane is denoted by

0 T
¢ 1"e,6a"

‘T g@ 4 @ @

z=x+1iy:

We write dA(z) = ¥4 Ydxdy for the normalized Lebesguearea measureon the
unit disk. Similarly for z = €¥, we write d%z) = (2%)' 1 du for the normalized
arc length measureon the unit circle. We write u, for the dilation of u by r,
O0<r<1: u(z) = u(rz). In this way, we may think of u, asa function on the
unit circle T . A locally integrable function u on the unit disk will be considered
as a distribution via the duality relation

e £
Au = u(z)A(z) dA(2);
D

where A2 C! (D), the spaceof C! -functions with compact support in D .

Represen tation of subharmonic functions.  For C! -smooth u on the
closedunit disk D, the Poisson{Jensenformula, which is an immediate conse-
guenceof Green'sformula, represens u as

Z Z

(0-1) u(z) = G(z;3)¢ u(®)dA(®) + P(z;3)u(3) d¥43); z2D:
D T
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Here G(z;3) stands for the Green function for the Laplace operator in the unit
disk: - -

— . 32

G(z;3) = log— - :3)2D £ D;
(z;3) g 1; %2 (z;3)
and P(z;3) denotesthe Poissonkernel for D :
. . 2
P(z:3) = jlz'_ ‘:}2; (z°)2DET:
[

A function u:D ! [j1 ;+1 [ is said to be subharmonicif it is upper semicon-
tinuous (but not identically j1 ) and satis es the sub-meanvalue inequality
Z

u(z) - u(z+ r3)d¥s3); z2D;0- r<1jjz:
T

The classof subharmonic functions coincideswith the classof locally summable
functions whoseLaplacian is a locally nite positive Borel measure. In this identi-
“cation, the locally summable function neednot be upper semicorinuous, but it
can be altered on an area-rull setsoasto have this property. The Poisson{Jensen
represenation formula (0-1) is valid in the context of subharmonic functions u
under a growth assumption. To be speci ¢, we assumethat u is subharmonic on
D, and that 7
sup u'(rz)d¥4z) < +1 ;

0-r<1 T
wherethe superscript + standsfor the positive part of the function u. The positive
and the negative part of a real-valued function u are de ned by u* = max(u; 0)
and u' = max(j u;0). It followsundertheseassumptionsthat the Poisson{Jensen
represenation formula (0-1) generalizesto:

(0-2) u(z) = G(z;3)dr(3) + P(z;3)d°(3); z2D;
D T

where 1 is a positive Borel measureon D with
Z

i e
1j jzj© d*(z) < +1;
D

and ° is a nite real-valued Borel measureon T. The measure! correspnds
to the Laplacian ¢ u, and ° correspondsto the boundary valuesof u. Although
we have not located the original manuscript where (0-2) rst appeared, we nev-
erthelessfeel it should be ascribed to F. Riesz. It is possibleto view (0-2) as a
generalization of the classicalinner-outer factorization theorem of functions in the
Nevanlinna class[8]. If the function u is harmonic, the represenation formula
(0-2) involves only a Poissonintegral. As we introduce the analytic function g
with real part u, we obtain from (0-2) the Riesz{Herglotz represeration for g.
In [3], Hayman and Korenblum studied the Riesz{Herglotz represenation in the
much more generalcaseof a premeasure® .
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Sup er-biharmonic functions. Let u bealocally summablecomplex-valued
function on the unit disk. We say that u is biharmonic provided that ¢ ?u = 0. If
u is real-valued and ¢ 2u is a locally nite positive Borel measureon D, we say
that u is super-biharmonic. By elliptic regularity, the locally summablefunction u
canbe altered on an area-rull setsoasto bereal-analytic, in caseu is biharmonic.
In caseu is super-biharmonic, it is locally of regularity class C1'® for eath ®,
0 < ® < 1. We recall the standard notation C*® for the class of cortinuous
functions whose rst order partial derivativesare of Halder class ®.

Weshall nd arepreseration formula, analogousto (0-1), for a classof super-
biharmonic functions. Let us rst review the smooth case. The biharmonic Green
function for the operator ¢ 2 in the unit disk (with Diric hlet boundary conditions)
is the function

INJ

(29 = jzi Pl = w1y 12 % @)2peD:
’ F_; ) ’ .
For xed 3 2 D, it solvesthe following boundary value problem:

8

<¢Zi(z;3)=5(2); z2D,
i(z;3)=0; z2 T,
@i(z;%)=0, z2T,

where the notation @(,) denotesthe inward normal derivative with respect to
the variable z 2 T. Supposethat u is a C! -smooth function on D. Applying
Green'sformula twice, we obtain the represenation
Z 1Z
uz)= i(*2)¢"uC)dAC) i
(0-3) b 7 i ¢
¢si(3;2) @)u(®) d¥3); z2D:

i ¢
i @y ¢i( %:2) u(®) d¥%e)

[EEN

+ 5 ]
A computation shaws that
¢si(%2) = G(;z)+ H(®;z);  (*;2)2D £ D;
where

¢1i j3zj?,

] SUUIN DR

(3;z)2 D£ D:

We shall refer to H (3;z) asthe harmonic compensator; it is harmonic in its rst
argumert and is biharmonic in its secondargumert. Obsene that H (3;z) is not
symmetric in its argumens. Another computation shows that the function

FGC;2)=i 3@¢)¢:i( 3;2); (3:2)2 T £ D;
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has the form
.0 i N X7
1715 jzj "1 jz2 "

- 3- - . 3. .
(0-5) FGiz) = 3 RN I (3;2)2 T £ D:

Being biharmonic in its secondargument, the function F (3;z) will be referredto
as the biharmonic Poisson kernel. Note that in terms of the above kernels, (0-3)
assumeshe form

Z Z

u) = i(32)¢2uC)dAG)+  F(;2)u(®)d¥%e)
D 7 T
H(;2)@¢)u(®) d¥43); z2D:

T

+
NI =

For a possibly non-smaoth function u, it is natural to ask when we have the
represertation formula

Z Z Z
uiz)= i(%29d*(®)+ FE;9)d°(®)+ HE;2)d, (®); z2D;
D T T
where® and , aretwo real-valued nite Borel measureson T, and ! is a positive
Borel measureon D with
z
i, . L6 _
1j jzj© "di(z)< +1:
D
Clearly, u hasto be super-biharmonic. Moreover, it can be seenthat it meetsthe
growth conditions
Z

(A) sup u(rz)d¥4z) < +1 ;
0-r<1 T

which assuresthat u, d% has at least one weak-star cluster point d® asr ! 1,
and

Z . ¢
(B) sup —— 'uj FP]" (rz)d%z) < +1 ;
o-r<1lir 7
where
Z
(0-6) FPI2)= FE;2)d°@); z2D:
T

It is a consequenceof the secondassumption (B) that the measured® obtained
from this limit processis unique: u, d%! d° weak-star,asr ! 1. It now makes
senseto askwhether the conditions (A) and (B) characterizethe super-biharmonic
functions u on D having the above represertation.
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Main Theorem. For a locally summable function u on D, the following
two conditions are equivalert:

(&) u hasthe represetation

Z Z Z

uiz)= i(%z2)dt(®)+ F(G;z)d°(G)+ H(EG:2)d, (3); z2D;
D T T

where 1 is a positive Borel measureon D with
Z
.. .2¢2 .
1i jzj© "di(z) < +1;
D
and °, , are nite real-valued Borel measureson T .
(b) u is super-biharmonic on D, and meetsthe above growth conditions (A)

and (B).

1. The biharmonic extension

In this section, we study the kernel function F (3;z), de ned by (0-5), in more
detail. We denoteby C(T) the spaceof contin uousfunctions on the unit circle T .
It turns out that every f 2 C(T) has a biharmonic extension Bf to the closed
unit disk; moreover, Bf is corntinuouson D, and (Bf)(rz)! f(z) uniformly, as
r! 1. Weusethis fact to prove that the measure® on T which is obtained asa
weak-star limit of u, d¥hassomekind of uniquenessproperty. We rst note that

(1-1) F(3;z)> 0; (];2)2TE£ D;
and that
Z
(1-2) F(3;z)d¥3) = 1, z2D:
T

The equality (1-2) follows from the following simple calculation:

Z Z i .. Z i ..
F 2y e = L Mdﬂg)g de)
T ’ 2i T jli Z8j? 2 1 jlj z&j*
= 1 )+ @+ zd) = 1

For 3 2 T, welet 1(3) be the arc on the unit circle with certer 3 and length
+> 0. For z 2 D nf0Og, we write z° = z5zj which belongsto the unit circle. It
follows from (0-5) that F(3;z) ! O uniformly, asjzj! 1and z” 2 T nl(3). Note
that the Poissonkernel for the unit disk satis es the relations (1-1), (1-2) and this
last property aswell. Let f 2 L1(T), we then de ne the F -integral of f by

Z

FIf1(z) = F(G;2)f (3)d¥43); z2D:
T
Since F(3;2z), for xed 3 2 T, is biharmonic, it follows that F[f] is biharmonic
in D. The following proposition shows that the F -integrals of continuous func-
tions behave well near the boundary of the unit disk.
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Prop osition 1.1. Let f 2 C(T) and z 2 T . De ne the biharmonic exten-
sion of f to the unit disk by

”
_ f(2) if z2T,
BN@ = ey i z2D.

Then Bf is continuouson D.

Proof. For a subset E of the complex plane, we usethe notation
kf ke = supfjf(z)j:z2 Eqg:

Assumethat f 2 C(T) andthat z2 D. It follows from (1-1) and (1-2) that

_ _ -
FIf2) == FE;2)f(@)d%e)— Kiks:
T

Hence
(1-3) kBfks = kfkr;  f 2 C(T):
Put g,(z) = z" and compute

Z Z

(Bon)(2)= F(C:;2)om(®)d¥e) = F(3;2)°" d%3)
T T
i ¢
=721+ In@i jzj®) ; z2D:
Py

Let p(z) = -, xC2" beatrigonometric polynomial on T . It follows that for
every such polynomial p, we have

><< ni 1 i5i2 ¢
(Bp)(z) = chz' 1+ 5n(li jzj) ; z2D:
i k

It follows that Bp is corntinuouson D. Sincethe trigonometric polynomials are
densein C(T), we canassumethat fp,gl.; isasequenceof such polynomials on
T suchthat kp, i fky! Oasn! 1 . It followsfrom (1-3) that

kBpni Bfkg = kB(pni f)kp = kB(pni f)kr = kpnj fkr! Oy asn! 1:

Hence Bp, corvergesuniformly to Bf on D. Sinceead Bp, is cortinuouson
D, we seethat Bf 2 C(D). o
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Prop osition 1.2. Let °© bea nite Borel measureon the unit circle T. Then
the mapping °© 7! F[°], where
Z
F[°l(z)= F(;z2)d°(®); z2D;
T

is injective. Moreover,
Z Z

FPI(rz)d¥%z) = d°(z2)=°(T); O- r<ki
T T

Proof. We shall prove that F[°] = @ implies © = 0. For this, it sutcesto
verify that for every f 2 C(T) we have . f(z)d°(z) = 0. Note that the kernel
function F(3;z) hasthe property that

F(E;rz) = F(z;r3); ((;2)2TET and0- r< 1L

We now usethe above mentioned symmetry of F(3;z), Fubini's theorem, and the
assumptionthat F[°] = 0 to obtain
z

Z Z
F[f1(rz) d°(z) = F(3;rz)f (3) d¥%43) d°(2)
T z Wz T q
= F(z;r3)d°(z) f(3)d¥%3)
T T

= _FPIr)f () de) = 0

According to Proposition 1.1, the functions F|[f ](rz) corvergeuniformly on T to

f(z) asr! 1. Hence
Z

f(z)d°(z) = O f2C(T);
T

from which it followsthat © = 0. As for the remaining statemert, we obsene that

z zz Z pz |l
F°I(rz) d¥z) = F(3;rz)d°(3) d%z) = F(3;rz)d¥%z) d°(3)
T ZT T T ZT
— 1i . 2 2 ¢ - - .
= 2 (i r)+@Q+r7) d@)= Td°(3)— °(T):

The proof is complete. o

Remark 1.3. Let u be a function continuouson T and biharmonic on D ..
Denote the biharmonic extension of ujt , the restriction of u to T, to the unit
disk by v= Bu. In general, u and v neednot agreeinside the unit disk. This is
in contrast to the casewhen u is harmonic inside the unit disk, and the Poisson
integral of u agreeswith u inside D. Indeed, the Dirichlet problem for the
operator ¢ 2 hastwo boundary data: ujr and @uijr .
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2. Radial super-biharmonic functions

Let u be a real-valued function de ned on the unit disk. We call u radial
provided that it dependsonly on r = jzj, for 0 - r < 1. It is well known that
a radial subharmonic function is an increasing convex function of t = logr, for
il < t < O (see[7, Theorem 2.6.6]). Radial super-biharmonic functions have
analogousproperties, aswe shall see. It turns out that the radial super-biharmonic
functions are either C2? on ]0; 1], or they are convex functions of logr for r close
to 1. We prove the following lemma:

Lemma 2.1. Let u bearadial super-biharmonic function on D . Then either
u is a C?-function on ]0; 1], or there existsan ro, 0< ro < 1, such that u is a
convex function of logr for ro < r < 1.

Proof. Let u be a super-biharmonic function which dependsonly on r, for
O<r<1. Putt=logr,thenfor i1 < t< 0 weget
1 @1 o

2 — . . .
¢U(et)—re2tﬁ remw ,O, il <t<O:

It follows that )

k(t):e‘thTg; il <t<O

is a corvex function of t. By the basic properties of convex functions, only the
following two casescan occur.

Casel: limy o k(t) existsasa nite number. The function k being cortinu-
ouson ]i 1 ;0], we can solve the secondorder di®ererial equation d?u(e!)=dt?> =
e’'k(t), and obtain that u(e') is a C?-function on ] 1 ;0].

Case 2: limy ok(t) = +1 . The secondderivative of u is now positive on
some neighborhood of 0, say i + < t < 0, for some £ > 0. Therefore, u is a
convex function of t on this neighborhood. o

Lemma 2.2. Let u be a radial biharmonic function on D nfOg. Then we
have i
u(r) = a+ br2+ c+ dr?)logr;

where a, b, ¢, and d are constarts.

Proof. As in the proof of the precedinglemma, we put t = logr and obtain

T

M
2 2
d 1 du =0 il <t<O:

2 fN- - - =+
¢ue) = dt2 4e2t dt2

It follows that
d?u
dt2
where ¢; and ¢, are constarts. Now, integrating twice leadsto the result. o

(6') = 4e” (cit + ©y);
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Prop osition 2.3. Let u be a super-biharmonic function on D . Then
Z

t(») = u(»z) d¥4z); »2D;
T

is radial and super-biharmonic. Moreover, if u satis es the condition (A), then
the function &(r), 0- r < 1, hasa nite limit asr! 1.

Proof. It follows by a changeof variablesargumert that t is radial. The fact
that o is super-biharmonic follows from the super-biharmonicity of u. As for the
secondpart of the statemert, weuseLemma?2.1to concludethat in aneighborhood
Jro; 1] of 1 the function u is either C?, or a corvex function of logr. In casew
is C?, we obtain lim,, 1 &(r) = (1), by continuity. Assumethat t is a corvex
function of logr, for r suxciently closeto 1. Then either lim,, ;&(r) = +1 or
this limit is nite. The assumption (A) on u* rules out the rst possibility, so
that w(r) approachesa nite limit asr! 1. o

Prop osition 2.4. Let u be a super-biharmonic function on the unit disk
which satis esthe condition (A) . Then the family fu, go. <1 is uniformly bounded
in the Banadh spacelL*(T), that is

7z — _

sup  u(rz) d%z) < +1 ;
0-r<1 T

and hencethere exists a sequencefr;g;, 0< ry < rp < ¢¢¢, with limjiy, r; = 1,

such that ur, d% corvergesweak-star to a nite real-valued Borel measure® on
T,asj! 1.
Proof. By Proposition 2.3,
Z
t(r) = u(rz) d¥z)
T

tendsto a nite limit asr! 1. Sinceu (rz) = u*(rz)i u(rz), it follows from
the assumption (A) that

Z
sup u (rz)d¥z) < +1:
0-r<1 T
On the other hand,
z Z Z
ju(rz)jd¥4z) = u® (rz)d¥4z) + u' (rz) d34z);
T T T
sothat, again by (A),
Z

(2-1) sup ju(rz)jd¥4z) < +1 :
T

0-r<1l
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We now considerthe linear functionals
Z

o f = u f d¥% O- r<1 f2C(T):
T

It follows from (2-1) that

(2-2) sup ka k< +1:
0-r<1

Since C(T) is a separableBanac space,it follows from (2-2) and the Banad{
Alaoglu theorem that there exists a subsequence; with r; ! 1 sud that o, is
weak-star corvergert asj ! 1 . This meansthat there exists a Borel measure®
on the unit circle sud that

Z Z
lim ur, f d¥%= f do; f2C(T):
Mmoo T
The proof is complete. o

Prop osition 2.5. Let u be a super-biharmonic function on the unit disk
which satis es the condition (A). Let fr; gjlzl and ° beasin Proposition 2.4. Let
F[°] be the potential de ned by (0-6). Then we have

Z . ¢
_I'ilm |ui F[°] (rj2)f (z) d¥z) = 0, f 2 C(T):
) T

Moreover, if u satis es the condition (B), then we have
Z - —_
= ¢ —
uj F[°] (rz) d%z) = O(1j r); asr! L
T

Proof. We rst obsene that for every f 2 C(T) we have

z Z Z
F°1(r2)f (2) d%2) F(3:rz)d°(3)f (z) d¥4z)
T 'z z
; F(z;r3)f (2) d¥4z) d°(3) = ; F[f](r3)d°(3):

Here, we usedFubini's theorem together with the property F(3;rz) = F(z;r3) of
the biharmonic Poissonkernel F . By Proposition 1.1, F[f](r3) ! f (3) uniformly
onT asr! 1. Hence
Z Z
lim FI°l(r2)f (z) d¥4z) = f(z) d°(2); f 2C(T):
T T

rt 1
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On the other hand, ° is the weak-star limit of u;; d¥%; sothat
Z Z
_I'ilm u(rj z)f (z) d¥%4z) = f(z)d°(2); f2C(T):
I T T

It follows that

z
' ¢
(2-3) _Iilm |ui F[°] (rj2)f (z) d¥%4z) = 0, f2C(T);
J! T
as asserted. As for the secondpart of the statemert, we put w= uj F[°]. Since
z z z
(2-4) w* (rz) d34z) = w(rz) d¥4z) + w' (rz) d¥4z);
T T T
we seethat
z HZ 1. z
(2-5) 0- w* (rz) d34z) - w(rz)d¥z) + w' (rz) d¥4z):
T T T

By assumption, we know that

(2-6) ZT w (rz)d¥z) = O r); asr! 1.
It follows from (2-3), with f identically 1, that
(2-7) jI!ilm ZT w(rj z) d¥4z) = O:
The super-biharmonic function ;v satis es the following condition:
(2-8) sup w'(rz)d¥z) < +1 :
0-r<l1 T

Indeed, since by Proposition 1.2,
Z Z Z

w* (rz) d¥{z) - u(rz)d¥z) + iF["](]:i (rz) d34z)
T ZT ZT
u®(rz)d¥z) + F[°" ](rz) d¥z)
ZT T
= u (rz)d¥z) + ° (T);
T

where ° s the negative part of the signed measure® , the assertion (2-8) is an
immediate consequenceof the assumption (A). In view of (2-8), we can apply
Proposition 2.3 with u replacedby w to concludethat

Z

w(r) = w(rz) d¥4z); 0- r<1;
T
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hasa nite limit asr ! 1. Obsere that (2-7) readslimj;; &(rj) = O, sothat
lim,, 1w(r) = 0. According to Lemma 2.1, the radial super-biharmonic function
&(r) is either C2-smooth on ]0; 1] or a convex function of logr, for r closeto 1.
In casew(r) is C?-smooth, it follows from the Taylor expansionof w about 1
that

Z
(2-9) w(r) = w(rz)d¥z) = O r); asr! 1L
T
It now follows from (2-4), (2-6), and (2-9) that in this case,we have
z
(2-10) w*(rz)d¥z) = O(1j r); asr! 1
T

We turn to the remaining casewhen w is a cornvex function of logr, for r close
to 1. By taking the positive part, we are in fact cutting o®the part of the graph
of the function which lies under the horizontal axis, and replacing that part with
the constart function 0. By elemenary properties of corvex functions, using that
w(r)! Oasr! 1, weseethat

nz 1.
w (r) = w(rz)d¥%z) = O(1j r); asr! 1:
T

This, together with (2-5) and (2-6), implies that (2-10) holds in this caseas well.
Now, (2-10) together with the identity jwj = w* + wi and (2-6) implies that
z
jw(rz)jd¥z) = O r); asr! 1,
T

as claimed. The proof is complete. o

Remark 2.6. Let u be a super-biharmonic function satisfying the conditions
(A) and (B). Then the measure® obtained in Proposition 2.4 is unique. Indeed,
it follows from Proposition 2.5 that

Z
Iim1 Iui F[°]¢(rz)f (z) d¥%4z) = O; f2C(T):
r! T

3. A Riesz represen tation form ula

Let u beasuper-biharmonic function which ful'Tls the conditions (A) and (B).
We rst show that Z

i(z;3)dr(3) < +1; z2D;
D

wherethe positive Borel measure? is the distributional derivative ¢ 2u. We begin
with the following lemma.
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Lemma 3.1. Supposeu is a super-biharmonic function satisfying the con-
ditions (A) and (B). Let * be the positive Borel measureon D corresponding to
the distributional derivativeZ ¢ 2u. Then we have

"1 jzj2¢2d1(z)< +1
D

Proof. We recall the function F[°] de ned by (0-6), and put w = uj F[°].
Since the function w is super-biharmonic, it de nes a positive Borel measure!

on D which is the distributional derivative ¢ 2w = ¢ 2u. For 0< r < 1, we have
1

¢ w, (2) = r?(¢ w)(rz);
¢ 2w, (2) = r#(¢ 2w)(rz) = r*d (rz):

We considerthe expression
1i jzj°

———d! ; O<r< 1
p li r?jzj? (rz) r

Z

1(r) =
The dilation of d* by r meansthat only the restriction of 1 to the smaller disk
fz :jzj < rg isinvolved in the above integral expression. The integrand vanishes
on the boundary T along with its normal derivative, sothat by Green'sformula

we have V4 “il- ¢ q

- .2
r4(r) = ¢, i 12

i ¢
] 1 1577 ¢, w(rz) dA(z2):

Another application of Green's formula yields
Z i 03]

1i jzj
4 — 2
rer(r) = D¢Z Ti 1222 2272 w(rz) dA(z)

£ Mg jzjz%ﬂ
z

1
3-1 P L e S
oD IR Ve
1

@()W(rz) d¥4z)

L0
w(rz) d¥(z):

We want to estimate the right-hand side expressionin (3-1). A computation shows
that
(3-2)
i .
Li jzj® 7 _ i, o%ar%izi® + (rfg 11r?)jzjt + (1t 2r2+ 9)jzj2 + 2§ 3,
Zl|l’—21212 = 1i )z '

Ili r2jzj2“’3
which takesthe value 0 for z 2 T. Hencethe rst boundary integral in (3-1)
vanishes. Using (3-2), we seethat

'1; jzj2¢3_ 12

1i rjzj2 1 r?

@t
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The equation (3-1) now simpli es:

Z Mi

(3-3) r*l(r)y= ¢2
D

503 ] z

1i jzj S
W w(rz) dA(z) + 1 12 TW(rz)d/.(z).

According % Proposition 2.5, chere exists a constart C sud that

(34  — w(r2)d%z2)—  jw(r)jd¥z)- C@Aj r?); 0<r<i
T T
To estimate the rst integral on the right-hand side of (3-3), we notice that
i .
1i jzj® 2 2 4 2 i 2 3 jzj®
— =1+ + + - + + i = .
1 rage - T Dt (0 3t 3zt (7 D)

A calculation basedon the above identity shaws that

2'1; jzj? 3. _Zui r8jzj® + 5r8zj% i 10r4jzj* + 9r?jzj® + 9‘"
s o5 = 41 o)’z i —€s
1i rez 1 r2jzj?
+ 4% 3r?+ 3):
This leadsto = ¢
— 2 1i jz® "= P ¢ L0 WP
£ 1 r2jzj? "1 rjz2 0 ’
from Whicfhz it follows that 0 —
Hi, . -
— 1 Z —
= ¢z A w2 dA)-
D 1i r?jzj?
(3-5) w(rz)] Z
3617 12 e da@)+ 12 jw(r2)jdA2):
D 1j r?jzj? D

By (3-4), we have

(1| r2)3 i JW(rZ)J 5dA(Z)
D 1j r?jzj?

z Z o -
1 1 sds Y4 -
3-6 = (1; 2y3 = i — H
(3-6) (i r2)*s @ e w(rse*) dp
1 2sds Ci ¢
. 2\3 — . 2 . 2\2 .

That the secondterm on the right-hand side of (3-5) remains boundedas r !
is immediate from (3-4). Adding the terms together in (3-3), we obtain

"1 jzj?

p 1li r?jzj?
Wenowlet r! 1in thg above estimate, and use Fatou's lemma to obtain

41 (r) = di(rz) - (36C + 12C) + 6C = 54C:

'1; jzj2¢2d1(z)- 54C < +1

The proof is complete. o
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We need the following lemma regarding the biharmonic Green function for
the unit disk [1, Proposition 2.3]:

Lemma 3.2. Let j( z;3) bethe biharmonic Greenfunction for the unit disk.
Then for every (z;3) 2 D £ D, we have

. ¢. . ¢.
115 jz1? *'1; 1312%_ 1122y e®

0< — i(z;3) - - —
2 j1j 372 (%) i1i 3z

and . : , .
i G 6 i G 6
10z Ty PBiP T i(z3) - 1+z 1 BR

Prop osition 3.3. Let ! be a positive Borel measureon D with

z
"1 jzj2¢2d1(z)< +1
D

Let j( z;3) bethe biharmonic Greenfunction for the unit disk. Then we have
Z

0- i[*(2) = Di(z;3)d1(3)< +1; z2D:

Proof. Since j( z;3) > 0 and ! is a positive measure,it followsthat j[1] is
nonnegative. As for the secondinequality, we useLemma 3.2 to write
. ¢ .
i(z;3) - I1+jzj 2y j3j2¢2; (z;3)2D £ D:

It follows that
Z Z . ¢,
)= (z3)dE)- 4 1j PR odE)< +1:
D D
The proof is complete. o

Prop osition 3.4. Let * and j[!] be asin Proposition 3.3. De ne
i[*](2=i*1(rz); O0-r<1,z2T:

Then we have

i[t1rz) .. ..
1 d¥4z):

r2
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Henceit is enoughto verify that

|[ ](rZ)

(3-7) C(r) = d¥%z)! O asr! 1

To this end, we note that
Z Z

Cc(r) =

2 @ ) ave):

T D 1
It follows from Fubini's theorem and Lemma 3.2 that

Z Z i N 71 B
1j r%zj2 " 1i j?j?

C(r) - i ¢ . d: (3) d#
O T g O
(3-8) Z ¢zz i g2
Tk J—'}d%z)dl(s)
D

To compute the boundary integral in (3-8), we write

L %%
R rmMN@E)ME " (z3)2TED:
Jli rZSJZ m=0 n=0

Using this identit y, we concludethat

z 1| I'2 1| I'2
3-9 d¥ = 7, 32D:
=9 P radp 0T T

(3-10) C(r) - 3J2¢20|1 ()

Sincethe integrand in (3-10) is nonnegative and bounded from above by the ? -
integrable function (1 j2j?)?, we can apply the dominated corvergencetheorem
to obtain v
0. Imc@r) . fim L
el rt1 5 1§ r?j3j2
Z 5 . ¢
_ . 1| r | . i3i2 2 1(3) — O
B Dr“!mlli r2j3j2 Li B arC) =0

1i j3j2¢2d1 )

Hence (3-7) follows, which completesthe proof of the proposition. o

We are now in a position to state the main result of this paper.
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Theorem 3.5. Let u be a super-biharmonic function satisfying the condi-
tions (A) and (B). Then there exist two unique real-valued Borel measures® and
. onthe unit circle, and a unique positive Borel measure! on the unit disk with
the property 7

"1 P2y < 41

D
such that the following represenation formula holds:
Z Z Z
uiz) = i(%2)d*(®)+  F(G;2)d°(®)+ H(;2)d,(3); z2D:
D T T

Here, j( 3;z) is the biharmonic Green function for the unit disk, H(3;z) is the
harmonic compensator given by (0-4), and F(3;z) = j %@(3)0: +i( 3;2) is given
by (0-5).

Proof. The existenceof the Borel measures! and °© was veri ed earlier; !
is the distributional derivative ¢ ?u on D, and ° is the measureobtained as a
weak-star limit of the measuresu,, d¥%.on T (seeProposition 2.4). Let us recall
the real-valued functions j[*] and F[°] given by

Z Z
i[*1(z)=i(%2)d' (), and F[°l(2)= F(G;2)d°(®); z2D:
D T
The proof of the theorem will proceedaccordingto the following two steps:

Step 1: We shall rst verify that the function u can be represeried as
uz) = i[*1(2) + F[°l(2) + 14 jZJ'2¢h(Z): z2D;
where h is a harmonic function in the unit disk. To do so, we put
U=ui FPTi i[*];
and obsene that according to the assumptions(A) and (B) and Proposition 2.5

we have Z — ¢ =
ﬂui F[°] (rz) d¥%z) = O(1j r); asr! 1.
T

This together with Proposition 3.4 implies that
7 _ _

(3-11) KUkoiry = U(rz) d¥%z)= O(1i r);  asr! 1
T

Since U is a real-valued biharmonic function, it follows from the Almansi repre-
sertation formula for biharmornic functions (see[5, Lemma 3.1], or, for a gener-
alization, [4]) that there exist two real-valued harmonic functions g and h such
U(z) = g2+ 1j jzj? h(2); z2D:
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For an integer n, we denote by f'\(n) the nth Fourier coexcient of the function
f 2 LYT). For 0< r < 1, we have

U(rz) = g(rz) + i1i r2¢h(rz); z2T;

so that 7 7 7
#"U(rz)d¥z) = 2"g(rz2)d¥z) + (1i r?) 2"h(rz) d¥%4z)
T T T
=6 (n)+ @i rd)h(n):
Since g and h are harmonic functions in the unit disk, we can represent them by
Fourier series:

g(re¥) = O(n)rinegh and h(re*) = fi(n)rinig :
n=il n=ijl

It then follows thft
$"U(rz) d%z) = riMg(n) + i rA)riMfi(n):
;

We now let r ! 1 in this equality, and use (3-11) to obtain that §(n) = O, for
ewvery integer n. Thus, g is identically zero. This meansthat we have proved that
there exists a harmonlc function h |n the unit disk such that

(3-12) Uz)= 'ui FPIi i ](Z)— (1§ jzi*)h(2); z2D;
as asserted.

Step 2: We want to nd a represertation formula for the harmonic function
h in (3-12) in terms of somemeasured, on T . It follows from (3-11) and (3-12)
that 7 — _

sup  h(rz) d%z) - C< +1;
0-r<l T

sothat there exists a unique real-valued Borel measured, on the unit circle such
that h is its Poissonintegral [8, Theorem 11.30]:
z

(3-13) h(z) = PL1(2) = d,(®); z2D:

Tjlj 3z2
The measured, is the weak-starlimit of the measuresd, , = h,d¥% asr ! 1. It
follows from (3-12) and (3-13) that

i, L0 Z

1j 1Z) d(3): H(3Z)d (3) z2D:

U(z) = "1 'z'2¢h(z) =
i JZ) T J1| 3—Zj2 5 T

Rewriting this identit y, we obtain
u(z) = i[*1(z) + F[°1(2) + ] H(;2)d, (®); z2D;

which is the desiredrepresenation formula for u. The proof is complete. o
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Corollary 3.6. Let u be a super-biharmonic function satisfying the condi-
tions Z

lim u* (rz)d¥z) = 0;
rt 1 T

and Z
u (rz)d3z) = O(1j r); asr! 1.
T

Then there exist a unique positive Borel measure! on the unit disk and a unique
“nite real-valued Borgl measure, on thze unit circle sud that

uz)= i(%2d'(®)+ HEG;2)d, (3); z2D:
D T

The measure ! is the distributional derivative ¢ ?u, and the measure , is the

limit of the measures
u(rz)

1 r?
asr ! 1, in the weak-star topology of Borel measureson the unit circle. In
particular, if u is positive, then | is positive.

d¥4z); z2D;

Proof. Sincejuj = u* + u' , it follows from the assumptionsthat
7 — _
im  u(rz) d¥%z) = O
rt 1 T
In other words, u, d¥%! 0 in the norm topology of Borel measureson the unit
circle, so that the measure® appearing in the preceding theorem is identically
zero. The corollary is now an immediate consequencef Theorem 3.5. o

Corollary 3.7. Let u be a nonnegative super-biharmonic function satisfying
the condition Z

lim u(rz) d¥4z) = O:
rl 1 T

Then there exist a unique positive Borel measure! on the unit disk and a unique
positive Borel measure, on the unit circle suc that
Z Z
uiz) = i(%2)d )+ HE;2)d,(?); z2D:
D T
The measure ! is the distributional derivative ¢ ?u, and the measure , is the

limit of the measures
u(rz)

1 r2
asr! 1, in the weak-startopology of Borel measureson the unit circle.

d¥42); z2D;

Proof. We note that u* = u and u’ = 0, sothat u ful lls the conditions of
the precedingcorollary. o
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4. Final commen ts

We should mention that we feel it is possibleto extend the results of the
presert paper to higher dimensional R", n = 3;4;5;:::, with the appropriate
modi cations. A complication that appearsis that the positivit y of the biharmonic
Poissonkernel (denotedby F (z;3) in this paper) dependson the dimension;see[2].
Howewer, there is a combination of the harmonic compensator and the biharmonic
Poissonkernel that is positive always [2], and this should save the situation.

We alsomerntion that it should be possibleto obtain results concerninghigher
powers of the Laplacian. Howeer, in this case,more boundary data are required,
and the conditions to ensurea Riesz{Herglotz formula will de nitely be consider-
ably more complicated.

A "nal commert is that we considerthe Green function for ¢ 2 with Diric h-
let boundary conditions primarily becauseof its well-known connection with the
theory of the Bergman spaceg[1], [6]. It may be possibleto obtain somekind of
Riesz{Herglotz represenation also with some other set of boundary conditions,
like the value and secondnormal derivative.

We thank the refereefor his (or her) helpful commerts.
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