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Abstract. Let u be a real-valued function de¯ned on the unit disk D . We call u super-
biharmonic provided that u is locally integrable and the bi-laplacian ¢ 2u is a positive distribution
on D . In this paper, we shall establish a representation formula for super-biharmonic functions.
This formula can be regarded as an analogue of the Poisson{Jensenrepresentation formula for
subharmonic functions.

0. In tro duction

Notation. We denote by C the complex plane, by D the open unit disk
f z 2 C : jzj < 1g, and by T the unit circle f z 2 C : jzj = 1g. The Laplace
operator in the complex plane is denoted by

¢ = ¢ z =
@2

@z@z
=

1
4

µ
@2

@x2 +
@2

@y2

¶
; z = x + iy :

We write dA(z) = ¼¡ 1 dx dy for the normalized Lebesguearea measureon the
unit disk. Similarly for z = eiµ , we write d¾(z) = (2¼)¡ 1 dµ for the normalized
arc length measureon the unit circle. We write ur for the dilation of u by r ,
0 < r < 1: ur (z) = u(r z) . In this way, we may think of ur as a function on the
unit circle T . A locally integrable function u on the unit disk will be considered
as a distribution via the dualit y relation

­
Á;u

®
=

Z

D
u(z)Á(z) dA(z);

where Á 2 C1
c (D ) , the spaceof C1 -functions with compact support in D .

Represen tation of subharmonic functions. For C1 -smooth u on the
closed unit disk D , the Poisson{Jensenformula, which is an immediate conse-
quenceof Green's formula, represents u as

(0-1) u(z) =
Z

D
G(z; ³ )¢ u(³ ) dA(³ ) +

Z

T
P(z; ³ )u(³ ) d¾(³ ); z 2 D :
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Here G(z; ³ ) stands for the Green function for the Laplace operator in the unit
disk:

G(z; ³ ) = log

¯
¯
¯
¯

z ¡ ³
1 ¡ ¹³ z

¯
¯
¯
¯

2

; (z; ³ ) 2 D £ D ;

and P(z; ³ ) denotesthe Poissonkernel for D :

P(z; ³ ) =
1 ¡ jzj2

jz ¡ ³ j2
; (z; ³ ) 2 D £ T :

A function u: D ! [¡1 ; + 1 [ is said to be subharmonic if it is upper semicon-
tinuous (but not identically ¡1 ) and satis¯es the sub-meanvalue inequality

u(z) ·
Z

T
u(z + r ³ ) d¾(³ ); z 2 D ; 0 · r < 1 ¡ jzj:

The classof subharmonic functions coincideswith the classof locally summable
functions whoseLaplacian is a locally ¯nite positive Borel measure. In this identi-
¯cation, the locally summable function neednot be upper semicontinuous, but it
can be altered on an area-null set soas to have this property. The Poisson{Jensen
representation formula (0-1) is valid in the context of subharmonic functions u
under a growth assumption. To be speci¯c, we assumethat u is subharmonic on
D , and that

sup
0· r < 1

Z

T
u+ (r z) d¾(z) < + 1 ;

wherethe superscript + standsfor the positivepart of the function u. The positive
and the negative part of a real-valued function u are de¯ned by u+ = max(u; 0)
and u¡ = max(¡ u; 0). It followsunder theseassumptionsthat the Poisson{Jensen
representation formula (0-1) generalizesto:

(0-2) u(z) =
Z

D
G(z; ³ ) d¹ (³ ) +

Z

T
P(z; ³ ) dº (³ ); z 2 D ;

where ¹ is a positive Borel measureon D with
Z

D

¡
1 ¡ jzj2

¢
d¹ (z) < + 1 ;

and º is a ¯nite real-valued Borel measureon T . The measure ¹ corresponds
to the Laplacian ¢ u, and º corresponds to the boundary valuesof u . Although
we have not located the original manuscript where (0-2) ¯rst appeared, we nev-
erthelessfeel it should be ascribed to F. Riesz. It is possible to view (0-2) as a
generalizationof the classicalinner-outer factorization theorem of functions in the
Nevanlinna class [8]. If the function u is harmonic, the representation formula
(0-2) involves only a Poisson integral. As we intro duce the analytic function g
with real part u , we obtain from (0-2) the Riesz{Herglotz representation for g.
In [3], Hayman and Korenblum studied the Riesz{Herglotz representation in the
much more generalcaseof a premeasureº .
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Sup er-biharmonic functions. Let u bea locally summablecomplex-valued
function on the unit disk. We say that u is biharmonic provided that ¢ 2u = 0. If
u is real-valued and ¢ 2u is a locally ¯nite positive Borel measureon D , we say
that u is super-biharmonic. By elliptic regularity, the locally summablefunction u
can be altered on an area-null set soasto be real-analytic, in caseu is biharmonic.
In case u is super-biharmonic, it is locally of regularity class C1;® for each ®,
0 < ® < 1. We recall the standard notation C1;® for the class of continuous
functions whose¯rst order partial derivativesare of HÄolder class ®.

We shall ¯nd a representation formula, analogousto (0-1), for a classof super-
biharmonic functions. Let us ¯rst review the smooth case.The biharmonic Green
function for the operator ¢ 2 in the unit disk (with Dirichlet boundary conditions)
is the function

¡( z; ³ ) = jz ¡ ³ j2 log

¯
¯
¯
¯

z ¡ ³
1 ¡ ¹³ z

¯
¯
¯
¯

2

+
¡
1 ¡ jzj2

¢¡
1 ¡ j³ j2

¢
; (z; ³ ) 2 D £ D :

For ¯xed ³ 2 D , it solves the following boundary value problem:
8
<

:

¢ 2
z ¡( z; ³ ) = ±³ (z); z 2 D ,

¡( z; ³ ) = 0; z 2 T ,
@n (z) ¡( z; ³ ) = 0; z 2 T ,

where the notation @n (z) denotes the inward normal derivative with respect to
the variable z 2 T . Supposethat u is a C1 -smooth function on D . Applying
Green's formula twice, we obtain the representation

(0-3)
u(z) =

Z

D
¡( ³ ; z)¢ 2u(³ ) dA(³ ) ¡

1
2

Z

T
@n (³ )

¡
¢ ³ ¡( ³ ; z)

¢
u(³ ) d¾(³ )

+
1
2

Z

T

¡
¢ ³ ¡( ³ ; z)

¢
@n (³ ) u(³ ) d¾(³ ); z 2 D :

A computation shows that

¢ ³ ¡( ³ ; z) = G(³ ; z) + H (³ ; z); (³ ; z) 2 D £ D ;

where

(0-4) H (³ ; z) =
¡
1 ¡ jzj2

¢1 ¡ j³ zj2

j1 ¡ z³ j2
; (³ ; z) 2 D £ D :

We shall refer to H (³ ; z) as the harmonic compensator; it is harmonic in its ¯rst
argument and is biharmonic in its secondargument. Observe that H (³ ; z) is not
symmetric in its arguments. Another computation shows that the function

F (³ ; z) = ¡ 1
2 @n (³ ) ¢ ³ ¡( ³ ; z); (³ ; z) 2 T £ D ;
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has the form

(0-5) F (³ ; z) =
1
2

½¡
1 ¡ jzj2

¢2

j1 ¡ z³ j2
+

¡
1 ¡ jzj2

¢3

j1 ¡ z³ j4

¾
; (³ ; z) 2 T £ D :

Being biharmonic in its secondargument, the function F (³ ; z) will be referred to
as the biharmonic Poisson kernel. Note that in terms of the above kernels, (0-3)
assumesthe form

u(z) =
Z

D
¡( ³ ; z)¢ 2u(³ ) dA(³ ) +

Z

T
F (³ ; z)u(³ ) d¾(³ )

+
1
2

Z

T
H (³ ; z)@n (³ ) u(³ ) d¾(³ ); z 2 D :

For a possibly non-smooth function u, it is natural to ask when we have the
representation formula

u(z) =
Z

D
¡( ³ ; z) d¹ (³ ) +

Z

T
F (³ ; z) dº (³ ) +

Z

T
H (³ ; z) d¸ (³ ); z 2 D ;

where º and ¸ are two real-valued ¯nite Borel measureson T , and ¹ is a positive
Borel measureon D with

Z

D

¡
1 ¡ jzj2

¢2
d¹ (z) < + 1 :

Clearly, u has to be super-biharmonic. Moreover, it can be seenthat it meetsthe
growth conditions

(A) sup
0· r < 1

Z

T
u+ (r z) d¾(z) < + 1 ;

which assuresthat ur d¾ has at least one weak-star cluster point dº as r ! 1,
and

(B) sup
0· r < 1

1
1 ¡ r

Z

T

¡
u ¡ F [º ]

¢¡
(r z) d¾(z) < + 1 ;

where

(0-6) F [º ](z) =
Z

T
F (³ ; z) dº (³ ); z 2 D :

It is a consequenceof the secondassumption (B) that the measure dº obtained
from this limit processis unique: ur d¾! dº weak-star, as r ! 1. It now makes
senseto askwhether the conditions (A) and (B) characterizethe super-biharmonic
functions u on D having the above representation.
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Main Theorem. For a locally summable function u on D , the following
two conditions are equivalent :

(a) u has the representation

u(z) =
Z

D
¡( ³ ; z) d¹ (³ ) +

Z

T
F (³ ; z) dº (³ ) +

Z

T
H (³ ; z) d¸ (³ ); z 2 D ;

where ¹ is a positive Borel measureon D with
Z

D

¡
1 ¡ jzj2

¢2
d¹ (z) < + 1 ;

and º , ¸ are ¯nite real-valued Borel measureson T .
(b) u is super-biharmonic on D , and meetsthe above growth conditions (A)

and (B) .

1. The biharmonic extension

In this section,we study the kernel function F (³ ; z) , de¯ned by (0-5), in more
detail. We denoteby C(T ) the spaceof continuousfunctions on the unit circle T .
It turns out that every f 2 C(T ) has a biharmonic extension B f to the closed
unit disk; moreover, B f is continuous on D , and (B f )( r z) ! f (z) uniformly, as
r ! 1. We usethis fact to prove that the measureº on T which is obtained as a
weak-star limit of ur d¾ has somekind of uniquenessproperty. We ¯rst note that

(1-1) F (³ ; z) > 0; (³ ; z) 2 T £ D ;

and that

(1-2)
Z

T
F (³ ; z) d¾(³ ) = 1; z 2 D :

The equality (1-2) follows from the following simple calculation:

Z

T
F (³ ; z) d¾(³ ) =

1
2

Z

T

¡
1 ¡ jzj2

¢2

j1 ¡ z³ j2
d¾(³ ) +

1
2

Z

T

¡
1 ¡ jzj2

¢3

j1 ¡ z³ j4
d¾(³ )

= 1
2

¡
(1 ¡ jzj2) + (1 + jzj2)

¢
= 1:

For ³ 2 T , we let I (³ ) be the arc on the unit circle with center ³ and length
± > 0. For z 2 D n f 0g, we write z¤ = z=jzj which belongsto the unit circle. It
follows from (0-5) that F (³ ; z) ! 0 uniformly, as jzj ! 1 and z¤ 2 T nI (³ ) . Note
that the Poissonkernel for the unit disk satis¯es the relations (1-1), (1-2) and this
last property as well. Let f 2 L 1(T ) , we then de¯ne the F -integral of f by

F [f ](z) =
Z

T
F (³ ; z)f (³ ) d¾(³ ); z 2 D :

Since F (³ ; z) , for ¯xed ³ 2 T , is biharmonic, it follows that F [f ] is biharmonic
in D . The following proposition shows that the F -integrals of continuous func-
tions behave well near the boundary of the unit disk.
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Prop osition 1.1. Let f 2 C(T ) and z 2 T . De¯ne the biharmonic exten-
sion of f to the unit disk by

(B f )(z) =
½

f (z) if z 2 T ,
F [f ](z) if z 2 D .

Then B f is continuous on D .

Proof. For a subset E of the complex plane, we usethe notation

kf kE = supfj f (z)j : z 2 Eg:

Assumethat f 2 C(T ) and that z 2 D . It follows from (1-1) and (1-2) that

¯
¯F [f ](z)

¯
¯ =

¯
¯
¯
¯

Z

T
F (³ ; z)f (³ ) d¾(³ )

¯
¯
¯
¯ · kf kT :

Hence

(1-3) kB f kD = kf kT ; f 2 C(T ):

Put gn (z) = zn and compute

(B gn )(z) =
Z

T
F (³ ; z)gn (³ ) d¾(³ ) =

Z

T
F (³ ; z)³ n d¾(³ )

= zn ¡
1 + 1

2 n(1 ¡ jzj2)
¢
; z 2 D :

Let p(z) =
P k

n = ¡ k cn zn be a trigonometric polynomial on T . It follows that for
every such polynomial p, we have

(B p)(z) =
kX

¡ k

cn zn ¡
1 + 1

2 n(1 ¡ jzj2)
¢
; z 2 D :

It follows that B p is continuous on D . Since the trigonometric polynomials are
densein C(T ) , we can assumethat f pn g1

n =1 is a sequenceof such polynomials on
T such that kpn ¡ f kT ! 0 as n ! 1 . It follows from (1-3) that

kB pn ¡ B f kD = kB (pn ¡ f )kD = kB (pn ¡ f )kT = kpn ¡ f kT ! 0; as n ! 1 :

Hence B pn convergesuniformly to B f on D . Sinceeach B pn is continuous on
D , we seethat B f 2 C( D) .
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Prop osition 1.2. Let º be a ¯nite Borel measureon the unit circle T . Then
the mapping º 7! F [º ] , where

F [º ](z) =
Z

T
F (³ ; z) dº (³ ); z 2 D ;

is injective. Moreover,
Z

T
F [º ](r z) d¾(z) =

Z

T
dº (z) = º (T ); 0 · r < 1:

Proof. We shall prove that F [º ] = 0 implies º = 0. For this, it su±ces to
verify that for every f 2 C(T ) we have

R
T f (z) dº (z) = 0. Note that the kernel

function F (³ ; z) has the property that

F (³ ; r z) = F (z; r ³ ); (³ ; z) 2 T £ T and 0 · r < 1:

We now usethe above mentioned symmetry of F (³ ; z) , Fubini's theorem, and the
assumption that F [º ] = 0 to obtain

Z

T
F [f ](r z) dº (z) =

Z

T

Z

T
F (³ ; r z)f (³ ) d¾(³ ) dº (z)

=
Z

T

µ Z

T
F (z; r ³ ) dº (z)

¶
f (³ ) d¾(³ )

=
Z

T
F [º ](r ³ )f (³ ) d¾(³ ) = 0:

According to Proposition 1.1, the functions F [f ](r z) convergeuniformly on T to
f (z) as r ! 1. Hence

Z

T
f (z) dº (z) = 0; f 2 C(T );

from which it follows that º = 0. As for the remaining statement, we observe that
Z

T
F [º ](r z) d¾(z) =

Z

T

Z

T
F (³ ; r z) dº (³ ) d¾(z) =

Z

T

µ Z

T
F (³ ; r z) d¾(z)

¶
dº (³ )

=
Z

T

1
2

¡
(1 ¡ r 2) + (1 + r 2)

¢
dº (³ ) =

Z

T
dº (³ ) = º (T ):

The proof is complete.

Remark 1.3. Let u be a function continuous on T and biharmonic on D .
Denote the biharmonic extension of ujT , the restriction of u to T , to the unit
disk by v = B u. In general, u and v neednot agreeinside the unit disk. This is
in contrast to the casewhen u is harmonic inside the unit disk, and the Poisson
integral of u agreeswith u inside D . Indeed, the Dirichlet problem for the
operator ¢ 2 has two boundary data: ujT and @n ujT .
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2. Radial sup er-biharmonic functions

Let u be a real-valued function de¯ned on the unit disk. We call u radial
provided that it depends only on r = jzj , for 0 · r < 1. It is well known that
a radial subharmonic function is an increasing convex function of t = logr , for
¡1 < t < 0 (see [7, Theorem 2.6.6]). Radial super-biharmonic functions have
analogousproperties, aswe shall see.It turns out that the radial super-biharmonic
functions are either C2 on ]0; 1], or they are convex functions of log r for r close
to 1. We prove the following lemma:

Lemma 2.1. Let u be a radial super-biharmonic function on D . Then either
u is a C2 -function on ]0; 1], or there exists an r 0 , 0 < r 0 < 1, such that u is a
convex function of log r for r 0 < r < 1.

Proof. Let u be a super-biharmonic function which depends only on r , for
0 < r < 1. Put t = logr , then for ¡1 < t < 0 we get

¢ 2u(et ) =
1

4e2t

d2

dt2

µ
1

4e2t

d2u
dt2

¶
¸ 0; ¡1 < t < 0:

It follows that

k(t) = e¡ 2t d2u
dt2 ; ¡1 < t < 0;

is a convex function of t . By the basic properties of convex functions, only the
following two casescan occur.

Case1: lim t ! 0 k(t) exists as a ¯nite number. The function k being continu-
ouson ] ¡ 1 ; 0], we can solve the secondorder di®erential equation d2u(et )=dt2 =
e2t k(t) , and obtain that u(et ) is a C2 -function on ] ¡ 1 ; 0].

Case 2: lim t ! 0 k(t) = + 1 . The secondderivative of u is now positive on
some neighborhood of 0, say ¡ ± < t < 0, for some ± > 0. Therefore, u is a
convex function of t on this neighborhood.

Lemma 2.2. Let u be a radial biharmonic function on D n f 0g. Then we
have

u(r ) = a + br2 +
¡
c + dr2) log r;

where a, b, c, and d are constants.

Proof. As in the proof of the preceding lemma, we put t = logr and obtain

¢ 2u(et ) =
d2

dt2

µ
1

4e2t

d2u
dt2

¶
= 0; ¡1 < t < 0:

It follows that
d2u
dt2 (et ) = 4e2t (c1t + c2);

where c1 and c2 are constants. Now, integrating twice leadsto the result.
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Prop osition 2.3. Let u be a super-biharmonic function on D . Then

~u(») =
Z

T
u(»z) d¾(z); » 2 D ;

is radial and super-biharmonic. Moreover, if u satis¯es the condition (A) , then
the function ~u(r ) , 0 · r < 1, has a ¯nite limit as r ! 1.

Proof. It follows by a changeof variables argument that ~u is radial. The fact
that ~u is super-biharmonic follows from the super-biharmonicity of u . As for the
secondpart of the statement, weuseLemma2.1 to concludethat in a neighborhood
]r 0; 1] of 1 the function ~u is either C2 , or a convex function of log r . In case ~u
is C2 , we obtain lim r ! 1 ~u(r ) = ~u(1) , by continuit y. Assume that ~u is a convex
function of log r , for r su±ciently closeto 1. Then either lim r ! 1 ~u(r ) = + 1 or
this limit is ¯nite. The assumption (A) on u+ rules out the ¯rst possibility, so
that ~u(r ) approachesa ¯nite limit as r ! 1.

Prop osition 2.4. Let u be a super-biharmonic function on the unit disk
which satis¯es the condition (A) . Then the family f ur g0· r < 1 is uniformly bounded
in the Banach spaceL 1(T ) , that is

sup
0· r < 1

Z

T

¯
¯u(r z)

¯
¯ d¾(z) < + 1 ;

and hencethere exists a sequencef r j gj , 0 < r 1 < r 2 < ¢¢¢, with lim j !1 r j = 1,
such that ur j d¾ convergesweak-star to a ¯nite real-valued Borel measure º on
T , as j ! 1 .

Proof. By Proposition 2.3,

~u(r ) =
Z

T
u(r z) d¾(z)

tends to a ¯nite limit as r ! 1. Since u¡ (r z) = u+ (r z) ¡ u(r z) , it follows from
the assumption (A) that

sup
0· r < 1

Z

T
u¡ (r z) d¾(z) < + 1 :

On the other hand,
Z

T
ju(r z)j d¾(z) =

Z

T
u+ (r z) d¾(z) +

Z

T
u¡ (r z) d¾(z);

so that, again by (A),

(2-1) sup
0· r < 1

Z

T
ju(r z)j d¾(z) < + 1 :



314 Ali Abkar and Hºakan Hedenmalm

We now consider the linear functionals

¤ r f =
Z

T
ur f d¾; 0 · r < 1; f 2 C(T ):

It follows from (2-1) that

(2-2) sup
0· r < 1

k¤ r k < + 1 :

Since C(T ) is a separableBanach space,it follows from (2-2) and the Banach{
Alaoglu theorem that there exists a subsequencer j with r j ! 1 such that ¤ r j is
weak-star convergent as j ! 1 . This meansthat there exists a Borel measureº
on the unit circle such that

lim
j !1

Z

T
ur j f d¾=

Z

T
f dº ; f 2 C(T ):

The proof is complete.

Prop osition 2.5. Let u be a super-biharmonic function on the unit disk
which satis¯es the condition (A) . Let f r j g1

j =1 and º be as in Proposition 2.4. Let
F [º ] be the potential de¯ned by (0-6). Then we have

lim
j !1

Z

T

¡
u ¡ F [º ]

¢
(r j z)f (z) d¾(z) = 0; f 2 C(T ):

Moreover, if u satis¯es the condition (B) , then we have

Z

T

¯
¯¡u ¡ F [º ]

¢
(r z)

¯
¯ d¾(z) = O(1 ¡ r ); as r ! 1:

Proof. We ¯rst observe that for every f 2 C(T ) we have

Z

T
F [º ](r z)f (z) d¾(z) =

Z

T

Z

T
F (³ ; r z) dº (³ )f (z) d¾(z)

=
Z

T

Z

T
F (z; r ³ )f (z) d¾(z) dº (³ ) =

Z

T
F [f ](r ³ ) dº (³ ):

Here, we usedFubini's theorem together with the property F (³ ; r z) = F (z; r ³ ) of
the biharmonic Poissonkernel F . By Proposition 1.1, F [f ](r ³ ) ! f (³ ) uniformly
on T as r ! 1. Hence

lim
r ! 1

Z

T
F [º ](r z)f (z) d¾(z) =

Z

T
f (z) dº (z); f 2 C(T ):
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On the other hand, º is the weak-star limit of ur j d¾, so that

lim
j !1

Z

T
u(r j z)f (z) d¾(z) =

Z

T
f (z) dº (z); f 2 C(T ):

It follows that

(2-3) lim
j !1

Z

T

¡
u ¡ F [º ]

¢
(r j z)f (z) d¾(z) = 0; f 2 C(T );

as asserted.As for the secondpart of the statement, we put w = u ¡ F [º ] . Since

(2-4)
Z

T
w+ (r z) d¾(z) =

Z

T
w(r z) d¾(z) +

Z

T
w¡ (r z) d¾(z);

we seethat

(2-5) 0 ·
Z

T
w+ (r z) d¾(z) ·

µ Z

T
w(r z) d¾(z)

¶ +

+
Z

T
w¡ (r z) d¾(z):

By assumption, we know that

(2-6)
Z

T
w¡ (r z) d¾(z) = O(1 ¡ r ); as r ! 1:

It follows from (2-3), with f identically 1, that

(2-7) lim
j !1

Z

T
w(r j z) d¾(z) = 0:

The super-biharmonic function w satis¯es the following condition:

(2-8) sup
0· r < 1

Z

T
w+ (r z) d¾(z) < + 1 :

Indeed, sinceby Proposition 1.2,
Z

T
w+ (r z) d¾(z) ·

Z

T
u+ (r z) d¾(z) +

Z

T

¡
F [º ]

¢¡
(r z) d¾(z)

·
Z

T
u+ (r z) d¾(z) +

Z

T
F [º ¡ ](r z) d¾(z)

=
Z

T
u+ (r z) d¾(z) + º ¡ (T );

where º ¡ is the negative part of the signed measure º , the assertion (2-8) is an
immediate consequenceof the assumption (A). In view of (2-8), we can apply
Proposition 2.3 with u replacedby w to concludethat

ew(r ) =
Z

T
w(r z) d¾(z); 0 · r < 1;



316 Ali Abkar and Hºakan Hedenmalm

has a ¯nite limit as r ! 1. Observe that (2-7) reads lim j !1 ew(r j ) = 0, so that
lim r ! 1 ew(r ) = 0. According to Lemma 2.1, the radial super-biharmonic function
ew(r ) is either C2 -smooth on ]0; 1] or a convex function of log r , for r closeto 1.
In case ew(r ) is C2 -smooth, it follows from the Taylor expansion of ew about 1
that

(2-9) ew(r ) =
Z

T
w(r z) d¾(z) = O(1 ¡ r ); as r ! 1:

It now follows from (2-4), (2-6), and (2-9) that in this case,we have

(2-10)
Z

T
w+ (r z) d¾(z) = O(1 ¡ r ); as r ! 1:

We turn to the remaining casewhen ew is a convex function of log r , for r close
to 1. By taking the positive part, we are in fact cutting o®the part of the graph
of the function which lies under the horizontal axis, and replacing that part with
the constant function 0. By elementary properties of convex functions, using that
ew(r ) ! 0 as r ! 1, we seethat

ew+ (r ) =
µ Z

T
w(r z) d¾(z)

¶ +

= O(1 ¡ r ); as r ! 1:

This, together with (2-5) and (2-6), implies that (2-10) holds in this caseas well.
Now, (2-10) together with the identit y jwj = w+ + w¡ and (2-6) implies that

Z

T
jw(r z)j d¾(z) = O(1 ¡ r ); as r ! 1;

as claimed. The proof is complete.

Remark 2.6. Let u be a super-biharmonic function satisfying the conditions
(A) and (B). Then the measureº obtained in Proposition 2.4 is unique. Indeed,
it follows from Proposition 2.5 that

lim
r ! 1

Z

T

¡
u ¡ F [º ]

¢
(r z)f (z) d¾(z) = 0; f 2 C(T ):

3. A Riesz represen tation form ula

Let u bea super-biharmonic function which ful¯lls the conditions (A) and (B).
We ¯rst show that Z

D
¡( z; ³ ) d¹ (³ ) < + 1 ; z 2 D ;

wherethe positive Borel measure¹ is the distributional derivative ¢ 2u. We begin
with the following lemma.
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Lemma 3.1. Suppose u is a super-biharmonic function satisfying the con-
ditions (A) and (B) . Let ¹ be the positive Borel measureon D corresponding to
the distributional derivative ¢ 2u. Then we have

Z

D

¡
1 ¡ jzj2

¢2
d¹ (z) < + 1 :

Proof. We recall the function F [º ] de¯ned by (0-6), and put w = u ¡ F [º ] .
Since the function w is super-biharmonic, it de¯nes a positive Borel measure ¹
on D which is the distributional derivative ¢ 2w = ¢ 2u. For 0 < r < 1, we have

½
¢ wr (z) = r 2(¢ w)( r z);
¢ 2wr (z) = r 4(¢ 2w)(r z) = r 4d¹ (r z):

We consider the expression

I (r ) =
Z

D

¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2
d¹ (r z); 0 < r < 1:

The dilation of d¹ by r meansthat only the restriction of ¹ to the smaller disk
f z : jzj < r g is involved in the above integral expression. The integrand vanishes
on the boundary T along with its normal derivative, so that by Green's formula
we have

r 4I (r ) =
Z

D
¢ z

µ ¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2

¶
¢ z

¡
w(r z)

¢
dA(z):

Another application of Green's formula yields

(3-1)

r 4I (r ) =
Z

D
¢ 2

z

µ ¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2

¶
w(r z) dA(z)

¡
1
2

Z

T
¢ z

µ ¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2

¶
@n (z) w(r z) d¾(z)

+
1
2

Z

T
@n (z)

µ
¢ z

¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2

¶
w(r z) d¾(z):

We want to estimate the right-hand sideexpressionin (3-1). A computation shows
that
(3-2)

¢ z

¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2
=

¡
1 ¡ jzj2

¢4r 4jzj6 + (r 4 ¡ 11r 2)jzj4 + (r 4 ¡ 2r 2 + 9)jzj2 + r 2 ¡ 3
¡
1 ¡ r 2jzj2

¢3 ;

which takes the value 0 for z 2 T . Hence the ¯rst boundary integral in (3-1)
vanishes.Using (3-2), we seethat

@n (z) ¢ z

¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2
=

12
1 ¡ r 2 :



318 Ali Abkar and Hºakan Hedenmalm

The equation (3-1) now simpli¯es:

(3-3) r 4I (r ) =
Z

D
¢ 2

z

µ ¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2

¶
w(r z) dA(z) +

6
1 ¡ r 2

Z

T
w(r z) d¾(z):

According to Proposition 2.5, there exists a constant C such that

(3-4)

¯
¯
¯
¯

Z

T
w(r z) d¾(z)

¯
¯
¯
¯ ·

Z

T
jw(r z)j d¾(z) · C(1 ¡ r 2); 0 < r < 1:

To estimate the ¯rst integral on the right-hand side of (3-3), we notice that
¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2
= 1 + (r 2 + 1)jzj2 + (r 4 ¡ 3r 2 + 3)jzj4 + (r 2 ¡ 1)3 jzj6

1 ¡ r 2jzj2
:

A calculation basedon the above identit y shows that

¢ 2
z

¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2
= 4(1 ¡ r 2)3jzj2

µ
¡ r 8jzj8 + 5r 6jzj6 ¡ 10r 4jzj4 + 9r 2jzj2 + 9

¡
1 ¡ r 2jzj2

¢5

¶

+ 4(r 4 ¡ 3r 2 + 3):

This leadsto ¯
¯
¯
¯¢

2
z

¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2

¯
¯
¯
¯ · 36

(1 ¡ r 2)3

¡
1 ¡ r 2jzj2

¢5 + 12;

from which it follows that

(3-5)

¯
¯
¯
¯

Z

D
¢ 2

z

µ ¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2

¶
w(r z) dA(z)

¯
¯
¯
¯

· 36(1¡ r 2)3
Z

D

jw(r z)j
¡
1 ¡ r 2jzj2

¢5 dA(z) + 12
Z

D
jw(r z)j dA(z):

By (3-4), we have

(3-6)

(1 ¡ r 2)3
Z

D

jw(r z)j
¡
1 ¡ r 2jzj2

¢5 dA(z)

= (1 ¡ r 2)3 1
¼

Z 1

0

sds
(1 ¡ r 2s2)5

Z 2¼

0

¯
¯w(r seiµ )

¯
¯ dµ

· C(1 ¡ r 2)3
Z 1

0

2sds
(1 ¡ r 2s2)4 =

C
3

¡
(1 ¡ r 2) + (1 ¡ r 2)2 + 1

¢
· C:

That the secondterm on the right-hand side of (3-5) remains bounded as r ! 1
is immediate from (3-4). Adding the terms together in (3-3), we obtain

r 4I (r ) =
Z

D

¡
1 ¡ jzj2

¢3

1 ¡ r 2jzj2
d¹ (r z) · (36C + 12C) + 6C = 54C:

We now let r ! 1 in the above estimate, and useFatou's lemma to obtain
Z

D

¡
1 ¡ jzj2

¢2
d¹ (z) · 54C < + 1 :

The proof is complete.
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We need the following lemma regarding the biharmonic Green function for
the unit disk [1, Proposition 2.3]:

Lemma 3.2. Let ¡( z; ³ ) be the biharmonic Green function for the unit disk.
Then for every (z; ³ ) 2 D £ D , we have

0 <
1
2

¡
1 ¡ jzj2

¢2¡
1 ¡ j³ j2

¢2

j1 ¡ ³ zj2
· ¡( z; ³ ) ·

¡
1 ¡ jzj2

¢2¡
1 ¡ j³ j2

¢2

j1 ¡ ³ zj2
;

and
1
2

¡
1 ¡ jzj

¢2¡
1 ¡ j³ j2

¢2
· ¡( z; ³ ) ·

¡
1 + jzj

¢2¡
1 ¡ j³ j2

¢2
:

Prop osition 3.3. Let ¹ be a positive Borel measureon D with

Z

D

¡
1 ¡ jzj2

¢2
d¹ (z) < + 1 :

Let ¡( z; ³ ) be the biharmonic Green function for the unit disk. Then we have

0 · ¡[ ¹ ](z) =
Z

D
¡( z; ³ ) d¹ (³ ) < + 1 ; z 2 D :

Proof. Since ¡( z; ³ ) > 0 and ¹ is a positive measure,it follows that ¡[ ¹ ] is
nonnegative. As for the secondinequality, we useLemma 3.2 to write

¡( z; ³ ) ·
¡
1 + jzj

¢2¡
1 ¡ j³ j2

¢2
; (z; ³ ) 2 D £ D :

It follows that

¡[ ¹ ](z) =
Z

D
¡( z; ³ ) d¹ (³ ) · 4

Z

D

¡
1 ¡ j³ j2

¢2
d¹ (³ ) < + 1 :

The proof is complete.

Prop osition 3.4. Let ¹ and ¡[ ¹ ] be as in Proposition 3.3. De¯ne

¡[ ¹ ]r (z) = ¡[ ¹ ](r z); 0 · r < 1; z 2 T :

Then we have °
°
°
°

¡[ ¹ ]r
1 ¡ r

°
°
°
°

L 1 (T )
! 0; as r ! 1:

Proof. By Proposition 3.3, ¡[ º ] is well-de¯ned and nonnegative. Thus

°
°
°
°

¡[ ¹ ]r
1 ¡ r

°
°
°
°

L 1 (T )
= (1 + r )

Z

T

¡[ ¹ ](r z)
1 ¡ r 2 d¾(z):
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Henceit is enoughto verify that

(3-7) C(r ) =
Z

T

¡[ ¹ ](r z)
1 ¡ r 2 d¾(z) ! 0; as r ! 1:

To this end, we note that

C(r ) =
Z

T

Z

D

¡( r z; ³ )
1 ¡ r 2 d¹ (³ ) d¾(z):

It follows from Fubini's theorem and Lemma 3.2 that

(3-8)
C(r ) ·

Z

D

Z

T

¡
1 ¡ r 2jzj2

¢2¡
1 ¡ j³ j2

¢2

¡
1 ¡ r 2

¢
j1 ¡ r z¹³ j2

d¹ (³ ) d¾(z)

=
Z

D

¡
1 ¡ j³ j2

¢2
Z

T

1 ¡ r 2

j1 ¡ r z¹³ j2
d¾(z) d¹ (³ ):

To compute the boundary integral in (3-8), we write

1

j1 ¡ r z³ j2
=

1X

m =0

1X

n =0

r m + n ( ¹³ z)m (³ ¹z)n ; (z; ³ ) 2 T £ D :

Using this identit y, we concludethat

(3-9)
Z

T

1 ¡ r 2

j1 ¡ r z¹³ j2
d¾(z) =

1 ¡ r 2

1 ¡ r 2j³ j2
; ³ 2 D :

It follows from (3-8) and (3-9) that

(3-10) C(r ) ·
Z

D

1 ¡ r 2

1 ¡ r 2j³ j2
¡
1 ¡ j³ j2

¢2
d¹ (³ ):

Since the integrand in (3-10) is nonnegative and bounded from above by the ¹ -
integrable function (1 ¡ j³ j2)2 , we can apply the dominated convergencetheorem
to obtain

0 · lim
r ! 1

C(r ) · lim
r ! 1

Z

D

1 ¡ r 2

1 ¡ r 2j³ j2
¡
1 ¡ j³ j2

¢2
d¹ (³ )

=
Z

D
lim
r ! 1

1 ¡ r 2

1 ¡ r 2j³ j2
¡
1 ¡ j³ j2

¢2
d¹ (³ ) = 0:

Hence(3-7) follows, which completesthe proof of the proposition.

We are now in a position to state the main result of this paper.
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Theorem 3.5. Let u be a super-biharmonic function satisfying the condi-
tions (A) and (B) . Then there exist two unique real-valued Borel measuresº and
¸ on the unit circle, and a unique positive Borel measure¹ on the unit disk with
the property Z

D

¡
1 ¡ j³ j2

¢2
d¹ (³ ) < + 1 ;

such that the following representation formula holds:

u(z) =
Z

D
¡( ³ ; z) d¹ (³ ) +

Z

T
F (³ ; z) dº (³ ) +

Z

T
H (³ ; z) d¸ (³ ); z 2 D :

Here, ¡( ³ ; z) is the biharmonic Green function for the unit disk, H (³ ; z) is the
harmonic compensator given by (0-4), and F (³ ; z) = ¡ 1

2 @n (³ ) ¢ ³ ¡( ³ ; z) is given
by (0-5).

Proof. The existenceof the Borel measures¹ and º was veri¯ed earlier; ¹
is the distributional derivative ¢ 2u on D , and º is the measureobtained as a
weak-star limit of the measuresur j d¾ on T (seeProposition 2.4). Let us recall
the real-valued functions ¡[ ¹ ] and F [º ] given by

¡[ ¹ ](z) =
Z

D
¡( ³ ; z) d¹ (³ ); and F [º ](z) =

Z

T
F (³ ; z) dº (³ ); z 2 D :

The proof of the theorem will proceedaccording to the following two steps:

Step 1: We shall ¯rst verify that the function u can be represented as

u(z) = ¡[ ¹ ](z) + F [º ](z) +
¡
1 ¡ jzj2

¢
h(z); z 2 D ;

where h is a harmonic function in the unit disk. To do so, we put

U = u ¡ F [º ] ¡ ¡[ ¹ ];

and observe that according to the assumptions(A) and (B) and Proposition 2.5
we have Z

T

¯
¯¡u ¡ F [º ]

¢
(r z)

¯
¯ d¾(z) = O(1 ¡ r ); as r ! 1:

This together with Proposition 3.4 implies that

(3-11) kUr kL 1 (T ) =
Z

T

¯
¯U(r z)

¯
¯ d¾(z) = O(1 ¡ r ); as r ! 1:

Since U is a real-valued biharmonic function, it follows from the Almansi repre-
sentation formula for biharmornic functions (see[5, Lemma 3.1], or, for a gener-
alization, [4]) that there exist two real-valued harmonic functions g and h such
that

U(z) = g(z) +
¡
1 ¡ jzj2

¢
h(z); z 2 D :
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For an integer n , we denote by f̂ (n) the n th Fourier coe±cient of the function
f 2 L 1(T ) . For 0 < r < 1, we have

U(r z) = g(r z) +
¡
1 ¡ r 2¢

h(r z); z 2 T ;

so that
Z

T
¹zn U(r z) d¾(z) =

Z

T
¹zn g(r z) d¾(z) + (1 ¡ r 2)

Z

T
¹zn h(r z) d¾(z)

= ĝr (n) + (1 ¡ r 2)ĥr (n):

Since g and h are harmonic functions in the unit disk, we can represent them by
Fourier series:

g(r eiµ ) =
1X

n = ¡1

ĝ(n)r j n j einµ and h(r eiµ ) =
1X

n = ¡1

ĥ(n)r j n j einµ :

It then follows that
Z

T
¹zn U(r z) d¾(z) = r j n j ĝ(n) + (1 ¡ r 2)r j n j ĥ(n):

We now let r ! 1 in this equality, and use (3-11) to obtain that ĝ(n) = 0, for
every integer n . Thus, g is identically zero. This meansthat we have proved that
there exists a harmonic function h in the unit disk such that

(3-12) U(z) =
¡
u ¡ F [º ] ¡ ¡[ ¹ ]

¢
(z) = (1 ¡ jzj2)h(z); z 2 D ;

as asserted.

Step 2: We want to ¯nd a representation formula for the harmonic function
h in (3-12) in terms of somemeasured¸ on T . It follows from (3-11) and (3-12)
that

sup
0· r < 1

Z

T

¯
¯h(r z)

¯
¯ d¾(z) · C < + 1 ;

so that there exists a unique real-valued Borel measured¸ on the unit circle such
that h is its Poissonintegral [8, Theorem 11.30]:

(3-13) h(z) = P[¸ ](z) =
Z

T

1 ¡ jzj2

j1 ¡ ³ zj2
d¸ (³ ); z 2 D :

The measured¸ is the weak-star limit of the measuresd¸ r = hr d¾, as r ! 1. It
follows from (3-12) and (3-13) that

U(z) =
¡
1 ¡ jzj2

¢
h(z) =

Z

T

¡
1 ¡ jzj2

¢2

j1 ¡ ³ zj2
d¸ (³ ) =

Z

T
H (³ ; z) d¸ (³ ); z 2 D :

Rewriting this identit y, we obtain

u(z) = ¡[ ¹ ](z) + F [º ](z) +
Z

T
H (³ ; z) d¸ (³ ); z 2 D ;

which is the desiredrepresentation formula for u . The proof is complete.
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Corollary 3.6. Let u be a super-biharmonic function satisfying the condi-
tions

lim
r ! 1

Z

T
u+ (r z) d¾(z) = 0;

and Z

T
u¡ (r z) d¾(z) = O(1 ¡ r ); as r ! 1:

Then there exist a unique positive Borel measure¹ on the unit disk and a unique
¯nite real-valued Borel measure¸ on the unit circle such that

u(z) =
Z

D
¡( ³ ; z) d¹ (³ ) +

Z

T
H (³ ; z) d¸ (³ ); z 2 D :

The measure ¹ is the distributional derivative ¢ 2u, and the measure ¸ is the
limit of the measures

u(r z)
1 ¡ r 2 d¾(z); z 2 D ;

as r ! 1, in the weak-star topology of Borel measureson the unit circle. In
particular, if u is positive, then ¸ is positive.

Proof. Since juj = u+ + u¡ , it follows from the assumptionsthat

lim
r ! 1

Z

T

¯
¯u(r z)

¯
¯ d¾(z) = 0:

In other words, ur d¾! 0 in the norm topology of Borel measureson the unit
circle, so that the measure º appearing in the preceding theorem is identically
zero. The corollary is now an immediate consequenceof Theorem 3.5.

Corollary 3.7. Let u be a nonnegative super-biharmonic function satisfying
the condition

lim
r ! 1

Z

T
u(r z) d¾(z) = 0:

Then there exist a unique positive Borel measure¹ on the unit disk and a unique
positive Borel measure¸ on the unit circle such that

u(z) =
Z

D
¡( ³ ; z) d¹ (³ ) +

Z

T
H (³ ; z) d¸ (³ ); z 2 D :

The measure ¹ is the distributional derivative ¢ 2u, and the measure ¸ is the
limit of the measures

u(r z)
1 ¡ r 2 d¾(z); z 2 D ;

as r ! 1, in the weak-star topology of Borel measureson the unit circle.

Proof. We note that u+ = u and u¡ = 0, so that u ful¯lls the conditions of
the precedingcorollary.
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4. Final commen ts

We should mention that we feel it is possible to extend the results of the
present paper to higher dimensional R n , n = 3; 4; 5; : : : , with the appropriate
modi¯cations. A complication that appearsis that the positivit y of the biharmonic
Poissonkernel (denotedby F (z; ³ ) in this paper) dependson the dimension;see[2].
However, there is a combination of the harmonic compensatorand the biharmonic
Poissonkernel that is positive always [2], and this should save the situation.

We alsomention that it should be possibleto obtain results concerninghigher
powers of the Laplacian. However, in this case,more boundary data are required,
and the conditions to ensurea Riesz{Herglotz formula will de¯nitely be consider-
ably more complicated.

A ¯nal comment is that we consider the Green function for ¢ 2 with Dirich-
let boundary conditions primarily becauseof its well-known connection with the
theory of the Bergman spaces[1], [6]. It may be possibleto obtain somekind of
Riesz{Herglotz representation also with some other set of boundary conditions,
like the value and secondnormal derivative.

We thank the refereefor his (or her) helpful comments.
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