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Abstract. We consider solutions to the equation div(jAr u ¢r uj (p¡ 2)=2Ar u) = 0 with
1 < p < + 1 , A = A(x) a uniformly elliptic and Lipschitz continuous symmetric matrix, in
dimension two. We study the properties of critical points and level lines of such solutions and we
apply our results to obtain generalizationsof a strong comparison principle due to Manfredi and
of a univalencetheorem by Rad¶o.

1. In tro duction

In this paper we considersolutions u 2 W 1;p
lo c (­) to the following degenerate

elliptic equation which we shall call the anisotropic p-Laplace equation

(1:1) div(jAr u ¢r uj(p¡ 2)=2Ar u) = 0 in ­ ;

where ­ is a two-dimensional domain, p satis¯es 1 < p < 1 , and A = A(x) is
a symmetric matrix satisfying hypothesesof uniform ellipticit y and of Lipschitz
continuit y.

Equation (1.1) can be viewed asthe Euler equation for the variational integral

J (u) =
Z

­
jAr u ¢r ujp=2 dx

and its interest arisesfrom various applied contexts related to composite materials
(such asnonlinear dielectric composites[BS, Section25], [LK, Section3.2]), whose
nonlinear behavior is modeled by the so-calledpower-law.

Our aim is to study the properties of level lines and of critical points of
solutions to (1.1) and to derive somerelevant consequencesof such properties.

If p = 2, then equation (1.1) becomeslinear:

(1:2) div(Ar u) = 0 in ­ :
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In such a casemany things are known about the local behavior of solutions and
about the structure of level lines and critical points. First, the Hartman and
Wintner theorem [HW] tells us that for every x0 2 ­ , and up to a linear change
of coordinates which renders A(x0) = const.I , u(x) ¡ u(x0) is asymptotic to a
homogeneousharmonic polynomial of x ¡ x0 , and this asymptotics carriesover to
¯rst order derivatives. From this basic fact, one can derive that if u is noniden-
tically constant, then its critical points are isolated. Moreover, if x0 is a zero of
multiplicit y m for r u , then the level set f x j u(x) = u(x0)g is composed,near
x0 , by exactly m + 1 simple arcs intersecting at x0 only. Next, it is possible
to evaluate the number, and the multiplicities, of critical points of a solution in
terms of properties of its Dirichlet data [A1], [A2], or of other typesof boundary
data [AM1]. Such results have also beengeneralizedto weak solutions u to (1.2)
when the coe±cient matrix A is merely boundedmeasurable[AM2]. In this case,
however, the notion of critical point requiressomeadjustments, sincethe gradient
of a solution may be discontinuous and, consequently , speaking of zeroes of the
gradient may becomemeaningless. This di±cult y is circumvented through the
reduction of equation (1.2) to a ¯rst order elliptic systemof Beltrami type, which
enablesto represent locally a solution u to (1.2) in the form u = h ±Â where h is
a harmonic function and Â is a quasiconformalmapping [BJS]. In view of such a
representation, onecan intro ducethe notion of geometriccritical point saying that
x0 is a geometriccritical point of u if Â(x0) is a critical point of h . Moreover, one
can de¯ne the geometric index of u at x0 as the multiplicit y of the critical point
Â(x0) for h . With such de¯nitions, it is possibleto extend to the caseof equations
with L 1 coe±cients A the evaluations of the number of geometric critical points
(see[AM2] for details).

One recent application of such type of results has been the generalization of
a theorem of Rad¶o. Rad¶o's theorem says the following. Let B the unit disk, G a
boundedconvex domain in R 2 and ©: @B ! @G a homeomorphismfrom the unit
circle onto the boundary of G. If U: B ! G is the the mapping whosecomponents
u1; u2 are the harmonic functions having, asDirichlet data, the components Á1; Á2

of ©, then U is alsoa homeomorphismof the unit disk B onto G. Such a theorem
was originally stated by Rad¶o [R], subsequently proven by Kneser [K] and also by
Choquet [C]. SeeDuren{Hengartner [DH], Lyzzaik [Ly] and Laugesen[La] for more
recent developments of the subject and details on the history of this theorem. See
also Schoen{Yau [SY], Jost [J] for generalizationsto harmonic mappings between
Riemannian manifolds. Here we wish to focus on a di®erent recent generalization
of Rad¶o's theorem due to Bauman, Marini and Nesi [BMN] which, in its essence,
says as follows. Let B , G and © as above, and let U = (u1; u2) , instead of being
harmonic, be such that u1; u2 are the solutions to (1.2) in B whoseDirichlet data
are ' 1; ' 2 , respectively. Also in this case,Bauman, Marini and Nesi are able to
prove that U is a homeomorphismof B onto G. The gist of their proof stands in
showing that, for every nontrivial combination uµ = u1 cosµ+ u2 sinµ, 0 · µ < ¼,
of the components of U , uµ hasno critical points insideof ­ , which in turn implies
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the non vanishing of the Jacobiandeterminant j@(u1; u2)=@(x1; x2)j . Indeed, such
absenceof critical points for uµ canbe inferred by the abovementioned evaluations
of the number of critical points.

Let us now return to the nonlinear equation (1.1). In this case,the study of
critical points of solutions has beendeveloped, sincenow, only for the casewhen
A = I , that is for the well-known p-Laplace equation

(1:3) div(jr ujp¡ 2r u) = 0 in ­ :

The study was initiated by Bojarski and Iwaniec [BI], who proved, for the case
p > 2, that critical points are isolated, by methods of quasiconformal mappings.
Other proofs were given for any 1 < p < 1 , by Alessandrini [A3] where local
estimateson the number of critical points wereobtained by real analytic methods,
and by Manfredi [Ma] who developed the methods by [BI]. Seealso Lewis [Le]
where an estimate on the number of critical points in terms of the Dirichlet data
is given.

A remarkable application of the discretenessof critical points that was found
by Manfredi is the validit y of the strong comparisonprinciple for solutions to (1.3)
[Ma, Theorem 2]. Namely if u1 6= u2 , u1 · u2 , are solutions to (1.3) then they
satisfy the strict inequality u1 < u2 everywhere. This result is quite peculiar,
because,when the spacedimension is bigger than two, such comparisonprinciple
is still unknown for the p-Laplacian.

In this paper we prove that critical points of non-constant solutions to (1.1)
are isolated and that the local topological structure of the level lines is the same
as the one of harmonic functions (Proposition 3.3). Moreover we prove (Theo-
rem 3.1) estimates on the number of critical points in terms of the number of
oscillations of the Dirichlet data, which parallel those known for linear equations
[A1, Theorem 1.2], [A2, Theorem 1.1], [AM2, Theorem 2.7].

As applications of theseresults, we prove:

(i) a strong comparisonprinciple (Theorem 4.1) for equation (1.1), which extends
the above mentioned result of Manfredi;

(ii) a generalization of Rad¶o's theorem for pairs u1; u2 of solutions to (1.1).

Let us stresshere the remarkable fact that, when p 6= 2, a linear combination
uµ = u1 cosµ + u2 sinµ neednot be a solution to equation (1.1). Nevertheless,we
are able to show that, away from the critical points of u1; u2 , uµ is a solution to a
suitable divergencestructure linear elliptic equation, and thus, in the end, we can
show that under the above mentioned hypotheseson © and G, for every µ the
function uµ has no interior critical points.

In order to obtain the above mentioned results, we have found it convenient
to single out the relevant topological properties of level lines which are typical
of harmonic functions in two variables and which are known to be shared by
solutions to linear elliptic equations. To this purpose,we de¯ne the class S (­)
of continuous functions in ­ whose level lines are locally ¯nite union of simple
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arcs with discrete pairwise intersections, and which satisfy the strong maximum
principle (in the sensethat they do not admit interior relative extremum points),
seeDe¯nition 2.1. Since no di®erentiabilit y is involved in such a de¯nition, it
is necessaryto intro duce a generalizednotion of critical point. Such a notion
indeed extends (seeCorollary 2.6) the one of geometric critical point intro duced
in [AM2], and for this reason we shall continue to use such a name. We shall
prove (Theorem 2.3) that it is possible to estimate the number of the geometric
critical points of a function u 2 S (­) in terms of the number of oscillations of
its boundary values g = uj@­ , in the samefashion as it was known for solutions
to linear elliptic equations. By this device,we shall be able to prove our estimate
on the number of critical points of a solution u to (1.1), just by proving that
u belongsto the class S (­) . Let us remark that this approach although being
di®erent presents someresemblanceswith the theory of pseudoharmonicfunctions
by Morse (see,for instance, [Mo] and [JM]).

The plan of the paper is asfollows. In Section2 we intro ducethe classS (­) ,
and we prove the estimate on the number of geometric critical points of functions
u 2 S (­) in Theorem 2.3. Finally we show how S (­) contains relevant sub-
classesformed by the components of quasiregularmappings, Proposition 2.5, and
by solutions to linear elliptic equations, Corollary 2.6, Proposition 2.7. The main
result of Section 3 is Theorem 3.1, which gives the estimate on the number of
critical points of solutions to (1.1) in terms of the Dirichlet data. We also prove,
in Proposition 3.3, a result on the local behavior of solutions to (1.1) which, in
particular, implies that critical points are isolated. In Section 4 we prove (The-
orem 4.1) the generalization of Manfredi's strong comparison principle. Finally,
in Section 5, we prove Theorem 5.1 which provides the generalization of Rad¶o's
theorem for pairs of solutions to (1.1).

2. The class S (­) and geometric critical poin ts

De¯nition 2.1. Let u 2 C(­) and let ¡ t , for every t 2 R , denote the level
line f z 2 ­ j u(z) = tg. We shall say that u belongsto the classS (­) if it veri¯es
the following conditions:

(S.1) For every z0 2 ­ , there exist a neighborhood U ½ ­ of z0 and an integer
I (z0) , 0 · I (z0) < 1 , such that the set ¡ u(z0 ) \ U is made of I (z0) + 1
simple arcs, whosepairwise intersection consistsof f z0g only.

(S.2) u doesnot have interior maxima nor minima (strong maximum principle).
Moreover we shall say that z0 2 ­ is a geometric critic al point of u if

I (z0) ¸ 1:

In such a casewe shall say that I (z0) is the geometric index of u at z0 .

Remark 2.2. Notice that, for any u 2 S (­) , property (S.1) implies that the
geometric critical points of u are isolated. Moreover, by virtue of property (S.2),
u is non-constant on every open subsetof ­ . Hence,if ­ is simply connectedfor
every t 2 R , the level line ¡ t doesnot contain closedcurves.
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Let us also observe that if in addition u 2 C 1(­) and has isolated critical
points then the geometric index coincideswith the usual notion of index, namely
the index I (z0; u) of a critical point z0 2 ­ is de¯ned as the limit

I (z0; u) = lim
r ! 0

I
¡
B r (z0); u

¢
;

where, for each D ½½ ­ such that @D is smooth and contains no critical points
of u , I (D ; u) is given by

I (D ; u) = ¡
1

2¼

Z

@D
darg r u:

This, in fact, is a consequenceof [AM1, Lemma 3.1] which provides a classi¯cation
of isolated critical points of C 1 functions in the plane.

Theorem 2.3. Let ­ be a bounded simply connecteddomain in R 2 whose
boundary @­ is a simple closedcurve. Let g 2 C(@­) be such that

( § N ) @­ can be split into 2N consecutive arcs on which g is alternativ ely a non-
increasingand nondecreasingfunction.

If u 2 C(­) \ S (­) is such that uj@­ = g then the geometric critical points of u
are ¯nite in number and their geometric indices satisfy

X

z2 ­

I (z) · N ¡ 1:

Remark 2.4. Notice that the above assumption ( § N ) about g is equivalent
to saying that the set of points of relative maxima of g on @­ has at most N
connected components. Likewise, relative maxima can be replaced by relative
minima.

Proof of Theorem 2.3. The proof we give here is basedon ideasappearing in
[A2, Theorem 1.1], which are re-elaborated in a simpli¯ed version.

The present approach is based on the following observation. Let A be an
open subsetof ­ such that @A ½ @­ [ ¡ t for somet 2 R . We shall call such A a
cell. We have that, within ¹A , u attains either a maximum or a minimum strictly
larger or, respectively, smaller than t . Therefore, by (S.2), such an extremum is
attained at somepoint in the interior of @A \ @­ . Now, if we considerany family
F of pairwise disjoint cells, by our assumption on g, we have that F can have
at most 2N elements.

For any connectedcomponent L of a level line ¡ t , we set s(L ) :=
P

z2 L I (z) .
We have that ­ n L is made of 2

¡
s(L ) + 1

¢
connectedcomponents. This can be

proven by the arguments in [A2, Lemmas 1.1, 1.2, 1.3], seealso [S, Lemmas 2.8,
2.9]. An alternativ e proof may be outlined as follows.

The number of connected components of ­ n L remains unchanged if one
identi¯es to a single point each simple arc in L which joins any two contiguous
geometric critical points in L .
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Therefore, it su±ces to consider the casewhen L contains only a single geo-
metric critical point (or none). In such a caseL is composedof s(L ) + 1 simple
arcs all intersecting just once in the single geometric critical point (if it exists)
which split ­ into 2

¡
s(L ) + 1

¢
connectedcomponents.

Sincesuch connectedcomponents form a family of disjoint cells we have that
s(L ) · N ¡ 1. In particular L contains at most a ¯nite number of geometric
critical points.

Consider now any ¯nite family f L i g1· i · n of connectedcomponents of level
lines ¡ t i , i = 1; : : : ; n . We must show that

P n
i =1 s(L i ) · N ¡ 1. It su±ces to

prove that we can select,among the set of connectedcomponents of ­ n
S n

i =1 L i ,
a family F n of at least 2(1 +

P n
i =1 s

¡
L i )

¢
disjoint cells. We have just proved

that this is the casewhen n = 1 and we complete the proof by induction on n .
Take n > 1 and choosea component, say L n , such that L 1; : : : ; L n ¡ 1 all lie in
the sameconnectedcomponent of ­ n L n (the existenceof such L n follows from
a straightforward induction argument). Let A be the connected component of
­ n

S n ¡ 1
i =1 L i that contains L n . Denote by G the family of connectedcomponents

of ­ n L n contained in A and de¯ne F n as follows

F n := G [ (F n ¡ 1 n f Ag):

Since

# G = 1 + 2s(L n ); #( F n ¡ 1 n f Ag) ¸ # F n ¡ 1 ¡ 1 ¸ 1 + 2
n ¡ 1X

i =1

s(L i )

we have

# F n ¸ 2
µ

1 +
nX

i =1

s(L i )
¶

and all elements of F n are pairwise disjoint cells.

Let us now highlight an important subclassof S (­) . To do this it is useful
to identify R 2 and C in the standard way.

Prop osition 2.5. Let f be a non-constant locally quasiregular mapping
on ­ . Then Ref and Im f , the real and the imaginary parts of f , belong
to S (­) .

Proof. This result is a rather straightforward consequenceof the well-known
Ahlfors{Bers factorization theorem [AB]. For the sake of completenesswe outline
a proof. Since (S.1) and (S.2) are local conditions, possibly replacing ­ by a
compact subset we are allowed to suppose f quasiregular in ­ . The theory of
quasiregularmappings in dimension two (seealso [BJS, Chapter I I.6]) ensuresthe
representation by factorization f = F ±Â where Â: ­ ! B1(0) is quasiconformal
and F : B1(0) ! C is holomorphic. Since Â is a homeomorphism,it is enoughto
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observe that being ReF and Im F harmonic they belong to S
¡
B1(0)

¢
. This is

easily seen,noticing that, for each z0 2 ­ , F (z) ¡ F (z0) is asymptotic as z ! z0

to a homogeneouspolynomial c(z ¡ z0)n = jcj½n
¡
cos(nµ + µ0) + i sin(nµ + µ0)

¢

where c 2 C n f 0g, n ¸ 1, ½;µ are the polar coordinates centered at z0 , and µ0

is given by c = jcjeiµ 0 .

From Proposition 2.5 and Theorem 2.1 in [AM2], where it is proved that a
solution to a linear uniformly elliptic equation in divergenceform is the real part
of a quasiregular mapping, we get

Corollary 2.6. Let u 2 W 1;2
lo c (­) be a non-constant solution to

div(Ar u) = 0 in ­ ;

where the symmetric matrix A 2 L 1
lo c(­) is uniformly elliptic on the compact

subsetsof ­ . Then u belongsto S (­) .

The following proposition provides a variant to Corollary 2.6, in that it deals
with nondivergenceelliptic equations. Although we shall not make use of it in
the sequel,it may be interesting to note that it could provide an alternativ e ap-
proach to the proof of Proposition 3.3 below. We insert it here, for the sake of
completeness.

Prop osition 2.7. Let u 2 W 2;2
lo c (­) be a non-constant solution to

aij ux i x j + bi ux i = 0 almost everywhere in ­ ;

where the matrix A = (aij ) 2 L 1
lo c(­) is uniformly elliptic on compact sets of ­

and b1; b2 2 L 1
lo c(­) . Then u belongsto S (­) .

Proof. By the results of Bers and Nirenberg (see [BN] and also [BJS]) we
have that u 2 C 1;®

lo c (­) for some ®, 0 < ® < 1. Moreover, its critical points are
isolated and have positive index. Thereforeby [AM1, Lemma 3.1] u satis¯es (S.1).
Moreover (S.2) follows from Hopf's lemma (seefor instance [GT, Theorem 9.6]).

3. Critical poin ts for the anisotropic p-Laplacian

From now on we shall assumethat the coe±cient matrix A = (aij ) is sym-
metric and satis¯es the following conditions. For given constants ¸; L , 0 < ¸ · 1,
L > 0 we assume

¸ j»j2 · A(x)» ¢» · ¸ ¡ 1j»j2 for every » 2 R 2 and x 2 R 2;(3:1)

jA(x) ¡ A(y)j · L jx ¡ yj for every x; y 2 R 2:(3:2)

Theorem 3.1. Let ­ bea boundedsimply connecteddomain in R 2 verifying
an exterior cone condition and let @­ be a simple closed curve. Let A satisfy
(3.1) and (3.2). Let g 2 C(@­) be a non-constant function satisfying ( § N ). If
u 2 W 1;p

lo c (­) \ C(­) is the solution to (1.1) satisfying the Dirichlet condition
uj@­ = g, then the number of geometric critical points of u in ­ , when counted
according to their geometric index, is lessthan or equal to N ¡ 1.
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Remark 3.2. The exterior cone condition on ­ stated above has the only
motivation of providing a su±cient condition, both geometrically elementary and
independent of p, for the existence(and uniqueness)of a solution to the Dirichlet
problem which is continuous at every boundary point. More re¯ned conditions
basedon a Wiener test could be intro duced and for this matter we refer to [MZ]
and in particular Corollary 6.22.

Before proceeding to the proof of Theorem 3.1 let us perform some formal
calculations. Computing the divergencein (1.1), we get

div(jAr u ¢r uj(p¡ 2)=2Ar u)

= jAr u ¢r uj(p¡ 2)=2 div(Ar u) + r (jAr u ¢r uj(p¡ 2)=2) ¢Ar u

= jAr u ¢r uj(p¡ 2)=2
·
div(Ar u) +

p ¡ 2
2

r (Ar u ¢r u) ¢Ar u
Ar u ¢r u

¸
:

Therefore, formally speaking, u satis¯es the nondivergenceuniformly elliptic equa-
tion (as we shall seelater on in the courseof the proof of Proposition 3.3)

bij ux i x j + ci ux i = 0;

where

(3:3) bij = aij + (p ¡ 2)
(Ar u) i (Ar u) j

Ar u ¢r u
;

and

ci = aj i;x j +
p ¡ 2

2
aij Ax j r u ¢r u

Ar u ¢r u
:

Thus it is expected that u has indeed C 1;®
lo c regularity and hence,for u , the index

and geometric index should coincide. Such formal considerationsare justi¯ed by a
regularization argument, whosedetails are provided by the following proposition.
Let us remark that the local C 1;® regularity of a solution to (1.1) holds in any
spacedimension n ¸ 2 ([To], [DB]).

Prop osition 3.3. Let A satisfy the hypothesesin Theorem 3.1 and let
u 2 W 1;p

lo c (­) be a solution to (1.1). There exist constants ®; k , 0 < ® · 1,
0 · k < 1 only depending on p, ¸ and L such that for every G ½½ ­ there exist
s;h 2 C®(G; C) such that the following representation holds in G:

(3:4) uz = esh;

and h is a k -quasiregular mapping in G.

Notice that here, and in the sequel, we denote @z = 1
2 (@x 1 ¡ i@x 2 ) , @¹z =

1
2 (@x 1 + i@x 2 ) .
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Remark 3.4. We observe that the representation (3.4) automatically implies
the C1;®

lo c regularity of u and also that, if we assume­ connectedand u non-
constant, then its critical points are isolated and have positive index.

Proof of Proposition 3.3. Let D be such that G ½½ D ½½ ­ and @D is C 1 -
smooth. By standard molli¯cation let us construct functions g" 2 C1 (D) , " > 0,
such that g" convergesto u in W 1;p (D ) as " ! 0, and symmetric matrices A "

with C1 entries such that A " satis¯es conditions (3.1), (3.2) and A " converges
to A in W 1;q(D ) as " ! 0, for every q < 1 . For every " > 0, we consider
u" 2 W 1;p (D ) as the weak solution to

(3:5)
½

div(( jA " r u" ¢r u" j + " )(p¡ 2)=2A " r u" ) = 0 in D ;
u" ¡ g" 2 W 1;p

0 (D ):

For the regularizedboundary value problem (3.5), standard elliptic regularity the-
ory applies(seefor instance[GT, Theorems6.19,11.5])and it ensuresu" 2 C1 (D)
for every " > 0.

A computation for u" analogousto the one performed for u , yields

div
¡
(jA " r u" ¢r u" j+ " )(p¡ 2)=2A " r u" ¢

= (jA " r u" ¢r u" j+ " )(p¡ 2)=2[b"
ij u"

x i x j
+ c"

i u"
x i

];

where

b"
ij = a"

ij + (p ¡ 2)
(A " r u" ) i (A " r u" ) j

jA " r u" ¢r u" j + "
; i; j = 1; 2;

and

c" = (c"
i ) =

µ
a"

j i;x j
+

p ¡ 2
2

a"
ij A "

x j
r u" ¢r u"

jA " r u" ¢r u" j + "

¶
:

This allows us to rewrite (3.5) in the form

b"
ij u"

x i x j
+ c"

i u"
x i

= 0:

Let us study the ellipticit y of

B " = (b"
ij )2

i;j =1 = A " + (p ¡ 2)
(A " r u" ) ­ (A " r u" )
jA " r u" ¢r u" j + "

;

where v ­ w denotes, for v; w 2 R 2 , the matrix (vi wj )2
i;j =1 . Since for each

symmetric matrix M , the equalities M (v ­ w) = (M v) ­ w and (v ­ w)M =
v ­ (M w) hold, we have

B " =
p

A "

µ
I + (p ¡ 2)

(
p

A " r u" ) ­ (
p

A " r u" )

j
p

A " r u" j2 + "

¶ p
A " :
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Observing that

0 ·
(
p

A " r u" ) ­ (
p

A " r u" )

j
p

A " r u" j2 + "
» ¢» · j»j2 for every » 2 R 2;

we get

minf 1; p ¡ 1gj»j2 ·
µ

I + (p ¡ 2)
(
p

A " r u" ) ­ (
p

A " r u" )

j
p

A " r u" j2 + "

¶
» ¢»

· maxf 1; p ¡ 1gj»j2:

This shows that B " satis¯es an ellipticit y condition like (3.1) when ¸ is replaced
by a constant 0 < ~̧ · 1 only depending on p and ¸ . Let us stress that ~̧

is independent of " . Similarly we obtain that c" satis¯es a uniform L 1 bound
independent of " . By well-known computations (seefor instance [BJS]) we have,
setting f " := u"

z ,
f "

¹z = ¹ " f "
z + º " f "

z + ° " f " + ±" f "

with ¹ " ; º " ; ° " ; ±" 2 L 1 (D ) such that

j¹ " j + jº " j · k < 1; j° " j + j±" j · K < 1 in D ;

where k and K only depend on p;¸ and L .
Thus, for each " > 0, the Bers{Nirenbergfactorization (see[BN] or [BJS, I I.6])

applies to f " . That is, f " = es"
h" , where h" is k -quasiregular in D and s" is

®-HÄolder in D for some ®, 0 < ® < 1, independent of " , ks" kC 0;® (D ) · C =
C(k; K ) .

The ellipticit y of B " also implies (seefor instance Talenti [Ta]) a C 1;®
lo c esti-

mate for each u" , independent of " . More precisely

(3:6) kr u" k1 ;G + jr u" j®;G · Ckr u" kp;D

with ® and C independent of " .
By the uniquenessof the W 1;p solution to the Dirichlet problem for equation

(1.1) we have that there exists a sequence" n ! 0 such that u" n convergesto u
weakly in W 1;p (D ) and, by (3.6) and the Ascoli{Arzelµa theorem, possiblychoosing
a smaller ®, 0 < ® < 1, is also convergent in C 1;®(G) . Possibly passing to
a subsequence,also s" n convergesto s 2 C ®(G; C) and h" n = e¡ s" n f " n ! h
in C®(G; C) . Thus, h being the uniform limit of a sequenceof k -quasiregular
mappings, we also have that h is k -quasiregular [LV, I.4.9] and uz = esh in G.

Proof of Theorem 3.1. Let u" 2 W 1;p
lo c (­) \ C(­ ) , " > 0, be the solution to

the regularized equation

div(( jA " r u" ¢r u" j + " )(p¡ 2)=2A " r u" ) = 0 in ­
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with Dirichlet data
u" = g on @­ ;

where A " is as in Proposition 3.3. In view of the theory in [MZ] we have that u"

convergesto u in C(­ ) , and also in the C 1;®
lo c (­) sense.Let us ¯x an open subset

D ½½ ­ with C 1 -boundary such that u does not have critical points on @D .
Sincethe critical points of u are isolated, it su±ces to prove, by the arbitrariness
of D , that the number of critical points of u in D , counted according to their
index, is · N ¡ 1.

Since u" n is smooth, its index and geometric index coincide. Moreover, by
construction, we can consider u" n as the solution of the elliptic equation in diver-
genceform

div( ~An r u" ) = 0 in ­ ;

where
~An = (jA " n r u" n ¢r u" n j + " )(p¡ 2)=2A " n ;

for which the hypothesesof Corollary 2.6 apply. Therefore

I (D ; u" n ) · N ¡ 1:

By the C1(D) convergenceof u" n to u and since jr uj is uniformly boundedaway
from 0 on @D , we have that arg r u" n convergesuniformly to arg r u as n ! 1
and that u" n , for n large enough,doesnot have critical points on @D . Hencewe
obtain

I (D ; u) =
Z

@D
darg r u = lim

n !1

Z

@D
darg r u" n = I (D ; u" n ) · N ¡ 1:

Remark 3.5. It is known (see [HKM, Theorem 6.5]) that a non-constant
solution u to (1.1) on a simply connecteddomain veri¯es a maximum principle in
the (S.2)-form. Since, in Proposition 3.3, we have proved that u 2 C 1;®

lo c (­) and
its critical points are isolated, in view of [AM1, Lemma 3.1], we also obtain that
u belongsto the class S (­) .

4. The strong comparison principle

Theorem 4.1 (Strong comparison principle). Let ­ be a bounded domain
in R 2 , let A satisfy (3.1), and (3.2), and let u0; u1 2 W 1;p

lo c
(­) be two distinct

solutions to (1.1). If u0 · u1 in ­ , we have u0 < u1 everywhere in ­ .

We ¯rst prove the following lemma.

Lemma 4.2. Let F : R 4 n f 0g ! R be de¯ned by

F (X 0; X 1) =
Z 1

0
jtX 0 + (1 ¡ t)X 1jp¡ 2 dt

for each pair (X 0; X 1) of vectors in R 2 . Then there exist two constants 0 < cp ·
Cp < + 1 only depending on p such that

(4:1) cp(jX 0j2 + jX 1j2)(p¡ 2)=2 · F (X 0; X 1) · Cp(jX 0j2 + jX 1j2)(p¡ 2)=2

for every (X 0; X 1) 2 R 4 n f 0g.
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Proof. Let G1 denote the subset of R 4 n f 0g consisting of pairs (X 0; X 1)
such that 0 doesnot belong to the segment [X 0; X 1] . If (X 0; X 1) 2 G1 then

0 < dist (0; [X 0; X 1]) · jtX 0 + (1 ¡ t)X 1j · maxfj X 0j; jX 1jg < + 1 :

Notice that dist (0; [X 0; X 1]) and maxfj X 0j; jX 1jg are continuous functions of
(X 0; X 1) in G1 . We get,

0 <
¡
dist (0; [X 0; X 1])

¢p¡ 2
· F (X 0; X 1) ·

¡
maxfj X 0j; jX 1jg

¢p¡ 2
< 1 when p ¸ 2;

and

0 <
¡
maxfj X 0j; jX 1jg

¢p¡ 2
· F (X 0; X 1) ·

¡
dist (0; [X 0; X 1])

¢p¡ 2
< 1 when p · 2:

Consequently , there exist two continuous and positive functions Á1 and ©1 on
G1 , only depending on p, such that Á1 · F · ©1 on G1 .

Let G2 denote the subset of R 4 n f 0g consisting of the pairs (X 0; X 1) such
that X 0 6= X 1 . Notice that on G2 we have a uniquely determined, continuous
function ¿ de¯ned, for each pair (X 0; X 1) , by

¯
¯¿(X 0; X 1)X 0 +

¡
1 ¡ ¿(X 0; X 1)

¢
X 1

¯
¯ = min

t 2 R
jtX 0 + (1 ¡ t)X 1j:

Fix (X 0; X 1) 2 G2 and set ¿ = ¿(X 0; X 1) . Since X 0 ¡ X 1 is perpendicular to
¿X 0 + (1 ¡ ¿)X 1 , then, for all t 2 [0; 1],

jt ¡ ¿j jX 0 ¡ X 1j · j(t ¡ ¿)(X 0 ¡ X 1) + ¿X 0 + (1 ¡ ¿)X 1j

= jtX 0 + (1 ¡ t)X 1j · maxfj X 0j; jX 1jg:

Let us remark that Z 1

0
jt ¡ ¿jp¡ 2 dt =

Z 1¡ ¿

¡ ¿
jsjp¡ 2 ds;

therefore, being p ¡ 2 > ¡ 1,
R1

0 jt ¡ ¿jp¡ 2 dt is a continuous function of ¿ and,
consequently , of (X 0; X 1) in G2 . As we did for G1 , also on G2 we can bound
F from above and below by two continuous positive functions, say Á2 , ©2 , only
depending on p.

Since F is homogeneousof degreep ¡ 2, we have

F (X 0; X 1) = (jX 0j2 + jX 1j2)(p¡ 2)=2F (»0; »1);

where

»i =
X i

(jX 0j2 + jX 1j2)1=2
; i = 0; 1;

in such a way that (»0; »1) 2 S3 , where S3 denotesthe unit spherein R 4 .
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Let f ®1; ®2g be a partition of unit y on S3 subordinate to the covering
f G1; G2g. Then

®1Á1 + ®2Á2 · F · ®1©1 + ®2©2 on S3;

and the desiredestimate (4.1) holds with

cp = min
S3

(®1Á1 + ®2Á2); Cp = max
S3

(®1©1 + ®2©2):

Proof of Theorem 4.1. Without loss of generality we can assumethat either
u0 or u1 is non-constant. Set v = u1 ¡ u0 and, for t 2 [0; 1], ut = tu1 + (1 ¡ t)u0 .

For each test function ' 2 W 1;p
c (­) we have

0 =
Z

­

¡
jAr u1 ¢r u1j(p¡ 2)=2Ar u1 ¡ jAr u0 ¢r u0j(p¡ 2)=2Ar u0

¢
¢r '

=
Z

­

µ Z 1

0

d
dt

¡
jAr ut ¢r ut j(p¡ 2)=2Ar ut

¢
¢r '

¶
dt:

A calculation givesus

d
dt

¡
jAr ut ¢r ut j(p¡ 2)=2Ar ut

¢

= jAr ut ¢r ut j(p¡ 2)=2Ar v + (p ¡ 2)jAr ut ¢r ut j(p¡ 4)=2(Ar ut ¢r v)Ar ut

= jAr ut ¢r ut j(p¡ 2)=2(A + (p ¡ 2)
Ar ut ­ Ar ut

Ar ut ¢r ut
)r v;

and we obtain Z

­
A r v ¢r ' = 0 for all ' 2 W 1;p

c (­) ;

where

(4:2) A =
Z 1

0
jAr ut ¢r ut j(p¡ 2)=2

µ
A + (p ¡ 2)

Ar ut ­ Ar ut

Ar ut ¢r ut

¶
dt:

This meansthat v 2 W 1;p
lo c (­) is a weak solution to

(4:3) div(A r v) = 0 in ­ :

Notice that

A =
Z 1

0
jAr ut ¢r ut j(p¡ 2)=2B t dt;

where B t is the matrix B in (3.3) when u is replaced by ut . By the same
arguments usedin the proof of Proposition 3.3 we have

~̧j»j2 · B t » ¢» · ~̧¡ 1j»j2 for every » 2 R 2 and x 2 R 2;
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where ~̧ only dependson p and on ¸ . Denoting by ¸ 1 , ¸ 2 the eigenvaluesof A ,
¸ 1 · ¸ 2 , we obtain

~̧
Z 1

0
jAr ut ¢r ut j(p¡ 2)=2 · ¸ 1 · ¸ 2 ·

1
~̧

Z 1

0
jAr ut ¢r ut j(p¡ 2)=2:

By the ellipticit y assumption on A and the de¯nition of F given in Lemma 4.2,
we obtain

~̧̧ jp¡ 2j F (r u0; r u1) · ¸ 1 · ¸ 2 ·
1

~̧̧ jp¡ 2j
F (r u0; r u1):

Denote by S the set of critical points common to u0 and u1 . Proposition 3.3
implies that S is discrete. From Lemma 4.2 it follows that the equation (4.3) is
uniformly elliptic in each D ½½ ­ n S. If such a D is also connected, then we
have that v is either strictly positive or identically equal to zero in D . From the
arbitrariness of D we obtain that either v ´ 0 or v > 0 in ­ nS. In the ¯rst case
we would have, by continuit y, that v ´ 0 in ­ , contrary to the hypothesis that
u0 6= u1 . So the secondcaseis true.

Pick a neighborhood V of z0 2 S such that @V \ S = ; and let m > 0 be
the minimum of v on @V . The weak maximum principle for the solutions to the
equation (1.1) (seefor instance [HKM, Theorem 7.6]) leadsto u0 + m · u1 in V
and, in particular, in z0 .

Then u0 < u1 everywhere in ­ .

5. The generalization of Rad¶o's theorem

Theorem 5.1. Let ­ be an open bounded simply connecteddomain in R 2

satisfying an exterior cone condition and let @­ be a simple closedcurve, G a
bounded convex domain in R 2 and © = (Á1; Á2): @­ ! @G a sense-preserving
homeomorphism. Set U = (u1; u2) where, for i = 1; 2, ui 2 W 1;p

lo c (­) \ C(­ ) is
the solution to

½
div(jAr ui ¢r ui j(p¡ 2)=2Ar ui ) = 0 in ­ ,
ui j@­ = Ái ;

and the matrix A satis¯es (3.1) and (3.2). Then
(a) U is a di®eomorphismfrom ­ onto G and det DU > 0 in ­ .
(b) If, moreover, @­ 2 C 1;® , 0 < ® < 1, satis¯es an interior spherecondition and

© 2 C1;®(@­) , then U is a di®eomorphismfrom ­ onto G and det DU > 0
in ­ .

Before proving the theorem, let us recall the notion of Brower degree. If
ª 2 C1(­; R 2) \ C(­ ; R 2) and y 2 R 2 n ª (@­) then

deg(ª ; ­ ; y) :=
Z

­
f

¡
ª (x)

¢
det Dª (x) dx
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for any f 2 C 1 (R 2; R ) with compact support in the connected component of
R 2 n ª (@­) containing y and such that

Z

R 2
f (x) dx = 1:

It is known that deg(ª ; ­ ; ¢) is integer-valued, constant on connectedcomponents
of R 2 n ª (@­) and within such domains it only depends on ª j@­ . Moreover, if
det Dª (x) 6= 0 for each x 2 ª ¡ 1(y) , we have

(5:1) deg(ª ; ­ ; y) =
X

x 2 ª ¡ 1 (y )

sgn
¡
det Dª (x)

¢
:

Proof of Theorem 5.1. (a) The ¯rst, topological, step shall consist in verifying
that G µ U(­) . Since © is orientation preservingand since,as seen,deg(U; ­ ; y)
only dependson Uj@­ = ©, we have, for each y 2 G,

(5:2) deg(U; ­ ; y) = 1:

Let E = U(­) \ G. If E is not densein G, we can pick f 2 C 1
0 (G n E) such

that
R

GnE f (x) dx = 1. Hencewe have

Z

­
f

¡
U(x)

¢

| {z }
´ 0

det DU(x) dx = 0;

which contradicts (5.2). From the continuit y of U we deduce, as desired, G µ
U(­) .

Let us denote, for every µ 2 [0; ¼[,

uµ = u1 cosµ + u2 sinµ:

Notice that the convexity of G implies, for each µ, that the number of connected
components of points of maximum of uµj@­ = Uj@­ ¢(cosµ; sinµ) is exactly equal
to 1. By Theorem 3.1 we then obtain that u0 = u1 and u¼=2 = u2 do not have
critical points in ­ .

Applying to uµ the interpolation argument used for v in the proof of Theo-
rem 4.1, we get, in analogy to (4.3) and (4.2), that uµ is a weak solution to

div(A µr uµ) = 0 in ­ ;

where

A µ =
Z 1

0
jAr uµ;t ¢r uµ;t j(p¡ 2)=2

µ
A + (p ¡ 2)

Ar uµ;t ­ Ar uµ;t

Ar uµ;t ¢r uµ;t

¶
dt;
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and uµ;t = tu2 sinµ + (1 ¡ t)u1 cosµ for t 2 [0; 1].
Since u1 and u2 do not have critical points in ­ , the matrix A µ , by virtue

of Lemma 4.2, is uniformly elliptic on every compact subsetof ­ .
By Corollary 2.3 and Remark 3.2 we have that uµ belongsto S (­) for each

µ 2 [0; ¼[. In particular (S.2) implies U(­) µ G sincea convex subsetof the plane
coincideswith the intersection of the half-planescontaining it. Thus, U(­) = G.

Notice that uµ hasa unique component of maximum on @­ . By Theorem 2.3
we then have that r uµ 6= 0 in ­ for each µ 2 [0; ¼[, that is, det DU 6= 0
everywhere in ­ .

By continuit y, det DU > 0 in ­ and thus, by (5.1),

# f U ¡ 1(y)g = 1 for all y 2 G:

(b) Let us intro duce, for i = 1; 2, the regularized solutions ui;" associated to
ui as we did in Theorem 3.1. That is, for every " > 0, ui;" is the solution to the
regularized equation

div
¡
(jA " r ui;" ¢r ui;" j + " )(p¡ 2)=2A " r ui;" ¢

= 0 in ­

coupled with the Dirichlet condition ui;" j@­ = Ái .
A regularity result due to Lieberman [Li, Theorem 1] implies that u i;" satisfy

a uniform C 1;®(­ ; R ) bound for some ®, 0 < ® · 1, independent of " and the
samebound applies to ui , i = 1; 2.

Next we prove that det DU > 0 on @­ . Let us ¯x µ 2 [0; ¼[ and x0 2 @­ . If
x0 is a critical point of uµ , then the derivative of uµ with respect to the tangent
unit vector is zero. Thus x0 lies in a component of points of maximum or of
minimum of uµ . Otherwise @G should have a point of in°ection contrary to the
hypothesis that G is convex.

Now, let x0 be a point of, say, minimum for uµ and let us prove that x0 is
not a critical point for uµ . Supposefor the moment µ = 0, that is uµ = u1 . Since
u1;" j@­ = u1j@­ , x0 is a point of minimum for each u1;" . Then the Hopf maximum
principle (seefor instance [GT, Lemma 3.4]) applies to u1;" . Thus, denoting by º
the inward unit normal to @­ at x0 , we have

@u1;"

@º
(x0) ¸ C > 0 for every "; 0 < " · 1;

where C is independent of " .
Thus passingto a limit on a subsequence" n & 0 we obtain

@u1

@º
(x0) > 0

and thus r u1(x0) 6= 0. Analogous considerations hold when x0 is a point of
relative maximum and also for u2 . Therefore we have that both r u1 and r u2

never vanish in ­ .
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Hence the matrix A µ is uniformly elliptic in all of ­ and its entries are in
C ¯ (­) , for each µ in [0; ¼[. We are then justi¯ed in applying to uµ , at a point of
relative maximum or minimum x0 , the generalizedHopf maximum principle due
to Finn and Gilbarg [FG, Lemma 7] which applies to the caseof elliptic equations
in divergenceform with HÄolder continuous coe±cients. Hencewe obtain that the
derivative of uµ along the inward normal to @­ at x0 doesnot vanish. Thus x0

is not a critical point for uµ for any µ 2 [0; ¼[.
As we did in (a), by the arbitrariness of µ, we deducethat det DU 6= 0 on

@­ and, by continuit y, det DU > 0 everywhere in ­ .
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