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Abstract. We show that for eath 1- ®< d and K < 1 thereis a subset X of RY such
that dim(f (X)) , ®= dim(X) for every K -quasiconformalmap, but suc that dim(g(X)) can
be made as small as we wish for some quasiconformal g, i.e., the conformal dimension of X is
zero. Thesesetsare then usedto construct new examplesof minimal setsfor conformal dimension

and setswhere the conformal dimensionis not attained.

1. Intro duction

Given a compact metric spaceX we de ne its conformal dimension as
i ¢
Cdim(X ) = inf dim'f (X)

where the in m um is over all quasisymmetric maps of X into somemetric space
and\dim" denotesHausdor®dimension. This wasintro ducedby Pansuin [10]. See
also[4] and [15]. A setis called minimal for conformal dimension if Cdim(X) =

dim(X), i.e., no quasisymmetricimage can have smallerdimension. Sud examples
obviously exist in integer dimensionsfor topological reasons,e.g., a line segmet is
one-dimensionaland any imageis connected,hencehasdimension, 1. Examples
with non-integer dimension are much lessobvious, but were shown to exist in [10]
and [15] (seealso Section5, Remark 1). In this paper, we strengthen this result by
shawing that \lo cally minimal" setsfor conformal dimensionexist in the following

sense.

Theorem 1. Supposethat 1- ®< d and K < 1 . Then there is a compact,
totally disconn@ctedset X % RY of Hausdor®dimension ® sud that
1. dim'f (X) , ® for every K -quasisymmetric map of X to a metric space,
2. for any "¢ O there is a quasiconformal map g of RY to itself sud that
dim g(X) < ". In particular, Cdim(X) = 0.
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Recall that a map f between metric spacesis quasisymmetric if there is a
homeomorphism” of [0;1 ) to itself such that

(1) Xiyi- txiozgo) )i fyi- "Oif ()i ()i

In the caseof maps of RY onto itself, d , 2, this classof mappings is the same
asthe classof quasiconformalmaps.
In this paper, we will say that f is K -quasisymmetricif (1) holds for some
“ with “(1)" (1=K) - 1. (Note that for any quasisymmetric map this is true for
someK .) If f is K -quasisymmetric, then for any four points a;b;c;d sud that
jci dj, Kjaj ¢, Kjaj b we have
noo |

@ if@i f(Bi- "@if(@i f(9j- ") Ki jf@i f(dj- if(9i f(di:

The existenceof locally minimal sets implies the existence of minimal sets
sincewe may take X = X, whereead X, is chosenusing Theorem 1 with
® = ® = ¢¢= ® and K; < K, < ¢¢% 1 (to make X compact we may
assumethat diam(X,) ! 0 and that fX,g accunulates at somepoint of X).
Thus we have

Corollary 2. For every ®2 [1;d), thereis atotally disconnectedset X % RY
sudc that Cdim(X) = dim(X), i.e., X is minimal for conformal dimension.

All of the previously known examplesof setsof minimal conformal dimension
either contain nontrivial paths [10], [15] or are nonremovable setsfor quasiconfor-
mal maps (and hencehave dimension , dj 1) [1]. The proof givenin [15] makes
use of the notion of generalizedmodulus introduced by Pansu in [10], [11] and
dewelopedin [14]. However, a simpler argumert can be given which avoids the use
of Pansu'sgeneralizedmodulus, seeTheorem 15.9of [6]*. Our proof of Theorem 1
is closely modelled on this secondargumert. S

Another application of Theorem 1is to take X = X, where Crle)n & @ and
Kn % 1 . In this case,it is easyto seethat Cdim(X) = ®, but dim f(X) > ®
for any quasisymmetric f . Thus we have

Corollary 3. For every ®2 [1;d) thereis aset X ¥%2RY sothat Cdim(X) =
®, but this dimensionis not attained for any quasisymmetricimage of X .

This answersa questionfrom [3] wherethis result wasprovedfor ®= 1. That
paper was motivated by a question of J. Heinonen ([6, Section 15]) asto whether
or not the conformal dimensionis always attained by somequasisymmetricimage.

1 The secondauthor wishesto adknowledge Mario Bonk for a valuable discussionduring

which this latter proof was developed.
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2. Some background

Before proving Theorem 1, we recall the de nition and basic properties of
Hausdor®dimension. For ® ; 0, the ®-dimensionalHausdor®content of a metric
spaceX is de ned as

1/2X S 3/4
Ha (X) = inf (X Y% B(Xj;rj)
j ]

and the Hausdor®dimensionis
3) dim(X) = inff®: H ®1 (X) = 0g:

In general,onegivesan upper bound for dim(X) by nding an explicit cover of X

with small Hausdor®sum. One can give a lower bound usingtlhe masgdistribution
C T o . ®

principle: if X supports a positive measure® suc that ?! X; r? - Cr ¢for

evpry ball B(x;r), then dim(X) , ® (since 0 < *(X) - it B(xj;rj)

C ;r{ for any cover of X).

For our purposes,it is useful to note that one neednot cover X by balls in
order to computeits dimension. Wewill say a collection of setsC is a nice covering
collection if there are constarts C1;C, < 1 sudch that any ball B(x;r) can be
coveredby at most C; elemers of C ead of which hasdiameter at most Cor . If
we de ne

£ | 1/2X | . S ¥
e (X)=inf diam(g;)" : X %2 Ej; E; 2C ;
j J

then it is easyto ched that Hg (X) - H (X) - CiCPHE (X). Thus the
de nition of the Hausdor® dimension (3) is unchanged if we replace H 4  with
H < for somenice covering collection C. The most commonly used collection of
this type is the collection of dyadic cubesin R¢.

We will also usethe following easyobsenation. If C is a nice covering col-
lection for X and f: X ! Y is quasisymmetricthen f(C) = ff(E):E 2 Cg is
a nice covering collection for Y. Indeed, if B is a ball in Y then by de nition
F = fiY(B) is cortained in a ball of radius diam(F) and hencecan be covered by
C; setsin C of diameter at most C,diam(F). The imagesof these C; setsunder
the map f cover B and have diameter at most ~ (2C,)diam(B) by quasisymmetry
(seeTheorem 2.5 of [13]), as desired.

In this paper we will consider sets constructed as follows. We will x a -
nite number of collections F;, j = 1;:::;m, where F; consistsof N; (closed)
subcubesof [0; 1]%, eac with side length "i and with disjoint interiors and sides
parallel to the coordinate axes. We will also x a partition of the natural numbers
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N = f0;1;2;:::g into m sets E;;:::;En. Given this data we de ne a nested
sequenceof compact sets X ¥ X1 % ¢¢¢ inductively, setting X, = [0;1]® and
letting X,+1 be the set obtained by replacing eadh componernt cube in X,, by a
scaledcopy of the family F; for which E;.3 n. Note that X, isa nite union of
cubesall of which have side length r,, = nite(k), where "(k) = "; if and only
if k2 E;. Finally, welet X = X,.

If Cy éjenotesthe collection of componert cubesof X, , then it is easyto see
that C = | C, is anice covering collection of X asfollows. Givenaball B(x; r)
in X choosethe smallest n such that r, - r. Then B(X;r) is covered by the
union of those cubesin C, which meetit. The number of thesecupesis unHo_rmLy
bounded since they have disjoint interiors, are all contained in B x; (1 + d)r
and all have diameter at most "r , where " = min; "; .

It is now easyto compute the Hausdor®dimensionof X as

P”illogN(k) P'”llogN(k)
(4) dim(X ) = lim inf —k=0 = lim inf —p=0 :
n'l log(1=ry) i Ly logt (k)

where N (k) = N; if and only if k 2 Ej. To show that dim(X) is at most the
right-hand side of (4), one simply takesall nth generation cubesasa cover of X .
To prove the opposite direction one applies the massdistribution principle to the
measure! which givesall nth generation cubesequal mass. The details are left
to the reader.

If welet p(n;j) = (1=n)#( E; \ [0;n]), where #( S) denotesthe cardinality
of the set S, then (4) can be rewritten as

m

g=1 P(n;])logN;
i 2y P(n;j)log”;”

(5) dim(X ) = lim inf

3. Construction of the space X of Theorem 1

Let ® 2 [1;d) and let K 2 [1;1 ) be xed. Choosean ewen integer N so
that N , 8K andlet " = 1=N. Let g denote the unit vector in RY in the x;
direction. The construction is basedon three families of subcubesof [0; 1]°. Let
F ;1 bethe collection of N9 subcubesof sidelength " with disjoint interiors. Thus
", =" and N; = N9. Let F, % F; be the collection of N cubeswhich hit the
X1 axis,so"> =" and N> = N .

The third collection of cubes, F 3, will consistof N3 = N cubes with side
length "3 = 1:(%N + 2) = 2'=(1+ 4") arrangedin two parallel rows. The rst row
consistsof cubesof the form "3Qq + j"3e; for j = 0;3; 4;:::;%N + 1. Note that
the indices | = 1;2 are skipped, leaving a gap of size 2"3 in the row. The second
row consistsof cubes of the form "3Qq + j"3e1 + 3"3e, for j = 1;2;:::; %N . In
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Figure 1. The collection F 3 with N = 12, "3= 1
this row, the rst and last cubesare omitted. SeeFigure 1 for the picture of F 3
in two dimensions.

We de ne the set X following the procedureoutlined in the previous section.
Assumethat we have divided the natural numbers N = f0; 1;2; 3;:::g into three
disjoint setsN = E1[ E»[ Es. Let Xo = [0;1]°. In general,if X, is a nite
union of cubes, construct X,+1 %2 X, by rqnplacing ead cube in X, by a scaled

copy of Fj if n 2 E;. Thendene X = | X,. For future regerence,we will
denote the collection of cubesmaking up X, as C, and Ifat c= ,GC,.
Asscciated to X, we de ne an auxiliary set Y = Y, which is de ned

similarly exceptthat weuseF; if n2 E; andweuseF, if n2 E,[ E3 (so
F 3 is never used). Clearly Y = [0;1]£ Z is a product set containing horizontal
line segmeits and we will eventually choosethe setsEj; E,; E3 sothat dim(X) =
dim(\é). The collection of cubes making up Y, will be denoted D, and we let
D= Dp.
Nenxt we want to de ne a mapping T: D ! C with the properties that
(1) T(0;1]) = [0;1];
(2) T: D, ! C, isonto;
(3) if Q°2 Dp+1, Q2 D, and Q%% Q then T(QY %L T(Q).
This is easyto do by induction. Condition (1) starts the induction and if T has
beende ned down to level n then we de ne it at level n+ 1 usingthe identit y map
if n2 E;[ E» (sincein this casethe samepicture occursin the construction of
both X and Y ) andif n 2 E3 then we chooseany surjective map from F, to F 3
(there is one since F 3 hasthe samenumber of elemerns as F ,). SeeFigure 2.
The map T alsoinducesa map from closedsetsof Y to closedsetsof X as
follows. For K »2Y closed,let

S
TKy="' ° T

n Q2Cp
Q\ K 6

Later we will be particularly interestedin the setsT(L) whereL = [0; 1]£ fzg
isaline segmen in Y . Wewill usethe fact that for eath generationalcube Q 2 C,
the set T(L)\ @ consistsof exactly two points.

Next we want to de ne the sets E;;E5;E3 sothat dim(X) = dim(Y) = ®.
First we dealwith dim(Y) = ®. Let F = N nE; = E»[ E3. If wechooseE; so
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Figure 2. De ning the bijection T from D to C
that #(E1\ [0;n]) ®i 1
. 1 nl) _ 1y - B L
am = = Am e )=
then by (5),
i ¢
;1) logN1+ 1 01 N
dim(Y) = lim p(n; 1) log 1 : i p(n; )‘JYPOQ "2
nl i p(n;1)log”yi  1j p(n;1)¢I09 2
i
i dp(n;1)log" i 1; ;1) log" _
= lim ! p(n; 1)log™ i ' p(n; 1) log = lim 1+ (dj 1)p((n;1) = ®:
n'l i log nll

One way to do this explicitly isto put 02 E; andin generalput n+ 12 E; if
and only if i ¢
p(n; 1)logNs + 1§ p(n;1) JogN2 _

i p(n;1)log"1i 1i p(n;1) log",

and otherwise put n+ 1 in F, the complemen of E;. In this caseit is easyto
seethat j®, i ®,+1] = O(1=n) and ®,+; is either closerto ® than ®, is, orit is
on the other side of ®. Thus

oo T

& i =0 0

If we de ne a measure® on Y by giving all of the cubesin D, the samemass,
then the measureof any Q 2 D,, is at most

(6) 1(Q) = 1(QF - (T - C Q)

for someabsolute constart C. (since I(Q) = "").
Next we want to split the set F ¥2 N into disjoint setsE, [ E3z. Do this in
any way so that

(7 ”rqllinf %#( Es\ [O;n]) = O;
and
(8) Iin?lsup%#( Esz\ [O;n]) > O:
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For example, we can take Ez3 = fn 2 F : (2m)! - n< (2m + 1)! for somemg.
We will shawv (7) implies dim(X) = ®, while (8) implies Cdim(X) = 0.

SinceNz = N, and "3, "o, it isclearfrom (5) that dim(X) , dim(Y) = ®.
On the other hand, by taking a sequencef ngg such that limy;;  p(ng;3) = 0, we
seethat (5) implies

dim(x) - lim P DI0gN1 + p(ni; 2) logN,

= dim(Y):
k1 j p(ng;1)log"1i p(nk;2)log"» (¥)

Thus dim(X) = dim(Y) = ®.

4. Pro of of Theorem 1

To show that the conformal dimension of X is zero, we simply note that the
squaresin F 3 comein three connectedcomponerts U;; U,; Us which have disjoint
"3=2 neighborhoods V1;V,; V3 respectively (seeFigure 3).

- A
Imi |

| | |
\ = /

~

Figure 3. Disjoint "3=2 neighborhoods for the componerts U;; U; Uz

We may shrink the squaresin eath componert by any factor £+ > 0 by a
map which is the identity outside Vi [ V> [ Vs, is linear and conformal in eat
of Uy;Uy; Uz and which is quasiconformal with constart depending only on =.
The set which we obtain by replacing F 3 by the new pattern and repeating the
construction of Section 2 is the image of X under a global quasiconformalmap g
of RY. This new pattern has N3 squaresof size #'; and soits dimension by (5)
is

p(n; 1)logN1 + p(n; 2)logN; + p(n; 3) logN3
i p(n;1)log"1i p(n;2)log”zi p(n;3)(log++ log"s)’

P ¢
dim'g(X) - lim inf
n'l

Sincelim sup,;;  p(n; 3) > 0 and we can make + assmall aswe wish while keeping
everything else xed, we seethat dim g(&() may be as small aswe wish.

Next, we must show that dim' f (X) , ®if f is K -quasisymmetric (in the
sensede ned before). By rescalingwe may assumethat

' ¢
(9) dist'f(X\ fx,=0g);f(X\ fx;=1g) = L
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Now suppose %is a non-negative Borel function on Y sud that
YA 1
%x;z)dx, 1
0

for any z 2 Z; we call such a %admissible Then
z 1
1. %x; z)® dx
0
for all z2 Z by HAlder's inequality (since ®, 1), which implies
Z

(10) 1- %x; 2)® dt (z;x):
Y

Howewer, if dim'f (X)¢ < ® then we carp_nd a cover fWyg of f (X) using the
nice covering collection f (C) suc that |, diam(Wy)® is as small as we wish,
say < Ci !, where C. is asin inequality (6). The cover f Wyg corresponds to
a covering of X by cubesin C, which in turn correspondsto a cover of Y by
cubesin D via the correspondenceT . Let fQxg ¥ D denotethis cover of Y and
assume(as we may) that the cubes f Qxg have disjoint interiors.

De ne a function %on Y as %y) = diam(Wx)=I(Qx) if y 2 Qx (where [(Q)
denotesthe sidelength of Q). Then %is well de ned excepton a setof ! measure
zero and by (6),

z X g ® X
1 = W1 . . ; ® .
y o% d e (Qu) - C k diam(Wy)® < 1

If we can shav %is admissible, then this cortradicts (10) and we are done.

Fix aline L = [0;1]£ fzg% Y andfor ead Q 2 D let xo and yq bethe two
points of @ (Q)\ T(L) (and assumethe rst coordinate of xq is smaller than
the rst coordinate of yg). Let D(L) bethe collection of cubesin our cover of Y
which hit L and, for Q 2 Dy, let D(L; Q) be the collection of cubes Q°2 Dy 41
which hit L Iand which are cortained in Q. Let d(Q) = jf (Xq) i f(yq)j. Then
d(Q) - diam f(T) and we claim that for Q 2 D,

X
(11) d(Q%), d(Q):
Q%2D(LQ)
If we can prove this, then a simple induction shows that

Z, X
%x; z) dx = diam(W) , d(Xo) = jf (xxo) i Flyxo)i, 1
0

k
Qk2D(L)
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by (9) (recall that X = [0;1]°) and we will be done.
To prove (11) it sutcesto considerwhat happensfor eat of the three replace-

(11) holds by the triangle inequality:

. . )(\l . . )(\I
d(Q) = jf (xQ) i f(yQli- JFxq)i Tlyg )= d(Q):

ji=1 i=1

For F 3 assumethat the %N cubesin the rst row are numbered from 1
to %N ordered by the x; coordinate and the secondrow is similarly labeled

K=2
d(Q) - d(Qu1) + jf (Yo.) i f(xq,)i+ | d(Q;);

j=2
and so we are done provided that

- - >(\I
F(yQ.) i f(xQ.)i- d(Qj):

j=1+ N=2
Again by the triangle inequality, this will hold if

Jf (le) i f (XQz)j : Jf (XQ1+ N:2) i f (yQN )J

Howewer, this is just (2) with
a= Yo, b= XQa2» C= XQu n=-27 dzyQN;

sincejaj b= 2"3, 2'3- jaj ¢ - 4"3 andjcj dj = %N"3.
Thus if f is K -quasisymmetricand N , 8K the desired inequality holds
which shows that %is admissible. This completesthe proof of Theorem 1.

5. Additional remarks

Remark 1. The proof also shaws that Y is minimal, i.e., dim'f (Y)¢ .
dim(Y) for any quasisymmetric map f . In fact, onecanshowv E = [0;1]£ Z is
minimal for any Borel set Z %2 R% 1, If dim(E) = 1 there is nothing to do since
E cortains aline segmen. If dim(E) = ®> 1 and 1< < ® then by Frostman's
Ielmma (e¢9., Theorem 8.8 of [9]), E supports a product measure* sud that
1'B(x;r) - C-r . Applying the above proof using coverings by dyadic cubesto
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de ne %shows that no quasisymmetricimage of E can have zero -content, thus
proving that E is minimal. This improvesa result from [15], where [0; 1]£ Z is
shown to be minimal assuming Z is Ahlfors regular.

More generally, what sets F ¥ R have the property that F £ Z % RY is
minimal for any non-empty compact Z %2 R% 1? There are Cantor setswith this
property becausethere are Cantor sets F in [0; 1] sud that any quasisymmetric
image in a metric spacehas positive 1-dimensional content, and the proof given
for F = [0;1] above generalizesto such sets. For example, if F % [0;1] is a
closed set wtéich is uniformly perfect and has positive Lebesguerqgasure,and if
[0;1]nF = il is a disjoint union of open intervals satisfying j jlii®<1
for all ® > 0, then any quasisymmetric image of F has positive 1-dimensional
content. In the caseof quasisymmetric maps of R to itself, this is Theorem 1.2
of [12]. It is easyto adapt the proof to any quasisymmetric map into a metric
space; one only needsto know that such a map is Hélder continuous. For the
convenienceof the reader, we brie°y sketch this argumernt at the end of the paper.

A set F in R is called quasisymmetrically thick if any quasisymmetric map
from R to itself (including the identity) sends F to a set of positive Lebesgue
measure. As noted in the previous paragraph, Staplesand Ward have given some
suzcient conditions for a setto be thick in [12]. Do all quasisymmetrically thick
sets have the property that all quasisymmetric images (into any metric space)
also have positive Hausdor® 1-content?? If F is quasisymmetrically thick then is
F £ Z always minimal for conformal dimension? If F is not quasisymmetrically
thick, then is there a quasisymmetricimage of F with dimension < 1?

Remark 2. For setsin RY, we might consider QCdim(X) = inf dimlg(X)¢
where the in"/m um is over all quasiconformalmaps g of R to itself. This quan-
tity can be strictly larger than the conformal dimension. For example, Antoine's
neklacein R23 (e.g., see[7], [8]) has QCdim(X) = 1 but Cdim(X) = 0. Thus a
setin Euclidean spacemight be minimal for quasiconformalselfmapsof the space,
but not be minimal for quasisymmetric maps which do not extend to the whole
space.

Remark 3. Do local maximums occur? Probably not sinceglobal maximums
are known not to occur [2]; for any compact X ¥ RY of positive dimension gnd
any " > 0, there is a quasiconformalmap f of R¢ to itself such that dim f (X) >
di ". Isit true that for any X of positivegimensionandany K > 1, thereisa K -
guasiconformalmap sudc that dim f (X) > dim(X)? This is only interesting for

2 In Proposition 14.37 of [6], the following result is proved: if F 2R is a quasisymmetrically

thick set, then every quasisymmetric mapping of R onto an Ahlfors regular metric spacesendsF
onto a set of positive 1-content. While this result is clearly related to our question, it does not
answer it for two reasons: rst, the map is assumedto be de ned on all of R rather than just on
F and second,the image of R is assumedto be an Ahlfors regular space.
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quasiconformalmapsin RY, sinceif one considersall quasisymmetric maps into
metric spaces,then one can obviously increasethe dimension by the \snow’ake
functor", i.e., replacing the metric jx | yj by jxi yj forany " < 1.

Remark¢ 4. Givenaset E 2 R2 we cande ne Dg to be the set of values
of dim f (E) asf rangesover all quasiconformal maps of the plane. This must
be a single point or an interval sinceany quasiconformalmap can be connectedto
the identity by a path of maps along which the dimension changescortin uously.
From [2] and [5], we know that the only possibilities are of the form f0Og, f2g,
(0;2), [®2) and (®;2) for 0< ®< 2. The rst three are well known to occur,
asis [1;2). This paper shows that (®;2) and [®;2) can also occur for every
1. ®< 2. The secondauthor conjectured in [15] that the intervals [®; 2), (®;2)
never occur for 0 < ®< 1 and this remains open.

We concludewith a discussionof the fact about quasisymmetrically thick sets
mertioned in Remark 1.

Prop osition 4. Let F = [0; 1]nS- l; be a closed,uniformly perfect set of
positive Lebesguer‘rlgeasure,where fljg is a collection of disjoint open intervals.
Assumethat °p = jl;jP is nite for all p> 0. Then the Hausdor® 1-content
of f (F) is positive for all quasisymmetricmapsf of F into any metric space.

Recall that a set F %2 [0;1] is said to be uniformly perfect if there exists a
constart ¢> 0 sothat for all x 2 F andall 0< r < 1, there existsa point y 2 F
with r=c- jx i yj- r. The relevanceof this condition in the proposition comes
from the fact that quasisymmetric maps on uniformly perfect sets are Halder
continuous (see, for example, Theorem 11.3 of [6]). It is possiblethat uniform
perfectnessof a set F as in Proposition 4 may be a consequenceof the other
hypotheses.

An example of a set F %2 [0; 1] satisfying the conditions of Proposition 4
can be constructed as follows: let 11 = (%; %) and, in general,let I,, m , 2,
be an §1terva| of length 31 ™ centered within the largest interval contained in
[0; 1]n jm:l I (if the maximum length is achieved by se\eral intervals, chooseany
one at random).

Theorem 1.2 of [12] says that if F is chosenas in Proposition 4 and f is
any quasisymmetric map of R to itself, then the Lebesguemeasureof f (F) is
positive. The proof of Proposition 4 is essetially already contained in the proof
of Theorem 1.2 of [12]. The di®erencedetweenthe two results are:

() f now takesvaluesin an arbitrary metric space;
(i) f is de ned only on thle set £ (and not on all of R);
(iii) our conclusionis H ;' f(F) > 0 rather than jf (F)j > 0.
In what follows, we repeat Staplesand Ward's argumert from [12], indicating the
changeswhich must be made to deal with these di®erences.

As mertioned above, if f: F ! Y is a quasisymmetric embedding, then f

is 1=s-HAlder cortinuous for some s > 1. We may assumethat the number of
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intervals I isin nite. If theseintervals are orderedsothat jl1j, jloj, ¢¢¢ then
the sequencefjljj :j = 1;2;:::g satis'es jl;j - (°p=j)™ for all j 2 N and all
p> 0.

Choog aIargemtegerN andlet | = [a;b] bethe largestsubinterval contained
in [0;1]n ;. IJ Then jlj , jFj=N. We may conjugate f jr\ |, by conformal
scalingsg: [0;1]! | and h:Y ! _ilY toamapping f-from B =g (F\ I) to
the dilated metric space, i 'Y, where , = jf(a)j f (b)j. Then f~ is again HAlder
cortinuous with exponert 1=s. We claim that if N is chosensuzciently large,
then

P ¢
(12) H!'F(®) . c>0;

which clearly implies that H 't (F)¢ . c(,)>0.

To prove (12), we note that the collection f{C), where C is the collection of
setsof the form U\ F, U an open subinterval of [0; 1], is a nice covering collection
of f{F). Let Uy;Us;:::;Uy bea nite collection of (disjoint) intervals in [0; 1]
covering . For eath k, let ax = inf B\ U, and b, = supf\ Uy. Then, for eat
k, the (possibly degenerate)interval (bc;ax; 1) is contained in precisely one of the
intervals g 2(I; \ 1), j = N;N + 1;:::.

If we denotethe metric in , i 'Y by j ¢j i1y, then

5

1=, "tjf (@i f(Bi=if0)i )i v

(13) X i ¢ Kt .
' diam i1y f{Ux) + Jak+) i Fh)j ey
k=1 k=1
Set p= 1=(2s). Then
% 1 i 1 ) X )
jflak+1) i fl)j iy - C jake1 i bt - C gttt
k=1 k=1 i=N
Ij\|§;
oo Tass oy Mo Ta=p,a=s
(14) St T R N Ty
j-n ) j=n JF1
R o
= COFROINT 5= CRigNE
i=N

Sinces > 1, we may chgose N so Iarge that tl&e expressmnln (14) is at most
Then (13) implies that |, _; diam ; 1y f“(Uk) . Sincethis holds for all sud1

coverings Uy; Uy 10, we concludethat the Hausdor®1 content of f{F) (measured
with respect to the nice covering collection f{C)) is at least % This implies (12)
and henceconcludesthe proof of the proposition.
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