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Abstract. Let X be a Banach space. It is proved that the composition operator on X -
valued Hardy spaces,weighted Bergman spacesand Bloch spacesis weakly compact or Rosenthal
if and only if both id: X ! X and the corresponding composition operator on scalarvalued spaces
are weakly compact or Rosenthal, respectively.

1. In tro duction

Let ' : D ! D be an analytic self map of the complex unit disc D . It can be
easilyproved that if the composition operator C' : f 7! f ±' on vector-valued (i.e.
with valuesin a Banach spaceX ) Hardy, Bergmanor Bloch spacesbelongsto some
operator ideal, then both its scalarversionand the identit y operator on X belong
to the sameideal. For the ideal of weakly compact operators Liu, Saksmanand
Tylli [LST] proved the conversefor vector-valued Hardy spacesH 1(X ) , Bergman
spacesB1(X ) and B1 (X ) = H 1 (X ) as well as for Bloch spacesusing analytic
methods.

If a vector-valued spaceof analytic functions E[X ] can be represented as the
space L(¤E; X ) of all linear bounded operators from the predual of the scalar
version of E [X ] into X , then we give a very simple functional analytic argument
which replacesthe more analytic onesin [LST]. In this way we obtain the results
for Bloch spacesand extend the results of [LST] to weighted Bergman spacesof
in¯nite order B v

1 (X ) . In that part of the paper our main idea is to use the
following result due to Saksmanand Tylli in [ST], seealso [R], [LS]. Let E , F ,
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E1 , F1 be Banach spacesand let R 2 L (E ; F ) and B 2 L (E1; F1) be two weakly
compact operators. If B or R is compact, then the map T 7! R ± T ± B from
L (F1; E ) into L (E1; F ) is weakly compact.

Unfortunately the operator representation mentioned above does not hold
in general, for instance, for Hardy spaces H 1(X ) or Bergman spaces B1(X ) .
Thus the main part of the paper is devoted to that case. We are able to extend
the methods and the results of [LST] to the classical weighted Bergman spaces
B ®

1 (X ) , ® ¸ ¡ 1, a classwhich includes both H 1(X ) and B1(X ) . An essential
improvement is done in a formula derived from the so-calledStanton formula (see
Lemma 3).

Let us observe that for 1 < p < 1 the weighted Bergman space B v
p (X )

and Hp(X ) are re°exive whenever X is re°exive. Thus C' on these spacesis
automatically weakly compact if and only if X is re°exive.

Further, we prove a characterization of compact composition operators on the
Bloch space.The setsof interpolation for the Bloch space[Ro] play a crucial role
in the proof.

2. Preliminaries

We denote by H (D ; X ) the spaceof holomorphic functions from the unit
disc D into a Banach space X . As usual H p(X ) stands for the Hardy spaceof
X -valued functions in H (D ; X ) such that

kf kp
H p (X ) := sup

0· r < 1

1
2¼

Z 2¼

0
kf (r eiµ )kp

X dµ < 1 for p < 1 ;

kf kH 1 (X ) := sup
z2 D

kf (z)kX < 1 for p = 1 .

Let v: D ! R + be an arbitrary weight, i.e., bounded continuous positive (which
meansstrictly positive throughout the paper) function. We de¯ne the weighted
Bergman spaceB v

p (X ) as the spaceof those functions f 2 H (D ; X ) with

kf kp
B v

p (X ) :=
1
¼

Z

D
kf (z)kp

X v(z) dA(z) < 1 for p < 1 ;

kf kB v
1 (X ) := sup

z2 D
kf (z)kX v(z) < 1 for p = 1 ,

where dA denotesthe Lebesquearea measureon the plane. If v(z) = (1 ¡ jzj2)® ,
® > ¡ 1, then we write B ®

p (X ) and if ® = 0 we just omit ®. If X = C , then we
omit X in the notation. For the de¯nition of B ®

p cf. [CM]. The Bergman spaces
B v

1 appear naturally in the study of growth conditions on analytic functions and
in the scalar-casehave been consideredin many papers, seefor example, [BBG],
[BBT], [BS], [BDL], [BDLT], [SW1], [SW2].
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We denoteby B (X ) the X -valued Bloch spaceof analytic functions f : D !
X with the norm

kf kB (X ) = kf (0)kX + sup
z2 D

(1 ¡ jzj2)kf 0(z)kX < 1 :

In [CH] the composition operators on the Bloch spaceare treated as weighted
composition operators on B v

1 spaces.
A map T 2 L (X ) from the Banach space X into X is called compact,

weakly compact, Rosenthal, if it maps the closedunit ball of X onto a relatively
compact, a relatively weakly compact, a conditionally weakly compact set in X .
A subset A in X is called conditionally weakly compact, if every sequencein A
admits a weak Cauchy subsequence.Clearly every weakly compact operator is
Rosenthal. Rosenthal's l1 theorem implies that T: X ! Y is Rosenthal if and
only if T is not an isomorphism on any copy of l1 in X .

When we write f » g for two functions f and g we mean there are strictly
positive constants a, b such that af · g · bf for all the valuesof the variable.

For the sake of completenesswe give a generalargument why the considered
conditions are necessaryfor C' to belong to the consideredideals.

Prop osition 1. If J is an operator ideal and C' : E (X ) ! E (X ) belongs
to J whenever E(X ) is one of the spacesof vector-valued analytic functions
B v

p (X ) , Hp(X ) , B (X ) , then both id: X ! X and C' : E ! E , E the scalar
version of the space,belongsto J .

Proof. Let 0 6= x0 2 X , l0 2 X ¤ with l0(x0) = 1 and z0 2 D . We de¯ne the
operators

° : E ! E(X ); ° (f )(z) = f (z)x0;

´ : E (X ) ! E ; ´ (f ) = l0 ± f ;

p: X ! E(X ); p(x)(z) = x;

r : E (X ) ! X ; r (f ) = f (z0):

All theseoperators are continuous, idX = r ±C' ±p and ´ ±C' ±° is exactly the
scalar composition operator on E .

3. Consequences of the Stan ton form ula

In [Sh1] Shapiro intro duced the generalized Nevanlinna counting function
N ';® for ® > 0. It is de¯ned by

N ';® (w) =
X

z2 ' ¡ 1 (w )

µ
log

µ
1

jzj

¶¶ ®

; w 2 D n f ' (0)g:
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For our purpose it is convenient to intro duce the modi¯ed Nevanlinna counting
function

eN ';® (w) =
X

z2 ' ¡ 1 (w )

(1 ¡ jzj2)®¡ 1 log
µ

1
jzj

¶
; w 2 D n f ' (0)g:

The standard Nevanlinna counting function is N ' = N '; 1 = eN '; 1 and the partial
Nevanlinna counting function of ' is de¯ned for 0 < r < 1 by

N ' (r; w) =
X

z2 ' ¡ 1 (w ) ; jzj· r

log
µ

r
jzj

¶
; w 2 D n f ' (0)g:

The following formula for a continuous subharmonic function u is due to
Stanton [St, Theorem 2]:

1
2¼

Z 2¼

0
u

¡
' (r eiµ )

¢
dµ = u(0) +

1
2¼

Z

D
N ' (r; w) d[¢( u)](w);

where r 2 (0; 1) and ' : D ! D is analytic, ' (0) = 0. When f 2 H (D ; X ) ,
d[¢ kf kX ](w) denotesintegration with respect to the distributional Laplacian of
kf kX , which is a positive measureon D since the map z 7! kf (z)kX is subhar-
monic. This meansthat for every test function (in¯nitely di®erentiable function
on C with compact support) ¿ we have

Z
¿(w) d[¢ kf kX ](w) =

1
2¼

Z
kf (w)kX ¢ ¿(w) dA(w):

The Stanton formula was applied to composition operators ¯rst by Shapiro [Sh1],
seealso [SS].We useit to characterize weakly compact operators with the help of
the following lemmas.

Lemma 2 [LST, p. 300{301]. If f : D ! X is analytic, ' (0) = 0 and
0 < r < 1, then

1
2¼

Z 2¼

0
kf (' (r eiµ )kX dµ = kf (0)kX +

1
2¼

Z

D
N ' (r; w) d[¢( kf kX )](w);(1)

kC' (f )kH 1 (X ) = kf (0)kX +
1

2¼

Z

D
N ' (w) d[¢( kf kX )](w):(2)

The next result was proved in [LST] only for ® = 0:
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Lemma 3. If f : D ! X is analytic, ' (0) = 0 and ® > ¡ 1, then

(3) kC' (f )kB ®
1 (X ) » kf (0)kX +

1
2¼

Z

D

eN ';® +2 (w) d[¢( kf kX )](w):

Proof. If 0 < r 0 · r < 1, then 1
2 (1 ¡ r 2) · log(1=r) · C(1 ¡ r 2) for someC .

By partial integration, for z 2 D away from the origin, we have

Z 1

jzj
2r (1 ¡ r 2)® log

µ
r

jzj

¶
dr =

Z 1

jzj

(1 ¡ r 2)®+1

r (®+ 1)
dr

»
Z 1

jzj

µ
log

µ
1
r

¶¶ ®+1 dr
r

»
µ

log
1

jzj

¶ ®+2

» (1 ¡ jzj2)®+1 log
µ

1
jzj

¶
:

Further, we have that

lim
j zj! 0+

R1
jzj 2r (1 ¡ r 2)® log(r =jzj) dr

(1 ¡ jzj2)®+1 log(1=jzj)
=

1
®+ 1

:

Indeed, by partial integration

I (jzj) :=
Z 1

jzj
2r (1 ¡ r 2)® log

µ
r

jzj

¶
dr =

Z 1

jzj

(1 ¡ r 2)®+1

r (®+ 1)
dr:

Further, let J (jzj) := (1 ¡ jzj2)®+1 log(1=jzj) . Then, by l'H ôpital's rule,

lim
j zj! 0+

I (jzj)
J (jzj)

= lim
j zj! 0+

I 0(jzj)
J 0(jzj)

= lim
j zj! 0+

1
2(®+ 1)2jzj2 log(1=jzj)(1 ¡ jzj2)¡ 1 + ®+ 1

=
1

®+ 1
:

Hence
R1

jzj 2r (1 ¡ r 2)® log(r =jzj) dr and (1 ¡ jzj2)®+1 log(1=jzj) are comparable
with uniform constant for all jzj > 0. Thus

(4)

Z 1

0
2r (1 ¡ r 2)®N ' (r; w) dr =

X

z2 ' ¡ 1 (w )

Z 1

jzj
2r (1 ¡ r 2)® log

µ
r

jzj

¶
dr

»
X

z2 ' ¡ 1 (w )

(1 ¡ jzj2)®+1 log
µ

1
jzj

¶
:
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Now multiplying (1) by 2r (1 ¡ r 2)® , integrating with respect to r from 0 to 1
and applying Fubini's theorem, we get

Z

D

°
° f

¡
' (w)

¢°
°

X (1 ¡ jwj2)® dA(w)

» kf (0)kX +
1

2¼

Z

D

µ Z 1

0
N ' (r; w)2r (1 ¡ r 2)® dr

¶
d[¢( kf kX )](w)

and we concludefrom (4).
For the special casethat ' is the identit y map we obtain the following for-

mulas:

1
2¼

Z 2¼

0
kf (r eiµ )kX dµ = kf (0)kX +

1
2¼

Z

r D
log

µ
r

jwj

¶
d[¢( kf kX )](w);(5)

kf kH 1 (X ) = kf (0)kX +
1

2¼

Z

D
log

µ
1

jwj

¶
d[¢( kf kX )](w)(6)

and

(7) kf kB ®
1 (X ) » kf (0)kX +

1
2¼

Z

D
(1 ¡ jwj2)®+1 log

µ
1

jwj

¶
d[¢( kf kX )](w):

The estimates(6) and (7) permit to de¯ne B ¡ 1
1 (X ) as H1(X ) , and therefore

we can consider theseHardy spacesas weighted Bergman spaces.

4. Comp osition operators on weigh ted Bergman spaces

First weconsiderthe continuit y of C' on B ®
1 (X ) . Westart with the following

result.

Lemma 4. Let ® ¸ ¡ 1. If z 2 D and f 2 B ®
1 (X ) , then

kf (z)kX · Ckf kB ®
1 (X ) (1 ¡ jzj2)¡ (®+2) ;

where C is independent of f .

Proof. By [Sm, Lemma 2.5],
¯
¯l

¡
f (z)

¢̄̄
· Ckl ± f kB ®

1
(1 ¡ jzj2)¡ (®+2) ; l 2 X ¤;

and C does not depend on l and f . Since kl ± f kB ®
1

· klk kf kB ®
1 (X ) we are

done.

It follows immediately from Lemma 4 that evaluations are continuous on
B ®

1 (X ) , the compact open topology is weaker than the norm oneand that B ®
1 (X )

is a Banach space.
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Prop osition 5. Let ® ¸ ¡ 1. The composition operator C' : B ®
1 (X ) !

B ®
1 (X ) is continuous. In fact, for each ® ¸ ¡ 1 there exists a constant C(®) such

that

kC' k · C(®)
µ

1 + j' (0)j
1 ¡ j' (0)j

¶ ®+2

:

Proof. The proof is standard but for completenesswe include it. The cases
® = 0 and ® = ¡ 1 are proved in [LST, Proposition 1]. For a = ' (0) let ' a(z) :=
(a ¡ z)=(1 ¡ az) . Then Ã := ' a ±' : D ! D is analytic, Ã(0) = 0 and ' = ' a ±Ã.

Since z 7! kf ± ' a(z)kX is subharmonic, Littlew ood subordination theorem
[CM, p. 30] yields

Z 2¼

0
kf ± ' (r eiµ )kX dµ ·

Z 2¼

0
kf ± ' a(r eiµ )kX dµ

for all 0 < r < 1. Therefore,

kC' f kB ®
1 (X ) ·

1
¼

Z

D
kf ± ' a(z)kX (1 ¡ jzj2)® dA(z):

By changing the variable in the last integral, we get

kC' f kB ®
1 (X ) ·

1
¼

Z

D
kf (w)kX

¡
1 ¡ j' a(w)j2

¢® (1 ¡ jaj2)2

j1 ¡ awj4
dA(w)

· C(®)
µ

1 + jaj
1 ¡ jaj

¶ ®+2

kf kB ®
1 (X ) :

By [L, Corollary 2.7], it follows for ® > ¡ 1 that the spaceB ®
1 is isomorphic

to l1 . Therefore, by the well-known properties of l1 , we have:

Prop osition 6. Let ® > ¡ 1. The following statements are equivalent :

(a) C' : B ®
1 ! B ®

1 is non-compact.
(b) C' : B ®

1 ! B ®
1 is non-Rosenthal.

(c) There exist continuous linear operators S: l1 ! B ®
1 and T: B ®

1 ! l1 such
that T ±C' ±S = id l 1 .

The proposition above can also be obtained using interpolating sequencesin
B ®

1 (cf. [HRS, Theorem 3.1]) without referring to the isomorphic classi¯cation of
B ®

1 due to Lusky [L].
The following result was proved by Liu, Saksmanand Tylli in [LST] for the

spacesH1(X ) and B1(X ) . We only have to check that the sameargument is valid
for all spacesB ®

1 (X ) . Let us note that the Banach{Steinhaus theorem cannot be
usedto obtain (9) for any in¯nite dimensional Banach spaceX .

The operators Vk de¯ned in the next proposition are related to de la Vall¶ee{
Poussinsummability kernels.
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Prop osition 7. Let ® ¸ ¡ 1, k 2 N and X a Banach space. De¯ne the
operator Vk by setting

Vk f (z) =
kX

n =0

f̂ n zn +
2k ¡ 1X

n = k+1

2k ¡ n
k

f̂ n zn

for analytic f : D ! X with the Taylor expansion f =
P 1

n =0 f̂ n zn . Then there is
C > 0 such that

(8) kVk f kB ®
1 (X ) · Ckf kB ®

1 (X )

for all f 2 B ®
1 (X ) . Moreover, given " > 0 and r 2 (0; 1) there is k0 = k0("; r ) > 0

such that for k ¸ k0

(9) kf (z) ¡ Vk f (z)kX · "kf kB ®
1 (X ) for all jzj · r and f 2 B ®

1 (X ):

Further, if X is re°exive, respectively does not contain a copy of l1 , then the
operator Vk : B ®

1 (X ) ! B ®
1 (X ) is weakly compact, respectively Rosenthal.

Proof. By [LST, Proposition 2] we know that (8) and (9) are valid for H 1(X )
with C = 2. Let f 2 B ®

1 (X ) and ® > ¡ 1. It is easily seenthat

(10) kf kB ®
1 (X ) = 2

Z 1

0
kf r kH 1 (X ) r (1 ¡ r 2)® dr;

where gs(z) = g(sz) for 0 < s < 1. Thus (8) is a direct consequenceof the
corresponding result for H 1(X ) and the relation Vk f r = (Vk f )r .

For completenesswe give the argument from [LST] to obtain (9). Assume
that r 2 ( 1

2 ; 1) and " > 0 are given. Let f 2 B ®
1 (X ) with kf kB ®

1 (X ) · 1. It
follows from (10) that there exist a radius r 0 2 (

p
r ; 1) and a constant C with

kf r 0kH 1 (X ) · C(® + 1)(1 ¡
p

r )¡ (®+1) . Further we can choose k0 such that for
k ¸ k0 we have kg(z) ¡ Vk g(z)kX · " (® + 1)¡ 1(1 ¡

p
r )®+1 C¡ 1kgkH 1 (X ) for

jzj ·
p

r and all g 2 H1(X ) . Thus, for jzj · r we have that jz=r0j ·
p

r , so we
get

kf (z) ¡ Vk f (z)kX =

°
°
°
° f r 0

µ
z
r 0

¶
¡ Vk f r 0

µ
z
r 0

¶ °
°
°
°

X
· ":

The ¯nal statement follows exactly as in [LST].

Let U be a closedideal of operators betweenBanach spaces.For T 2 L (X )
de¯ne kTkU = inf fk T ¡ Sk : S 2 U g. Let W and R be the closed ideal of
weakly compact respectively Rosenthal operators on X .
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Theorem 8. Let X be re°exive, respectively a Banach spacenot containing
a copy of l1 . For each ® ¸ ¡ 1 there exists a constant C(®) such that for C'

acting on B ®
1 (X ) we have

kC' kU · C(®) lim sup
jw j! 1

N ';® +2 (w)
(¡ log jwj)®+2 ;

where U is W respectively R .

Proof. Let f 2 B ®
1 (X ) be arbitrary and ¯x an arbitrary r 2 (0; 1). Without

lossof generality, wemay assumethat ' (0) = 0. Wehave that kf (0)¡ Vk f (0)kX =
0. By (2) and (3) we get

kC' (f ¡ Vk f )kB ®
1 (X ) »

1
2¼

Z

r D

eN ';® +2 (w) d[¢( kf ¡ Vk f kX )](w)

+
1

2¼

Z

D nr D

eN ';® +2 (w) d[¢( kf ¡ Vk f kX )](w)

:= I r ;k + Jr ;k :

To estimate the ¯rst term I r ;k observe that by [Sh2, Corollary 10.4(b)], N ' (w) ·
log(1=jwj) for each w 2 D . Hencefor all w 2 D

eN ';® +2 (w) · N ' (w) · log
µ

1
jwj

¶
:

Therefore we get,

I r ;k ·
1

2¼

Z

r D
log

µ
r

jwj

¶
d[¢( kf ¡ Vk f kX )](w)

+
1

2¼
log

µ
1
r

¶ Z

r D
d[¢( kf ¡ Vk f kX )](w):

Henceby (6),

1
2¼

Z

r D
log

µ
r

jwj

¶
d[¢( kf ¡ Vk f kX )](w)

=
1

2¼

Z

D
log

µ
1

jw0j

¶
d[¢( k(f ¡ Vk f )r kX )](w0) = k(f ¡ Vk f )r kH 1 (X ) :

Further,

k(f ¡ Vk f )r kH 1 (X ) =
1

2¼

Z 2¼

0
k(f ¡ Vk f )r (eiµ )kX dµ · sup

jw j= r
kf (w) ¡ Vk f (w)kX :
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Let now ¿ be a test function on the plane with 0 · ¿ · 1, the support of ¿ is
contained in 1

2 (r + 1)D and ¿ ´ 1 on r D . Then

Z

r D
d[¢( kf ¡ Vk f kX )](w) ·

Z
¿(w) d[¢( kf ¡ Vk f kX )](w)

=
1

2¼

Z

( r +1 )D =2
kf (w) ¡ Vk f (w)kX ¢ ¿(w) dA(w)

· M
Z

( r +1) D =2
kf (w) ¡ Vk f (w)kX dA(w);

where M := (1=2¼) maxfj ¢ ¿(w)j : w 2 Cg is ¯nite. By Proposition 7, we get for
every r 2 (0; 1) that

lim
k !1

sup
kf kB ®

1
( X ) · 1

I r ;k = 0:

For the secondterm Jr ;k we ¯rst notice that eN ';® +2 (w) · 2®+1 N ';® +2 (w)
for all w 2 D . Therefore

Jr ;k · sup
w2 D nr D

µ
N ';® +2 (w)

(¡ log jwj)®+2

¶
2®+1

2¼

Z

D nr D

µ
log

µ
1

jwj

¶¶ ®+2

d[¢( kf ¡ Vk f kX )](w):

Since log(1=jwj) and 1¡ jwj2 are comparablefor all w 2 D nr D , there is M (®; r )
such that by (6), (7) and (8),

Jr ;k · M (®; r ) sup
w2 D nr D

N ';® +2 (w)
(¡ log jwj)®+2 kf ¡ Vk f kB ®

1 (X )

· CM (®; r ) sup
w2 D nr D

N ';® +2 (w)
(¡ log jwj)®+2 kf kB ®

1 (X ) :

Consequently ,

kC' kU · C(®)
n

lim
k !1

sup
kf kB ®

1
( X ) · 1

I k ;r + lim
r ! 1

sup
kf kB ®

1
( X ) · 1

Jr ;k

o

· C(®) lim sup
jw j! 1

N ';® +2 (w)
(¡ log jwj)®+2 :

Corollary 9. Let ® ¸ ¡ 1. Then C' : B ®
1 (X ) ! B ®

1 (X ) is weakly compact,
respectively Rosenthal, if and only if X is re°exive, respectively doesnot contain
a copy of l1 , and

(11) lim sup
jw j! 1

N ';® +2 (w)
(¡ log jwj)®+2 = 0:
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Proof. One direction follows from Proposition 1. Indeed, by Proposition 6
and Sarason[S] (cf. also [J]) for ® = ¡ 1, every Rosenthal operator C' on B ®

1 is
compact. By [CM, Example 3.2.6, Theorem 3.12] compactnessof C' on B ®

p is
independent of 0 < p < 1 for ® ¸ ¡ 1. Thus with p = 2 [Sh1, Theorems 6.8
and 2.3] give that C' on B ®

1 is compact if and only if condition (11) is valid.
The conversestatement follows directly from Theorem 8.

5. Comp osition operators on general vector-v alued spaces

In this section E denotesa Banach spaceof analytic functions on the unit
disc D which contains the constant functions and such that its closedunit ball
U(E) is compact for the compact open topology co. Theseassumptionsimply the
following properties of the spaceE which will be frequently usedlater.

(a) For every z 2 D the evaluation map ±z : E ! C , ±z (f ) = f (z) , is
continuous and non-zero.

(b) The map ¢: D ! E ¤ , ¢( z) = ±z , z 2 D , is a vector valued analytic
function. Indeed, since E is a separating subset of the dual E ¤¤ of E ¤ , we can
apply a result of Grosse-Erdmann[GE, Theorem 5.2] which ensuresit is enough
to check f ±¢ 2 H (D) for every f 2 E . This is trivially satis¯ed.

(c) By the Dixmier{Ng theorem [N], the space

¤E := f u 2 E ¤ : u j U(E) is co-continuousg;

endowed with the norm induced by E ¤ , is a Banach spaceand the evaluation map
E ! (¤E)¤ , f 7! [u 7! u(f )] is an isometric isomorphism. In particular ¤E is a
predual of E .

(d) The linear span of the set f ±z : z 2 Dg is contained and norm dense
in ¤E . This follows easily from the Hahn{Banach theorem: if f 2 E = (¤E)¤

vanisheson all the evaluation maps it must be zero.
Let X be a Banach space.The vector valued spaceE[X ] associated with E

is de¯ned as

E[X ] := f f 2 H (D ; X ) : x¤ ± f 2 E for every x¤ 2 X ¤ g:

Given f 2 E [X ], the map Tf : X ¤ ! E , Tf (x¤) = x¤ ± f , is well de¯ned, linear
and weak¤ -pointwise continuous. By the closedgraph theorem Tf is continuous
and the supremum kf kE [X ] := supkx ¤ k· 1 kx¤ ±f kE is ¯nite. We endow E[X ] with
this norm. Observe that the map ¢: D ! ¤E de¯ned in (b) above (also see(d))
belongsto E [¤E] and k¢ kE [¤ E ] = 1.

A version of the following linearization result for E = H 1 can be found in
[M] and for E = B v

1 in [BBG].

Lemma 10. The spaceE[X ] is isomorphic to the spaceof operators L(¤E; X )
in a canonical way. In particular, it is a Banach space.
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Proof. First we de¯ne Â: L(¤E; X ) ! E [X ] by Â(T) := T ± ¢ . The map Â
is well de¯ned, linear, continuous and its norm is lessthan or equal to 1.

Fix g 2 E[X ] and u 2 ¤E and de¯ne Ã(g)(u) : X ¤ ! C by
¡
Ã(g)(u)

¢
(x¤) :=

u(x¤ ±g) for x¤ 2 X ¤ . Clearly
¯
¯¡Ã(g)(u)

¢
(x¤)

¯
¯ · kuk¤ E kx¤ ±gkE · kuk¤ E kx¤kX ¤ kgkE [X ];

for all x¤ 2 X ¤ , by the de¯nition of the norm in E [X ]. This yields Ã(g)(u) 2 X ¤¤

and Ã(g) 2 L(¤E; X ¤¤) with kÃ(g)k · kgkE [X ] . On the other hand Ã(g)(±z ) =
g(z) 2 X for all z 2 D . By the property (d) above we conclude Ã(g) 2 L(¤E; X ) ,
and the map Ã: E [X ] ! L (¤E; X ) is well de¯ned, linear continuous and its norm
is lessthan or equal to 1.

To complete the proof it is enoughto observe that Ã ± Â and Â ± Ã coincide
with the identities on L(¤E; X ) and E[X ] respectively.

Let ' : D ! D be holomorphic. The closed graph theorem and the argu-
ment in Proposition 1 imply that the composition operator C' : E [X ] ! E [X ]
is continuous if and only if C' : E ! E is continuous. Moreover the result
stated in Proposition 1 remains valid for the spacesof type E[X ]. In order
to obtain a converse we proceed as follows. Assume C' is continuous on E .
The transpose map C0

' : E ¤ ! E ¤ maps ¤E into itself; indeed, by the prop-
erty (d) above it is enough to check that C0

' (±z ) = ±' (z) belongs to ¤E for all
z 2 D which is trivial. Now the isomorphism proved in Lemma 10 transforms
the operator C' on E[X ] into the wedgeoperator W' : L (¤E; X ) ! L (¤E; X ) ,
W' (T) = idX ±T ±(C0

' j¤E) . More precisely, with the notations intro duced in the
proof of Lemma 10, (Ã ±C' ±Â)(S) = S ±(C0

' j¤E) for every S 2 L(¤E; X ) which
implies C' = Â ±W' ±Ã. We are ready to prove the main results in this section.

Prop osition 11. Let C' : E ! E be compact and let X be a Banach space.
(1) If X is re°exive, then C' : E [X ] ! E [X ] is weakly compact.
(2) If X doesnot contain a copy of l1 , then C' : E [X ] ! E [X ] is a Rosenthal

operator.

Proof. Since C0
' j¤E is a compact operator on ¤E , we can apply [ST, Theo-

rem 2.9] for part (1) and [LS, Corollary 2.13] for part (2) to the wedgeoperator
W' to reach the conclusion.

Corollary 12 [LST, Theorem 4]. Let ' : D ! D be holomorphic and let X
be a Banach space.The operator C' on the Bloch spaceB (X ) is weakly compact
(respectively Rosenthal ) if and only if C' is Rosenthal on B and X is re°exive
(respectively X doesnot contain a copy of l1 ).

Proof. First observe that the Bloch space B satis¯es the assumptions we
imposeon the general space E consideredin this section. In fact, if f 2 B , it
follows by integration that

max
j zj· r

jf (z)j ·
½

1 +
1
2

log
µ

1 + r
1 ¡ r

¶¾
kf kB (0 · r < 1):
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Therefore, every bounded set in B is relatively compact with respect to the
compact-opentopologyand point evaluations areboundedlinear functionals on B .
To seethat the closedunit ball U(B ) of B is a compact subset of (B ; co) it is
enoughto observe that U(B ) is a normal family by Montel's theorem. If f n ! f
with respect to the co-topology and kf n kB · 1 for all n , then also f 0

n ! f 0 in
the co-topology and consequently kf kB · 1.

It is now easyto seethat the vector valued Bloch spaceB (X ) coincideswith
the spaceB [X ] de¯ned in this section and that

kf kB [X ] · kf kB (X ) · 2kf kB [X ]

for every f 2 B [X ].
By Proposition 11, it remains to show that every Rosenthal composition op-

erator on B is compact. This is proved below.

A sequence(zn ) ½ D is called ±-separated if inf n 6= k j(zn ¡ zk )=(1 ¡ zk zn )j >
± > 0.

Prop osition 13. There is a constant ± > 0 such that if (wn ) in D is ±-
separated,then there exist a continuouslinear operator R: l 1 ! B and functions
hk := R(ek ) 2 B such that

h0
k (wn ) = 0; if n 6= k; (1 ¡ jwn j2)h0

n (wn ) = 1:

Proof. By the proof of Proposition 1 in [MM] (see[Ro]), there are two con-
tinuous linear operators

S: B ! l1 ; S(f ) =
¡
(1 ¡ jwn j2)f 0(wn )

¢
n

and

T: l1 ! B ; T
¡
(»n )

¢
z =

1X

n =1

»n
1

3wn

(1 ¡ jwn j2)3

(1 ¡ wn z)3

such that kid ¡ STk < 1. Thus ST has an inverse (ST) ¡ 1: l1 ! l1 , and
therefore S has a right inverse R := T(ST) ¡ 1: l1 ! B . Since SR(ek ) = ek for
all k , we get that (1 ¡ jwn j2)h0

k (wn ) = ±nk for all n and k .

Prop osition 14. The following statements are equivalent :
(a) C' : B ! B is non-compact.
(b) There exist continuouslinear operators R: l 1 ! B and Q: B ! l1 such

that Q ±C' ±R = id l 1 .
(c) C' : B ! B is not a Rosenthal operator.
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In [LST] the equivalence(a) , (c) is obtained by other methods.
Proof. (a) ) (b): Since C' is non-compact, by [MM, Theorem 2], there is a

sequence(zn ) 2 D and a constant " > 0 so that j' (zn )j ! 1 and

(1 ¡ jzn j2)j' 0(zn )j
1 ¡ j' (zn )j2

¸ " for all n ¸ 1:

Since j' (zn )j ! 1, passingto a subsequence,we can apply Proposition 13 and get
a continuous linear operator R: l1 ! B and functions hk := R(ek ) 2 B such
that

h0
k (' (zn )) = 0; if n 6= k;

¡
1 ¡ j' (zn )j2

¢
h0

n

¡
' (zn )

¢
= 1:

Hence R(») =
P 1

k=1 »k hk for all » = (»k ) 2 c0 . Now we de¯ne a map

Q: B ! l1 ; Q(f ) =
µ

1 ¡ j' (zn )j2

' 0(zn )
f 0(zn )

¶

n
:

Since

kQ(f )k ·
1
"

sup
n

jf 0(zn )j(1 ¡ jzn j2) ·
1
"

kf kB for all f 2 B ;

the map is well de¯ned, linear and continuous. For every » = (»n ) 2 c0 ,

Q ±C' ±R(») =
µ

¡
1 ¡ j' (zn )j2

¢ 1X

k=1

»k h0
k

¡
' (zn )

¢
¶

n
:

Consequently , we get that Q ± C' ± R(») = » for all » 2 c0 . Using a result of
Rosenthal [Rs, Proposition 1.2] we get the conclusion.

The implications (b) ) (c) and (c) ) (a) are obvious.

Corollary 15. Let v be a weight on D . Let C' be continuouson B v
1 . The

operator C' is weakly compact (respectively Rosenthal ) on B v
1 (X ) if and only

if C' is Rosenthal on B v
1 and X is re°exive (respectively X doesnot contain a

copy of l1 ).

Proof. It is well known (e.g. [BS], [BBT]) that the space B v
1 satis¯es the

conditions imposedon the general space E consideredin this section. Moreover
it is easyto seethat the vector valued spaceB v

1 (X ) coincidesisometrically with
the spaceB v

1 [X ] de¯ned here.
The associated weight is de¯ned by

~v(z) =
¡
supfj f (z)j : kf kv · 1g

¢¡ 1
; z 2 D :

It is better tied to the space B v
1 than v itself [BBT], and B v

1 = B ~v
1 holds

isometrically. By [BDLT] the operator C' is continuous on B v
1 if and only if

sup
z2 D

v(z)
~v
¡
' (z)

¢ < 1 :

Moreover, by [BDL, Theorem 1], the operator C' is Rosenthal on B v
1 if and only

if it is compact. Hencethe conclusionfollows from Proposition 11.
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If we take v(z) = 1 for every z 2 D in Corollary 15, we obtain asa particular
caseTheorem 6 and part of Theorem 7 in [LST].

To concludewe consideronly radial weights v , that is, v(z) = v(jzj) . A radial
weight v is called essential, if there existsa C > 0 such that v(z) · ~v(z) · Cv(z) .
We can now apply [BDLT, Theorem 3.3] to get the following corollary.

Corollary 16. Let v be an essential weight. Then C' : B v
1 (X ) ! B v

1 (X ) is
weakly compact (respectively Rosenthal ) if and only if X is re°exive (respectively
doesnot contain a copy of l1 ) and

lim
r ! 1

sup
f z:j ' (z) j>r g

v(z)
v
¡
' (z)

¢ = 0 or k' k1 < 1:

As a consequenceof Lemma 4 and Fatou's lemma, the weighted Bergman
spacesB ®

p , 1 · p < 1 , ® ¸ ¡ 1, satisfy the conditions imposedon the scalar
valued Banach spaceE . This permits to useProposition 6 and Proposition 11 to
get consequenceson vector-valued composition operators on spacesof type B ®

p [X ]
as de¯ned in this section. It is important to point out that the classicalvector-
valued spaceB ®

p (X ) is continuously included in but di®erent from B ®
p [X ] . This

is the reason why we had to treat composition operators de¯ned on them with
another method.
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