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Abstract. For areal number t, for » in R" and for a real positive number a we de ne S@
by
(Sa)(tb(») - eitj»ja f\(»)' f2s (Rn):

The results in this paper concernthe case0< a6 1. For 0< a< 1, n = 1 we improve on the
local integrability of the maximal function x 7! k(S®f )[x]k_1 (; 1;1) . In higher dimensionswe give
a result for radial testfunctions. For a> 1, n = 1 we prove a weighted global estimate of which a
known L4(R)-estimate is a special case.

The methodsinclude asymptotics for the kernel of the Fourier multiplier » 7! exp(ij»j2a)j»ji 2
and Pitt's inequality.

1. Intro duction

1.1. Let u(x;t) denotethe solution to the free time-dependert Scradinger
equation ¢ ,u = i@u with initial data f, (x;t) 2 R" £ R, . At least for f
in the Schwartz class S (R"), u is represerted by an oscillatory integral with
guadratic phase. We are interested in the behaviour of u(x;t) ast tendsto O.
Cf. Carleson[4], [5]. For rougher initial data this requiresa method of making the
valuesof u precise. Seee.g. Sjdgren, Sjélin [19, p. 14{15].

In this as in many other papers the stated convergenceproblem is viewed
as a summability problem for Fourier integrals corresponding to the multiplier
my; My (») = exp(ij»?). Accordingly we de ne (S2f)(t) asin the abstract and
obsene that u(x;t) = (S2f)[x](t). However, the kernel of m, doesnot belongto
L1(R™) but we do have the weak unity condition m,(0) = 1.

Intimately connectedwith the convergenceresult describedhereare L (L1 )-

estimates, i.e. L} .-estimates for maximal functions. For the multiplier I?nca it is
known that there is regarding suc estimatesa signi cant di®erencebetweenthe
casesO < a< 1 and a> 1 when g = 2. See|[31, Section 2.5, p. 488]. The
principle of duality of phases(see Stein [24, Chapter VIII, Sections5.3 and 5.4,
pp. 357{358]) o®ersone way of understanding this di®erence.

The main purposeof this paper is to improve known one-dimensionaILl‘ﬂ)C-
results for maximal functions in the case0 < a < 1. We have the following

theorem.
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Theorem A. Let q= (4 4a)=(2 4si a). Then there is a number C
independert of f in the Schwartz class S (R) sud that the inequality
UZ 1 ﬂlzq
q
| 1k(S""f)[x]kL1 (i 1:1) dx - Ckf kHS(R)
holds if s is greater than and closeenoughto %a where0< a< 1.

For the de nition of the spacesHS(R") and HS(R") usedin this intro duction
we refer to Section 2.2 below.
We also have the following theorems.

Theorem B. Let 2:- q- 4. Then thereis anumber C independert of f in
the Schwartz class S (R) sud that the inequality
UZ ﬂl:q
yi0=4i 1
A k(S )[x]k{ + (ry IXIFH Hdx . Ckfk
holdsif a> 1.

Theorem C. Let n> 1. Then thereis a number C independert of f in the
Sdcwartz subclassof radial functions such that the inequality
nz 1 1=q
k(S?f)[x]k? dx - Ckfk

H1=4(R)

. - 4@ @
ixj- 1 LG L) He(R")’ 2l a)+aj 4s

holds if s is greater than and closeenoughto %a where0< a< 1.

Note that q in Theorem A is greater than 2 if the stated conditions on s
and a are fulTlled. Theorem A therefore improves our L2 (R)-result in [31,
Theorem 1.2(a), p. 486].

Theorem A and C are corollariesto Theorem 2.6 and 2.7 respectively. Theo-
rem B will be provedin Section4.10.

1.2. Remark. The caseq = 4 in Theorem B is in accordancewith the
special case' (») = j»2, a> 1 of Kenig, Ponce,Vega[10, Theorem 2.5, p. 41].

1.3. Earlier results. The problem sketched above was introduced in Car-
leson[5] and has beenstudied by many authors during recert years. We will give
a brief description of earlier results. Among other papersand reports we will men-
tion thosewhich contain results of the category best known. With someexceptions

we will restrict ourselesto L, (R")-results.

1.3.1. The case n = 1. As already mentioned resultsfor 0< a< 1 may be
found in [31]. For the casea > 1 Sjdlin [20, Theorem 3 and 4, p. 700] has shown
that f 2 H3(R), s, % is necessaryand suzcient for the local integrability of
x 71 K(S?f)[x]IK, 1 G 11) - The best known integrability property may be found
in Kenig, Ponce,Vega[10, Theorem 2.5, p. 41]. Cf. Remark 1.2 above.

Resultsreminiscert of Theorem B may befound in GAlkan [7] and in Sjdlin [22].
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1.3.2. The case n = 2. For the casesa = 2 and a > 1 Bourgain [3], Moyua,
Vargas, Vega[15], [16], Tao, Vargas[26] and Tao, Vargas, Vega[27] give suzcient
conditionson f 2 HS(R?) for the local integrability of the maximal function. The

conditions are of the type s = % i " for somesmall positive number ".

1.3.3. The case n, 3. For a> 1 Sjdlin [20] proved using local smoothing
that f 2 H3(R"), s > 3 is suzcient for the local integrability of the maximal
function, n, 2. Also cf. Vega[28], Si Lei Wang [35] and [33].

The relationship between (local) smoothing and maximal estimates is ex-
plained e.g. in [20, p. 704{706] and [31, Section 2.3, p. 487{488]. For results of
which m(t; x; 3 = exp(it¥#*) is a special caseseeVega[29] and [32, Theorem 14.3,
p. 219]. Those results are derived without any smoothnessassumptionson m.

Smoothing results in accordancewith [20], [32] and [33] may be found e.g.in
Ben-Artzi, Devinatz [1], Ben-Artzi, Klainerman [2] and Kato, Yajima [9].

N|Pv

1.3.4. Other references in the case a > 1. In the work of Vega[28]
1

already mertioned in Section1.3.3it is shavn that f 2 H®(R"), s, 7 isaneces-
sary condition for the local integrability of the maximal function, n > 1. This also
follows from the work of Sjélin in [20], [21] by translating one-dimensionalcoun-
terexamplesto higher dimensionusing the oscillation of Besselfunctions at in nit .

For radial testfunctions there are results by Fukuma [6], Prestini [18], Sjélin [21],

[22] and Sichun Wang [34]. Weighted estimates for general dispersive equations
including the casea > 1 aretreated in Heinig, Wang [8]. Other interesting results

on oscillatory Fourier integral operators may be found in Kolasa[11], [12].

1.4. The plan of this paper. In Section 2 we introduce notation usedin
this paper and state our theorems. In Section 3 we collect someauxiliary results
which are classical. In Section 4 we prove our theoremsin the casen = 1 and in
Section5 in the casen > 1.

Acknowledgemerts. The nal draft of this paper was made while the author
enjoyed a visit at the Erwin SdirAdinger International Institute of Mathematical
Physics | would like to thank ProfessorJamesBell Cooper and Professor Paul
F.X. MAller for hospitality.

2. Notation and statemen t of theorems

2.1. Oscillatory integrals. For x and » in R" welet x» = x1» + ¢¢ Xp, >, .
If a is areal positive number and if f is in the Schwartz classS (R") we de ne
Z

1 i(x»+ jt»i? . .
(S2F)(t)[x] = (S2F)[x](t) = Eh . e IR 5) dy; t2 R:
Here f" is the Fourier transform of f ,
Z
f\(») = e * f(x)dx:

RN
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Obsene that we have rede ned S? slightly comparedwith the abstract and Sec-
tion 1.1. We have replaced the summability parameter t'=@ in Section1.1 by t.
Therefore, according to our rede nition of S, u(x;t) = (S2f)[x](t*7?).

2.2. Sobolev spaces. We introduce homogeneousand inhomogeneoudrac-
tional Sololev spaces
1 Z Ya
HE(R") = f2SAR") 1 kfk:, g, P2 MjPdr< 1 ;
s yA Y

HS(R") = f2SYR") tkikierny=  (1+ )i (j%d»< 1
Rn

2.3. Auxiliary notation. B denotesthe open unit ball in R, R denotes
the punctured real line R nfQg.

Throughout this paper we will use auxiliary functions A and A sud that
A2 C{ (R) isewen,

AR n2B) = f0g; AR) p [0;1]; A(B) = f1g

and A = 1; A. From thesefunctions we obtain two families of functions asfollows:
for eac positive number N and M set Ay (») = A(»N) and Ay (») = A(M»).
Asscciated with our auxiliary functions are certain exponerts

4sj 2+ a

(2:1) c(A)=1;j 2s and c=cA)= PR
i

which will play an important rdlein Section4.9.2when we usethe Rieszpotential
l1; ¢. In our theoremswe will assumethat

(2:2) () 7a<s- 3 s<za;0<a<l or (i) s=

We will also use power weights x 7] jxj*@ where
ci 1 H 1 1ﬂ

+n = =
2 2 q

+(q) =

2.4. Numbers denoted by C (sometimeswith subscripts) may be di®erert
at ead occurrence even within the same chain of (in-)equalities. The letter R
(with subscripts) will denote various (weighted) linearisations of maximal oper-
ators. There is no de nition of sud linearisation which is xed throughout the
paper.

Unlessotherwiseexplicitly stated all functions f and g are supposedto belong
to S (R").
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2.5. Remark. The conditions on a and s in (2.2) give 0< ¢(A) - c¢< 1in
1

case(i) and c(A) = c= 5 in case(ii).
2.6. Theorem. Let 2- g- 2=c. Then there is a number C independert of
f sud that the inequality

UZ 1 1=q

q (iC0=2i 1
: k(S?f)[x]k (8) jxjed dx - Ckf kHs(R)

holds if (2:2) is satis ed.

Case(2.2i) in this theorem is|as already pointed outlan improvemert of
our result in [31, Theorem 1.2(a), p. 486] and case(2.2ii) is an improvemert of
Sjélin [20, Theorem 3, p. 700]in the casen = 1. We usePitt's inequality as stated
in Muckenhoupt [17] instead of the inequality of Hardy, Littlew ood and Sobolev
to achieve these improvemerts and carry out the proof of the two casesin (2.2)
simultaneously.

Since 2=c= (4aj 4)=(4sj 2+ a) Theorem A in Section 1.1 follows directly
from the caseq= 2=c in Theorem 2.6.

2.7. Theorem. Let 2- gq- 2=cand n > 1. Then there is a number
C independert of f in the Schwartz subclass of radial functions such that the
inequality
nz ﬂl:q

n K(SF)IXIKL s (g iXi (@ dx + Ckfky.rn)

B
holds if (2:2) is satis ed.
It is straightforward to verify that

H an(lj a) 1

- 2n(lj a)+ aj 4s

Also, if the conditions on a and s of Theorem C in Section 1.1 are ful lled the
inequality

— 4an(li a) 2
T on@; ay+a; 45 ©

holds. Theorem C in Section 1.1 now follows directly from the caseq = & in
Theorem 2.7.



194 BjArn Gabriel Walther

3. Some preparation

3.1. In this sectionwe introduce somenotation and collect somewell-known
results which will be usedin the proofs of our theorems. Standard referencesare
given.

3.2. Notation. We de ne the Rieszpotential |- as

z

(3:1) [I-f](x)=c ixi x4 f(xYdx® n>">0;,f2S(R"):
Rn

SeeStein [23, p. 117]. Only the niteness of the number ¢ will be usedin this
paper.

3.3. Theorem (cf. Stein [23,Lemma1(b), p. 117]). The identity [I-f Jb(») =
j»i f(» holdsin the sensethat

y4 ) Z
nj»ji \(») g(») d» = Rn[l—f 1(x) (x) dx:

R

3.4. Theorem (Pitt's inequality, Muckenhoupt [17, p. 729]). Assume that
g, p,0: ®< 1j 1=p, 0 ° < 1l=gand ° = ®+ 1=p+ 1=qj 1. Then there
exists a number C independert of f sud that

UZ ﬂ]_:q I.lZ ﬂ]_:p
i ()% "9 d» . C if ()jPjxj®P dx
R R

3.5. Theorem (Stein, Weiss[25, Theorem 3.10, p. 158]). Let f be radial.
Then 7
1

f(») = @A 25! ™2 fo(r) nsg; 2 (rjxj) r2dr
0

where J is the Besselfunction of the rst kind of order ;| ([25, p. 154]).

3.6. Theorem (Asymptotics of the Besselfunction, [25,Lemma3.11,p. 158]).
If . > % then there is a number C_ independent of ¥2> 1 suchthat

ot B0
J (A vy, COSVA i T

. C $»h32
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4. Proofs for n=1

4.1. Discussion. Let E be a measurablesubsetof R andlet t: R j! E
be measurable.De ne ~
(4:1) [Rif 1) = AQ) jxj2 120 0o 00Dt o1 (5) o
R

R canbe extendedto a t-uniformly boundedmapping L?(R) j! L9R) if and
only if there is a number C independert of f sud that
HZ )l 1=q

fvicq=2j 1
. K(S?)[xIkl 1 (g, ixi®2 tdx + CKf Ko g

holds. Theorem 2.6 therefore follows by proving sud boundednessfor R; when
2- q- 2=cand E = B. To derive it we need estimates for the inverse Fourier
transform of

m(») = exp(§ij*)j»' *;  »2R;

where a and s satisfy the conditions in (2.2). Write m = Am+ Am and let K &
and Kz be the inverseFourier transforms of Am and Am respectively.

4.2. Lemma. Ka is bounded and there is a number C independert of x
sud that )
KA - Cixjt o™ jxj, L
4.3. Lemma (Miyadi [14, Proposition 5.1, p. 289]; also cf. Wainger [30,
p. 41] and Miyacdi [13, Lemma 4, p. 174]).

(&) Kx decreasesapidly and there is a number C independert of X sud that
Ka(X)j - Cjxji “A:  jxj< 1, 0<a< 1
(b) Kz is smooth and there is a number C independert of x sud that
KAGQI - Cixj ™ jxj, 1 a> 1
4.4, Lemma. Let f(x)=jxji® x2R",0< ®< n,andlet g2 C(R")
decreaseapidly. Then there is a number C independert of x sud that
jfegx)j- Cixi' % jxj, &

Proof. Make the splitting
Z Z z

jyit ®g(x i y)dy= +

R iyii xj=2 iyij xj=2

The rst integral can be majorised by a number C independert of x times
sup  jo(x i V)iixji" ®;

ixi yij xj=2
which decreasesapidly in x. The secondintegral can be majorised by
C koK 1(gny JX]' ®; xi, L
where C may be chosento be independert of x.



196 BjArn Gabriel Walther

4.5. Pro of of Lemma 4.2. Sincej 2s> j 1, the integral
Z
ei(X»§j »?) j»ji 2s A(») d»
R

is absolutely cornvergert. Hence K 4 is bounded (and cortinuous). To derive the
asymptotic estimate we write

2VKA(X) = lim Gy (x) + H(x)

where
Z

GM (X) — eix» (e§ ij»® i 1)j»ji ZS[AAM ](») d»
R
and 7

H(x)= € j»ji 25 A(») dx
R

By Taylor's formula and integration by parts
Nz z 1

; H C iwidi 2Si LT AN Wi 2SiTAA . 107 W) i .

jGm ()] - K oo P [AAR () d> + ) ' IAAM ()i d»
where C may be chosento beindependert of x and M . The rst integral remains
boundedas M tendsto in nit y. To bound the secondintegral independertly of M
we notice againthat aj 2s> 0 and alsothat j[AAy ]9 is like two approximativ e
units whosesupports approach 0 as M tendsto in nit y.

To handle H we use Theorem 3.3 and Lemma 4.4. We get that there is a
number C independert of x sud that

JHOO] - Cixji¥*2% jxj, &
We can now concludethat there is a number C independert of x sud that
KAGOT - Cxitt+ Xt 729 - Cixj' ™ jxj- L

4.6. Lemma. Let a and s satisfy (2:2) and let c(A) and c(A) beasin (2:1).
Then there is a number C, independert of " 2 [0; A], N and x sud that

= —
— 0TIyl 25 A»=N) do— Ca (jxji ¥ + jxji CA):
R

Proof. For " > 0 we set

T ="y V= and L="N:
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By a changeof variables
Z z
g0 jji 2 A(»=N) dw= "251 L & m()A(=L)d :
R R

Let 3 denoteeither A or A. By Lemmas4.2 and 4.3 and a changeof variables we
get

= —
—  Ka(uLA(Lu | Lv)du-

= =
n2sj 1__ eiv' 3 (' )m(' )A(' :L) d —= n2sj 1
R

(4:2) - C"ilLuj *®)jA(Lu j Lv)jL dulLc®)
R
C"2si leVji c®)LeC) = gn2si 1+ 0(3)jxji c(®)-

To get the last inequality we have also used Lemma 4.4. If 3 = A the exponert
of "is 0. If 3= Aitisa(lj 4s)=(2 2a), which is non-negative in both of the
cases(2.2i) and (2.2ii).
Now we have proved the estimate in the lemma in the case" > 0. Sincethe
integral Z
ei(X»+j"»ja)j»ji 25 A(»=N) d»
R

is corntinuous with respectto " this estimate is valid alsoin the case"” = 0.

4.7. Corollary . Let a and s satisfy (2:2) and let ¢ be asin (2:1). Then
there is a number C, independent of " 2 [0;A], N and x sud that

- ei(x»+j"»ja)j»ji ZSA(»:N) d»:. Cijji C; JX] - 1
R

Proof. Cf. Remark 2.5.

4.8. Corollary . Let a and s satisfy (2.2ii)) and let ¢ be asin (2:1). Then
there is a number C independert of " 2 R;N and x suc that

- ei(x»+j"»ja)j»ji 2S A(»=N) A Cixj! ©:
R

Proof. According to Remark 2.5 ¢(3) = % in both of the casesof 3. Hence

the exponert 2sj 1+ ¢(3) of " in (4.2) is O in both of the casesof 3.

4.9. Theorem. R; de ned by the formula (4:1) can be extended to a
t-uniformly bounded mapping L?(R) j! L9(R) if (2:2) is satis ed.

Proof. Functions f and g appearing in this proof are assumedto belong to
Co(R) and to have support in R.. We temporarily changenotation and replace q
by p”, the conjugate exponert of someexponert p.

In the proof we follow Sjélin [20] and [31] with somemaodi cations.
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4.9.1. Reduction to a kernel estimate. We can replacef’\ by f in the
de nition of Ry, sincethe Fourier transformation (apart from a multiple) is an
isometry of L?(R").

Set

Z

[RNf ](X) — A(X)ijczzi 1=p° ei(x»+t(x)j»ja) j»ji SAN (»)f (») d»:
R

Here the integration is performed over a compactsetand for Ry the boundedness
L2(R) j! LP (R) can easily be veried. A computation of the adjoint shows
that

Z

[RROI(» = A(x)jxjo72 1797 @i 100+ 100D jyii s Ay () g(x) dx:
R

We will provethat the mapping Ry, isbounded LP(R) j! L2?(R) uniformly with
respectto t and N. Then Ry will be bounded L?(R) j! LP (R) uniformly
with respectto t and N . Since

[Ref 1) = lim [Ry T ](x);

we can by Fatou's lemma concludethat R is bounded L2(R) j! LP"(R) and
that the bound is independert of t.
A computation involving Fubini's theorem shows that

Z 7
(4:3) . iIRY 91(»)j? d» - iy iKn 06 x9ig()9(x%j dx dx’,
where
4
Kn (X; XO) — A(X)A(XO)jXXciczzi 1=p° gl P(Xi XO)»+( t(x)i t(xo))j»ja)j>>ji ZSAN ()))Zd»:
R

We shall prove the following kernel estimate: There is a number C independert
of g, t and N sud that

7
(4:4) LG x%jg(x)g(x) dxdx®- Ckgkfpry; g, O

Once this kernel estimate is proved the desired uniform boundednessfollows by
combining the kernel estimate with (4.3).
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4.9.2. Pro of of the kernel estimate. In proving (4.4) we rst assumethat
g2 C¢ (R) andthat suppgp R. There is a number C independert of t, N, x
and x° sud that

(4:5) Kn(x;x9j - CAX) A jx i xGic

where A(x) = A(x)jxjc=2i 1=P" | This estimate follows from Corollary 4.7. After
replacing Ky (x; X9 in (4.4) by the right-hand side of (4.5) we apply (3.1) and get
that there is a number C independert of g suc that
zZ Z
A()AXY jx i xJTCg(x)g(x9) dxdx®= C  [I; (Ag)(X) A(X)g(x) dx
R2 ZR
(4:6) = C  j»% LjBg(»)j? d»
R

Here we would like to apply Theorem 3.4with g= 2 and j °q= cj 1. Since

the inequalities

q. b 0- ®< 1j % and 0- °<

NoNl

are satis ed, where ° = ®+ 1=p+ 1=qj 1, i.e. ®= °j 1=pj 1=q+ 1. Since
(c=2j 1=p")p+ ®p = 0 we get that there is a number C independen of f sud
that

P HAgjZd»- C JAX)G()]P jx|®P dx
. R R
(47) UZ ) ﬂ 2=p
=C i JA(X)9(x)jP dx - Ckgkfp(r);

Combining (4.5){(4.7) now proves(4.4) in the caseg2 C4 (R).
The equation (4.4) may now be proved in the caseg 2 Co(R) by approximat-
ing g by positive functions in C¢ (R).

4.10. Proof of Theorem B in Section 1.1. We repeat the proof of
Theorem 2.6 with E = B replacedby E = R. SeeSection4.1. We also replace
A(x) by Ay (x) and obsene that the number C in (4.5) will be independert
of M. According to Corollary 4.8 that number C will also be independert of

"= t(x)i t(x9.
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5. Proof for n> 1

5.1. Notation. For a measurablefunction t: R, j! B and fg 2 Cy(R.)
we de ne
Z,
(5:1)  [Ryfol(r) = A(ryrem2i 1=ar1=2 g o 1(ry 572 e (D0 16 S £4(1) dve:
0

52. Lemma. Let 2 - q - 2=c and let R; be de ned by the for-
mula (5:1). Then R; can be extended to a t-uniformly bounded mapping
L2(R.)i! LY9(R.),if (2:2) is satis ed.

Proof. Write Ry = R¢1 + R¢2, where

T1=22Z 4 H 1/4ﬂ
+

4

H
Reifoln) = 2 Ar)re2 19" cos 1y

gt (N2 14 S§ (1) d1sa;
]/4 0

&S

As in the proof of Theorem 4.9 we temporarily changenotation and replace g by
p°, the conjugate exponert of someexponert p.
It follows from Theorem 3.6 that
Z 4 1
iRE2G01(Mj- C  A(r)re2i 4= T+ i jgo(r)idr; 9o 2 Co(R.);
0 (7

where C is independert of go. According to Theorem4.9 R..; can be extendedto
a t-uniformly boundedmapping L2(R.) ! LP"(R,). Hencethe theoremwill be
proved if we can shaw that the remainder R{, can be extendedto a t-uniformly
bounded mapping LP(R.) i! L?(R.).

Write R¢,0o = AR{’;zgo + AR;‘;Zgo. Without lossof generality we can assume
that go, O.

5.2.1. Estimate for AREZ. By Hélder's inequality there is a number C
independert of gy suc that

Z,

iR, 1(W)j - C¥S i A(r) re=2 =P go(r) dr - C¥% kgoKy p (g, »:

Upon squaring and integrating,

where C is independert of go.
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5.2.2. Estimates for AREZ. We shall usethe fact that there is a number
C independen of g suzm that

1
(5:2) DB dt - ChaokEr, );
where A(r) = A(r) r¢=2i 1=°° _The proof of this is postponedto Section5.2.3. We
have to estimate
2, WZ o, . 2
(5:3) A(r)r&2 =P b Sgo(rydr  dY%;
1 0
and
Z,UZ, ] T2
(5:4) A(ryri re2i 1= ip lisgorydr  dv:
1 1=%

Let us deal with (5.4) rst. We make the change of variables %27! t(4 = 1=%
and therefore considerthe integral

Z, MWZ, ] 12
t2 A(r)ri 1220 120" go(r)dr  dt:
0 t
Using maxft;rj tg- r we get
g 74 i 19 g z,
ts A(r)ri #6720 1%0° g (r) dr = t° ri LA(r) go(r)dr
t 7 . 7 . t
rsi L A(r) go(r) dr - jti rji*t tA(r)go(r)dr - C[Is(Ago)I(t):
t t
After squaring and integrating with respectto t (5.2) yields
Zq,UZ, ) T2
A(ryritreszi =piah Lisgo(rydr  d% Ckgokfp(r, )
1 1=%

where C is independen of gp.
The equation (5.3) is dealt with in a similar way to get
Z 1 IJ.Z 1= . TIZ
A(r)r2i =P 14 S go(r)dr  dv%
0
Z M Z, ] P
= i A(r) reA P go(r)dr dt
0 0
Z Uz, 2
jti ri® tA(r)go(r)dr dt
0
Z 1
- C [s(Ag)l()?dt - Ckgokp (g, y:
0

1

0

We have proved that
KARS ,00k?2 (g ) - CkgokZ(r. y;
where C is independert of go.
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5.2.3. Pro of of the estimate (5.2). The function gy may be extendedwith
0 soasto be cortinuouson R with compactsupport in R, . Hencels(Agy) aswell
asits Fourier transform belongsto L?(R). Parsewl's formula and Theorem 3.3
give
Z Z

; [s(Bg))(D)?dt - Kl s(Bgo)kP2(r) = 57, i *j(Ag)b(¢)j? dt:

It is easyto verify that
sc>2cj 3+s, 0

with equality on the right if and only if s = %. Therefore, if we choose p such

that

1 1_¢ 1.

ol p 2 i 5*S
then 2, pand 0- 1=p°j c=2< 1 1=p. We can now apply Theorem 3.4 with
° = s and ®= 1=p" | c=2 and HAlder' sinequality with p and p* (p- p) to get
that there is a number C independert of gy sud that

Z HZ ﬂz:p
jei' #j(Ago)(¢)i*dt - C i iri®PiA(r) go(r)j” dr

R

5.3. Remark. The method for estimating Ry , is the sameasin Sjdlin [21, p.
139{140]. Here we have generalisedit to other valuesof the involved parameters.

5.4. Remark. One might suggestto majorise the integral in e.g.(5.4) using
Mink owski's and HAlder's inequality. It is straightforward to shaw that a necessary
condition for sudh a majorisation is that the integral

Z 1
]A(r) r.i 1=2+ s+ c=2j 1=pnjpn dr
0

is corvergert which happensif and only if
(5:5) ci t+s>o0

Howewer, as we have seenin Section5.2.3, (5.5) is ful' lled in the case(2.2i) but
not ful Tled in the case(2.2ii).

5.5. Pro of of Theorem 2.7. Wede ne
Z

(gaf )[X](t) — jxji(q) ei(X»+jt»J'a) j»ji Sf (») d»; t2 R:
RN
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Let B" we denote the open unit ball in R". The theorem says that there is a
number C independert of f in the Schwartz subclassof radial functions sud that

(5:6) kS%f kiagnir (8)) - Ckfokiz(r,):

where f (») = fo(j»j) joji =21 72,
According to Theorem 3.5
Z 1
(§2F)[X](1) = (@Y 2jxjE@i =2 g o (xj €17 16 ST (Y 72 dvs:
0

Using polar coordinates we get that there is a number C independent of f sud
that

uzl :Zl Zq ﬂl:q

k& ki a1y = C sup— rr9=2i1=ay o (1A= " 1k Sf (1) die dr
0 t2B 0

Herethe right-hand sidecanbemajorized by Ckf ok, . ) whereC isindependert
of f by Lemma5.2. We have proved (5.6).
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