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Abstract. It is shawvn that I;for the Weierstrassnowhere di®ereriiable functions X () =
noo @' cos@'t) and Yap(t) = -, a"sin(d't) the set (Xap; Yan)([0;2%]) has a non-empty
interior in R2, provided b2 N, b, 2 and a < 1 is sutciently closeto 1. It follows that the
box dimension of graph(Xa;b;Ya;b) is equalto 3j 2® where ® = | loga=logb and its Hausdor®
dimensionis at least 2. Moreover, the level setsL(s) for X4 and Ya, have Hausdor®dimension
at least ® for open setsof s 2 R, sothe Hausdor®dimension of graphX 4 and graph Yy, is at
least 1+ ®.

1. Intro duction

This paper concernsthe famous functions

X *
Xap(t)=  a"coqb't);  VYap(t)=  a"sin(b't)

n=0 n=0

fort 2 [0;2 and 0< a< 1, b> 1, ab, 1. The rst one was introduced by
Weierstrassin 1872asan exampleof a cortin uous, nowheredi®erertiable function.
In fact, the non-di®ereriabilit y for all given above parameters a, b was proved
by Hardy in [Ha]. Later, the graphs of these and related functions were studied
as fractal curves. A basic question which arisesin this context is computing the
Hausdor®dimension (HD) of thesecurves. Howeer, this problem is still unsolved
for the classicalfunctions X, and Yap .

For ab= 1, the graphsof X5, and Y, have Hausdor®dimension 1 and ¥«
‘nite 1-dimensional Hausdor®measure,as was proved by Mauldin and Williams
in [MW]. For ab> 1, it is easyto ched that the functions X, and Y., are
HAlder cortin uous with exponert ® for

loga
| o

logb
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(i.e. a= b ®). Consequetly, the box dimension (BD) of their graphsis at most
2i ® (seeLemma 2.2). In fact, it is equalto 2 ®, aswas proved in [KMY].
Hence, HD(graph X 4), HD(graph Ya;,) cannot exceed2j ®. Moreover, the
padking dimension of thesegraphsis 2 ® (see[R]).

It is believed that the Hausdor® dimension of these graphs should also be
equalto 2j ®. Note that

Xanp(t) = aXap(bt) + cost; Yab(t) = aYap(bt) + sint;

which meansthat the graphsare roughly self-similar for the scalingwith horizontal
factor b and vertical factor a.

The dixculties lie in the lower estimates of the Hausdor®dimension. There
are not too many results in this direction. Mauldin and Williams in [MW] gave
the lower bound of the form 2 ®; C=logb for a constart C > 0 independert
of b, which approadesthe upper bound as b! 1 . Przytycki and Urbafiski
proved in [PU] that the Hausdor®dimension of graphX ..,, graphYa is greater
than 1 for b2 N, b, 2. In [Hu], Hunt showed that the Hausdor®dimension of
the graph of the function

a" cogb't + )
n=0
with Y, chosenindependertly with respectto the uniform probability measureon
[0; 2¢], is almost surely equalto 2| ®.

It turns out that it is easierto considerthe problem for the Weierstrassfunc-
tion with cosinereplacedby someother continuous periodic function g: R ! R.
For instance, take g(t) = dist(t; Z) (the sawtooth function), which was studied by
Besicwitch and Ursell in [BU]. For a = b, we obtain the van der Waerden{Tagaki
function, which has Hausdor®dimension 1 and ¥ nite 1-dimensional Hausdor®
measure. This was proved by Andersonand Pitt in [AP]. Moreover, by the work of
Ledrappier [L]3 the caseb= 2, a> % can be brought to the caseof the Bernoulli
convolutions  §a", where the signs are chosenindependertly with probability
% on [0;1]. Then the work of Solorryaki[S] igplies that the Hausdor®dimension
of the graph is 2} ® for almost all a 2 %; 1.

Another interesting problem is studying various measuresrelated to these
graphs. For a function f: [tp;t;] ! R™ denote by ¢ the image under f of
the uniform probability measureon [tg;t;]. Little is known about the measures
x. and ly, . It is conjectured that the Hausdor®dimension of graphX g,y
(or graphYay) is 2 ®if and only if the measuret x,, (or v, ) is absolutely con-
tinuous with respect to the Lebesguemeasureon R . This holds for the Bernoulli
cornvolutions, aswas proved in [PU]. Kdno shaved in [K] that if b2 N and ab is
suxciently large and the suitable measure! x,, or !y, hasa bounded density
function with respect to the Lebesguemeasure,then the Hausdor®dimension of
the graphis 2§ ®.
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In this paper we considerthe complexi cation of the functions X 5 and Ya.p,
i.e.

Fap(z) =  a"z"; z2C;jzj- 1
n=0

fora2 (0;1) and b2 N, b, 2. Then F4p is holomorphic in the open unit disc,
continuous in the closedunit disc and

i it ¢ [ it ¢

We prove that if a is suxciently closeto 1, then the image of the unit circle St
under F,, (i.e. the image of the segmen [0; 2%/ under the map (X ap; Yap)) IS @
curve which has non-empty interior in the topology of the plane. More precisely
we show

Theorem 1.1. There exist agp < 1 and c¢> 0, sud that for every a2 [ap;1)
and every b2 N, b, 2, the set Fo,(S') contains a disc of radius cx(1i a).
Moreover, Fa.,(S?) is the closureof its interior in the topology of the plane.

Figure 1. The curve F,,(S) for a= 0:7 (left) and a= 0:8 (right).

The idea of complexifying the Weierstrassfunction is not new. In [Ha] Hardy
usedits harmonic extensionto prove non-di®ereniabilit y. Our approad, however,
is not analytical but relies on someelemenary geometric facts (Lemma 3.3).

Apart from presering an interesting exampleof a \plane- lling" curve, Theo-
rem 1.1 has someconsequencesoncerningthe graphs of the functions X s, Yanb -
First, we can compute the exact value of the box dimension of graph(X a:p; Ya:b)
(as a subsetof R?3), which is equalto 3 2®. The Hausdor®dimension of this
graph is at least 2. Theseresults are shovn in Corollary 4.1.

For s2 R de ne the level setsof X4, Yapb as

Lx., (S) = ft 2 R : Xap(t) = sg; Lv,, () = ft 2 R : Yap(t) = s

In Corollary 4.3 we shaw that the Hausdor®dimensionof Lx,, (s) and Ly, (S)
is at least ® for someopen setsof s2 R. This implies (Corollary 4.4) that

HD(graph X a.p); HD(graph Yap) , 1+ ®:



328 Krzysztof Barafiski

Theorem 1.1 and the corollaries are true for a closeto 1, i.e. for ® close
to 0. The functions X, Yap are Hélder cortinuous with exponert ®, so the
map (X ap; Yab) is also HAlder cortinuous with the sameexponert. This implies
(seeLemma 2.2) that

i ¢ i ¢ i ¢
HD Fa;b(sl) = HD (Xap; Yap)([0:27)) - BD (Xap; Yap)([0;24]) - 3i 2®,

sofor ® > % we have HD(F4(St)) < 2. In particular, Fa(S?) has 2-dimensional
Lebesguemeasure 0, * (x,, .v,,) IS singular with respect to this measure and
Theorem 1.1 cannot be true. It would be of interest to chedk whether Theorem 1.1
holds for every ® - % (SeeFigure 1, where the left picture shows the curve for
®= 0:5145::: and the right onefor ®= 0:3219:::.) The most interesting caseis
®= % Indeed, we have the following:

Fact. Suppose ® = % and Fap(S') has positive 2-dimensional Lebesgue

measure. Then * (x,. .v,,) iS not singular with respect to this measureand the
measures® x,, , 'v,, are not singular with respect to 1-dimensional Lebesgue
measure. Moreover, HD(graph X 5.,) = HD(graph Yap) = 2j ®= %

Proof. Let Leb,, bethe m-dimensionalLebesguemeasure.By Lemma2.2,we
have Lebz jr,, (st) - C* (x. ;vap) fOraconstart C. Suppose?! (x . .v,,) IS singu-
lar with respectto Leb, and take a set A ¥4 F,,(S?) sud that 1 (Xap Yap)(A) = 1
and Leby(A) = 0. Then

i 1, ¢ i 1A ¢ i A ®
LEbZ Fa;b(s ) = LebZ Fa;b(S ) nA - Ct (Xap Yap ) Fa;b(s ) nA = 01

which contradicts the assumption. Hence,* (x ,, v, ) IS not singular with respect
to Leb,. Since'x,, , 'v,, are orthogonal projections of * (x,, .,,) On the
coordinate axes,they are not singular with respectto Leb;. The last part follows
from Corollary 4.4, becausel+ ®= 2 = 2; ®.

2. Preliminaries

We recall somebasic de nitions and facts concerningthe Hausdor®and box
dimension.

De nition 2.1. For A% R" and > 0 the (outer) *-Hausdor®measureof
A is de ned as X
H *(A) = I!i'moinf (diam U)*;
u2u
where in mum is taken over all courtable coverings U of A by open sets of
diameterslessthan "
The Hausdor®dimension of A is de ned as

HD(A) = supf+> 0:H *(A) = +1g = inff+> 0:H *(A) = 0g:
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Let N-(A) bethe minimal number of balls of diameter " neededto cover A.
De ne the lower and upper box dimension as

logN-(A) .

logN-(A)
i log" ' )

BD(A) = lim inf
BD(A) m IQ i log"

BD(A) = lim sup
"1 0

The box dimensionis also called the box-counting or Mink owski dimension.
It is easyto ched that

HD(A) - BD(A):

The de nitions of the Hausdor®and box dimension easily imply

Lemma 2.2. Let A% R" andlet f: A! R™ beamap suc that
kf (x)i f(y)k- ckxi yk
for every x;y 2 A and constarts ¢c> 0, 0< - 1. Then for every £> 0,
i ¢ - ' ¢
H* 'f(A) - ¢~ H*A); so HDT(A) - HD(A)="
Moreover,
BD(graphf) - BD(A)+ m(1i );
BD(graphf) - BD(A)+ m(1j ~):

We shall use the following theorem estimating the Hausdor®dimension of a
planar set by the dimensionsof its level sets(for the proof seee.qg. [F]).

Theorem 2.3. Let E 1/2_|R2 and A “2R. Suppgpsethat there exists >0,
sudh that if x 2 A, then H fy2 R :(x;y) 2 Eg > c, for someconstart c.
Then for every > 0, ~

H * (E), b *(A);

where b dependsonly on  and . In particular,

i ¢
HD(E), HD(A)+ inf HD'fy2 R:(xy) 2 Eg :
X

Notation. The symbols cl, int and @denoterespectively the closure,interior
and boundary in the topology of the plane. The euclidean distance is denoted
by dist. AB is the segmen with endpoints A; B and jABj is its length. We
write D, (x) for the opendisc certred at x 2 C of radius r. For t 2 R we denote
by [t] the integer part of t, i.e. the largest integer not greater than t.
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3. Pro of of Theorem 1.1

Let 0< a< 1, b2 N, b, 2. By the de nition of F,4, we have

. . R i ¢, .
Fap(6”1) i Fap(€?72) = 2i a" sinll/ﬁ‘(tli t,) b (ti+ t2)
n=0
for every tq;t, 2 [0; 1]. Let
Zny = €2k forn, O, k= 1::::0

and x j 2Z. Then

X 1 .
Fa;b(zn;k+j) i Fa;b(zn;k) = 9 a| Sin(14 :51] I)el/4(2k+1):b Il
1=0
X . o
= 2ia" ai M sin(¥ =p")e” @k+i)=b
m=1

=2a"  uf) (@bl (D)
m=1
where _ _ ' .
ud(a;b) = a Msin(=p"); 30} () = kD",
Note that ul})(a;b) 2 R, 32;?( (b) 2 St. Moreover,

Zn:k = Zn+ng:bhok

and i ; n ; m i m i hhoi M
3r(ri;)b”0k(b) = @/ARW"Ok+j)=b" _ JVij =b" 2Vik b0
for every ng, 0. Thus,
book(® = €97 form - no
and
No ) )
Fab(Zn+nobrok+j) i Fap(Znk) = 2ia" " e u%)(a; b)sr(rJ];)bnok(b)
m=1
Xo - X ho .
= 2jgn*no ul) (a;b)e” =" + 2ign* no u$) (@020
m=1 m=np+l
(1) _ My L m R . i m
= 2ia"*no ul) (a;b)e” =" ul) (a; be” =
m=1 m=ng+1
R i) !
+ ul) (a;0)3 ok
m=no+_l

. - ¢
2ia™ "'y (a;b) + ¢ ) (ab) ;

nkno

(b)
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where 2
ud(a;b) = u(”(a b)e”l =b" .
m=1

Note that

G . o o R . 21/} |
2 j¢ ), (@bj- 2 jul) (a;b)j - 2% (ah' ™ = ——_(abi "o:

o m=ng+1 m=nop+l ab' 1
Let

h S
U@ (p) = sin(¥j =g")e”d =" ;
m=1
Lemma 3.1. Forevery b2 N, b 2, there eX|sts an mtegErJo sud that
(1) UUo)(b), Ulijo)(h) 6 0 and Arg U(Jo)(b) 6 Arg U('JO)(b)
(2) if b, tends¢to 1, then U&§J°)(b) tend respectively to U(§J°) 6 0 sud that
Arg U (io) 6 Arg U(I jo)

Proof. By de nition,

i 6 1R il 6 X
Re UW)(b) = 5 sin(2vj =4"); Im U@ (b = sin?(¥4 =4"):
m=1 m=1
Note that fpr every j 6 0 we have Im U(J)(b) > 0, so UU)(bh) 6 0 and
Arg U(J)(b) 2 (0;%) . Moreover,

¢
Re' Ui ”(b) = | Re U((t”(b) Im' UG ”(b) —¢Im U(”(b)
so Arg U(”(b) 6 Arg ' (b if and only if Re Ui)(b) 6 0.
Let )
o for b< 4,
o= "1h" forb, 4.

Then 0< 2% o=b" - 1/4for albg 2, m, 1 and the equality holds only ig b= 2,
= 1. This implies Re' Ulo(b) > 0, S0 Arg U(Jo)(b) 6 Arg 'uG i) (b) .
Note that

3) 0<jo- ib:
Using this, we obtain
. ! Xy Yj Y,
UG () sin(§ Vi a=hes ¥ 0=b; . 7o _ 70 ‘.
which tends to 0 as b tends to 1 , SO U(§j°)(b) tends to
UBio) = Jim sin §1/41b = e3P = L(g1+i):

Lemma 3.2. Let jo = jo(b) bethe numberde ned in the proof of Lemma3.1.
If atendsto 1, then U0 (a;b) tend respectively to U(Sio)(b) uniformly with
respectto b, 2.
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Proof. Recall that
uSio(a;b) = ai ™ sin(§ Yho=t")j ! § sin(¥jo=1");

soit is suxcient to show that the series

ufﬁjf’)(a; b)e§ Yij o=hb™
m=1

are corvergert uniformly with respectto b, 2 and a2 [a;;1) for somea; < 1.
To ched this, it is enoughto notice that by (3), we have
My 1 HoTm
. i Yii o=b™ : ; . /jo Ya ; 2
(8j0)(q- 8 Yij o=b" ;i — 4i M . " im 1, &
jui 1% (a;be j=a Msin i 2a(ab) /4 3

£
forevery a2 2;1.
The proof of Theorem 1.1 is basedon the following elemenary planar geo-
metric property.

Lemma 3.3. Let A, B, C bethree non-collinear points in the plane. Then
there exist a point P in the interior of the triangle AB C and constarts "; ¢> 0,
such that for every q < 1 suzciently closeto 1 there existsr > cH1j Q) sud
that

Dr(P) %Dg (A)[ Do (B) [ Do (€)
for eery A2 D-(A), 82 D-(B), € 2 D-(C).

Proof. Let P be the unique point in the interior of the triangle AB C, sud
that ]| APB =] BPC=] CPA= %1/4 For Z = A; B;C denoteby S; the closed
angle of measure %1/4 and vertex P, symmetric with respect to the line PZ and
containing Z. Then

i ¢ ¢ ¢
(4) D:(P)= Di(P)\ Sa [ D((P)\ Sg [ D((P)\ Sc :

Taker > jAPj. Let Q, QY bethe two points in @, (P), sudthat ] APQ =
] AP Q%= 1viandlet R bethe point of intersection of the line AP with @ (P)\
Sa (seeFigure 2).

Then

©, | e
(5) max dist(A;Z) :Z 2 @Dr(P)\ Sa = JAQ;j:
© _a

To seethis, obsene that max dist(A;Z) : Z 2 PQ is adhieved for Z 2

fP; Qg. Moreover, it is easyto ched that dist(A; Z) decreasesas Z goesalong
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Q

p/3 p/3

o
Figure 2. The set D, (P)\ Sa.
@ (P)\ Sa from Q to R. Since] PQA < $%=] AP Q, we have jAQj > jAP].
This shows (5). By (5) and the triangle inequality, if
(6) ar > jAQj +
then
D/ (P)\ Sa % Dg (A)

for every A2 D-(A). Since
q
JAQj = r?j jAPjr + jAPj?;

the condition (6) is equivalert to
(7) @i Ar?i (APji 2'g)r + jAPj?| "< O

Solving the quadratic inequality, it is easyto ched that if £ > 0 is suzciently smgJl
and q is suztciently closeto 1, then (7) holdsfor r 2 3=(1i q);ca=(1i Q) ,
where cy > 0 dependsonly on jAPj and ¢ > O is arbitrarily small if " and
1 g are suzciently small. Replacing A by B and C and repeating the above
argumerts, we obtain by (4)

D (P) %Dg (A)[ Do (B) [ Do (€)
for every A2 D-(A), 82 D-(B), € 2 D-(C) and
r 2 max(cx;c;c2)=(1i qg);min(ca;Cs;cc)=(1i Q)

(if " is suxciently small and q is suzciently closeto 1). Hence,the lemma holds
for c= min(ca;cg;cc)=2and r = 2c{1j Q). o
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Now we can prove the main lemmawhich is usedin the proof of Theorem 1.1.

Lemma 3.4. There exist ag < 1, np > 0 and ¢ > 0, suc that for every
a2lap;l) andevery b2 N, b, 2 thereexist zo2 C and %> cH1j a), sud

b" 0 gg+1)

i n i -
Doa Fab(znk)+ zo@" % Do +no Fap(Zn+ngi) -

I=bo(kj 1)

Proof. Let jo bethe number de ned in the proof of Lemma 3.1. Take b, 2
and de ne A;B;C 2 C setting

A=0  B=UUd); C=Ulilp:

By Lemma 3.1, the points A, B, C are not collinear. For a < 1, n , O,

A=0;

B=a" ulodah)+¢ 0o (@b
P . ¢

€= anolu(l Jo)(a; b+ ¢ I(’1l;kj;$‘l)o(a; b) :

Take asmall " > 0. By (2) and (3) we obtain

DI 1 . i,C
16 ming (B0 < Vermgp(al! ™ - 4
£, ¢ .
for every a2 %;1 ,every b, 2, ewery ny and ewvery k. Fix ng suc that

i, ¢
1 g 0 ln.
4y, 3 < 3 -

By Lemma 3.2, there exists % < & < 1 sud that for every a 2 [ag; 1) and every
b, 2,

(8) ja”OU(§j°)(a; b) | U(§j°)(b)j < %":
This implies jB | Bj;j€; Cj< ". Apply Lemma 3.3 for the points A, B, C, A,
B, €. By this lemma, there exist a point P 2 C and constarts ¢, > 0, g < 1

(depending only on b), sud that for every q 2 [go; 1) there existsr > c,=(1| Q)
sud that

(9) D/ (P) %D g (A)[ Dg (B)[ Dq(€)
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' ¢
Take ag(b) < 1 sud that ag(b) > & and Iao(b) o> . Let
Zo = 2iP:
£ ¢ i (A
Take a2 ag(b);1 and g= a" . Then q, ap(b) ~ > , soby (9) and (1), we

have .
D r (ZO=(2|)) ]/2 D rano (O)

Fab(Zn+ngbnok+jo) i Fab(Znk )

[ Dranou 2ian q
D Fab(zn+ No:b"okj jo) i Fab(znk) .
[ Draro 2ian ’
where
(10) r> @ Co

> :
1; ano no(1ij a)
Multiplying by 2ia" and adding Fa.p(znk ) we obtain

i
D2ran (Fap(zZnk ) + z0@") %2 Doran+no Fap(Znk )
|
(11) [ DZra””‘o_Fa;b(zn+n0;b“0k+j0)¢

i
[ Dorantno Fab(Zn+noiproki jo) -

In this way we have proved the lemma with ag, ¢ and r dependingon b. To get
the independenceof b, let

A=0; B = U(JO)1 C = U(I jo)

andde ne A, B, €, ng and & aspreviously. Note that by Lemma 3.1, for given
" > 0 there exists by sudc that for b> by we have

jU(§j°)(b)i U(§jo)j < %":
Using this together with (8), we have
ja”OU(§j°)(a; b) | U(§jo)j < %

for a2 [ap;1) and b> hy. Repeating the previous argumerts, we show that there
exist ap(l )< 1,c; >0,2,2C andr > 0 sud that

C1

(12) r> —no(li 2)

and (11) holds for every a2 [ag(1 ); 1) and every b> by.
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De ne

_ min(Cy;:::;CpysC1 ).
2ng ’

Take a2 [ag;1), b, 2 andlet %= 2r for r from (11). Then by (10) and (12) we
have %> cH1j a) and

i
D oo (Faip(Znik ) + 20@") Y2 D g9+ no Fab(Znk )

i
[ Dosa+no Fap(Zn+ no;b"0k+jo)¢

[
[ Doea+no Fap(Zn+ngbroki jo)
By (3), this implies

b" 0 g5 +1)

i n i .
Doya Fap(znk)+ zo@" % Doa+no Fap(Zn+ney) 10

I=bo (ki 1)

Remark. In fact, the symmetry between B and C giveszy 2 R, z5 < 0.
Proof of Theorem 1.1. Let

®

An(%p;Qq) = I D oa (Fab(zn; )):
=p

we obtain

i ¢
D o IFa;b_(Zn;k) + zpd" Y2 An no(%ﬁq&k i ook + bno);
D oa IFa;b(zn;k) + zpa" + zga" " "°

Yo Ansang (%P 0k § BP0 § B0 "ok + BP0 + P0);

¢¢e q
H ,lij amo
Doya Fap(znk) + zoa W
u 1
phho i 1 phho i 1
n . . n
1/2An+mno %HT] Okl wom,bmq:ok"' bnom

s Ansmn, %Mk | 2); 0™ (k + 2)

for every a2 [ag;1), b, 2 and suitable zo 2 C, %> cX1i a). Hence,

H Zod" 1 T i ¢
Dya=2 Fap(zZnk)+ ——— % Ansmn, %M o(kj 2);0M°o(k + 2)

1j ane m=my
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for sutciently large mgy. This means

u

Zoan ﬂ T S
Doya=2 Fap(Znk) +

; N
: - 1 D%aﬂn olFa;b(eZ/dt) :
1; ano m=mo t2[(kj 2)=b";(k+2)=b"]

By the compactnessof F,(S?), we have

H n

Zod i© . £ ¢
(13) Dopw=2 Fap(znk )+ 1i0 ano YoFap €70 112 (ki 2)=8";(k+2)=8" ;

which easily implies both parts of the theorem. o

4. Corollaries

Corollary 4.1. Forewery a2 [ap;1) andevery b2 N, b, 2,
' ¢ __j ¢

' ¢ ' ¢
Moreover, H 2|graph(xa;b;Ya;b) > 0, so HDIgraph(Xa;b;Ya;b) . 2.

Proof. Considerthe rst part of the corollary. Sincethe map (X ap; Yan) IS
HAlder contin uous with exponert ®, we have by Lemma 2.2,

_ ¢
BDlgraph(Xa;b;Ya;b) - 3 2®;

so it is suxcient to shov the opposite inequality. Take " > 0. Let n be the
maximal number for which 2= > " and let

| vk 2vq2k + 1)°
k= o

Then jlgj > " and dist(l,;1k,) > " for ky 6 ko. By (13), the set (X ap; Yab)(lk)
contains a disc of diameter ca" for a constart ¢> 0 independent of k, n. Hence,
to cover graph(X ap; Yap)ji, we needat least c?a®""i 2 palls of diameter " with
non-empty intersections with graph(Xap; Yab)ji, . Since for ki 6 k, we have
dist(lk,;lk,) > ", sudh balls for k; and k, are disjoint. Hence,

i ¢ : . : :
N"Igraph(Xa,b,Ya’b) 5 Claznul 8 = Clbl 2@n " 3 \ C2"2®| 3

for someconstarts c;;c, > 0. This implies @'graph(xa;b;Ya;b)(t, 3i 2®.

To prove the secondpart, note that Fo,(S?*) is the orthogonal projection of
graph(Xap; Yap). Since the projection is a Lipschitz map, it is enoughto use
Theorem 1.1 and Lemma 2.2 for = 1.
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The next corollary shows that for the functions Xgap, Yap We can improve
the generalestimatesfrom Lemma 2.2.

Corollary 4.2. For every a 2 [ag;1) and every b2 N, b, 2 there exist
Ux., Uy, 2R, sudthat Uy, (or Uy,, ) is open and densein X ([0; 2¥4)
(or Yap([0;2%)) and for every £> O,

; t ®(x+1) Iy i 1 ¢
if H =(A) > 0; thenH ™% X/ 7(A) > Ofor every setA %2 Uy, ;
if H*(A)> 0; thenH ®** IYa‘;bl(A) > 0 for every setA % Uy, :
In particular,
i ¢ ' ¢
HD'X 1 1(A) . ® HD(A)+ 1 for every setA % Uy, :
HD'Yi}(A) . ®HD(A)+ 1) for every setA % Uy,, :
Proof. Let Ux,, (or Uy,, ) be the orthogonal projection of int Fa,(S*) on
the real (or imaginary) axis. By Theorem 1.1, Ux_, (or Uy,, ) is openand dense

in Xabn([0;2%3) (or Yap([0;2¥])). Take A %2 Ux,, sud that H *(A) > 0. By
de nition, for every s2 A the set

i ¢ i ¢
corntains a non-trivial interval. Hence,by Theorem 2.3, we have
' ¢ ' ¢
H*'AE R \ (Xab; Yap) [0;24) > O:
Sincethe map (X apb; Yap) is HAlder with exponert ®, we have by Lemma 2.2,
' , ¢ ' , ¢
H ®ED (X )i 1(A) = H 5D (X Yap) (A ER) > 0
The caseA Y2 Uy,, is symmetric.
Taking A = fsg in Corollary 4.2, we obtain the following result on level sets
LX ab (5)1 LYa;b (S) .
Corollary 4.3. For every a2 [ap;1) and every b2 N, b, 2,
' ¢
H ®'_an;b (s)¢> 0 forewerys2 Uy, ;
H© Ly, (s) > 0 forewerys2 Uy, :

In particular,
HD LX ab (s) ® foreverys?2 Uy, ;

HD' L., (s) ® for everys2 Uy,, :

Moreover, ¢
mtR Yab Lx a (S) o 6, forewerys2 Uyx,,;

intg Xab Lv,, (s) 6, forewerys2 Uy, :
By Corollary 4.3 and Theorem 2.3, we get
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Corollary 4.4. For every a2 [ap;1) andevery b2 N, b, 2,

H ™ ®(graph X o;p); H * ®(graph Yap) > O:

In particular, HD(graph Xa.p); HD(graph Yap) , 1+ ®.
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