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Abstract. It is shown that for the Weierstrassnowhere di®erentiable functions X a;b (t) =P 1
n =0 an cos(bn t) and Ya;b (t) =

P 1
n =0 an sin(bn t) the set (X a;b ; Ya;b )([0; 2¼]) has a non-empty

interior in R 2 , provided b 2 N , b ¸ 2 and a < 1 is su±ciently closeto 1. It follows that the
box dimension of graph(X a;b ; Ya;b ) is equal to 3 ¡ 2® where ® = ¡ loga=logb and its Hausdor®
dimension is at least 2. Moreover, the level sets L(s) for X a;b and Ya;b have Hausdor®dimension
at least ® for open setsof s 2 R , so the Hausdor®dimension of graphX a;b and graphYa;b is at
least 1 + ®.

1. In tro duction

This paper concernsthe famous functions

X a;b(t) =
1X

n =0

an cos(bn t); Ya;b(t) =
1X

n =0

an sin(bn t)

for t 2 [0; 2¼] and 0 < a < 1, b > 1, ab ¸ 1. The ¯rst one was intro duced by
Weierstrassin 1872asan exampleof a continuous,nowheredi®erentiable function.
In fact, the non-di®erentiabilit y for all given above parameters a, b was proved
by Hardy in [Ha]. Later, the graphs of these and related functions were studied
as fractal curves. A basic question which arisesin this context is computing the
Hausdor®dimension( HD ) of thesecurves. However, this problem is still unsolved
for the classicalfunctions X a;b and Ya;b .

For ab= 1, the graphs of X a;b and Ya;b have Hausdor®dimension 1 and ¾-
¯nite 1-dimensional Hausdor®measure,as was proved by Mauldin and Williams
in [MW]. For ab > 1, it is easy to check that the functions X a;b and Ya;b are
HÄolder continuous with exponent ® for

® = ¡
loga
logb
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(i.e. a = b¡ ® ). Consequently , the box dimension ( BD ) of their graphs is at most
2 ¡ ® (seeLemma 2.2). In fact, it is equal to 2 ¡ ®, as was proved in [KMY].
Hence, HD(graph X a;b) , HD(graph Ya;b) cannot exceed 2 ¡ ®. Moreover, the
packing dimension of thesegraphs is 2 ¡ ® (see[R]).

It is believed that the Hausdor® dimension of these graphs should also be
equal to 2 ¡ ®. Note that

X a;b(t) = aX a;b(bt) + cost; Ya;b(t) = aYa;b (bt) + sin t;

which meansthat the graphsare roughly self-similar for the scalingwith horizontal
factor b and vertical factor a.

The di±culties lie in the lower estimates of the Hausdor®dimension. There
are not too many results in this direction. Mauldin and Williams in [MW] gave
the lower bound of the form 2 ¡ ® ¡ C=logb for a constant C > 0 independent
of b, which approaches the upper bound as b ! 1 . Przytycki and Urba¶nski
proved in [PU] that the Hausdor®dimension of graphX a;b , graphYa;b is greater
than 1 for b 2 N , b ¸ 2. In [Hu], Hunt showed that the Hausdor®dimension of
the graph of the function

1X

n =0

an cos(bn t + µn )

with µn chosenindependently with respect to the uniform probabilit y measureon
[0; 2¼], is almost surely equal to 2 ¡ ®.

It turns out that it is easierto considerthe problem for the Weierstrassfunc-
tion with cosinereplacedby someother continuous periodic function g: R ! R .
For instance, take g(t) = dist( t; Z) (the sawtooth function), which wasstudied by
Besicovitch and Ursell in [BU]. For a = b, we obtain the van der Waerden{Tagaki
function, which has Hausdor®dimension 1 and ¾-¯nite 1-dimensional Hausdor®
measure.This wasproved by Andersonand Pitt in [AP]. Moreover, by the work of
Ledrappier [L], the caseb = 2, a > 1

2 can be brought to the caseof the Bernoulli
convolutions

P
§ an , where the signs are chosenindependently with probabilit y

1
2 on [0; 1]. Then the work of Solomyak [S] implies that the Hausdor®dimension
of the graph is 2 ¡ ® for almost all a 2

¡
1
2 ; 1

¢
.

Another interesting problem is studying various measuresrelated to these
graphs. For a function f : [t0; t1] ! R m denote by ¹ f the image under f of
the uniform probabilit y measureon [t0; t1] . Little is known about the measures
¹ X a;b and ¹ Ya;b . It is conjectured that the Hausdor® dimension of graphX a;b

(or graphYa;b ) is 2¡ ® if and only if the measure¹ X a;b (or ¹ Ya;b ) is absolutely con-
tinuous with respect to the Lebesguemeasureon R . This holds for the Bernoulli
convolutions, as was proved in [PU]. Kôno showed in [K] that if b 2 N and ab is
su±ciently large and the suitable measure ¹ X a;b or ¹ Ya;b has a bounded density
function with respect to the Lebesguemeasure,then the Hausdor®dimension of
the graph is 2 ¡ ®.
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In this paper we considerthe complexi¯cation of the functions X a;b and Ya;b ,
i.e.

Fa;b (z) =
1X

n =0

an zbn
; z 2 C; jzj · 1;

for a 2 (0; 1) and b 2 N , b ¸ 2. Then Fa;b is holomorphic in the open unit disc,
continuous in the closedunit disc and

Re
¡
Fa;b(eit )

¢
= X a;b(t); Im

¡
Fa;b(eit )

¢
= Ya;b (t):

We prove that if a is su±ciently closeto 1, then the image of the unit circle S1

under Fa;b (i.e. the image of the segment [0; 2¼] under the map (X a;b ; Ya;b ) ) is a
curve which has non-empty interior in the topology of the plane. More precisely,
we show

Theorem 1.1. There exist a0 < 1 and c > 0, such that for every a 2 [a0; 1)
and every b 2 N , b ¸ 2, the set Fa;b(S1) contains a disc of radius c=(1 ¡ a) .
Moreover, Fa;b(S1) is the closureof its interior in the topology of the plane.

Figure 1. The curve Fa;2(S1) for a = 0:7 (left) and a = 0:8 (right).

The idea of complexifying the Weierstrassfunction is not new. In [Ha] Hardy
usedits harmonic extensionto prove non-di®erentiabilit y. Our approach, however,
is not analytical but relies on someelementary geometric facts (Lemma 3.3).

Apart from presenting an interesting exampleof a \plane-¯lling" curve, Theo-
rem 1.1 has someconsequencesconcerningthe graphs of the functions X a;b , Ya;b .
First, we can compute the exact value of the box dimension of graph(X a;b ; Ya;b )
(as a subset of R 3 ), which is equal to 3 ¡ 2®. The Hausdor®dimension of this
graph is at least 2. Theseresults are shown in Corollary 4.1.

For s 2 R de¯ne the level setsof X a;b , Ya;b as

L X a;b (s) = f t 2 R : X a;b(t) = sg; L Ya;b (s) = f t 2 R : Ya;b(t) = sg:

In Corollary 4.3 we show that the Hausdor®dimension of L X a;b (s) and L Ya;b (s)
is at least ® for someopen setsof s 2 R . This implies (Corollary 4.4) that

HD(graph X a;b); HD(graph Ya;b) ¸ 1 + ®:
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Theorem 1.1 and the corollaries are true for a close to 1, i.e. for ® close
to 0. The functions X a;b , Ya;b are HÄolder continuous with exponent ®, so the
map (X a;b ; Ya;b ) is also HÄolder continuous with the sameexponent. This implies
(seeLemma 2.2) that

HD
¡
Fa;b(S1)

¢
= HD

¡
(X a;b ; Ya;b )([0; 2¼])

¢
· BD

¡
(X a;b ; Ya;b )([0; 2¼])

¢
· 3 ¡ 2®;

sofor ® > 1
2 wehave HD(Fa;b(S1)) < 2. In particular, Fa;b (S1) has 2-dimensional

Lebesguemeasure 0, ¹ (X a;b ;Ya;b ) is singular with respect to this measure and
Theorem 1.1 cannot be true. It would be of interest to check whether Theorem 1.1
holds for every ® · 1

2 . (SeeFigure 1, where the left picture shows the curve for
® = 0:5145: : : and the right one for ® = 0:3219: : : .) The most interesting caseis
® = 1

2 . Indeed, we have the following:

Fact. Suppose ® = 1
2 and Fa;b(S1) has positive 2-dimensional Lebesgue

measure. Then ¹ (X a;b ;Ya;b ) is not singular with respect to this measureand the
measures¹ X a;b , ¹ Ya;b are not singular with respect to 1-dimensional Lebesgue
measure.Moreover, HD(graph X a;b) = HD(graph Ya;b) = 2 ¡ ® = 3

2 .

Proof. Let Lebm bethe m -dimensionalLebesguemeasure.By Lemma2.2,we
have Leb2 jFa;b (S1 ) · C¹ (X a;b ;Ya;b ) for a constant C . Suppose¹ (X a;b ;Ya;b ) is singu-
lar with respect to Leb2 and take a set A ½ Fa;b(S1) such that ¹ (X a;b ;Ya;b ) (A) = 1
and Leb2(A) = 0. Then

Leb2
¡
Fa;b (S1)

¢
= Leb2

¡
Fa;b(S1) n A

¢
· C¹ (X a;b ;Ya;b )

¡
Fa;b(S1) n A

¢
= 0;

which contradicts the assumption. Hence, ¹ (X a;b ;Ya;b ) is not singular with respect
to Leb2 . Since ¹ X a;b , ¹ Ya;b are orthogonal projections of ¹ (X a;b ;Ya;b ) on the
coordinate axes,they are not singular with respect to Leb1 . The last part follows
from Corollary 4.4, because1 + ® = 3

2 = 2 ¡ ®.

2. Preliminaries

We recall somebasic de¯nitions and facts concerning the Hausdor®and box
dimension.

De¯nition 2.1. For A ½ R n and ± > 0 the (outer) ±-Hausdor®measureof
A is de¯ned as

H ±(A) = lim
" ! 0

inf
X

U 2 U

(diam U)±;

where in¯m um is taken over all countable coverings U of A by open sets of
diameters lessthan " .

The Hausdor®dimension of A is de¯ned as

HD(A) = supf ± > 0 : H ±(A) = + 1g = inf f ± > 0 : H ±(A) = 0g:
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Let N " (A) be the minimal number of balls of diameter " neededto cover A .
De¯ne the lower and upper box dimension as

BD(A) = lim inf
" ! 0

logN " (A)
¡ log"

; BD( A) = lim sup
" ! 0

logN " (A)
¡ log"

:

The box dimension is also called the box-counting or Minkowski dimension.

It is easyto check that

HD(A) · BD(A):

The de¯nitions of the Hausdor®and box dimension easily imply

Lemma 2.2. Let A ½ R n and let f : A ! R m be a map such that

kf (x) ¡ f (y)k · ckx ¡ yk¯

for every x; y 2 A and constants c > 0, 0 < ¯ · 1. Then for every ± > 0,

H ±=¯ ¡
f (A)

¢
· c±=¯ H ±(A); so HD

¡
f (A)

¢
· HD(A)=¯ :

Moreover,
BD(graph f ) · BD(A) + m(1 ¡ ¯ );

BD(graph f ) · BD( A) + m(1 ¡ ¯ ):

We shall use the following theorem estimating the Hausdor®dimension of a
planar set by the dimensionsof its level sets (for the proof seee.g. [F]).

Theorem 2.3. Let E ½ R 2 and A ½ R . Supposethat there exists ¯ > 0,
such that if x 2 A , then H ¯

¡
f y 2 R : (x; y) 2 Eg

¢
> c, for someconstant c.

Then for every ± > 0,
H ±+ ¯ (E ) ¸ bcH ±(A);

where b dependsonly on ¯ and ±. In particular,

HD(E) ¸ HD(A) + inf
x 2 A

HD
¡
f y 2 R : (x; y) 2 Eg

¢
:

Notation. The symbols cl , int and @denoterespectively the closure,interior
and boundary in the topology of the plane. The euclidean distance is denoted
by dist . AB is the segment with endpoints A; B and jAB j is its length. We
write D r (x) for the open disc centred at x 2 C of radius r . For t 2 R we denote
by [t] the integer part of t , i.e. the largest integer not greater than t .
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3. Pro of of Theorem 1.1

Let 0 < a < 1, b 2 N , b ¸ 2. By the de¯nition of Fa;b , we have

Fa;b (e2¼it 1 ) ¡ Fa;b(e2¼it 2 ) = 2i
1X

n =0

an sin
¡
¼bn (t1 ¡ t2)

¢
e¼ib n ( t 1 + t 2 )

for every t1; t2 2 [0; 1]. Let

zn;k = e2¼ik =bn
for n ¸ 0; k = 1; : : : ; bn

and ¯x j 2 Z . Then

Fa;b (zn;k + j ) ¡ Fa;b (zn;k ) = 2i
n ¡ 1X

l =0

al sin(¼j =bn ¡ l )e¼i (2k+ j )=bn ¡ l

= 2ian
nX

m =1

a¡ m sin(¼j =bm )e¼i (2k+ j )=bm

= 2ian
nX

m =1

u( j )
m (a;b)³ ( j )

m;k (b);

where
u( j )

m (a;b) = a¡ m sin(¼j =bm ); ³ ( j )
m;k (b) = e¼i (2k+ j )=bm

:

Note that u( j )
m (a;b) 2 R , ³ ( j )

m;k (b) 2 S1 . Moreover,

zn;k = zn + n 0 ;bn 0 k

and
³ ( j )

m;b n 0 k (b) = e¼i (2bn 0 k+ j )=bm
= e¼ij =bm

e2¼ik bn 0 ¡ m

for every n0 ¸ 0. Thus,

³ ( j )
m;b n 0 k (b) = e¼ij =bm

for m · n0

and

(1)

Fa;b (zn + n 0 ;bn 0 k+ j ) ¡ Fa;b(zn;k ) = 2ian + n 0

n + n 0X

m =1

u( j )
m (a;b)³ ( j )

m;b n 0 k (b)

= 2ian + n 0

n 0X

m =1

u( j )
m (a;b)e¼ij =bm

+ 2ian + n 0

n + n 0X

m = n 0 +1

u( j )
m (a;b)³ ( j )

m;b n 0 k (b)

= 2ian + n 0

µ 1X

m =1

u( j )
m (a;b)e¼ij =bm

¡
1X

m = n 0 +1

u( j )
m (a;b)e¼ij =bm

+
n + n 0X

m = n 0 +1

u( j )
m (a;b)³ ( j )

m;b n 0 k

¶

= 2ian + n 0
¡
U ( j ) (a;b) + ¢ ( j )

n;k ;n 0
(a;b)

¢
;
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where

U ( j ) (a;b) =
1X

m =1

u( j )
m (a;b)e¼ij =bm

:

Note that

(2) j¢ ( j )
n;k ;n 0

(a;b)j · 2
1X

m = n 0 +1

ju( j )
m (a;b)j · 2¼j

1X

m = n 0 +1

(ab)¡ m =
2¼j

ab¡ 1
(ab)¡ n 0 :

Let

U ( j ) (b) =
1X

m =1

sin(¼j =bm )e¼ij =bm
:

Lemma 3.1. For every b 2 N , b ¸ 2, there exists an integer j 0 such that
(1) U ( j 0 ) (b) , U ( ¡ j 0 ) (b) 6= 0 and Arg

¡
U ( j 0 ) (b)

¢
6= Arg

¡
U ( ¡ j 0 ) (b)

¢
,

(2) if b tends to 1 , then U (§ j 0 ) (b) tend respectively to U (§ j 0 ) 6= 0 such that
Arg

¡
U ( j 0 )

¢
6= Arg

¡
U ( ¡ j 0 )

¢
.

Proof. By de¯nition,

Re
¡
U ( j ) (b)

¢
=

1
2

1X

m =1

sin(2¼j =bm ); Im
¡
U ( j ) (b)

¢
=

1X

m =1

sin2(¼j =bm ):

Note that for every j 6= 0 we have Im
¡
U ( j ) (b)

¢
> 0, so U ( j ) (b) 6= 0 and

Arg
¡
U ( j ) (b)

¢
2 (0; ¼) . Moreover,

Re
¡
U ( ¡ j ) (b)

¢
= ¡ Re

¡
U ( j ) (b)

¢
; Im

¡
U ( ¡ j ) (b)

¢
= Im

¡
U ( j ) (b)

¢
;

so Arg
¡
U ( j ) (b)

¢
6= Arg

¡
U ( ¡ j ) (b)

¢
if and only if Re

¡
U ( j ) (b)

¢
6= 0.

Let

j 0 =
½

1 for b < 4,
£

1
4 b

¤
for b ¸ 4.

Then 0 < 2¼j 0=bm · ¼ for all b ¸ 2, m ¸ 1 and the equality holds only if b = 2,
m = 1. This implies Re

¡
U ( j 0 ) (b)

¢
> 0, so Arg

¡
U ( j 0 ) (b)

¢
6= Arg

¡
U ( ¡ j 0 ) (b)

¢
.

Note that

(3) 0 < j 0 · 1
2 b:

Using this, we obtain

jU (§ j 0 ) (b) ¡ sin(§ ¼j 0=b)e§ ¼ij 0 =bj ·
1X

m =2

¼j 0

bm =
¼j 0

b(b¡ 1)
·

¼
2(b¡ 1)

;

which tends to 0 as b tends to 1 , so U (§ j 0 ) (b) tends to

U (§ j 0 ) = lim
b!1

sin
¡
§ ¼

£
1
4 b

¤
=b

¢
e§ ¼i [b=4]=b = 1

2 (§ 1 + i ):

Lemma 3.2. Let j 0 = j 0(b) be the number de¯ned in the proof of Lemma3.1.
If a tends to 1, then U (§ j 0 ) (a;b) tend respectively to U (§ j 0 ) (b) uniformly with
respect to b ¸ 2.
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Proof. Recall that

u(§ j 0 )
m (a;b) = a¡ m sin(§ ¼j 0=bm )¡ !

a! 1
§ sin(¼j 0=bm );

so it is su±cient to show that the series

1X

m =1

u(§ j 0 )
m (a;b)e§ ¼ij 0 =bm

are convergent uniformly with respect to b ¸ 2 and a 2 [a1; 1) for some a1 < 1.
To check this, it is enoughto notice that by (3), we have

ju(§ j 0 )
m (a;b)e§ ¼ij 0 =bm

j = a¡ m sin
µ

¼j 0

bm

¶
·

¼
2a

(ab)1¡ m · ¼
µ

2
3

¶ m

for every a 2
£

3
4 ; 1

¢
.

The proof of Theorem 1.1 is basedon the following elementary planar geo-
metric property.

Lemma 3.3. Let A , B , C be three non-collinear points in the plane. Then
there exist a point P in the interior of the triangle AB C and constants "; c > 0,
such that for every q < 1 su±ciently closeto 1 there exists r > c=(1 ¡ q) such
that

D r (P) ½ D qr ( ~A) [ D qr ( eB ) [ D qr ( eC)

for every ~A 2 D " (A) , eB 2 D " (B ) , eC 2 D " (C) .

Proof. Let P be the unique point in the interior of the triangle AB C , such
that ] AP B = ] B PC = ] CPA = 2

3 ¼. For Z = A; B ; C denoteby SZ the closed
angle of measure 2

3 ¼ and vertex P , symmetric with respect to the line PZ and
containing Z . Then

(4) D r (P) =
¡
D r (P) \ SA

¢
[

¡
D r (P) \ SB

¢
[

¡
D r (P) \ SC

¢
:

Take r > jAP j . Let Q, Q0 be the two points in @D r (P) , such that ] AP Q =
] AP Q0 = 1

3 ¼and let R be the point of intersection of the line AP with @D r (P) \
SA (seeFigure 2).

Then

(5) max
©

dist(A; Z ) : Z 2 @
¡
D r (P) \ SA

¢ª
= jAQj:

To seethis, observe that max
©

dist(A; Z ) : Z 2 PQ
ª

is achieved for Z 2
f P; Qg. Moreover, it is easy to check that dist(A; Z ) decreasesas Z goes along



On the complexi¯cation of the Weierstrassnon-di®erentiable function 333

Q

Q'

A

p/3p/3

r

RP

Figure 2. The set D r (P) \ SA .

@D r (P) \ SA from Q to R . Since ] PQA < 1
3 ¼= ] AP Q, we have jAQj > jAP j .

This shows (5). By (5) and the triangle inequality, if

(6) qr > jAQj + ";

then
D r (P) \ SA ½ D qr ( ~A)

for every ~A 2 D " (A) . Since

jAQj =
q

r 2 ¡ jAP jr + jAP j2 ;

the condition (6) is equivalent to

(7) (1 ¡ q2)r 2 ¡ (jAP j ¡ 2"q)r + jAP j2 ¡ "2 < 0:

Solving the quadratic inequality, it is easyto check that if " > 0 is su±ciently small
and q is su±ciently closeto 1, then (7) holds for r 2

£
c0

A =(1 ¡ q); cA =(1 ¡ q)
¤
,

where cA > 0 depends only on jAP j and c0
A > 0 is arbitrarily small if " and

1 ¡ q are su±ciently small. Replacing A by B and C and repeating the above
arguments, we obtain by (4)

D r (P) ½ D qr ( ~A) [ D qr ( eB ) [ D qr ( eC)

for every ~A 2 D " (A) , eB 2 D " (B ) , eC 2 D " (C) and

r 2
£
max(c0

A ; c0
B ; c0

C )=(1 ¡ q); min(cA ; cB ; cC )=(1 ¡ q)
¤

(if " is su±ciently small and q is su±ciently closeto 1). Hence,the lemma holds
for c = min(cA ; cB ; cC )=2 and r = 2c=(1 ¡ q) .



334 Krzysztof Bara¶nski

Now we can prove the main lemma which is usedin the proof of Theorem 1.1.

Lemma 3.4. There exist a0 < 1, n0 > 0 and c > 0, such that for every
a 2 [a0; 1) and every b 2 N , b ¸ 2 there exist z0 2 C and %> c=(1 ¡ a) , such
that for every n ¸ 0 and k 2 f 1; : : : ; bn g,

D %an

¡
Fa;b (zn;k ) + z0an ¢

½
bn 0 (k+1)S

l = bn 0 (k ¡ 1)
D %an + n 0

¡
Fa;b (zn + n 0 ;l )

¢
:

Proof. Let j 0 be the number de¯ned in the proof of Lemma 3.1. Take b ¸ 2
and de¯ne A; B ; C 2 C setting

A = 0; B = U ( j 0 ) (b); C = U ( ¡ j 0 ) (b):

By Lemma 3.1, the points A , B , C are not collinear. For a < 1, n ¸ 0,
k 2 f 1; : : : ; bn g and n0 > 0 let

~A = 0;

eB = an 0
¡
U ( j 0 ) (a;b) + ¢ ( j 0 )

n;k ;n 0
(a;b)

¢
;

eC = an 0
¡
U ( ¡ j 0 ) (a;b) + ¢ ( ¡ j 0 )

n;k ;n 0
(a;b)

¢
:

Take a small " > 0. By (2) and (3) we obtain

an 0 j¢ (§ j 0 )
n;k ;n 0

(a;b)j < ¼
1

a ¡ 1=b
(ab)¡ n 0 · 4¼

¡
2
3

¢n 0

for every a 2
£

3
4 ; 1

¢
, every b ¸ 2, every n0 and every k . Fix n0 such that

4¼
¡

2
3

¢n 0 < 1
3 ":

By Lemma 3.2, there exists 3
4 < ~a0 < 1 such that for every a 2 [~a0; 1) and every

b ¸ 2,

(8) jan 0 U (§ j 0 ) (a;b) ¡ U (§ j 0 ) (b)j < 1
3 ":

This implies j eB ¡ B j; j eC ¡ Cj < " . Apply Lemma 3.3 for the points A , B , C , ~A ,
eB , eC . By this lemma, there exist a point P 2 C and constants cb > 0, q0 < 1
(depending only on b), such that for every q 2 [q0; 1) there exists r > cb=(1 ¡ q)
such that

(9) D r (P) ½ D qr ( ~A) [ D qr ( eB ) [ D qr ( eC)
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Take a0(b) < 1 such that a0(b) > ~a0 and
¡
a0(b)

¢n 0 > q0 . Let

z0 = 2iP :

Take a 2
£
a0(b); 1

¢
and q = an 0 . Then q ¸

¡
a0(b)

¢n 0 > q0 , so by (9) and (1), we
have

D r (z0=(2i )) ½ D r an 0 (0)

[ D r an 0

µ
Fa;b (zn + n 0 ;bn 0 k+ j 0 ) ¡ Fa;b(zn;k )

2ian

¶

[ D r an 0

µ
Fa;b (zn + n 0 ;bn 0 k ¡ j 0 ) ¡ Fa;b(zn;k )

2ian

¶
;

where

(10) r >
cb

1 ¡ an 0
>

cb

n0(1 ¡ a)
:

Multiplying by 2ian and adding Fa;b (zn;k ) we obtain

(11)

D 2r an (Fa;b(zn;k ) + z0an ) ½ D 2r an + n 0

¡
Fa;b (zn;k )

¢

[ D 2r an + n 0

¡
Fa;b (zn + n 0 ;bn 0 k+ j 0 )

¢

[ D 2r an + n 0

¡
Fa;b (zn + n 0 ;bn 0 k ¡ j 0 )

¢
:

In this way we have proved the lemma with a0 , c and r depending on b. To get
the independenceof b, let

A = 0; B = U ( j 0 ) ; C = U ( ¡ j 0 )

and de¯ne ~A , eB , eC , n0 and ~a0 aspreviously. Note that by Lemma 3.1, for given
" > 0 there exists b0 such that for b > b0 we have

jU (§ j 0 ) (b) ¡ U (§ j 0 ) j < 1
3 ":

Using this together with (8), we have

jan 0 U (§ j 0 ) (a;b) ¡ U (§ j 0 ) j < 2
3 "

for a 2 [~a0; 1) and b > b0 . Repeating the previous arguments, we show that there
exist a0(1 ) < 1, c1 > 0, z0 2 C and r > 0 such that

(12) r >
c1

n0(1 ¡ a)

and (11) holds for every a 2 [a0(1 ); 1) and every b > b0 .
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De¯ne

a0 = max
¡
a0(2); : : : ; a0(b0); a0(1 )

¢
; c =

min(c2; : : : ; cb0 ; c1 )
2n0

:

Take a 2 [a0; 1) , b ¸ 2 and let %= 2r for r from (11). Then by (10) and (12) we
have %> c=(1 ¡ a) and

D %an (Fa;b(zn;k ) + z0an ) ½ D %an + n 0

¡
Fa;b (zn;k )

¢

[ D %an + n 0

¡
Fa;b(zn + n 0 ;bn 0 k+ j 0 )

¢

[ D %an + n 0

¡
Fa;b(zn + n 0 ;bn 0 k ¡ j 0 )

¢
:

By (3), this implies

D %an

¡
Fa;b (zn;k ) + z0an ¢

½
bn 0 (k+1)S

l = bn 0 (k ¡ 1)
D %an + n 0

¡
Fa;b(zn + n 0 ;l )

¢
:

Remark. In fact, the symmetry between B and C gives z0 2 R , z0 < 0.

Proof of Theorem 1.1. Let

An (%;p;q) =
qS

l = p
D %an (Fa;b(zn;l )) :

Take n ¸ 0, k 2 f 1; : : : ; bn g and m > 0. Applying Lemma 3.4 a number of times
we obtain

D %an

¡
Fa;b (zn;k ) + z0an ¢

½ An + n 0 (%;bn 0 k ¡ bn 0 ; bn 0 k + bn 0 );

D %an

¡
Fa;b(zn;k ) + z0an + z0an + n 0

¢

½ An +2 n 0 (%;b2n 0 k ¡ b2n 0 ¡ bn 0 ; b2n 0 k + b2n 0 + bn 0 );

¢¢¢

D %an

µ
Fa;b (zn;k ) + z0an 1 ¡ amn 0

1 ¡ an 0

¶

½ An + mn 0

µ
%;bmn 0 k ¡ bn 0

bmn 0 ¡ 1
bn 0 ¡ 1

; bmn 0 k + bn 0
bmn 0 ¡ 1
bn 0 ¡ 1

¶

½ An + mn 0

¡
%;bmn 0 (k ¡ 2); bmn 0 (k + 2)

¢

for every a 2 [a0; 1) , b ¸ 2 and suitable z0 2 C , %> c=(1 ¡ a) . Hence,

D %an =2

µ
Fa;b (zn;k ) +

z0an

1 ¡ an 0

¶
½

1T

m = m 0

An + mn 0

¡
%;bmn 0 (k ¡ 2); bmn 0 (k + 2)

¢



On the complexi¯cation of the Weierstrassnon-di®erentiable function 337

for su±ciently large m0 . This means

D %an =2

µ
Fa;b(zn;k ) +

z0an

1 ¡ an 0

¶
½

1T

m = m 0

S

t 2 [( k ¡ 2)=bn ;(k+2 )=bn ]
D %amn 0

¡
Fa;b (e2¼it )

¢
:

By the compactnessof Fa;b(S1) , we have

(13) D %an =2

µ
Fa;b(zn;k ) +

z0an

1 ¡ an 0

¶
½ Fa;b

¡©
e2¼it : t 2

£
(k ¡ 2)=bn ; (k + 2)=bn ¤ª¢

;

which easily implies both parts of the theorem.

4. Corollaries

Corollary 4.1. For every a 2 [a0; 1) and every b 2 N , b ¸ 2,

BD
¡
graph(X a;b ; Ya;b )

¢
= BD

¡
graph(X a;b ; Ya;b )

¢
= 3 ¡ 2®:

Moreover, H 2
¡
graph(X a;b ; Ya;b )

¢
> 0, so HD

¡
graph(X a;b ; Ya;b )

¢
¸ 2.

Proof. Consider the ¯rst part of the corollary. Since the map (X a;b ; Ya;b ) is
HÄolder continuous with exponent ®, we have by Lemma 2.2,

BD
¡
graph(X a;b ; Ya;b )

¢
· 3 ¡ 2®;

so it is su±cient to show the opposite inequality. Take " > 0. Let n be the
maximal number for which 2¼=bn > " and let

I k =
·

2¼2k
bn ;

2¼(2k + 1)
bn

¸
for k = 0; : : : ;

·
bn

2
¡ 1

¸
:

Then jI k j > " and dist(I k1 ; I k2 ) > " for k1 6= k2 . By (13), the set (X a;b ; Ya;b )( I k )
contains a disc of diameter can for a constant c > 0 independent of k , n . Hence,
to cover graph(X a;b ; Ya;b )jI k we need at least c2a2n " ¡ 2 balls of diameter " with
non-empty intersections with graph(X a;b ; Ya;b )jI k . Since for k1 6= k2 we have
dist(I k1 ; I k2 ) > " , such balls for k1 and k2 are disjoint. Hence,

N "
¡
graph(X a;b ; Ya;b )

¢
¸ c1a2n " ¡ 3 = c1b¡ 2®n " ¡ 3 ¸ c2"2®¡ 3

for someconstants c1; c2 > 0. This implies BD
¡
graph(X a;b ; Ya;b )

¢
¸ 3 ¡ 2®.

To prove the secondpart, note that Fa;b(S1) is the orthogonal projection of
graph(X a;b ; Ya;b) . Since the projection is a Lipschitz map, it is enough to use
Theorem 1.1 and Lemma 2.2 for ¯ = 1.



338 Krzysztof Bara¶nski

The next corollary shows that for the functions X a;b , Ya;b we can improve
the generalestimates from Lemma 2.2.

Corollary 4.2. For every a 2 [a0; 1) and every b 2 N , b ¸ 2 there exist
UX a;b ; UYa;b ½ R , such that UX a;b (or UYa;b ) is open and densein X a;b([0; 2¼])
(or Ya;b ([0; 2¼]) ) and for every ± > 0,

if H ±(A) > 0; then H ®(±+1) ¡
X ¡ 1

a;b (A)
¢

> 0 for every set A ½ UX a;b ;

if H ±(A) > 0; then H ®(±+1) ¡
Y ¡ 1

a;b (A)
¢

> 0 for every set A ½ UYa;b :

In particular,

HD
¡
X ¡ 1

a;b (A)
¢

¸ ®
¡
HD(A) + 1

¢
for every set A ½ UX a;b ;

HD
¡
Y ¡ 1

a;b (A)
¢

¸ ®(HD(A) + 1) for every set A ½ UYa;b :

Proof. Let UX a;b (or UYa;b ) be the orthogonal projection of int Fa;b(S1) on
the real (or imaginary) axis. By Theorem 1.1, UX a;b (or UYa;b ) is open and dense
in X a;b([0; 2¼]) (or Ya;b([0; 2¼]) ). Take A ½ UX a;b such that H ±(A) > 0. By
de¯nition, for every s 2 A the set

¡
f sg £ R

¢
\ (X a;b ; Ya;b)

¡
[0; 2¼]

¢

contains a non-trivial interval. Hence,by Theorem 2.3, we have

H ±+1 ¡
(A £ R

¢
\ (X a;b ; Ya;b )

¡
[0; 2¼])

¢
> 0:

Sincethe map (X a;b ; Ya;b ) is HÄolder with exponent ®, we have by Lemma 2.2,

H ®(±+1) ¡
(X a;b)¡ 1(A)

¢
= H ®(±+1) ¡

(X a;b ; Ya;b )¡ 1(A £ R )
¢

> 0:

The caseA ½ UYa;b is symmetric.

Taking A = f sg in Corollary 4.2, we obtain the following result on level sets
L X a;b (s) , L Ya;b (s) .

Corollary 4.3. For every a 2 [a0; 1) and every b 2 N , b ¸ 2,

H ®¡
L X a;b (s)

¢
> 0 for every s 2 UX a;b ;

H ®¡
L Ya;b (s)

¢
> 0 for every s 2 UYa;b :

In particular,
HD

¡
L X a;b (s)

¢
¸ ® for every s 2 UX a;b ;

HD
¡
L Ya;b (s)

¢
¸ ® for every s 2 UYa;b :

Moreover,
intR

¡
Ya;b

¡
L X a;b (s)

¢¢
6= ; for every s 2 UX a;b ;

intR
¡
X a;b

¡
L Ya;b (s)

¢¢
6= ; for every s 2 UYa;b :

By Corollary 4.3 and Theorem 2.3, we get
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Corollary 4.4. For every a 2 [a0; 1) and every b 2 N , b ¸ 2,

H 1+ ®(graph X a;b); H 1+ ®(graph Ya;b) > 0:

In particular, HD(graph X a;b); HD(graph Ya;b ) ¸ 1 + ®.
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