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Abstract. We prove a sharp lower bound of the form
capE , (1)diamE ¢*(area E=(}¥diam’E))

for the logarithmic capacity of a compact connectedplanar set E in terms of its areaand diameter.
Our lower bound includes as special casesG. Faber's inequality capE , diam %E and G. Pfilya's

inequality capE , (areaE=%)'"2. We give explicit formulations, functions of %diam E, for the
extremal domains which we identify .

1. Intro duction

The logarithmic capacity, capE , of a continuum (= compact connectedset)
E in the complex plane C is de ned by

(1:1) i logcapE = lim (9(2) i logjzj);

where g(z) denotesGreen'sfunction of the unbounded componert -( E) of C nE
having singularity at z= 1 .

The measureof a set described by the logarithmic capacity is very important
in potential theory, analysis, and PDE's. It combines se\eral characteristics of a
compact set,amongwhich are the geometricconceptof trans nite diameter dueto
M. Fekete, the concept of Chebyshev's constart from polynomial approximation,
and the conceptof the outer radius from conformal mapping, see[D], [Du], [G], [H].

2000 Mathematics Subject Classi cation: Primary 30C70,30C85.

This paper was nalized during the third author's visit at Texas Tech University, Fall
2001. This author thanks the Department of Mathematics and Statistics of this university for
the wonderful atmosphere and working conditions during his stay in Lubbock. The researt of
the third author was supported in part by the Russian Fund for Fundamertal Researt, grant
no. 00-01-00118a.



420 R.W. Barnard, K. Pearce,and A.Yu. Solynin

In general,computation of capE is a ditcult problem but there are seeral
estimatesof capE in terms of geometric characteristics of E that are very useful
in applications, see[PSz]. For instance,

(1:2) 7diamE - capE - %diamE;
My 1=

(2:3) ;areaE - capeE < 1:
4

The rst inequality in (1.2) was found by G. Faber [F] in a di®erert form. The
inequalities in (1.3) and the secondinequality in (1.2), which is valid for any
(not necessaryconnected) compact set, were proved by G. P§lya [Po]. Equality
occurs only for rectilinear segmeits in Faber's inequality and for disksin P§lya's
inequalities. The caseof equality in the right inequality in (1.2) was studied by
J. Jenkins [J] and A. P°uger [Pf].

We will employ the following notation throughout this paper: let U = fz:
jzj < 1g and U,(c) = fz :jzij ¢ < rg, sothat U = U4(0). Finally, let
U®"=CnU.

In this paper, we prove the following theoremthat cortains the left inequalities
in (1.2) and (1.3) as special cases.

Theorem 1. Let E bea continuum in C. Then
1:4 E . ldiamE ¢? i E< L1/ diam? E¢¢'
(1:4) capkE , 5 diam areaE= z%udiam ;

where 1=2( s) is a gecreasmgfunctlon from [0; 1] onto [1;2] that is the inverse
function to s= pi 2 2(p)i 2p( (P)i 1) ,with 1- ~(p) - 2 de ned by equation
(1:7), with d replacedby p.

Equality occursin (1:4) if andonly if E = a Cnfd(U ) + b for somea;b2 C,
a6 0and 1- d- 2, wherethe function f4(z) is de ned for jzj > 1 by (1:8).

The graph of 2 is plotted in Figure 1. Figure 2 displays the shape of the
extremal continua for a= 1, b= 0 and sometypical valuesof d.

Let s = areaE:(%l/z;diamZE). In the cases = 0, (1.4) gives Faber's in-
equality and in the cases = 1, it gives Pflya’'s inequality. Combined with
the right-hand side inequality in (1.2) and the classicalarea-diameterinequality
0- areaE:(%ll/z;diam2 E) - 1, (1.4) describesthe range of one of the quartities
capE, diamE, or areaE if the other two are xed. Several similar sharp inequal-
ities linking three characteristics of a setare known in geometry. But to prove suc
a sharpinequality is a ditcult task evenfor purely geometricquartities, see[JBo].
From this perspective, (1.4) might be the rst known sharp inequality for these
three quartities that includes a functional characteristic.

Since capE, diamE, and (areaE)%™? all change linearly with respect to
scalingwe can x oneof them, say capE , and then study the region of variabilit y
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Figure 1. Graph of 3( s).

of the other two. In this way, we can reformulate the problem as nding the
maximal omitted areafor the class§ of univalent functions

(1:5) f(2)= z+ ao(f) + ay(f)z' 1 + ¢a¢

which are analytic in U, except for a simplepoleat z=1 . For f 2 §, let
Ef = Cnf(U"). It iswell known, asa consequencef the normalization in (1.5),
that for f 2 8 that 1 - %diam Ef - 2. Therefore,for 1 - d - 2, we will
consider 84 = ff 2 8§ : diamE; = 2dg. For f 2 8§84, de ne A; = areaEs and
A(d) = sup,5, Ar . It is well known that

H % 1
Ar = Y4 1 njan (f )j?
n=1

[this relation will be often usedin what follows. Theorem 1 is equivalent to
Theorem 2. Letf 284,1- d- 2. Then,

£ . o]
(1:6) A(f)- Yo 2j 2d(T i 1);
where 1. = - 2 is the unigue solution to the equation
(1:7) d="i (i 1log( i 1)

Equality occursin (1:6) if and only if f(z) = €¢fq(e ¢z) + b with ¢ 2 R,
b2 C, and
Z 4

(1:8) fa(z)=d+ zi ! (z;d)dz;
1
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Figure 2. Extremal cortinua.

where the function ' (z;d) = zf )(z) is de ned by the equation

q p q

22 1 1+ B2+ 1(z) B+22+ 1(2)
(2:9) "(z;d) = A p
z c(l+ z2)+  r(2)
with principal branchesof the radicals and
_ 1+
c="ji 1L A= ZCC; B=22; 1. r(z)= 1+ 2B72%+ 7%

The function ' maps U " conformally onto the complemeri of the \double anchor"

©_ . L2

iy A X Vat A

F(_;A)=g il
[ €' 3w At 3y A

where ~ is de'ned by (1:7) and A= 1cog 1(871 1 8712 1).

o]

The graph of the maximal omitted area A(d) = 1/f_z(d) i 2d( (d)j 1) is
shawvn in Figure 3.

To prove Theorem 2, we apply techniques deweloped in [BS], which were
based on symmetrization transformations and some elemenary local variations.
Section 2 contains preliminary results and necessaryde nitions. In Section 3, we
identify the extremal function by solving a speci ¢ boundary value problem for
analytic functions. Section4 completesthe proofs of Theorems1 and 2.

Note that some similar sharp estimates for the area of f (U) for problems
with analytic side conditions instead of geometric constraints, as imposedin the
presen paper, were found in [ASS1],[ASS2]using a di®erert method.
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Figure 3. Graph of A(d).

2. Preliminaries

First we show the existenceof an extremal function and describe somesimple
properties of the maximal omitted area.

Lemma 1. Forewery 1 - d - 2 thereis a function f 2 §4 sud that
As = A(d).

The maximal area A(d) is cortinuous and strictly decreasedrom %sto O as
d increasesfrom 1 to 2.

Proof. For a xed d, §4 is compactin the topology of uniform corvergence
on compact subsetsof U”. Since A; is upper semi-corinuous, the existence of
an extremal function follows.

Let 1< dy<dy- 2andlet f 2 84 beextremal for A(dy). Note that f has
at least one non-zerocoezxcient ax(f) for somek , 1. The function

(2:1) fo(z) = t 1 (1z) = z+ ap(t)ti L+ ag ()t 221 1+ ¢ae;
aswell asthe area A, and diameter d(f;) = diamE;, depend cortinuously on t,

1- t< 1. Sincefi(z)! zast! 1,6 onecaneasilyshowthat d(f;)! 2 as
t! 1 . Hence,thereis t; > 1 sud that d(f;,) = 2d;. Therefore

o ox _ Il
A(d), Ar, =% 1i  nt]?" jag ()2
(2:2) TRV |
> Yy 1j nja, (f)j? = A(dy);
n=1

with strict inequality sinceax(f ) 6 0. Equation (2.2) provesthe strict monotonic-
ity of A(d).

Finally, the compactnessof 84 and cortinuity of As, imply the continuity
of A(d). o
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Sincethe class§ 4 is invariant under the rigid motions of C, i.e., el Mf (e!z)+
b2 84 if f 284 and u2 R, b2 C, we may restrict ourselvesto functions
f 2 84 sud that the points w; = d, w, = j d belongto E; . Thus, the condition
diamE; = jwi i wyj = 2d will be assumedif a di®erert condition is not imposed
explicitly .

To prove symmetry properties of an extremal continuum E; we shall apply
Steiner symmetrization de ned as follows:

The Steiner symmetrization of a compact set E w.r.t. the real axis R is a
compact set E® such that for every u2 R, E*\ I(u) = ; if E\ I(u) = ; and
E°\ I(u) = fw = u+it :j %m c ot %mgg E\I(u) 6 ;. Herel(u) = fw= u+it :
il <t< 1lg and m = measE \ I(u) denotesthe linear Lebesguemeasure.
Steiner symmetrization w.r.t. the imaginary or other axis is de ned similarly.

It is well known that Steiner symmetrization presenes area and diminishes
diameter and logarithmic capacity [H], [D].

Lemma 2. For 1< d< 2,let f 2 84 bean extremal function normalized as
above. Then, E; possesseSteiner symmetry w.r.t. the real and imaginary axes.
Moreover, the boundary of E; , @+ , consistsof a Jordan recti able curve L; plus,
possibly, someaddedsegmers |, = [do;d], I, = [j d;j do], 0< dp = do(d) - d,
of the real axis.

Proof. Supposethat E; doesnot possessSteiner symmetry w.rt. R. Let
E" bethe Steiner symmetrization of E; w.r.t. R. Note that

(2:3) 2d = diamE; = diamE” and capEs > capE”
sincethe points §d 2 E; and since E” is not a rigid motion of E; (see[D]). Let
(2:4) F(z) = Gz + ® + ®2z 1+ ¢¢; ®> 0;

map U conformally onto -( E®). The inequality in (2.3) shavsthat ®< 1. Let
Fe = ® F. Then, Fg 2 § 4-¢. Therefore, we have

M Y 1 U 3 1
A(d=®), Af, = Y® > 1j n® 2j®,j? Yy 1j njan(f)j2 = A(d):

n=1 n=1

5

Since d=®> d, the latter cortradicts the strict monotonicity of A(d) in Lemma 1.
The same argumerts showv that E; possessesteiner symmetry w.r.t. the
imaginary axis.
let L; = fw 2 @ :Imw > 0Og and L; = fw 2 @ : Imw < Og.
The Steiner symmetries of E; w.r.t. the real and imaginary axes can be used
to shov that L; and L; are recti able Jordan arcs; a similar argumert was
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usedin [ASS2, Lemma 4]. Indeed, let L* = fw 2 L; : Rew > 0Og and let
do = supfRew :w 2 L*g, mg = supfimw:w 2 L*g. The function

cW)y=u+mgj v; wherew = u + iv;

is continuous on L* and maps the closure L* one-to-oneonto the segmen f¢ :
0- ¢ - do+ mgg. Therefore, L+ is Jordan. Since Rew and Imw are both
monotonic on L* , it followsthat L* isrectiable. This implies that @ consists
of a recti able Jordan curve L; plus, possibly, someadded horizontal segmeits
[i d;i do], [do;d] and vertical segmems [j im; j img], [img;im] with 0 - mg -
m<1.

The presenceof vertical segmetts, i.e., the segmers [j im; j img], [img;im]
with m > mg easily leadsto a contradiction: shortening the vertical slits and
expanding the horizontal oneswe can nd a cortinuum E sud that areaE =
areaEs , capE = capE; = 1, and diamE > diamE; that cortradicts the strict
monotonicity property of A(d) in Lemmal. o

Let f 2 §4 be an extremal function for A(d). By Lemma 2, @(U") =
Li [ Li [ [i d;i do][ [do;d] with O< dg - d. If do < d thenthereis 0< g < %1/4
suh that Ly = ff(z) :z2 19, [do;d] = ff(2) : 22 I}y g, [i d;i do] = ff(2) :
z2 15 g, wherel; = feH 1 g < U< Yj [og, Iy =fe* 10 p- g,
I©i = feM : Y% w - U- Yg. The corresponding arcsin the lower half-plane
will be denotedby I; , IL,*, and I3 . The imagecurvesL; and L; are called
the free boundary, the preimagesl; and |; are called the free arcs. Respectively,
[do;d], [i d;i do] @and Iiy , 17, 1L *, 1i  are called the non-free boundary and
the non-free arcs.

To study the behavior of f° on the non-free arcs we shall use two lemmas
from [BS], which are limiting casesof Theorem 1 in [S2].

Let H; and H] be the left and right half-planes w.r.t. the vertical line
I(¢) =fw=u+iv:iu=¢g. ForD%C,let D; =D\ H;, D, = D\ H}
and let D denote the set symmetric to D w.r.t. 1(¢), i.e., D] = fw=u+iv:
2¢i u+iv 2 Dag.

We say that D possessethe polarization property in the interval ¢; < ¢ < ¢éo
if (D}); %D; forall ¢ < ¢ < ¢2. Extremal con gurations shavn in Figure 2 give
an example of domains possessinghe polarization property in the corresponding
intervals 0< ¢ < d.

Lemma 3 ([BS, Lemma4]). Let f 2 §, D = f(U"), and let f map a
boundary arc fe* : < u< g onto a horizontal interval fw : Imw = vg; ¢1 <
Rew < ¢,g. Let D possesghe polarization property in ¢; < ¢ < ¢2. Then,
jf qeM)j strictly increasesn py < pu< W if f (€41) = ¢+ ivy and strictly decreases
if f(eM)= ¢+ ivp.
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If f is extremal for A(d), the joint symmetry of Ef assuresthat the po-
larization property of D = f(U") holdsin dy < ¢ < d. Thus, we obtain from
Lemma 3,

Corollary 1. Let f 2 §4 be extremal for A(d), 1 < d < 2 and suppose
that the non-free arc I;,* is not degenerate,i.e., 0 < Y < %1/4 Then, jf qe")j
strictly increasesin 0 < u< [ and %< W< Y+ | and strictly decreasesn
Yai Mo < U< Yaand 2% po < U< 2%

~ We need a similar result concerning angular polarization. Let °» = fw =
te" ; t, Og and let H* denote the right half-plane w.r.t. the line determined
by °. and H/! denote the left half-plane w.r.t. the line determined by °- . For

D%C,let D =D\ H*,Di =D\ H! andlet D’ denotethe set symmetric
to D w.r.t. the line determined by °- .

We say that a domain D possessethe angular polarization property in ' ;1 <
<", if (D)7 %D forall ' ;<" <',. For example,domain G depictedin
Figure 4 possessethe angular polarization property in 0< ' < %1/4

Lemma 4 ([BS, Lemmab5]). Let g map U" conformally onto D and map a
boundary arc feM : iy < p< g onto acircular arc L = fw= %é :';<"' <
'20. Let g(1 )2 H" \ H*, andlet D possesshe angular polarization property
in'1<' <',.Then, jgqe")j strictly increasesn i < pu< [ if g(ehr) = ¥%é *
and strictly decreasesn py < pu< pp if g(eMr) = ¥é 2,

Remark. The domains D in Lemmas3 and 4 possesghe polarization prop-
erty for a horizontal interval and the angular polarization property w.r.t. rays
issuing from the origin, respectively. One can easily reformulate these lemmas
for arbitrary intervals and for rays issuing from arbitrary certers. For instance,
Lemma 4 in [BS] is formulated for vertical intervals.

The term \p olarization property" comesfrom the proofs of Theorem 1 in [S2]
and Lemmas4 and 5 in [BS] that usethe polarization transformation.

To nd a boundary condition for an extremal function f 2 §4 on the free
arcs, we apply, in a suitable form, the local variation usedin [BS]. First, we recall
the relations linking the logarithmic capacity of a continuum E with the outer
radius and reducedmodule of -( E). Let

gw) = w+ by + byw t + ¢o¢

map -( E) conformally onto Ui = C nU_, where Ug = f3 : j3j < Rg. The
radius R = R(E) of the omitted disk is uniquely determined and is called the
outer radius of -( E); it is well known that capE = R(E), see[Du, Section 10.2],
[G, Chapter 7]. The quartity

: i L1 _ .1
(2:5) m-(E);1 = 21/4IogR(E) =i 21/4IogcapE
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is called the reducedmodule of -( E) at w= 1 .

The variation usedin [BS] and in the presen paper is rather complicated. Let
- % C be a simply connecteddomain which cortains 1 sud that its boundary
arcs lying in the vicinities of two of its boundary points, w; and w,, are Jordan
and recti able. Let @ have a tangent | at w; and let n; be a unit inward
normal at w;. For "; > 0 small enough, let ¢® and ¢, be open and closed
crosscutsof D at the boundary point wy, i.e., ¢’ and ¢, are respectively the
biggest open and closedarcs of C-,(wj), where C;(wp) = fw : jw i wpj = rg,
such that wy + "1n; 2 ¢? % - and wi + "1n; 2 ¢, % -, respectively. Let
U (w1) denotethe connectedcomponert (half-disk) of U~ (w;) nl that contains
the point wi+ "1n; onits boundary. Let 091 denotethe maximal open circular arc

contained in the intersection 091 \ @ (wg). Let b--l be a connectedcomponert
of - nU+ (w;) containing 1 and let

(2:6) —= b T U (W) [

Let |("1) = fw = W1 i itn]_ M <t< "1g. For 0< ' ¢ - %, let M(”l;' 1)
denote the open lune in U~ (w1) nU> (w1) boundedby I ("1) and a circular arc
°("1;" 1) that forms angles of opening ¥4 1 with the interval I ("1) at its end
points. Let

(2:7) (") = - MO ) [ ()

Let g(w) = g(w;"1;" 1) map -( "1;' 1) conformally onto U® suc that g(1 )
=1,9g(w2)=1.Let0<',- 3 and",> O besmall enough.Let U2 2 %, U*"
be the simply connecteddomain which contains 1 and which is bounded by the
arc L("2) = fe* : ", - ju - ¥Yg and by the circular arc L(",;' ») with endsat
the points €2 and e "2 that forms an angle of opening {1 ' ») with the arc
L(",) at the points €2 and el "2,

The domain

(2:8) e =g LU 2 )

will be called the two point variation of - centered at w; and w, with radii ";
and ", and inclinations ' ;1 and ' ».

The following lemma is a reformulation of Lemma 10 in [BS] for conformal
mappings f of U® normalized by condition f(1) = 1 ; in [BS] this result is
formulated for conformal mappings f of the unit disk U with normalization
f(0) = 0.

Lemma 5 ([BS, Lemma 10]). Let w = f(z) map U® conformally onto -
de ned above such that f(1) = 1, f(e") = wy, f(e*2) = w, and let there
exist the limits

(2:9) foehey=  fm BTV

: 6 01 fork = 1;2:
zl elk:z20° Zij etk
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Let jf qe")j = ®, k= 1;2. Let § "1:"5:" 1:' ») be the two-point variation of
- de ned by (2:8) with ", replacedby ",=® . Then, for xed 0< ' ; - % and
0<'2- 3,

. ¢ : :
m'e(..l;..z;. vkl i me L) = 121/11@2(12(1: '1)1)2"%

(2:10) i 12'1/%2(11 i' .2)2)2"% +0o("}) + o("3)

and

2% 1 Sin2Y% 1,5
2sinf Y4, *

+ Y4 5 i Sin2Y 2

2sin’ Vi

i ¢
area C n& "1;"2;"1;' 2) i aredCn-) =

(2:11) "5+ 0("7) + 0o("3)

as"1! Oand",! O.

To prove uniquenessof the extremal function in 8§84, we needthe following
modi cation of Lemma 1 in [S1]where a similar result is proved for domains with
one axis of symmetry.

Lemma 6 (cf. [S1,Lemmal]). For k = 1;2, let - « %2 C be simply connected
domainswhich contain 1 and which have double symmetry w.r.t. the coordinate
axes. Let there be a point 2 2 @ 1, Re3 |, 0, Im3 > 0 sud that the points
3,3 13, and ¥ split @ into four boundary arcs I;, Ii , I, and i , where
l; liesin the closedright half-plane and connects® and %, I liesin the closed
upper half-plane and connects® and j 3 Let

k(2) = z+ ay(g)z' * + ¢oe

map U® conformally onto - .

If I 1/2-_2, I" % C n- ,, then

(2:12) gu(r) - q(r);  Jg(ir)j - jou(ir)j
for all r > 1. Equality canoccurin (2:12) if andonly if - 1 = - 5.

3. Boundary value problem for extremal functions

In this sectionf will denotethe extremal function in 84 with 1< d< 2 and
D=f(U").
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Lemma 7. Thereis > 0 sud that

(3:1) ffAeM)j=" forae. € 21 =1 [l
and
(3:2) if(eM)j<~  forall € 21, := T nfs:

Proof. Since@ = Li [ I. [ |
recti able, the non-zero nite limit

by Lemma 2, where L; is Jordan and

(3:3) 10)=  fm 1@ITC)

6 01
z! 3:z220° zj 3

exists for almost all 3 2 T. This easily follows from Theorem 6.8 in [P] applied
to the univalent function 1=f (1=2z). Assumethat

(3:4) 0< 7= jfYeM)j< jfYeM)j= o< 1

for somee¥1; etz 2 |; . Note that (3.3) and (3.4) allow us to apply the two point
variation of Lemma 5.
For positive k;, ky sud that

(3:5) O<ki<1l<k, and ki i'>kyi?

andfor xed ' > 0 small enoughconsiderthe two point variation B of D certered

at wy = f(e¥") and w, = f (€¥2) with inclinations ' and radii "; = k3", "> =

ky", respectively. Computing the changein the omitted area by formula (2.11),

we nd

2V i sin2¥a
2sin’ v,

area(C nB) i areaCnD) = "2(k5 i k2)+ o("?):

Therefore,
(3:6) areadC nB) > area(C nD)
for all " > 0 small enough. Applying the variation (2.10) of Lemma 6, we get

1R+ RIDK .,
127 (1+')2 2" @y )22

KK
6 2' 2

m(®;1); m(D;1) = +0o("?)

(3:7) ,
+o() "2+ o("?);
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which together with (3.5) implies that
(3:8) m(B;1)> m(D;1)

for all " > 0 small enoughif ' is chosensud that the expressionin the brackets
in (3.7) is positive. Let E= CnD, E = Cn[B. Equations (3.8) and (2.5) show
that

(3:9) capf < capE:

Since areaE > areakE and diamE | diamE, (3.9) cortradicts the monotonicity
property of the function A(d) in Lemma 1.

Assumethat |, 6 ;. Then f91) = fj 1) = 0. To prove that jf (e")j < ~
for all e* 2 |, nf§ 1g, we assumethat ~ = jf {e"1)j < jf (e"2)j = ~, with
ehr 2 Iy and some €*2 2 |, nf§ 1g. Then applying the two point variation
as above we get (3.6) and (3.9), again cortradicting the monotonicity property
of A(d). Hence, jf {e*)j - ~ for all €* 2 I,, which combined with the strict
monotonicity property of Corollary 1 leadsto the strict inequality in (3.2). o

Lemma 8. If 1< d< 2,then |, = fe* :j o< U< pog[ fe¥ : ¥ po <
H< Yat+ Hog with some0 < po = po(d) < 3% fCis continuouson U~ and for all
z2U"

(3:10) it ifAeMi=";

where e 2 f; and ~ > 1.

Proof. Considerthe function g(z) = 1=f(1=z). By LemmaZ2, g maps U onto
a Jordan recti able domain possiblyslit alongtwo symmetric radial segmetts lying
on the real axis. The double symmetry of D = f (U®) implies that G = g(U) is
starlike w.r.t. w = 0. Since G is recti able and starlike, it follows from classical
results of Lavrent%v, see[P, p. 163],that G is a Smirnov domain (non-Jordan in
general). This shavsthat logjg%z)j = logjf q1=2)ji 2logjzf (1=2)j, and therefore
logjf A1=2)j, can be represened by the Poissonintegral

Z 2y,
(3:11) logjf (1=2)j = -, _ P(rmi logff e ")jdt

with boundary valuesde ned a.e.on T, se€[P, p. 155]. Equation (3.11) alongwith
(3.1) and (3.2) shows that 1 = jf %1 )j - ~ with equality only for the function
f(z) z.

If I, = ;, then (3.11) and (3.1) shaw that jf9 = ~ identically on U®".
Therefore, f (z) © z contradicting the condition d = %diamf (U") > 1. Hence,
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Figure 4. Domain G for ~ = 1.7.

I, 6 ;. The latter implies that f is analytic in vicinities of the points z = 1 and
z=i1andfY%z) hasa simple zeroat z = 1, z = j 1. Consider the function
h(z) = logjf Y1=2)=(z? ; 1)j, which can be represerned by the Poissonintegral
(3:12) hz) = -, P(r;pi t)logijf qet)=(e?" j 1)jdt:

40

Equation (3.12) and the previous analysis shov that h is a bounded harmonic
function on U. Let h; be a bounded harmonic function on U with boundary
valueslog(" 5jz%i 1j) on Iy and h(z) onl,. Then h1j h hasnontangertial limit
0 a.e.on T. Therefore,hyj h~ 0in U. Hence,jf Y= " everywhereon I .

Since D possesseshe double symmetry we need to shov only that 0 is
continuous at e¥° . By the symmetry principle, f can be cortinued analytically
through |, and f° can be continued analytically through |; . This impliesgthat
f can be gonsideredas a function analytic in a slit disk ¢ o = U-(e¥°)n (1
"YgMo: gho with " > 0 small enough.

Using the Julia{W ol® lemma, see[P, Proposition 4.13], boundednessof f °,
and well-known properties of the angular derivatives,see[P, Propositions 4.7, 4.9],
one can prove that f 9 has a "nite limit f9ek°), jf (eke)j = —, along any path
in U~ ending at e€"°. The details of this proof are similar to the argumerts in
Lemma 13in [BS]. o

Lemma 9. Let f beextremalin §4 for 1< d< 2 andlet ' (2) = zf (=2).
Then ' maps U® univalertly onto the complemen -( ;A) = C nF( ;A) of
the double anchor F(";A) de ned in Theorem 2 where ~ is de ned by (1:7) and
A= Zcod 1811 812 1).

Proof. (1) Let g(z) = f°|p2¢. Since g(2) = g(z), the symmetry principle
implies that g is analytic in U®. We will shaw that g is univalert there.

By Corollary 1, jg(e¥)j = jf Ye"72)j strictly increasesfrom 0 to ~ as p runs
from 0 to 2uy. Sinceargg(e*) = argf (e#=2) = 3(¥4i ) strictly decreasesrom
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%1/4 to 'o = %1/4i Mo as M runs from O to 21y, it follows that g maps the arc
feh:0- p- 2Wg one-to-oneonto an analytic Jordan arc +; lying in the domain
U = fw2 U-:Rew > 0; Imw > 0g and connecting the points w = 0 and
w= "¢ o= fYeko),

Sincef (U") is starlikew.r.t. w= 0,

D)

NICONE

0

for 0- p- 2% Sincef (U") is symmetric w.r.t. the coordinate axes,the latter
inequality shows that  ¥4- argf qe") - %j o for 0- p- po. This combined
with (3.10) implies that g mapsthe arc fe&* : 2y - p- Y¥g one-to-oneonto the
circular arc , = f € :0- ' - ' og sud that g(e®°)= "€ °,6 g(j 1)= . By
symmetry, g mapsthe arc fe™ :j 2up - p- Og onto H=fw:w?2 + g and the
arc fel : ¥ u- 2 2pgonto ¥, = fw: W2 +g. Thus, g mapsthe unit circle
T one-to-oneonto a closedJordan arc + composedby 4, %, %, and ¥ . Since
g(1) = f%1 ) = 1 the argumert principle implies that g maps U® conformally
and one-to-oneonto a simply connecteddomain G which contains 1 and which is
boundedby *. The domain G for = 1.7 is plotted in Figure 4.

The above-mertioned properties of +; shawv that G is circularly symmetric
w.r.t. the positive real axis. Therefore by Lemma 4, jge")j = jf “{e"7?)j strictly
decreasesn 2y < p< Va

(2) Considering boundary valuesof ' we have
Re' (é!) = Ree®fYe*)=0 for0- p- [o

since Imf (e%) = 0 for such p. Since Im' (eM) = jf AeW)j strictly increasesin
O- M- Mo, ' mapsl; cortinuously and one-to-oneonto the vertical segmen
fw:Rew=0; 0- Imw- g.

For po - W 3% j' (e¥)j=" and

@ : @ i e o iun®
—arg' (e¥)= —Imlog e*fHe") =1+
@ @

since e#f (et )=f (") is real non-positive for Lo - - 1%

(G@)arg’ (e") changesits sign at most oncein the interval pp < p < %1/4
since jf °{eM)j strictly decreasesn po - W- 3Ya

We have shown in (1) that argf %Ae*) decreasedrom %1/41 Mo to O when p
runs from Lo to 3%a Sincearg' (€¥°) = 3% the latter implies that

eMf et i Lie 00N
fo(;('u)) = 1i ~UHEREM);

(3:13) 0< Wo < arg' (") = u+ argf (") < Y% 1o
for po < p< %
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We claim that there is [y, [o < pu < 3¥asudch that

Qg (@) < 0 i po< p< w;

(3:14) %

@arg' (€")>0 ifp<p< 3%
Supposeto the corntrary that (@@) arg' (e") . Oforall < p< %1/4 Then,
we would have that arg' (€%) monotonically decreasesover pp < U< %1/4 Since
"(eM)="(i)=1 , wewould have

¢ arg' (e¥) szz i 2vk  for somek 2 N

cortradicting (3.13). The assumption (@@) arg' (e), Oforall pg< p< %1/4
leadsto the samecortradiction. Since jf °{e*)j strictly decreasesn o - H - %1/4,
the claim follows.

Let A = arg' (€"+). The previous analysis shavs that po < A < 1%and
maps eact of the arcs feM 1o - p- pgand fe¥ ;- p- 3%g cortinuously
and one-to-oneonto the arc f €' : A - t - 1Yg suc that ' (M) = “€”.
The symmetry principle now yields that ' maps the unit circle T cortinuously
and one-to-onein the senseof boundary corresppndenceonto the boundary of the
domain -( ~;A). Henceby the argumert principle, ' maps U® conformally and
univalertly onto -( ":A).

The normalization f %1 ) = 1 leads after somework left to the interested
readersto the relation A= 3cos *(8711j 8 2j 1). o

4. Pro ofs of Theorems 1 and 2

To prove uniquenessof the extremal function in 8 4, we assumethat for some
xed d, 1< d< 2, there aredistinct extremalsf, and f,. By Lemma?9, zf 9(z) =
g, (2) for somel< ;< i2 1< 2§ 2, where g, maps U® conformally onto
the domain -( ) = CnF  ;A( k) . Tobeexplicit, assumethat ;< 5. The
domains -( ;) and -( ) satisfy the conditions of Lemma 6. Therefore,

(4:1) g, (r) > g-,(r)

forall r > 1.

Sincef ¢ (U®) isdoubly symmetric w.r.t. the real and imaginary axes,it follows
that ag(fx) = O for k = 1;2. Hence,it follows from the normalization in (1.5)
that

i ¢
(4:2) Jim '"{1(R) | faR) = O:



434 R.W. Barnard, K. Pearce,and A.Yu. Solynin

On the other hand, sincef (1) = f,(1) = d, we have
R ¢
fiR)i f2(R) =t g ()i g,(t) dt
1

and (4.1) implies that the integrand is positive and hence,that f;(R)j f2(R) is
a (positive) increasingfunction of R, which contradicts (4.2).

Let f4 denotethe unique extremal function in 84. To nd fg4 explicitly, we
represen ' (z;d) = zf (z) as
. 1=2_

' (z,d) = qu 2(2" %)

where Fp(3) = 3 + ay(Fp)32 + ¢¢¢, 7+ - p - 1, is the univalent functlon in the

standard class S th%t maps the unit dISk U onto th& domain C n (.1 i Pl
fpeé :j¢i Y4+ ® with ® = cos?! 8pp, 8pi 1. It iswell known that Fj
is extremal |n a number of problems, for instance in the problem on maxjax(f)j
studied by E. Netanyahu [N] and T. Su®ridge[S], on the subclassof functions f 2 S
that cover the disk U . Using an explicit expressionfor Fj, seefor example, [S],
we get (1.9) and after an integration (1.8).

The integral in (1.8) can be evaluated in terms of elemenary functions. We
leave to the interested readersto ched (one can use\Mathematica" or \Maple")
that f4(1) coincideswith the right-hand sidein (1.7), which in this caseis equiv-
alent to the equality f4(1) = d. Sincefor eadh 1- d - 2 the extremal function
is unique in 84, (1.7) hasa unique solution = (d) onthe interval 1- - 2;
this also follows easily from the monotonicity of the right-hand side of (1.7).

To evaluate the maximal omitted area A(d) = Area(E:,), we apply a stan-

dard line integral formula and the fact that Im(wdw) = 0 on the non-free bound-

ary. We have
z z z

A(d) = % - wdw = %Im ) wdw = %ReI fd(eiu)emfé)(eip)du:
fd fa fq

Sincejf Jj> = 72 on I, , we obtain

_ YoZ ., . - Z 5y v , Ya
2 Y U 2Y4 i
A(d) = — Renllim %dLH %du
2 1/éZ+O erfieM) . v EHFG(€ ) K7
_ e fa(2) . . fa(2) . fa(2) .
= ?lm . md2| YiRes 22f 0( ) 1 i /iRes 22f 0( ),| 1 )

where R f4=(z?f ?) dz is understood asthe Cauchy principal value. The function
f4=(z%f 3) has simple polesat z = 1 and z = j 1. Computing the integral and
residues,we obtain £ a
A(d) =% %j 2d("i 1);

which implies (1.6). This nishes the proof of Theorem 2.
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To deduce(1.4), we write (1.6) in an invariant form:

areaE ¢o

4:3) _areak R ol 1
' %1/4diam2E P PP P

with p= diamE=(2capE),wherel- (p)- 2isde ned by (1.7) with d replaced
by p. Sincethe maximal omitted area A(d) strictly decreasesthe expressionin
the brackets in (4.3) decreasesand therefore the right-hand side of (4.3) itself
decreasedfrom 1 to 0 whengp runs frorp 1 to 24 Therefore there is a function
p=24(s) inverseto s=p 2 (p)?i 2p (P)i 1 . Let 3(s)= 1= ((s). Since
the inverse? ; is decreasing,(4.3) leadsto the inequality

a | =(11/diam? ¢-
p- &1 areaE=(z%diam“E) ;

which is equivalent to (1.4) with equality only for the continua described in The-
orem1.
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