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Abstract. We prove a sharp lower bound of the form

capE ¸ ( 1
2 ) diam E ¢ª(area E=( 1

4 ¼diam2 E))

for the logarithmic capacity of a compact connectedplanar set E in terms of its areaand diameter.
Our lower bound includes as special casesG. Faber's inequality capE ¸ diam 1

4 E and G. P¶olya's
inequality capE ¸ (areaE=¼)1=2 . We give explicit formulations, functions of 1

2 diam E , for the
extremal domains which we identify .

1. In tro duction

The logarithmic capacity, capE , of a continuum (= compact connectedset)
E in the complex plane C is de¯ned by

(1:1) ¡ logcapE = lim
z!1

(g(z) ¡ log jzj);

where g(z) denotesGreen's function of the unboundedcomponent ­( E ) of C nE
having singularity at z = 1 .

The measureof a set described by the logarithmic capacity is very important
in potential theory, analysis, and PDE's. It combines several characteristics of a
compact set, amongwhich are the geometricconceptof trans¯nite diameter due to
M. Fekete, the concept of Chebyshev's constant from polynomial approximation,
and the conceptof the outer radius from conformal mapping, see[D], [Du], [G], [H].
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In general, computation of capE is a di±cult problem but there are several
estimatesof capE in terms of geometric characteristics of E that are very useful
in applications, see[PSz]. For instance,

1
4 diam E · capE · 1

2 diam E;(1:2)
µ

1
¼

areaE
¶ 1=2

· capE < 1 :(1:3)

The ¯rst inequality in (1.2) was found by G. Faber [F] in a di®erent form. The
inequalities in (1.3) and the second inequality in (1.2), which is valid for any
(not necessaryconnected) compact set, were proved by G. P¶olya [Po]. Equalit y
occurs only for rectilinear segments in Faber's inequality and for disks in P¶olya's
inequalities. The caseof equality in the right inequality in (1.2) was studied by
J. Jenkins [J] and A. P°uger [Pf ].

We will employ the following notation throughout this paper: let U = f z :
jzj < 1g and U r (c) = f z : jz ¡ cj < r g, so that U = U 1(0) . Finally, let
U ¤ = C n U .

In this paper, weprovethe following theoremthat contains the left inequalities
in (1.2) and (1.3) as special cases.

Theorem 1. Let E be a continuum in C . Then

(1:4) capE ¸ 1
2 diam E ¢ª

¡
areaE=

¡
1
4 ¼diam2 E

¢¢
;

where 1=ª( s) is a decreasingfunction from [0; 1] onto [1; 2] that is the inverse
function to s = p¡ 2

£
¯ 2(p) ¡ 2p(¯ (p) ¡ 1)

¤
, with 1 · ¯ (p) · 2 de¯ned by equation

(1:7), with d replacedby p.
Equalit y occursin (1:4) if and only if E = a

¡
Cnf d(U ¤)

¢
+ b for somea;b 2 C ,

a 6= 0 and 1 · d · 2, where the function f d(z) is de¯ned for jzj > 1 by (1:8).

The graph of ª is plotted in Figure 1. Figure 2 displays the shape of the
extremal continua for a = 1, b = 0 and sometypical valuesof d.

Let s = areaE=( 1
4 ¼diam2 E) . In the case s = 0, (1.4) gives Faber's in-

equality and in the case s = 1, it gives P¶olya's inequality. Combined with
the right-hand side inequality in (1.2) and the classicalarea-diameter inequality
0 · areaE=( 1

4 ¼diam2 E) · 1, (1.4) describes the range of one of the quantities
capE , diam E , or areaE if the other two are ¯xed. Several similar sharp inequal-
ities linking three characteristics of a set are known in geometry. But to prove such
a sharp inequality is a di±cult task even for purely geometricquantities, see[JBo].
From this perspective, (1.4) might be the ¯rst known sharp inequality for these
three quantities that includes a functional characteristic.

Since capE , diam E , and (areaE)1=2 all change linearly with respect to
scalingwe can ¯x oneof them, say capE , and then study the region of variabilit y
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Figure 1. Graph of ª( s) .

of the other two. In this way, we can reformulate the problem as ¯nding the
maximal omitted area for the class § of univalent functions

(1:5) f (z) = z + a0(f ) + a1(f )z¡ 1 + ¢¢¢

which are analytic in U ¤ , except for a simple pole at z = 1 . For f 2 § , let
E f = C nf (U ¤) . It is well known, as a consequenceof the normalization in (1.5),
that for f 2 § that 1 · 1

2 diam E f · 2. Therefore, for 1 · d · 2, we will
consider § d = f f 2 § : diam E f = 2dg. For f 2 § d , de¯ne A f = areaE f and
A(d) = supf 2 § d

A f . It is well known that

A f = ¼
µ

1 ¡
1X

n =1

njan (f )j2
¶

|this relation will be often usedin what follows. Theorem 1 is equivalent to

Theorem 2. Let f 2 § d , 1 · d · 2. Then,

(1:6) A(f ) · ¼
£
¯ 2 ¡ 2d(¯ ¡ 1)

¤
;

where 1 · ¯ · 2 is the unique solution to the equation

(1:7) d = ¯ ¡ (¯ ¡ 1) log(¯ ¡ 1):

Equalit y occurs in (1:6) if and only if f (z) = ei¿ f d(e¡ i¿ z) + b with ¿ 2 R ,
b 2 C , and

(1:8) f d(z) = d +
Z z

1
z¡ 1 ' (z; d) dz;
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Figure 2. Extremal continua.

where the function ' (z; d) = zf 0
d(z) is de¯ned by the equation

(1:9) ' (z; d) = A
z2 ¡ 1

z

q
1 + B z2 +

p
r (z)

q
B + z2 +

p
r (z)

c(1 + z2) +
p

r (z)

with principal branchesof the radicals and

c = ¯ ¡ 1; A =
1 + c

2c
; B = 2c2 ¡ 1; r (z) = 1 + 2B z2 + z4:

The function ' maps U ¤ conformally onto the complement of the \double anchor"

F (¯ ; Ã) = [¡ i¯ ; i¯ ] [
©

¯ eit : 1
2 ¼¡ Ã · t · 1

2 ¼+ Ã
ª

[
©

¯ eit : 3
2 ¼¡ Ã · t · 3

2 ¼+ Ã
ª

;

where ¯ is de¯ned by (1:7) and Ã = 1
2 cos¡ 1(8¯ ¡ 1 ¡ 8¯ ¡ 2 ¡ 1).

The graph of the maximal omitted area A(d) = ¼
£
¯ 2(d) ¡ 2d(¯ (d) ¡ 1)

¤
is

shown in Figure 3.
To prove Theorem 2, we apply techniques developed in [BS], which were

basedon symmetrization transformations and someelementary local variations.
Section 2 contains preliminary results and necessaryde¯nitions. In Section 3, we
identify the extremal function by solving a speci¯c boundary value problem for
analytic functions. Section 4 completesthe proofs of Theorems1 and 2.

Note that some similar sharp estimates for the area of f (U ) for problems
with analytic side conditions instead of geometric constraints, as imposedin the
present paper, were found in [ASS1], [ASS2]using a di®erent method.
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Figure 3. Graph of A(d) .

2. Preliminaries

First we show the existenceof an extremal function and describe somesimple
properties of the maximal omitted area.

Lemma 1. For every 1 · d · 2 there is a function f 2 § d such that
A f = A(d) .

The maximal area A(d) is continuous and strictly decreasesfrom ¼ to 0 as
d increasesfrom 1 to 2.

Proof. For a ¯xed d, § d is compact in the topology of uniform convergence
on compact subsetsof U ¤ . Since A f is upper semi-continuous, the existenceof
an extremal function follows.

Let 1 < d1 < d2 · 2 and let f 2 § d be extremal for A(d2) . Note that f has
at least one non-zerocoe±cient ak (f ) for some k ¸ 1. The function

(2:1) f t (z) = t ¡ 1f (tz) = z + a0(t)t ¡ 1 + a1(t)t ¡ 2z¡ 1 + ¢¢¢;

as well as the area A f t and diameter d(f t ) = diam E f t depend continuously on t ,
1 · t < 1 . Since f t (z) ! z as t ! 1 , one can easily show that d(f t ) ! 2 as
t ! 1 . Hence,there is t1 > 1 such that d(f t 1 ) = 2d1 . Therefore

(2:2)

A(d1) ¸ A f t 1
= ¼

µ
1 ¡

1X

n =1

nt ¡ 2(n +1)
1 jan (f )j2

¶

> ¼
µ

1 ¡
1X

n =1

njan (f )j2
¶

= A(d2);

with strict inequality since ak (f ) 6= 0. Equation (2.2) provesthe strict monotonic-
it y of A(d) .

Finally, the compactnessof § d and continuit y of A f t imply the continuit y
of A(d) .
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Sincethe class§ d is invariant under the rigid motions of C , i.e., e¡ iµ f (eiµ z)+
b 2 § d if f 2 § d and µ 2 R , b 2 C , we may restrict ourselves to functions
f 2 § d such that the points w1 = d, w2 = ¡ d belong to E f . Thus, the condition
diam E f = jw1 ¡ w2j = 2d will be assumedif a di®erent condition is not imposed
explicitly .

To prove symmetry properties of an extremal continuum E f we shall apply
Steiner symmetrization de¯ned as follows:

The Steiner symmetrization of a compact set E w.r.t. the real axis R is a
compact set E ¤ such that for every u 2 R , E ¤ \ l (u) = ; if E \ l (u) = ; and
E ¤ \ l (u) = f w = u+ it : ¡ 1

2 m · t · 1
2 mg if E \ l(u) 6= ; . Here l(u) = f w = u+ it :

¡1 < t < 1g and m = meas
¡
E \ l(u)

¢
denotes the linear Lebesguemeasure.

Steiner symmetrization w.r.t. the imaginary or other axis is de¯ned similarly.
It is well known that Steiner symmetrization preserves area and diminishes

diameter and logarithmic capacity [H], [D].

Lemma 2. For 1 < d < 2, let f 2 § d be an extremal function normalized as
above. Then, E f possessesSteiner symmetry w.r.t. the real and imaginary axes.
Moreover, the boundary of E f , @E f , consistsof a Jordan recti¯able curve L f plus,
possibly, someadded segments I + = [d0; d] , I ¡ = [¡ d; ¡ d0] , 0 < d0 = d0(d) · d,
of the real axis.

Proof. Suppose that E f does not possessSteiner symmetry w.r.t. R . Let
E ¤ be the Steiner symmetrization of E f w.r.t. R . Note that

(2:3) 2d = diam E f = diam E ¤ and capE f > capE ¤

sincethe points § d 2 E f and since E ¤ is not a rigid motion of E f (see[D]). Let

(2:4) F (z) = ®z + ®0 + ®1z¡ 1 + ¢¢¢; ® > 0;

map U ¤ conformally onto ­( E ¤) . The inequality in (2.3) shows that ® < 1. Let
F® = ®¡ 1F . Then, F® 2 § d=® . Therefore, we have

A(d=®) ¸ AF® = ¼®¡ 2
µ

1 ¡
1X

n =1

n®¡ 2j®n j2
¶

¸ ¼
µ

1 ¡
1X

n =1

njan (f )j2
¶

= A(d):

Since d=®> d, the latter contradicts the strict monotonicity of A(d) in Lemma 1.
The same arguments show that E f possessesSteiner symmetry w.r.t. the

imaginary axis.
Let L +

f = f w 2 @E f : Im w > 0g and L ¡

f = f w 2 @E f : Im w < 0g.
The Steiner symmetries of E f w.r.t. the real and imaginary axes can be used
to show that L +

f and L ¡

f are recti¯able Jordan arcs; a similar argument was
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used in [ASS2, Lemma 4]. Indeed, let L + = f w 2 L +

f : Rew > 0g and let
d0 = supf Rew : w 2 L + g, m0 = supf Im w : w 2 L + g. The function

¿(w) = u + m0 ¡ v; where w = u + iv ;

is continuous on L + and maps the closure ¹L + one-to-oneonto the segment f ¿ :
0 · ¿ · d0 + m0g. Therefore, ¹L + is Jordan. Since Rew and Im w are both
monotonic on L + , it follows that ¹L + is recti¯able. This implies that @E f consists
of a recti¯able Jordan curve L f plus, possibly, someadded horizontal segments
[¡ d; ¡ d0] , [d0; d] and vertical segments [¡ im; ¡ im 0] , [im 0; im ] with 0 · m0 ·
m < 1 .

The presenceof vertical segments, i.e., the segments [¡ im; ¡ im 0] , [im 0; im ]
with m > m0 easily leads to a contradiction: shortening the vertical slits and
expanding the horizontal ones we can ¯nd a continuum eE such that area eE =
areaE f , cap eE = capE f = 1, and diam eE > diam E f that contradicts the strict
monotonicity property of A(d) in Lemma 1.

Let f 2 § d be an extremal function for A(d) . By Lemma 2, @f (U ¤) =
L +

f [ L ¡

f [ [¡ d; ¡ d0] [ [d0; d] with 0 < d0 · d. If d0 < d then there is 0 < µ0 < 1
2 ¼

such that L +

f = f f (z) : z 2 l +

f g, [d0; d] = f f (z) : z 2 l ++
n g, [¡ d; ¡ d0] = f f (z) :

z 2 l + ¡
n g, where l +

f = f eiµ : µ0 < µ < ¼¡ µ0g, l ++
n = f eiµ : 0 · µ · µ0g,

l + ¡
n = f eiµ : ¼¡ µ0 · µ · ¼g. The corresponding arcs in the lower half-plane

will be denoted by l ¡

f , l ¡ +
n , and l ¡¡

n . The image curves L +

f and L ¡

f are called
the free boundary, the preimagesl +

f and l ¡

f are called the free arcs. Respectively,
[d0; d] , [¡ d; ¡ d0] and l ++

n , l + ¡
n , l ¡ +

n , l ¡¡
n are called the non-free boundary and

the non-free arcs.
To study the behavior of f 0 on the non-free arcs we shall use two lemmas

from [BS], which are limiting casesof Theorem 1 in [S2].
Let H +

¿ and H ¡
¿ be the left and right half-planes w.r.t. the vertical line

l(¿) = f w = u + iv : u = ¿g. For D ½ C , let D +
¿ = D \ H +

¿ , D ¡
¿ = D \ H ¡

¿
and let D ¤

¿ denote the set symmetric to D w.r.t. l (¿) , i.e., D ¤
¿ = f w = u + iv :

2¿ ¡ u + iv 2 Dg.
We say that D possessesthe polarization property in the interval ¿1 < ¿ < ¿2

if (D ¡
¿ )¤

¿ ½ D +
¿ for all ¿1 < ¿ < ¿2 . Extremal con¯gurations shown in Figure 2 give

an example of domains possessingthe polarization property in the corresponding
intervals 0 < ¿ < d.

Lemma 3 ([BS, Lemma 4]). Let f 2 § , D = f (U ¤) , and let f map a
boundary arc f eiµ : µ1 < µ < µ2g onto a horizontal interval f w : Im w = v0; ¿1 <
Rew < ¿2g. Let D possessthe polarization property in ¿1 < ¿ < ¿2 . Then,
jf 0(eiµ )j strictly increasesin µ1 < µ < µ2 if f (eiµ 1 ) = ¿2+ iv0 and strictly decreases
if f (eiµ 1 ) = ¿1 + iv0 .
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If f is extremal for A(d) , the joint symmetry of E f assuresthat the po-
larization property of D = f (U ¤) holds in d0 < ¿ < d. Thus, we obtain from
Lemma 3,

Corollary 1. Let f 2 § d be extremal for A(d) , 1 < d < 2 and suppose
that the non-free arc l + +

n is not degenerate,i.e., 0 < µ0 < 1
2 ¼. Then, jf 0(eiµ )j

strictly increasesin 0 < µ < µ0 and ¼ < µ < ¼+ µ0 and strictly decreasesin
¼¡ µ0 < µ < ¼ and 2¼¡ µ0 < µ < 2¼.

We need a similar result concerning angular polarization. Let ° ' = f w =
tei' ; t ¸ 0g and let H +

' denote the right half-plane w.r.t. the line determined
by ° ' and H ¡

' denote the left half-plane w.r.t. the line determined by ° ' . For
D ½ C , let D +

' = D \ H +
' , D ¡

' = D \ H ¡
' and let D ¤

' denote the set symmetric
to D w.r.t. the line determined by ° ' .

We say that a domain D possessesthe angular polarization property in ' 1 <
' < ' 2 if (D ¡

' )¤
' ½ D +

' for all ' 1 < ' < ' 2 . For example,domain G depicted in
Figure 4 possessesthe angular polarization property in 0 < ' < 1

2 ¼.

Lemma 4 ([BS, Lemma 5]). Let g map U ¤ conformally onto D and map a
boundary arc f eiµ : µ1 < µ < µ2g onto a circular arc L = f w = ½ei' : ' 1 < ' <
' 2g. Let g(1 ) 2 H +

' 1
\ H +

' 2
and let D possessthe angular polarization property

in ' 1 < ' < ' 2 . Then, jg0(eiµ )j strictly increasesin µ1 < µ < µ2 if g(eiµ 1 ) = ½ei' 1

and strictly decreasesin µ1 < µ < µ2 if g(eiµ 1 ) = ½ei' 2 .

Remark. The domains D in Lemmas3 and 4 possessthe polarization prop-
erty for a horizontal interval and the angular polarization property w.r.t. rays
issuing from the origin, respectively. One can easily reformulate these lemmas
for arbitrary intervals and for rays issuing from arbitrary centers. For instance,
Lemma 4 in [BS] is formulated for vertical intervals.

The term \p olarization property" comesfrom the proofs of Theorem 1 in [S2]
and Lemmas4 and 5 in [BS] that usethe polarization transformation.

To ¯nd a boundary condition for an extremal function f 2 § d on the free
arcs, we apply, in a suitable form, the local variation usedin [BS]. First, we recall
the relations linking the logarithmic capacity of a continuum E with the outer
radius and reducedmodule of ­( E ) . Let

g(w) = w + b0 + b1w¡ 1 + ¢¢¢

map ­( E) conformally onto U ¤
R = C n U R , where U R = f ³ : j³ j < Rg. The

radius R = R(E) of the omitted disk is uniquely determined and is called the
outer radius of ­( E ) ; it is well known that capE = R(E) , see[Du, Section10.2],
[G, Chapter 7]. The quantit y

(2:5) m
¡
­( E ); 1

¢
= ¡

1
2¼

logR(E) = ¡
1

2¼
logcapE
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is called the reducedmodule of ­( E ) at w = 1 .
The variation usedin [BS] and in the present paper is rather complicated. Let

­ ½ C be a simply connecteddomain which contains 1 such that its boundary
arcs lying in the vicinities of two of its boundary points, w1 and w2 , are Jordan
and recti¯able. Let @­ have a tangent l at w1 and let n1 be a unit inward
normal at w1 . For "1 > 0 small enough, let c0

" 1
and c" 1 be open and closed

crosscutsof D at the boundary point w1 , i.e., c0
" 1

and c" 1 are respectively the
biggest open and closedarcs of C" 1 (w1) , where Cr (w0) = f w : jw ¡ w0j = r g,
such that w1 + "1n1 2 c0

" 1
½ ­ and w1 + "1n1 2 c" 1 ½ ­ , respectively. Let

U +
" 1

(w1) denote the connectedcomponent (half-disk) of U " 1 (w1) n l that contains
the point w1 + "1n1 on its boundary. Let c0

" 1
denotethe maximal open circular arc

contained in the intersection c0
" 1

\ @U +
" 1

(w1) . Let b­ " 1 be a connectedcomponent
of ­ n U " 1 (w1) containing 1 and let

(2:6) ­ " 1 = b­ " 1 [ U +
" 1

(w1) [ c0
" 1

:

Let I ("1) = f w = w1 ¡ itn 1 : ¡ "1 < t < "1g. For 0 < ' 1 · 1
2 , let M ("1; ' 1)

denote the open lune in U " 1 (w1) n U +
" 1

(w1) bounded by I (" 1) and a circular arc
° ("1; ' 1) that forms angles of opening ¼' 1 with the interval I (" 1) at its end
points. Let

(2:7) ­( "1; ' 1) = ­ " 1 [ M ("1; ' 1) [ I ("1):

Let g(w) = g(w; "1; ' 1) map ­( "1; ' 1) conformally onto U ¤ such that g(1 )
= 1 , g(w2) = 1. Let 0 < ' 2 · 1

2 and "2 > 0 be small enough. Let U " 2 ;' 2 ½ U ¤

be the simply connecteddomain which contains 1 and which is bounded by the
arc L("2) = f eiµ : "2 · jµj · ¼g and by the circular arc L(" 2; ' 2) with ends at
the points ei" 2 and e¡ i" 2 that forms an angle of opening ¼(1 ¡ ' 2) with the arc
L("2) at the points ei" 2 and e¡ i" 2 .

The domain

(2:8) e­ = g¡ 1(U" 2 ;' 2 ; "1; ' 1)

will be called the two point variation of ­ centered at w1 and w2 with radii "1

and "2 and inclinations ' 1 and ' 2 .

The following lemma is a reformulation of Lemma 10 in [BS] for conformal
mappings f of U ¤ normalized by condition f (1 ) = 1 ; in [BS] this result is
formulated for conformal mappings f of the unit disk U with normalization
f (0) = 0.

Lemma 5 ([BS, Lemma 10]). Let w = f (z) map U ¤ conformally onto ­
de¯ned above such that f (1 ) = 1 , f (eiµ 1 ) = w1 , f (eiµ 2 ) = w2 and let there
exist the limits

(2:9) f 0(eiµ k ) = lim
z! eiµ k ; z2 U

¤

f (z) ¡ wk

z ¡ eiµ k
6= 0; 1 for k = 1; 2:
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Let jf 0(eiµ k )j = ®k , k = 1; 2. Let e­( "1; "2; ' 1; ' 2) be the two-point variation of
­ de¯ned by (2:8) with " 2 replacedby "2=®2 . Then, for ¯xed 0 < ' 1 · 1

2 and
0 < ' 2 · 1

2 ,

m
¡ e­ ("1; "2; ' 1; ' 2); 1

¢
¡ m(­ ; 1 ) =

' 1(2 + ' 1)
12¼®2

1(1 + ' 1)2 "2
1

¡
' 2(2 ¡ ' 2)

12¼®2
2(1 ¡ ' 2)2 "2

2 + o("2
1) + o("2

2)(2:10)

and

area
¡
C n e­( "1; "2; ' 1; ' 2)

¢
¡ area(C n ­) = ¡

2¼' 1 ¡ sin2¼' 1

2sin2 ¼' 1
"2

1

+
2¼' 2 ¡ sin2¼' 2

2sin2 ¼' 2
"2

2 + o("2
1) + o("2

2)(2:11)

as "1 ! 0 and "2 ! 0.

To prove uniquenessof the extremal function in § d , we need the following
modi¯cation of Lemma 1 in [S1] where a similar result is proved for domains with
one axis of symmetry.

Lemma 6 (cf. [S1,Lemma 1]). For k = 1; 2, let ­ k ½ C be simply connected
domains which contain 1 and which have double symmetry w.r.t. the coordinate
axes. Let there be a point ³ 2 @­ 1 , Re³ ¸ 0, Im ³ > 0 such that the points
³ , ¹³ , ¡ ³ , and ¡ ¹³ split @­ 1 into four boundary arcs l +

r , l ¡
r , l +

i , and l ¡
i , where

l +
r lies in the closedright half-plane and connects ³ and ¹³ , l +

i lies in the closed
upper half-plane and connects ³ and ¡ ¹³ . Let

gk (z) = z + a1(gk )z¡ 1 + ¢¢¢

map U ¤ conformally onto ­ k .
If l +

r ½ ­ 2 , l +
i ½ C n ­ 2 , then

(2:12) g1(r ) · g2(r ); jg2(ir )j · jg1(ir )j

for all r > 1. Equalit y can occur in (2:12) if and only if ­ 1 = ­ 2 .

3. Boundary value problem for extremal functions

In this section f will denote the extremal function in § d with 1 < d < 2 and
D = f (U ¤) .
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Lemma 7. There is ¯ > 0 such that

(3:1) jf 0(eiµ )j = ¯ for a.e. eiµ 2 l f := l +

f [ l ¡

f

and

(3:2) jf 0(eiµ )j < ¯ for all eiµ 2 ln := T n ¹l f :

Proof. Since @D = L f [ I + [ I ¡ by Lemma 2, where L f is Jordan and
recti¯able, the non-zero¯nite limit

(3:3) f 0(³ ) = lim
z! ³ ; z2 U

¤

f (z) ¡ f (³ )
z ¡ ³

6= 0; 1

exists for almost all ³ 2 T . This easily follows from Theorem 6.8 in [P] applied
to the univalent function 1=f (1=z) . Assumethat

(3:4) 0 < ¯ 1 = jf 0(eiµ 1 )j < jf 0(eiµ 2 )j = ¯ 2 < 1

for some eiµ 1 ; eiµ 2 2 l f . Note that (3.3) and (3.4) allow us to apply the two point
variation of Lemma 5.

For positive k1 , k2 such that

(3:5) 0 < k1 < 1 < k2 and k1¯ ¡ 1
1 > k2¯ ¡ 1

2

and for ¯xed ' > 0 small enoughconsiderthe two point variation eD of D centered
at w1 = f (eiµ 1 ) and w2 = f (eiµ 2 ) with inclinations ' and radii " 1 = k1" , "2 =
k2" , respectively. Computing the change in the omitted area by formula (2.11),
we ¯nd

area(C n eD) ¡ area(C n D) =
2¼' ¡ sin2¼'

2sin2 ¼'
"2(k2

2 ¡ k2
1) + o("2):

Therefore,

(3:6) area(C n eD) > area(C n D)

for all " > 0 small enough. Applying the variation (2.10) of Lemma 6, we get

(3:7)
m( eD; 1 ) ¡ m(D ; 1 ) =

1
12¼

·
' (2 + ' )
(1 + ' )2

k2
1

¯ 2
1

¡
' (2 ¡ ' )
(1 ¡ ' )2

k2
2

¯ 2
2

¸
"2 + o("2)

=
·

'
6¼

µ
k2

1

¯ 2
1

¡
k2

2

¯ 2
2

¶
+ o(' )

¸
"2 + o("2);
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which together with (3.5) implies that

(3:8) m( eD; 1 ) > m(D ; 1 )

for all " > 0 small enoughif ' is chosensuch that the expressionin the brackets
in (3.7) is positive. Let E = C n D , eE = C n eD . Equations (3.8) and (2.5) show
that

(3:9) cap eE < capE:

Since area eE > areaE and diam eE ¸ diam E , (3.9) contradicts the monotonicity
property of the function A(d) in Lemma 1.

Assumethat ln 6= ; . Then f 0(1) = f 0(¡ 1) = 0. To prove that jf 0(eiµ )j < ¯
for all eiµ 2 ln n f§ 1g, we assumethat ¯ = jf 0(eiµ 1 )j < jf 0(eiµ 2 )j = ¯ 2 with
eiµ 1 2 l f and some eiµ 2 2 ln n f§ 1g. Then applying the two point variation
as above we get (3.6) and (3.9), again contradicting the monotonicity property
of A(d) . Hence, jf 0(eiµ )j · ¯ for all eiµ 2 ln , which combined with the strict
monotonicity property of Corollary 1 leadsto the strict inequality in (3.2).

Lemma 8. If 1 < d < 2, then ln = f eiµ : ¡ µ0 < µ < µ0g [ f eiµ : ¼¡ µ0 <
µ < ¼+ µ0g with some 0 < µ0 = µ0(d) < 1

2 ¼; f 0 is continuous on U
¤

and for all
z 2 U

¤

(3:10) jf 0(z)j · jf 0(eiµ )j = ¯ ;

where eiµ 2 ¹l f and ¯ > 1.

Proof. Consider the function g(z) = 1=f (1=z) . By Lemma 2, g maps U onto
a Jordan recti¯able domain possiblyslit along two symmetric radial segments lying
on the real axis. The double symmetry of D = f (U ¤) implies that G = g(U ) is
starlike w.r.t. w = 0. Since G is recti¯able and starlike, it follows from classical
results of Lavrent 0ev, see[P, p. 163], that G is a Smirnov domain (non-Jordan in
general). This shows that log jg0(z)j = log jf 0(1=z)j ¡ 2 log jzf (1=z)j , and therefore
log jf 0(1=z)j , can be represented by the Poissonintegral

(3:11) log jf 0(1=z)j =
1

2¼

Z 2¼

0
P(r; µ ¡ t) log jf 0(e¡ it )j dt

with boundary valuesde¯ned a.e.on T , see[P, p. 155]. Equation (3.11) alongwith
(3.1) and (3.2) shows that 1 = jf 0(1 )j · ¯ with equality only for the function
f (z) ´ z .

If ln = ; , then (3.11) and (3.1) show that jf 0j = ¯ identically on U ¤ .
Therefore, f (z) ´ z contradicting the condition d = 1

2 diam f (U ¤) > 1. Hence,
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Figure 4. Domain G for ¯ = 1:7.

ln 6= ; . The latter implies that f is analytic in vicinities of the points z = 1 and
z = ¡ 1 and f 0(z) has a simple zero at z = 1, z = ¡ 1. Consider the function
h(z) = log jf 0(1=z)=(z2 ¡ 1)j , which can be represented by the Poissonintegral

(3:12) h(z) =
1

2¼

Z 2¼

0
P(r; µ ¡ t) log jf 0(eit )=(e2it ¡ 1)j dt:

Equation (3.12) and the previous analysis show that h is a bounded harmonic
function on U . Let h1 be a bounded harmonic function on U with boundary
values log(¯ =jz2 ¡ 1j) on l f and h(z) on ln . Then h1 ¡ h hasnontangential limit
0 a.e. on T . Therefore, h1 ¡ h ´ 0 in U . Hence, jf 0j = ¯ everywhere on l f .

Since D possessesthe double symmetry we need to show only that f 0 is
continuous at eiµ 0 . By the symmetry principle, f can be continued analytically
through ln and f 0 can be continued analytically through l f . This implies that
f can be consideredas a function analytic in a slit disk ¢ 0 = U " (eiµ 0 ) n

£
(1 ¡

" )eiµ 0 ; eiµ 0
¤

with " > 0 small enough.
Using the Julia{W ol® lemma, see[P, Proposition 4.13], boundednessof f 0,

and well-known properties of the angular derivatives,see[P, Propositions 4.7, 4.9],
one can prove that f 0 has a ¯nite limit f 0(eiµ 0 ) , jf 0(eiµ 0 )j = ¯ , along any path
in U

¤
ending at eiµ 0 . The details of this proof are similar to the arguments in

Lemma 13 in [BS].

Lemma 9. Let f be extremal in § d for 1 < d < 2 and let ' (z) = zf 0(z) .
Then ' maps U ¤ univalently onto the complement ­( ¯ ; Ã) = C n F (¯ ; Ã) of
the double anchor F (¯ ; Ã) de¯ned in Theorem 2 where ¯ is de¯ned by (1:7) and
Ã = 1

2 cos¡ 1(8¯ ¡ 1 ¡ 8¯ ¡ 2 ¡ 1).

Proof. (1) Let g(z) = f 0
¡p

z
¢

. Since g( ¹z) = g(z) , the symmetry principle
implies that g is analytic in U ¤ . We will show that g is univalent there.

By Corollary 1, jg(eiµ )j = jf 0(eiµ =2)j strictly increasesfrom 0 to ¯ as µ runs
from 0 to 2µ0 . Since argg(eiµ ) = arg f 0(eiµ =2) = 1

2 (¼¡ µ) strictly decreasesfrom
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1
2 ¼ to ' 0 = 1

2 ¼¡ µ0 as µ runs from 0 to 2µ0 , it follows that g maps the arc
f eiµ : 0 · µ · 2µ0g one-to-oneonto an analytic Jordan arc ±1 lying in the domain
U+

¯ = f w 2 U ¯ : Rew > 0; Im w > 0g and connecting the points w = 0 and
w = ¯ ei' 0 = f 0(eiµ 0 ) .

Since f (U ¤) is starlike w.r.t. w = 0,

Re
eiµ f 0(eiµ )

f (eiµ )
¸ 0

for 0 · µ · 2¼. Since f (U ¤) is symmetric w.r.t. the coordinate axes, the latter
inequality shows that ¡ ¼· arg f 0(eiµ ) · ¼¡ µ0 for 0 · µ · µ0 . This combined
with (3.10) implies that g maps the arc f eiµ : 2µ0 · µ · ¼g one-to-oneonto the
circular arc ±2 = f ¯ ei' : 0 · ' · ' 0g such that g(e2iµ 0 ) = ¯ ei' 0 , g(¡ 1) = ¯ . By
symmetry, g maps the arc f eiµ : ¡ 2µ0 · µ · 0g onto ¹±1 = f w : w 2 ±1g and the
arc f eiµ : ¼· µ · 2¼¡ 2µ0g onto ¹±2 = f w : w 2 ±2g. Thus, g mapsthe unit circle
T one-to-oneonto a closedJordan arc ± composedby ±1 , ±2 , ¹±2 , and ¹±1 . Since
g(1 ) = f 0(1 ) = 1 the argument principle implies that g maps U ¤ conformally
and one-to-oneonto a simply connecteddomain G which contains 1 and which is
bounded by ±. The domain G for ¯ = 1:7 is plotted in Figure 4.

The above-mentioned properties of ±1 show that G is circularly symmetric
w.r.t. the positive real axis. Therefore by Lemma 4, jg0(eiµ )j = jf 00(eiµ =2)j strictly
decreasesin 2µ0 < µ < ¼.

(2) Considering boundary valuesof ' we have

Re' (eiµ ) = Reeiµ f 0(eiµ ) = 0 for 0 · µ · µ0

since Im f (eiµ ) = 0 for such µ. Since Im ' (eiµ ) = jf 0(eiµ )j strictly increasesin
0 · µ · µ0 , ' maps l ++

n continuously and one-to-oneonto the vertical segment
f w : Rew = 0; 0 · Im w · ¯ g.

For µ0 · µ · 1
2 ¼, j' (eiµ )j = ¯ and

@
@µ

arg ' (eiµ ) =
@
@µ

Im log
¡
eiµ f 0(eiµ )

¢
= 1 +

eiµ f 00(eiµ )
f 0(eiµ )

= 1 ¡ ¯ ¡ 1jf 00(eiµ )j;

since eiµ f 00(eiµ )=f 0(eiµ ) is real non-positive for µ0 · µ · 1
2 ¼.

(@=@µ) arg ' (eiµ ) changesits sign at most once in the interval µ0 < µ < 1
2 ¼

since jf 00(eiµ )j strictly decreasesin µ0 · µ · 1
2 ¼.

We have shown in (1) that arg f 0(eiµ ) decreasesfrom 1
2 ¼¡ µ0 to 0 when µ

runs from µ0 to 1
2 ¼. Since arg ' (eiµ 0 ) = 1

2 ¼, the latter implies that

(3:13) 0 < µ0 < arg ' (eiµ ) = µ + arg f 0(eiµ ) < ¼¡ µ0

for µ0 < µ < 1
2 ¼.
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We claim that there is µ1 , µ0 < µ1 < 1
2 ¼ such that

(3:14)

@
@µ

arg ' (eiµ ) < 0 if µ0 < µ < µ1;

@
@µ

arg ' (eiµ ) > 0 if µ1 < µ < 1
2 ¼:

Supposeto the contrary that (@=@µ) arg ' (eiµ ) · 0 for all µ0 < µ < 1
2 ¼. Then,

we would have that arg ' (eiµ ) monotonically decreasesover µ0 < µ < 1
2 ¼. Since

' (eiµ 0 ) = ' (i ) = i¯ , we would have

¢ arg ' (eiµ )
¯
¯¼=2
µ0

= ¡ 2¼k for somek 2 N

contradicting (3.13). The assumption (@=@µ) arg ' (eiµ ) ¸ 0 for all µ0 < µ < 1
2 ¼

leadsto the samecontradiction. Since jf 00(eiµ )j strictly decreasesin µ0 · µ · 1
2 ¼,

the claim follows.

Let Ã = arg ' (eiµ 1 ) . The previous analysis shows that µ0 < Ã < 1
2 ¼ and '

maps each of the arcs f eiµ : µ0 · µ · µ1g and f eiµ : µ1 · µ · 1
2 ¼g continuously

and one-to-one onto the arc f ¯ eit : Ã · t · 1
2 ¼g such that ' (eiµ 1 ) = ¯ eiÃ .

The symmetry principle now yields that ' maps the unit circle T continuously
and one-to-onein the senseof boundary correspondenceonto the boundary of the
domain ­( ¯ ; Ã) . Henceby the argument principle, ' maps U ¤ conformally and
univalently onto ­( ¯ ; Ã) .

The normalization f 0(1 ) = 1 leads after some work left to the interested
readersto the relation Ã = 1

2 cos¡ 1(8¯ ¡ 1 ¡ 8¯ ¡ 2 ¡ 1).

4. Pro ofs of Theorems 1 and 2

To prove uniquenessof the extremal function in § d , we assumethat for some
¯xed d, 1 < d < 2, there aredistinct extremals f 1 and f 2 . By Lemma 9, zf 0

k (z) =
g¯ k (z) for some 1 < ¯ 1 < 2, 1 < ¯ 2 < 2, where g¯ k maps U ¤ conformally onto
the domain ­( ¯ k ) = C nF

¡
¯ k ; Ã(¯ k )

¢
. To be explicit, assumethat ¯ 1 < ¯ 2 . The

domains ­( ¯ 1) and ­( ¯ 2) satisfy the conditions of Lemma 6. Therefore,

(4:1) g¯ 1 (r ) > g¯ 2 (r )

for all r > 1.
Sincef k (U ¤) is doubly symmetric w.r.t. the real and imaginary axes,it follows

that a0(f k ) = 0 for k = 1; 2. Hence, it follows from the normalization in (1.5)
that

(4:2) lim
R !1

¡
f 1(R) ¡ f 2(R)

¢
= 0:
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On the other hand, since f 1(1) = f 2(1) = d, we have

f 1(R) ¡ f 2(R) =
Z R

1
t ¡ 1¡

g¯ 1 (t) ¡ g¯ 1 (t)
¢

dt

and (4.1) implies that the integrand is positive and hence,that f 1(R) ¡ f 2(R) is
a (positive) increasingfunction of R , which contradicts (4.2).

Let f d denote the unique extremal function in § d . To ¯nd f d explicitly , we
represent ' (z; d) = zf 0

d(z) as

' (z; d) =
¡
Fd¡ 2 (z¡ 2)

¢¡ 1=2
;

where Fp(³ ) = ³ + a2(Fp)³ 2 + ¢¢¢, 1
4 · p · 1, is the univalent function in the

standard class S that maps the unit disk U onto the domain C n
¡
(¡1 ; ¡ p] [

f pei¿ : j¿ ¡ ¼j · ®g
¢

with ® = cos¡ 1
¡
8
p

p ¡ 8p ¡ 1
¢

. It is well known that Fp

is extremal in a number of problems, for instance in the problem on max ja2(f )j
studied by E. Netanyahu [N] and T. Su®ridge[S],on the subclassof functions f 2 S
that cover the disk U p . Using an explicit expressionfor Fp , seefor example, [S],
we get (1.9) and after an integration (1.8).

The integral in (1.8) can be evaluated in terms of elementary functions. We
leave to the interested readersto check (one can use\Mathematica" or \Maple")
that f d(1) coincideswith the right-hand side in (1.7), which in this caseis equiv-
alent to the equality f d(1) = d. Since for each 1 · d · 2 the extremal function
is unique in § d , (1.7) has a unique solution ¯ = ¯ (d) on the interval 1 · ¯ · 2;
this also follows easily from the monotonicity of the right-hand side of (1.7).

To evaluate the maximal omitted area A(d) = Area (E f d ) , we apply a stan-
dard line integral formula and the fact that Im(w dw) = 0 on the non-freebound-
ary. We have

A(d) = 1
2 Im

Z

@E f d

w dw = 1
2 Im

Z

L f d

w dw = 1
2 Re

Z

l f d

f d(eiµ )eiµ f 0
d(eiµ ) dµ:

Since jf 0
d j2 = ¯ 2 on l f d , we obtain

A(d) =
¯ 2

2
Re lim

" ! +0

½Z ¼¡ "

"

f d(eiµ )
eiµ f 0

d(eiµ )
dµ+

Z 2¼¡ "

¼+ "

f d(eiµ )
eiµ f 0

d(eiµ )
dµ

¾

=
¯ 2

2
Im

½Z

T

f d(z)
z2f 0

d(z)
dz ¡ ¼iRes

·
f d(z)

z2f 0
d(z)

; 1
¸

¡ ¼iRes
·

f d(z)
z2f 0

d(z)
; ¡ 1

¸ ¾
;

where
R

T f d=(z2f 0
d) dz is understood as the Cauchy principal value. The function

f d=(z2f 0
d) has simple poles at z = 1 and z = ¡ 1. Computing the integral and

residues,we obtain
A(d) = ¼

£
¯ 2 ¡ 2d(¯ ¡ 1)

¤
;

which implies (1.6). This ¯nishes the proof of Theorem 2.
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To deduce(1.4), we write (1.6) in an invariant form:

(4:3)
areaE

1
4 ¼diam2 E

· p¡ 2£
¯ 2(p) ¡ 2p

¡
¯ (p) ¡ 1

¢¤

with p = diam E=(2 capE) , where 1 · ¯ (p) · 2 is de¯ned by (1.7) with d replaced
by p. Since the maximal omitted area A(d) strictly decreases,the expressionin
the brackets in (4.3) decreasesand therefore the right-hand side of (4.3) itself
decreasesfrom 1 to 0 when p runs from 1 to 2. Therefore there is a function
p = ª 1(s) inverseto s = p¡ 2

£
¯ (p)2 ¡ 2p

¡
¯ (p) ¡ 1

¢¤
. Let ª( s) = 1=ª 1(s) . Since

the inverse ª 1 is decreasing,(4.3) leadsto the inequality

p · ª 1
¡
areaE=( 1

4 ¼diam2 E)
¢
;

which is equivalent to (1.4) with equality only for the continua described in The-
orem 1.
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