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Abstract. Weextend Strebel's theory of variabilit y setsto the setting of arbitrary hyperbolic
Riemann surfaces.Our extendedtheory dependson the behavior of the TeichmÄuller metric on the
¯b ers of forgetful maps between TeichmÄuller spaces. We obtain new results about the metric
properties of these¯b ers.

In tro duction

Let f be a quasiconformalmapping of the open unit disk ¢ onto itself, and
let K 0(f ) be the smallest number K such that there is a K -quasiconformalself-
mapping of ¢ with the sameboundary valuesas f . A quasiconformalmapping of
¢ onto itself is called f -extremal if it has the sameboundary valuesas f and it
is K 0(f ) -quasiconformal. There is always at least one f -extremal mapping, and
Strebel showed in [19] that there can be more than one.

Given any a in ¢ , Strebel [20] de¯ned the variabilit y set V [a] to be the set
of all points b in ¢ such that b = g(a) for some f -extremal map g. In the
groundbreaking paper [22] he proved that V [a] is compact and that both V [a]
and its complement in ¢ are connected. In this paper we shall extend that result
to the casewhen ¢ is replacedby any Riemann surfacewhoseuniversal covering
surfaceis conformally equivalent to ¢ . We call such Riemann surfaceshyperbolic.

Let x0 be a point on the hyperbolic Riemann surface X , and let f be a
quasiconformalmap of X onto a (necessarilyhyperbolic) Riemann surface Y . To
de¯ne the variabilit y set of x0 with respect to f we begin by giving X and Y
the basepoints x0 and y0 = f (x0) and forming the universal covering surfaces
( eX ; fx0) and ( eY ; ey0) . This meanswe are given basepoints fx0 in eX and ey0 in eY
and basepoint preserving holomorphic universal covering maps $ X : eX ! X and
$ Y : eY ! Y . Since eX and eY are conformally equivalent to ¢ they have Poincar¶e
metrics ½eX and ½eY .
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Let g be any quasiconformalmap of X onto Y . By de¯nition a lift of g is
a quasiconformalmap ~g of eX onto eY that satis¯es g ±$ X = $ Y ± ~g. The given
map f has a unique lift ~f such that ~f (fx0) = ey0 . If g has a lift ~g such that the
distance ½eY

¡ ~f (~x); ~g(~x)
¢

is bounded by a number M independent of ~x in eX , we
say that g is TeichmÄuller equivalent to f and we usethe symbol ~g to denote the
unique lift of g with this bounded distance property. (This property meansthat
~f and ~g have the sameboundary values if we identify eX and eY with ¢ .)

Let K 0(f ) be the smallest number K such that there is a K -quasiconformal
map g: X ! Y that is TeichmÄuller equivalent to f . We call g an f -extremal
map if it is both TeichmÄuller equivalent to f and K 0(f ) -quasiconformal.

By de¯nition the variabilit y set eVf [x0] of x0 with respect to f is the subset
of eY consisting of the points ~y such that ~y = ~g(fx0) for some f -extremal map g.
This de¯nition reducesto Strebel's when X and Y are both the unit disk, so the
following theorem generalizesTheorem 7 of [22].

Theorem 1. The variabilit y set eVf [x0] is compact, and both eVf [x0] and its
complement in eY are connected.

Like Strebel's, our proof dependson a study of the level curvesof an appro-
priate dilatation function, but we baseour study on the implicit function theorem,
as applied to a certain map from one TeichmÄuller spaceto the product of another
TeichmÄuller spaceand the real numbers. Theorem 3 in Section 5, which estab-
lishesthe crucial properties of that map, is oneof our main results. We shall derive
Theorem 1 from it in Section 6.

Since our approach depends on embedding variabilit y sets in appropriate
TeichmÄuller spaceswe review someTeichmÄuller theory in Sections1{4. Bers ¯b er
spacesand forgetful mapsbetweenTeichmÄuller spacesplay a central role. Sodoes
Strebel's frame mapping criterion, as it has in all previouswork on variabilit y sets.

Studying variabilit y setsby embeddingthem in TeichmÄuller spacesis a promis-
ing technique. Li Zhongusedit in the classicalunit disk setting to proveTheorem5
of his interesting paper [13].

Our study of Bers ¯b er spacesand forgetful maps led to new results about
their ¯b ers, which we prove in Sections7{11. The most striking of them is the
following result, which shows conclusively that the restriction of TeichmÄuller's
metric to the ¯b ers of the forgetful map is not an arc length metric.

Theorem 2. Let X be a hyperbolic Riemann surfacethat is not conformally
equivalent to C n f 0; 1g, let x0 be a point of X , and let dX 0 be TeichmÄuller's
metric on the TeichmÄuller spaceT(X 0) of X 0 = X nf x0g. If a and b are distinct
points on some¯b er of the forgetful map from T(X 0) to the TeichmÄuller space
of X , then that ¯b er contains only ¯nitely many points c such that

dX 0(a;b) = dX 0(a; c) + dX 0(c;b):
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Unlike someprevious studies of the metric properties of these¯b ers (see[9],
[14], and [16]) ours relies primarily on elementary construction of quasiconformal
mappings and makesno useof the mapping classgroup.

We thank Kurt Strebel both for writing his inspirational paper [22] and for
encouragingour work on this paper.

1. Teichm Äuller spaces and forgetful maps

In this section and the next we review someclassicalTeichmÄuller theory and
intro duce notation that will be used throughout this paper. More information
about TeichmÄuller spacescan be found in the books [8] and [17]. Section 3 of
the paper [5] o®ersa more detailed explanation of our description of the tangent
spacesto TeichmÄuller space.

Let X be a hyperbolic Riemann surface. A measurableBeltrami form ¹ on
X is called a Beltrami coe±cient if its L 1 norm is lessthan one. The set M (X )
of all Beltrami coe±cients on X hasa natural complex structure, as it is the open
unit ball in the complex Banach spaceof bounded measurableBeltrami forms.

Let H be the upper half plane, and let $ : H ! X be a holomorphic
universal covering map. Every quasiconformal self-mapping g of X lifts to a
quasiconformal self-mapping ~g of H . We call g TeichmÄuller trivial if it has a
lift ~g whosecontinuous extension to the closedhalf plane equals the identit y on
the extended real axis. The TeichmÄuller trivial quasiconformal self-mappingsof
X form a group that we denote by QC0(X ) .

Every ¹ in M (X ) is the Beltrami coe±cient of a quasiconformalmap of X
onto some Riemann surface. We say that ¹ and º in M (X ) are TeichmÄuller
equivalent on X if there exist g in QC0(X ) and a quasiconformal map f with
domain X such that ¹ is the Beltrami coe±cient of f and º is the Beltrami
coe±cient of f ± g. We denote the TeichmÄuller equivalence class of ¹ on X
by [¹ ]X .

The TeichmÄuller space T(X ) is the spaceof TeichmÄuller equivalenceclasses
[¹ ]X of Beltrami coe±cients on X . By a fundamental theorem of Bers (see [8]
and [17]), T(X ) has a unique complex manifold structure such that the quotient
map ©X (¹ ) = [¹ ]X from M (X ) to T(X ) is a holomorphic split submersion.

The derivative of ©X at ¹ = 0 has the following useful description. Let
Q(X ) be the complex Banach spaceof L 1 holomorphic quadratic di®erentials on
X , and let Q(X )¤ be its dual space.The tangent spaceto T(X ) at its basepoint
[0]X can be uniquely identi¯ed with Q(X )¤ in such a way (seeSection 3 of [5])
that ©0

X (0) is the map that takesa bounded measurableBeltrami form ¹ on X
to the linear functional l ¹ on Q(X ) de¯ned by

l ¹ (' ) =
ZZ

X

¹'; ' 2 Q(X ):
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If x0 is a point of X , the Riemann surface X 0 = X nf x0g is also hyperbolic.
Quadratic di®erentials in Q(X 0) areholomorphic in X exceptfor a possiblesimple
pole at x0 , and Q(X ) is a codimension one subspaceof Q(X 0) .

Since the set f x0g has measurezero, the spacesM (X ) and M (X 0) are the
same. Further, every quasiconformalmap with domain X 0 is the restriction of a
quasiconformalmap with domain X , and every map in QC0(X 0) is the restriction
of a map in QC0(X ) . Therefore [¹ ]X 0 ½ [¹ ]X for all ¹ in M (X ) . We de¯ne the
forgetful map Px 0 : T(X 0) ! T(X ) by the formula Px 0 ([¹ ]X 0) = [¹ ]X , ¹ in M (X ) .

Since both ©X 0 and ©X are holomorphic split submersions, Px 0 is also a
holomorphic split submersion. By de¯nition, Px 0 mapsthe basepoint of T(X 0) to
the basepoint of T(X ) . A trivial chain rule calculation shows that the derivative
of Px 0 at [0]X 0 is the restriction map l 7! l j Q(X ) from Q(X 0)¤ to Q(X )¤ .

2. The Bers ¯b er space and isomorphism theorem

The Bers ¯b er spaceand its projection onto TeichmÄuller spaceprovide an
alternativ e model for the forgetful map de¯ned in Section 1. We shall review the
relevant facts here. See[2] or [17] for more details.

As in Section1, weconsidera hyperbolic Riemann surfaceX with a basepoint
x0 , and we write X 0 = X n f x0g. We give H the basepoint i , and we require
the holomorphic universal covering $ : H ! X of X by the upper half plane to
preserve basepoints.

Let ¡ be the group of covering transformations of $ . By de¯nition the
set M (¡) of Beltrami coe±cients for ¡ consists of the measurablefunctions ¹
on H that have L 1 norm lessthan one and satisfy the ¡ -invariance condition
(¹ ± ° )° 0=°0 almost everywhere for all ° in ¡ . For each ¹ in M (¡) let w¹ be
the quasiconformal mapping of the Riemann sphere bC onto itself that ¯xes the
points 0, 1, and 1 , is conformal in the lower half plane, and satis¯es the Beltrami
equation w¹z = ¹w z in H .

Each ¹ in M (¡) projects to a well-de¯ned Beltrami coe±cient on X . The
resulting map from M (¡) to M (X ) is a norm-preserving bijection, and we use
it to identify M (X ) with M (¡) . In particular, from now on we shall regard the
TeichmÄuller equivalence classes[¹ ]X and [¹ ]X 0 as subsetsof M (¡) . It is not
hard to verify that for each ¹ in M (¡) the class [¹ ]X consistsof the º in M (¡)
such that wº = w¹ on the extended real axis. Thus wº (H ) = w¹ (H ) for all º
in [¹ ]X .

The Bers ¯ber space

F (¡) =
©

([¹ ]X ; ³ ) : ¹ 2 M (¡) and ³ 2 w¹ (H )
ª

is de¯ned in [2] (seealso [17]) and is shown to be an open subset of T(X ) £ C .
According to the Bers isomorphism theorem (see[2] or [17]), the formula

(1) B ([¹ ]X 0) =
¡
[¹ ]X ; w¹ (i )

¢
; ¹ 2 M (¡) ;
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producesa well de¯ned biholomorphic map B of T(X 0) onto F (¡) . In particular,
for each ¹ in M (¡) , [¹ ]X 0 consistsof the º in M (¡) such that wº = w¹ on the
union of the extended real axis and the set f ig.

Let P: F (¡) ! T(X ) be the projection map that sends ([¹ ]X ; ³ ) to [¹ ]X
for each ¹ in M (¡) and ³ in w¹ (H ) . The Bers isomorphism B maps each
¯b er P ¡ 1

x 0
([¹ ]X ) of the forgetful map biholomorphically to the ¯b er P ¡ 1([¹ ]X ) =

f [¹ ]X g £ w¹ (H ) of P . Thus P ¡ 1
x 0

([¹ ]X ) is biholomorphically equivalent to the
region w¹ (H ) for each ¹ in M (¡) . In particular, P ¡ 1

x 0
([0]X ) is biholomorphically

equivalent to H .

Remark 1. In equation (1) and the subsequent discussionthe point i can be
replacedby any other point a in H , provided that X 0 = X n f $ (i )g is replaced
by the Riemann surface X n f $ (a)g.

Example. We can take X to be ¢ , x0 to be 0, $ to be the map z 7!
(z ¡ i )=(z + i ) , and ¡ to be the trivial group f I g. Then M (f I g) is the open unit
ball of L 1 (H ) and the Bers isomorphism identi¯es F (f I g) with the TeichmÄuller
spaceof the punctured disk ¢ 0 = ¢ n f 0g.

3. Extremal Beltrami coe±cien ts and variabilit y sets

Both T(X ) and T(X 0) carry TeichmÄuller metrics, which wedenoteby dX and
dX 0 respectively. We are particularly interested in distancesfrom the basepoints
[0]X and [0]X 0 of T(X ) and T(X 0) . Theseare de¯ned as follows.

For each ¹ in M (¡) let k¹ k be the L 1 norm of ¹ and let

K (¹ ) = (1 + k¹ k)=(1 ¡ k¹ k)

be the maximal dilatation of the quasiconformalmapping w¹ . Then

(2)
dX ([0]X ; [¹ ]X ) = min

©
1
2 logK (º ) : º 2 [¹ ]X

ª
and

dX 0([0]X 0; [¹ ]X 0) = min
©

1
2 logK (º ) : º 2 [¹ ]X 0

ª
; ¹ 2 M (¡) :

The Beltrami coe±cients ¹ that attain these minima are called extremal. More
precisely, we call ¹ in M (¡) X -extremal if 1

2 logK (¹ ) = dX ([0]X ; [¹ ]X ) and X 0-
extremal if 1

2 logK (¹ ) = dX 0([0]X 0; [¹ ]X 0) . Since [¹ ]X 0 ½ [¹ ]X for all ¹ in M (¡) ,
every X -extremal ¹ is X 0-extremal and

(3) dX ([0]X ; [¹ ]X ) · dX 0([0]X 0; [¹ ]X 0) for all ¹ in M (¡) :

Now let f be a quasiconformal map of X onto a Riemann surface Y . In
the intro duction we de¯ned the variabilit y set eVf [x0] as a subsetof the universal
covering surface eY of Y . The following lemma allows us to identify eVf [x0] with
a subsetof T(X 0) that we can study more conveniently .
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Lemma 1. Let f : X ! Y be a quasiconformalmap and let ¹ be the element
of M (¡) that determines its Beltrami coe±cient. There is a biholomorphic map
of eY onto the ¯b er P ¡ 1

x 0
([¹ ]X ) of the forgetful map such that the imageof eVf [x0]

is the set

(4) V ¹ (x0) =
©

[º ]X 0 2 P ¡ 1
x 0

([¹ ]X ) : dX ([0]X ; [º ]X ) = dX 0([0]X 0; [º ]X 0)
ª

:

Proof. Our assumptionson f and ¹ make the map $ ¹ = f ± $ ± (w¹ )¡ 1

of w¹ (H ) onto Y holomorphic. With i and w¹ (i ) as basepoints for H and
w¹ (H ) respectively, the maps $ : H ! X and $ ¹ : w¹ (H ) ! Y are models for
the holomorphic universal covering maps $ X : eX ! X and $ Y : eY ! Y of the
intro duction. In thesemodels the basepoint preserving lift ~f of f is w¹ , and the
variabilit y set is

eVf [x0] =
©

wº (i ) : º 2 [¹ ]X and º is X -extremal
ª

:

That set is mapped to V =
©

([º ]X 0 2 P ¡ 1
x 0

([¹ ]X ) : º is X -extremal
ª

by the
biholomorphic map ³ 7! B ¡ 1([¹ ]X ; ³ ) of w¹ (H ) ( = eY ) onto P ¡ 1

x 0
([¹ ]X ) .

It remains to show that V equalsthe set V ¹ (x0) de¯ned by (4). This is easy.
If º in M (¡) is X -extremal then it is also X 0-extremal, so

dX 0([0]X 0; [º ]X 0) = 1
2 logK (º ) = dX ([0]X ; [º ]X )

and V ½ V ¹ (x0) . Conversely, if [º ]X 0 is in V ¹ (x0) and ¾in [º ]X 0 is X 0-extremal,
then

1
2 logK (¾) = dX 0([0]X 0; [º ]X 0) = dX ([0]X ; [º ]X );

so ¾ is X -extremal. Since [º ]X 0 = [¾]X 0 it belongsto V , so V ¹ (x0) ½ V .

4. Boundary dilatations

Like Strebel's, our study of variabilit y sets requires the notion of boundary
dilatation, which we shall review in this section. We denote the characteristic
function of a set S by ÂS .

For any ¹ in M (¡) set

(5)

H ¤
X (¹ ) = inf

©
K

¡
¹Â $ ¡ 1 (X nE )

¢
: E is a compact subsetof X

ª
;

H ¤
X 0(¹ ) = inf

©
K

¡
¹Â $ ¡ 1 (X 0nE )

¢
: E is a compact subsetof X 0ª ;

HX (¹ ) = inf
©

H ¤
X (º ) : º 2 [¹ ]X

ª
; and

HX 0(¹ ) = inf
©

H ¤
X 0(º ) : º 2 [¹ ]X 0

ª
:

The numbers HX (¹ ) and HX 0(¹ ) are called the boundary dilatations of ¹ (with
respect to X and X 0).

We need to prove the intuitiv ely obvious fact that H X (¹ ) = HX 0(¹ ) for all
¹ in M (¡) . The inequalities H ¤

X (¹ ) · H ¤
X 0(¹ ) · K (¹ ) and HX (¹ ) · HX 0(¹ ) ·

K (¹ ) areclear from (5). Our proof that H X 0(¹ ) · HX (¹ ) usesthe following useful
lemma, which is closely related to a result obtained by Aleksander Bulatovic in
the courseof the proof of Theorem 11 in his dissertation [3].
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Lemma 2. For any a and b in H and ¹ in M (¡) there exists º in [0]X
such that H ¤

X (º ) = 1, wº (a) = b, and º = ¹ in someneighborhood of a.

Proof. The set of restrictions to H of the maps wº with º in [0]X and
H ¤

X (º ) = 1 is a group G of quasiconformal self-mappingsof H . To show that
for each a and b in H there is g in G with g(a) = b it su±ces to prove that the
G-orbit of each a in H contains a neighborhood of a. For that purposechoose
any a in H and chooser > 0 sosmall that the closeddisk D (a; r ) with center a
and radius r is contained in H and the map $ : H ! X is injective on D (a; r ) .

For any t in ¢ we de¯ne gt : H ! H as follows. For z in D (a; r ) and °
in ¡ set

gt
¡
° (z)

¢
= °

¡
z + t(r ¡ jz ¡ aj)

¢
;

and for z in H n
S

° 2 ¡ °
¡
D (a; r )

¢
set gt (z) = z. It is easyto seethat gt 2 G.

Since gt (a) = a + r t , the G-orbit of a contains the interior of D (a; r ) , which is
the required neighborhood of a.

Now let a and b in H and ¹ in M (¡) be given. We have already proved
that there is g in G with g(a) = b. Let ¾ be the Beltrami coe±cient of the
quasiconformalmap w¹ ± g¡ 1 . Supposefor the moment that h in G ¯xes b and
that its Beltrami coe±cient equals ¾ in a neighborhood of b. Then the Beltrami
coe±cient º of h ± g equals ¹ in a neighborhood of a. In addition wº = h ± g
in H , so º 2 [0]X , H ¤

X (º ) = 1, and wº (a) = b as required.
It remains to produce h. Choose r > 0 so that the closeddisk D (b; r ) is

contained in H and $ is injective on D (b; r ) . Set ¾̂= ¾ÂD (b;r =3) . Let h0 be

the quasiconformalself-mappingof D
¡
b; 1

2 r
¢

that ¯xes b and b+ 1
2 r and has the

Beltrami coe±cient ¾̂ in D
¡
b; 1

2 r
¢

. It is easy to extend h0 to a quasiconformal
self-mapping h of D (b; r ) that equals the identit y on the boundary. As above,
we set h

¡
° (z)

¢
= °

¡
h(z)

¢
for z in D (b; r ) and ° in ¡ , and we set h(z) = z in

H n
S

° 2 ¡ °
¡
D (b; r )

¢
. Clearly h 2 G, h(b) = b, and the Beltrami coe±cient of

h equals ¾ in a neighborhood of b.

Corollary 1. We have HX (¹ ) = HX 0(¹ ) for all ¹ in M (¡) .

Proof. Let ¹ in M (¡) be given. Suppose ¾2 [¹ ]X . Let a be the point in
H where w¾(a) = w¹ (i ) . By Lemma 2, there is º in [0]X such that H ¤

X (º ) = 1,
wº (a) = i , and º = ¾ in a neighborhood of a.

De¯ne %in M (¡) by the equation w%± wº = w¾. Then w%(i ) = w¾(a) =
w¹ (i ) and %2 [¾]X = [¹ ]X , so %2 [¹ ]X 0 . Since %= 0 in a neighborhood of i
and H ¤

X (º ) = 1, H ¤
X 0(%) = H ¤

X (%) = H ¤
X (¾) . Thus for each ¾ in [¹ ]X there is

%in [¹ ]X 0 with H ¤
X 0(%) = H ¤

X (¾) , so HX 0(¹ ) · HX (¹ ) . We already know that
HX (¹ ) · HX 0(¹ ) .
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5. Streb el poin ts and Theorem 3

Following the terminology of [7] and [10] we call the point [¹ ]X 0 in T(X 0) a
Strebel point if every X 0-extremal º in [¹ ]X 0 satis¯es the strict inequality K (º ) >
HX 0(¹ ) . The following lemmageneralizesan important observation that wasmade
by Strebel when X is the open unit disk (see[20] and [22]).

Lemma 3. Every point in the open set

(6) W =
©

[¹ ]X 0 2 T(X 0) : dX ([0]X ; [¹ ]X ) < dX 0([0]X 0; [¹ ]X 0)
ª

is a Strebel point.

Proof. Let º in [¹ ]X 0 be X 0-extremal and let ¾ in [¹ ]X be X -extremal.
If [¹ ]X 0 2 W , then K (º ) > K (¾) ¸ H ¤

X (¾) ¸ HX (¹ ) = HX 0(¹ ) and [¹ ]X is a
Strebel point. Clearly (6) de¯nes an open set.

By (3), (4), and (6), T(X 0) n W is the union of the variabilit y sets V ¹ (x0) ,
¹ in M (¡) . That fact will allow us in Section 6 to deduceTheorem 1 from the
following theorem.

Theorem 3. The map ª: T(X 0) ! T(X ) £ R de¯ned by

(7) ª([ ¹ ]X 0) =
¡
Px 0 ([¹ ]X 0); dX 0([0]X 0; [¹ ]X 0)

¢
; ¹ 2 M (¡) ;

is continuous and proper. Its image is the closedsubset

(8) ª
¡
T(X 0)

¢
=

©
([¹ ]X ; r ) 2 T(X ) £ R : dX ([0]X ; [¹ ]X ) · r

ª

of T(X ) £ R . The inverseimageof the interior of ª
¡
T(X 0)

¢
is the set W de¯ned

by (6). The restriction of ª to W is a proper C1 split submersion, and the
inverseimage under ª of each point in ª( W) is a simple closedcurve.

Proof. The forgetful map Px 0 is holomorphic and the function dX 0([0]X 0; ¢)
is continuous, so ª is continuous. To seethat ª is proper, let f [¹ n ]X 0g be a
sequencein T(X 0) such that the sequencef ª([ ¹ n ]X 0)g convergesin T(X ) £ R .
We must show that f [¹ n ]X 0g hasa convergent subsequence.We may assumethat
each ¹ n is X 0-extremal.

Sincethe sequencef dX 0([0]X 0; [¹ n ]X 0)g convergesin R , the numbers K (¹ n )
are uniformly bounded. We can therefore passto a subsequencef ¹ n j g such that
w¹ n j convergesuniformly on compact subsetsof C to a quasiconformalmap w¹ .
In particular w¹ n j (i ) ! w¹ (i ) as j ! 1 .

Sinceeach ¹ n belongsto M (¡) and the sequencef [¹ n ]X g convergesin T(X ) ,
it is easy to verify that ¹ belongs to M (¡) and [¹ n j ]X ! [¹ ]X as j ! 1 .
Therefore the sequence

©¡
[¹ n j ]X ; w¹ n j (i )

¢ª
in F (¡) convergesto

¡
[¹ ]X ; w¹ (i )

¢

as j ! 1 . Since the Bers isomorphism B is a homeomorphism, f [¹ n j ]X 0g is a
convergent subsequenceof f [¹ n ]X 0g, and ª is proper.
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Now choose ¹ in M (¡) and consider the set

J =
©

r 2 R : ([¹ ]X ; r ) 2 ª
¡
T(X 0)

¢ª
=

©
dX 0([0]X 0; [º ]X 0) : [º ]X 0 2 P ¡ 1

x 0
([¹ ]X )

ª
:

Since Px 0 has connected¯b ers, J is an interval. It is unbounded becauseª is
proper and ª ¡ 1(f [¹ ]X g £ S) is the non-compact set P ¡ 1

x 0
([¹ ]X ) if J ½ S ½ R .

By (3), J is a subinterval of [r ¹ ; 1 ) , where r ¹ = dX ([0]X ; [¹ ]X ) . If º in [¹ ]X is
X -extremal, then ª([ º ]X 0) = ([¹ ]X ; r ¹ ) , so r ¹ 2 J . That proves(8).

By (8), the open set ­ =
©

([¹ ]X ; r ) 2 T(X ) £ R : dX ([0]X ; [¹ ]X ) < r
ª

is the
interior of ª

¡
T(X 0)

¢
. By the de¯nitions of ª and W , ª ¡ 1(­) = W . It follows

that ª is a proper map of W onto ­ .
By Lemma 3, each point of W is a Strebel point, soby Corollary 2 in Section6

of [10] the function [¹ ]X 0 7! dX 0([0]X 0; [¹ ]X 0) is C1 on W . Therefore ª is a C1

map of W onto its image. We must study its derivative in W .
For that purposechoose ¹ in M (¡) so that [¹ ]X 0 belongsto W . Choosea

Riemann surface Y and a quasiconformal map f of X onto Y whoseBeltrami
coe±cient is the element of M (X ) determined by ¹ . Then f maps X 0 onto Y 0 =
Y n f f (x0)g. The map f inducesbiholomorphic maps of T(X ) and T(X 0) onto
T(Y ) and T(Y 0) respectively (see[5]), allowing us to identify the tangent spaces
to T(X 0) and T(X ) at [¹ ]X 0 and [¹ ]X with Q(Y 0)¤ and Q(Y)¤ respectively.
Under that identi¯cation the derivative of Px 0 at [¹ ]X 0 becomesthe restriction
map l 7! l j Q(Y ) from Q(Y 0)¤ to Q(Y )¤ , as in Section 1 above.

Since [¹ ]X 0 is a Strebel point, Strebel's frame mapping theorem (see [8])
implies that there is a unique X 0-extremal Beltrami coe±cient º in [¹ ]X 0 , and
wº induces a TeichmÄuller mapping f 0: X 0 ! Y 0. The inversemapping from Y 0

to X 0 is also a TeichmÄuller mapping, so its Beltrami coe±cient equals kj' ¹ j=' ¹ ,
with 0 < k < 1, for a uniquely determined ' ¹ of norm one in Q(Y 0) .

Since [¹ ]X 0 belongs to W , º is not X -extremal. Therefore f 0 and f ¡ 1
0

cannot be extendedto TeichmÄuller mappingsbetween X and Y , so ' ¹ hasa pole
at f (x0) .

According to Section 6 of [10], the derivative at [¹ ]X 0 of the function ¿ 7!
d([0]X 0; ¿) on T(X 0) is the map l 7! Re

¡
¡ l(' ¹ )

¢
from Q(Y 0)¤ to R . Therefore

ª 0([¹ ]X 0) is the R -linear map from Q(Y 0)¤ to Q(Y )¤ © R de¯ned by

(9) ª 0([¹ ]X 0)( l ) =
¡
l j Q(Y ); Re

¡
¡ l(' ¹ )

¢¢
for all l 2 Q(Y 0)¤:

Since ' ¹ has a pole at y0 , (9) implies that ª 0([¹ ]X 0) is a surjective map whose
kernel is the real one-dimensional subspaceof Q(Y )¤ generated by the linear
functional that equalszero on Q(Y) and maps ' ¹ to i . Every ¯nite dimensional
subspacehas a closedcomplement, and [¹ ]X 0 is an arbitrary point of W , so the
restriction of ª to W is a proper C1 split submersion.

Finally, we must examinethe ¯b ers ª ¡ 1(p) , p 2 ª( W) . Each ¯b er is a com-
pact one-dimensionalreal submanifold of W . It therefore has ¯nitely many con-
nectedcomponents, each of which is a simple closedcurve in W . It follows readily
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from the implicit function theorem and the propernessof ª that the number n(p)
of components of ª ¡ 1(p) is a locally constant function of p in ª( W) . The ho-
meomorphism ([¹ ]X ; r ) 7!

¡
[¹ ]X ; r ¡ dX ([0]X ; [¹ ]X )

¢
of ª( W) onto T(X ) £ (0; 1 )

shows that ª( W) is connected,so n = n(p) is independent of p.
Evaluating n requires a more detailed study of ª ¡ 1(p) . Choose any ¹ in

M (¡) and any positive number r > r ¹ = dX ([0]X ; [¹ ]X ) . Then p = ([¹ ]X ; r )
belongsto ª( W) , and ª ¡ 1(p) is contained in the submanifold D ¹ = P ¡ 1

x 0
([¹ ]X )

of T(X 0) . De¯ne the function h: D ¹ ! R by h([º ]X 0) = dX 0([0]X 0; [º ]X 0) , [º ]X 0

in D ¹ . The de¯nition (7) of ª implies that ª ¡ 1(p) = h¡ 1(r ) . Since ª is a
C1 split submersion in W , (7) also implies that h is C1 with a non-vanishing
gradient in the set D ¹ \ W = D ¹ n V ¹ (x0) . Therefore h has no local maximum,
and its only local minima are located at the points of V ¹ (x0) .

Recall from Section 2 that D ¹ is biholomorphically equivalent to the simply
connectedregion w¹ (H ) , so we may think of D ¹ as an open disk in C . Let C
be a component of h¡ 1(r ) . Since C is a simple closedcurve in D ¹ , it bounds a
closeddisk D in D ¹ . Since h has no local maximum, we must have h(¿) < r
for all ¿ in the interior of D . Since the only local minima of h are at points of
V ¹ (x0) , the interior of D must contain at least one point of V ¹ (x0) .

We concludethat there are n disjoint closeddisks D 1; D2; : : : ; Dn in D ¹ such
that h(¿) · r for ¿ in

S
1· j · n D j , h(¿) 6= r for ¿ in D ¹ n

S
1· j · n D j , and each

D j contains at least one point of V ¹ (x0) . Since D ¹ n
S

1· j · n D j is connected
and, by (8), h takesarbitrarily large values in D ¹ , we can concludefurther that
h(¿) > r for ¿ in D ¹ n

S
1· j · n D j .

To seethat n = 1 we observe that V ¹ (x0) contains at least n points for any
¹ in M (¡) and that V 0(x0) consistsof the single point [0]X 0 .

Remark 2. The proof of Proposition 4(A) in [4] shows that ª: W ! ª( W)
is topologically a locally trivial ¯bration. Since ª( W) is contractible, the ¯bration
is globally trivial and W is homeomorphic to the product of ª( W) and the unit
circle. As we do not needthis result here, we shall not go into detail.

6. Pro of of Theorem 1

Lemma 1 reduces the proof of Theorem 1 to showing that for each ¹ in
M (¡) the set V ¹ (x0) is compact and the sets V ¹ (x0) and P ¡ 1

x 0
([¹ ]X ) n V ¹ (x0)

are connected.
Theseproperties of V ¹ (x0) follow easily from Theorem 3 and its proof. Con-

sider again the ¯b er D ¹ = P ¡ 1
x 0

([¹ ]X ) and the function h: D ¹ ! R obtained by
restricting the distance function [º ]X 0 7! dX 0([0]X 0; [º ]X 0) to D ¹ . By its de¯ni-
tion (4), V ¹ (x0) is the set of points in D ¹ where h attains its minimum value
r ¹ = dX ([0]X ; [¹ ]X ) .

In the proof of Theorem 3 we showed that for each r > r ¹ the set h¡ 1([r ¹ ; r ])
is a closedJordan domain whoseboundary is the level set h¡ 1(r ) . SinceV ¹ (x0) is
the intersection of thesedomains it is compact and connected. Since D ¹ nV ¹ (x0)
is the union of the annular regions D ¹ nh¡ 1([r ¹ ; r ]) , r > r ¹ , it is alsoconnected.
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7. The Teichm Äuller metric on the ¯b ers of the forgetful map

Lemma 1 and its proof madeessential useof the fact that for each ¹ in M (¡)
the Bers isomorphism induces a biholomorphic map between the region w¹ (H )
and the ¯b er P ¡ 1

x 0
([¹ ]) of the forgetful map. The question whether that map is an

isometry with respect to the Poincar¶e metric %¹ on w¹ (H ) and the TeichmÄuller
metric dX 0 on P ¡ 1

x 0
([¹ ]) has beenthoroughly investigated.

Kra [9] and Nag [16] independently showed that the answer is negative when
T(X ) has positive ¯nite dimension. Liu [14] extended the Kra{Nag result to all
in¯nite dimensional TeichmÄuller spacesT(X ) with three exceptions: the cases
when X is ¢ , ¢ with one puncture, or an annulus. In Section 8 we shall give
a more explicit and elementary proof of the Kra, Nag, and Liu results, and in
Section9 we shall extend them to the remaining exceptional cases,thus obtaining
the following theorem.

Theorem 4 (Kra{Nag{Liu). Given ¹ in M (¡) , the map Á: w¹ (H ) ! T(X 0)
de¯ned by Á(³ ) = B ¡ 1([¹ ]X ; ³ ) , ³ 2 w¹ (H ) , is not an isometry unless X is
conformally equivalent to C n f 0; 1g.

In the ¯nite dimensional casepart one of the following corollary was proved
in [9] and [16], and the secondpart was proved in [6]. The in¯nite dimensional
casefollows immediately from Theorem 4 above and Theorem 5 of [6], as Liu and
Yang pointed out in [15].

Corollary 2. Given ¹ in M (¡) , let Á: w¹ (H ) ! T(X 0) be the map in
Theorem 4. If X is not conformally equivalent to C n f 0; 1g, then

(10) dX 0

¡
Á(³1); Á(³2)

¢
< %¹ (³1; ³2)

for any pair of distinct points ³ 1 and ³2 in w¹ (H ) . In addition,

(11) lim
h! 0+

dX 0

¡
Á(³ ); Á(³ + hv)

¢

h
< lim

h! 0+

%¹ (³ ; ³ + hv)
h

for any ³ in w¹ (H ) and any nonzero v in C .

Notice that h approaches zero through positive real values in (11). The
metrics %¹ on w¹ (H ) and dX 0 on T(X 0) are arc length metrics. Inequality (11)
says that f strictly decreasesthe in¯nitesimal length of nonzerotangent vectors.

8. Pro of of Theorem 4: the generic case

We begin with somegeneral remarks. Let f be a quasiconformalmap of X
onto Y , and let Y 0 = f (X 0) . The biholomorphic mapsfrom T(X ) onto T(Y ) and
from T(X 0) to T(Y 0) that f induces(see[5]) preserve TeichmÄuller distancesand
respect the forgetful maps. Therefore, in the proof of Theorem 4 we can assume
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that ¹ is identically zero, and we can also choose any convenient basepoint x0

on X .
When ¹ = 0 the map Á: H ! T(X 0) in Theorem 4 satis¯es the equation

B
¡
Á(³ )

¢
= ([0]X ; ³ ) for all ³ in H . Hence,if ³ in H and º in M (¡) are given,

then Á(³ ) = [º ]X 0 if and only if [º ]X = [0]X and wº (i ) = ³ .
Suppose º in M (¡) satis¯es

(12) º 2 [0]X and 1
2 logK (º ) < %0

¡
i; wº (i )

¢
;

where %0 is the Poincar¶e metric on H . Put ³ = wº (i )(2 H ) . Then

dX 0

¡
Á(i ); Á(³ )

¢
= dX 0([0]X 0; [º ]X 0) · 1

2 logK (º ) < %0(i; ³ ):

Therefore Theorem 4 will be proved assoon aswe ¯nd º in M (¡) satisfying (12).
In this section we shall consider hyperbolic Riemann surfaces X on which

there is a simple closedgeodesic C . We require the point x0 = $ (i ) to lie on
C and we choose the covering map $ so that the component of $ ¡ 1(C) that
contains the point i is the positive imaginary axis.

The stabilizer of 1 in the group ¡ of covering transformations is the cyclic
subgroup ¡ 1 of ¡ generatedby a transformation z 7! cz with c > 1. Since the
image of the imaginary axis under $ is a simple closedcurve, the collar lemma
(seefor instanceTheorem 11.7.1in [1]) givesus a number ® such that 0 < ® · 1

2 ¼
and the subregion

­ ® =
©

z = r eiµ : r > 0 and jµ ¡ 1
2 ¼j < ®

ª

of H is precisely ¡ 1 -invariant with respect to ¡ . This meansthat ° (­ ®) = ­ ®

for ° in ¡ 1 and ° (­ ®) \ ­ ® is empty for ° in ¡ n ¡ 1 .
Now, given t > 0 we de¯ne a quasiconformalmap f t of ­ ® onto itself by

(13) f t (r eiµ ) =
½

r eiµ + t (®+ µ¡ ¼=2) ; r > 0 and 0 · 1
2 ¼¡ µ < ®,

r eiµ + t (®¡ µ+ ¼=2) ; r > 0 and 0 · µ ¡ 1
2 ¼< ®.

It is obvious that f t (cz) = cf t (z) for all z in ­ ® , so f t ± ° = ° ± f t in ­ ® for all
° in ¡ 1 . Since ­ ® is precisely ¡ 1 -invariant, the formula

f t
¡
° (z)

¢
= °

¡
f t (z)

¢
; z 2 ­ ® and ° 2 ¡ ;

extends f t to a well-de¯ned quasiconformal map of
S

° 2 ¡ ° (­ ®) onto itself. We
extend f t to a quasiconformalmap of C onto itself by setting f t (z) = z for z in
the complement of

S
° 2 ¡ ° (­ ®) .

Sincethe extendedquasiconformalmap f t : C ! C equalsthe identit y in the
complement of H , f t = wº for some º in M (f I g) . Since wº ± ° = ° ± wº for
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all ° in ¡ , º belongsto M (¡) . We shall verify that º satis¯es condition (12) for
su±ciently large valuesof t .

First, º 2 [0]X becausewº = f t is the identit y on R . Second,wº (i ) = e®t i
by (13), so %0

¡
i; wº (i )

¢
= 1

2 ®t . Third, we must compute K (º ) .
The de¯nition of wº shows that º has the same L 1 norm on H and ­ ® .

An elementary calculation using (13) shows that in ­ ®

º (r eiµ ) =

8
>><

>>:

µ
ti

2 ¡ ti

¶
e2iµ ; r > 0 and 0 · 1

2 ¼¡ µ < ®,
µ

¡ ti
2 + ti

¶
e2iµ ; r > 0 and 0 · µ ¡ 1

2 ¼< ®.

Therefore kº k = t=
p

4 + t2 , K (º ) = 1
4

¡p
4 + t2 + t

¢2
, and condition (12) holds if

(14) 2 log
¡

1
2

¡p
4 + t2 + t

¢¢
< ®t:

Elementary calculus shows that the set of t > 0 where (14) holds is a
nonempty open interval (t0; 1 ) , so Theorem 4 holds for all hyperbolic Riemann
surfacesX that have simple closedgeodesics.

Remark 3. The maps f t induce quasiconformalmappings of X onto itself
that are closely related to the spins about C used in the proofs of Theorem 4 in
[9], [14], and [16].

9. Pro of of Theorem 4: the remaining cases

The only hyperbolic Riemann surfaceswith no simple closed geodesicsare
conformally equivalent to ¢ , ¢ n f 0g, or C n f 0; 1g. Since Theorem 4 excludes
the casewhen X is C nf 0; 1g, we needonly consider ¢ and ¢ 0 ( = ¢ nf 0g). It is
easyto handle thesecasesdirectly (seeSection11), but it is even easierto deduce
them from the genericcase.First we shall prove two elementary results.

Lemma 4. Let X and Y be hyperbolic Riemann surfaceswith basepoints
x0 and y0 respectively, and let f : X ! Y be a holomorphic covering map with
f (x0) = y0 . Let $ X : H ! X be a holomorphic universal covering map with
$ X (i ) = x0 , let $ Y = f ± $ X , and let ¡ X and ¡ Y be the groups of covering
transformations of $ X and $ Y respectively. Then M (¡ Y ) ½ M (¡ X ) , and

(15) dX 0([0]X 0; [º ]X 0) · dY 0([0]Y 0; [º ]Y 0) for all º in M (¡ Y );

where X 0 = X n f x0g and Y 0 = Y n f y0g.

Proof. Since ¡ X is clearly a subgroupof ¡ Y , the inclusion M (¡ Y ) ½ M (¡ X )
and the inequality (15) follow immediately from the de¯nitions.
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Corollary 3. Under the conditions of Lemma 4 let B X 0: T(X 0) ! F (¡ X )
and B Y 0: T(Y 0) ! F (¡ Y ) be the Bers isomorphismsassociated with ¡ X and ¡ Y

respectively. For ³ in H , let ÁX 0(³ ) = B ¡ 1
X 0 ([0]X ; ³ ) and ÁY 0(³ ) = B ¡ 1

Y 0 ([0]Y ; ³ ) .
Then

(16) dX 0

¡
ÁX 0(i ); ÁX 0(³ )

¢
· dY 0

¡
ÁY 0(i ); ÁY 0(³ )

¢
for all ³ in H :

Proof. If ³ 2 H , º 2 M (¡ Y ) , and ÁY 0(³ ) = [º ]Y 0 , then ÁX 0(³ ) = [º ]X 0 .
Therefore (15) implies (16).

We shall apply theseresults with Y equal to the quotient of H by the Fuch-
sian group ¡ Y generatedby the transformations z 7! z + 1 and z 7! z=(5z + 1).
We take X to be the quotient spaceH =¡ X , where ¡ X is either the trivial sub-
group of ¡ Y or the subgroup generatedby z 7! z + 1. We denote the quotient
mapsfrom H to X and Y by $ X and $ Y respectively, give X and Y the base-
points $ X (i ) and $ Y (i ) , and de¯ne f : X ! Y by setting f

¡
$ X (z)

¢
= $ Y (z) ,

z in H .
Since Y is conformally equivalent to a twice punctured disk, it contains a

simple closedgeodesic. Therefore Theorem 4 and Corollary 2 hold for Y .
Chooseany ³ 6= i in H , and let %0 be the Poincar¶e metric on H . Inequality

(10) in Corollary 2 gives

dY 0

¡
ÁY 0(i ); ÁY 0(³ )

¢
< %0(i; ³ ):

Combining this inequality with the inequality (16) we obtain

dX 0

¡
ÁX 0(i ); ÁX 0(³ )

¢
< %0(i; ³ );

which provesTheorem 4 for X . Sinceour choicesof ¡ X allow us to make X con-
formally equivalent to either ¢ or ¢ n f 0g, the proof of Theorem 4 is complete.

10. Pro of of Theorem 2

Using appropriate biholomorphic maps betweenTeichmÄuller spacesas in the
proof of Theorem 4, we may assumethat a is the basepoint [0]X 0 of T(X 0) . We
choosean X 0-extremal ¹ in M (¡) so that b = [¹ ]X 0 . By hypothesis Px 0 (a) =
Px 0 (b) and a 6= b, so [¹ ]X = [0]X and [¹ ]X 0 6= [0]X 0 . Therefore Lemma 3 implies
that [¹ ]X 0 is a Strebel point of T(X 0) . Since ¹ is X 0-extremal, Strebel's frame
mapping theorem (see [8]) implies that ¹ is the unique X 0-extremal Beltrami
coe±cient in [¹ ]X 0 and that ¹ has the special TeichmÄuller form described in the
proof of Theorem 3 in Section 5.

Now let º in M (¡) be X 0-extremal and let c = [º ]X 0 be distinct from
a and b. Since ¹ is uniquely X 0-extremal and has constant absolute value, a
calculation due to Li Zhong (seethe proof of Theorem 3 in [12]) shows that

dX 0(a;b) = dX 0(a; c) + dX 0(c;b)
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if and only º = r ¹ for some real r with 0 < r < 1. We shall now obtain a
contradiction from the assumption that P ¡ 1

x 0
([0]X ) contains in¯nitely many such

points c = [r ¹ ]X 0 .
Consider ¯rst the holomorphic map f (t) = [t¹= k¹ k]X 0 from ¢ into T(X 0) .

Let g be any holomorphic function on T(X ) such that g([0]X ) = 0. By
our assumption there are in¯nitely many numbers r in [0; 1] such that
g
¡
Px 0

¡
f (r k¹ k)

¢¢
= 0. Henceg±Px 0 ±f hasin¯nitely many zerosin the closeddisk

D (0; k¹ k) , so it is identically zero. The Bers embedding (see[8] or [17]) and the
Hahn{Banach theorem imply that the holomorphic functions on T(X ) separate
points, so our assumption implies that Px 0

¡
f (t)

¢
= [0]X for all t in ¢ .

Now recall the biholomorphic map Á(³ ) = B ¡ 1([0]X ; ³ ) from H to
P ¡ 1

x 0
([0]X ) that we studied in Theorem 4. Since f maps ¢ into P ¡ 1

x 0
([0]X ) ,

there is a holomorphic map h from ¢ to H such that f = Á±h. Let %¢ be the
Poincar¶e metric on ¢ . Inequality (10) and the Schwarz{Pick lemma imply that

(17) dX 0([0]X 0; [¹ ]X 0) = dX 0

¡
Á

¡
h(0)

¢
; Á

¡
h(k¹ k)

¢¢
< %¢ (0; k¹ k) = 1

2 logK (¹ ):

Since ¹ is X 0-extremal, the inequality (17) provides the desiredcontradiction.

11. An example

Finally, we shall use someexplicit extremal quasiconformal mappings to re-
prove Theorem 4 for the nongenericcasesX = ¢ and Y = ¢ n f 0g. Our compu-
tations will also show that the ratio of the two sidesof the inequality (15) can be
arbitrarily large.

Let ¡ Y be the cyclic Fuchsian group generatedby z 7! z + 1, ¡ X be the
trivial subgroup of ¡ Y , and %0 be the Poincar¶e metric on H . For each positive
integer n let º n be the constant function º n (z) = ¡ n=(n + 2i ) , z in H .

Observe that º n belongsto M (¡ Y ) ( ½ M (¡ X ) ). Since wº n (z) = z + Im( nz)
for all z in H , we have [º n ]X = [0]X , [º n ]Y = [0]Y , and wº n (i ) = i + n
for all n . We shall compare the numbers %0

¡
i; wº n (i )

¢
, dY 0([0]Y 0; [º n ]Y 0) , and

dX 0([0]X 0; [º n ]X 0) .
The number %0

¡
i; wº n (i )

¢
is easilyseento equal log

¡
1
2

¡p
n2 + 4 + n

¢¢
, which

is asymptotic to logn as n ! 1 .
The number dX 0([0]X 0; [º n ]X 0) equals 1

2 logK n , where K n is the maximal
dilatation of the extremal quasiconformal mapping of H onto itself that ¯xes
the extended real axis pointwise and maps i to i + n . Both TeichmÄuller [23]
and Reich [18] give elegant geometric constructions of that map. We shall follow
Section 4 of [18] becauseof misprints on the last pageof [23], where every K or
D in a displayed formula must be replacedby its squareroot.

The ¯rst step is to map H one-to-one and conformally onto ¢ so that i
and i + n go to 0 and r n = jn=(n + 2i )j respectively. Next we map the region
¢ n [0; r n ] one-to-oneand conformally to an annulus A n = f ³ : 1 < j³ j < Rn g,
sending 0 and r n to ¡ 1 and 1 respectively. The map w = 1

2 (³ + ³ ¡ 1) carries A n
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to En n[¡ 1; 1], where En is the interior of the ellipsewhoseaxesare the segments
[¡ 1

2 (Rn + R¡ 1
n ); 1

2 (Rn + R¡ 1
n )] and [¡ 1

2 i (Rn ¡ R¡ 1
n ); 1

2 i (Rn ¡ R¡ 1
n )] . The composed

map from ¢ n [0; r n ] to En n [¡ 1; 1] extends to a conformal homeomorphism f n

of ¢ onto En . Composing f n with the original map from H to ¢ we obtain a
conformal homeomorphismgn of H onto En with gn (i ) = ¡ 1 and gn (i + n) = 1.

It is easy to verify (seeTheorem 4 of Reich [18]) that the desired extremal
map of H onto itself is g¡ 1

n ±hn ±gn , where hn is the mapping of En onto itself
given by

hn (w) =
(R2

n + 1)2

(R2
n ¡ 1)2

µ
(w + 1) ¡

4Rn

R2
n + 1

jw + 1j +
4R2

n

(R2
n + 1)2 ( w + 1)

¶
+ 1:

An easycalculation shows that the Beltrami coe±cient of hn is

¡
2Rn

R2
n + 1

w + 1
jw + 1j

;

so

(18) K n =
µ

Rn + 1
Rn ¡ 1

¶ 2

and dX 0([0]X 0; [º n ]X 0) =
1
2

logK n = log
µ

Rn + 1
Rn ¡ 1

¶
:

A study of Rn as a function of r n can be found in Section 2 of Chapter I I
of [11], where logRn is denotedby ¹ (r n ) . According to equations(2.7) and (2.11)
in that chapter

¹ (r n )¹
¡p

1 ¡ r 2
n

¢
= ¼2=4 and lim

n !1

¡
¹

¡p
1 ¡ r 2

n

¢
¡ log

¡
4=

p
1 ¡ r 2

n

¢¢
= 0:

Theseequations,together with the de¯nition of r n and equation (18) above, imply
that dX 0([0]X 0; [º n ]X 0) is asymptotic to log logn as n ! 1 .

It remainsto study dY 0([0]Y 0; [º n ]Y 0) . Our universalcovering map from H to
Y = ¢ nf 0g will be $ (z) = e2¼iz , the basepoint of Y will be $ (i ) = e¡ 2¼, and Y 0

will equal Y nf e¡ 2¼g. The restriction of wº n to H is a lift of the quasiconformal
self-mapping

f n (³ ) = ³ e¡ ni log j ³ j ; ³ 2 Y;

of Y . Clearly f n maps Y 0 onto itself and dY 0([0]Y 0; [º n ]Y 0) equals 1
2 logK n ,

where K n is the maximal dilatation of the extremal quasiconformalself-mapping
of Y 0 that is TeichmÄuller equivalent to f n in Y 0.

Construction of the extremal mapping again involvesmapping a slit disk onto
an annulus. Let w = g(³ ) map ¢ n [0; e¡ 2¼] one-to-oneand conformally to the
annulus A = f w : 1 < jwj < Rg, sending 0 and e¡ 2¼ to ¡ 1 and 1 respectively.

The quasiconformalself-mapping

(19) hn (w) = we¡ 2¼in log jw j= log R ; w 2 A ;
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of A ¯xes the boundary of A pointwise, so g¡ 1 ±hn ±g extendsto a quasiconfor-
mal self-mappingof ¢ that ¯xes the segment [0; e¡ 2¼] pointwise. The restriction
of that mapping to Y 0 is the desiredextremal mapping, for it is easily seento be
TeichmÄuller equivalent to f n in Y 0 and, aswe shall now verify, it is a TeichmÄuller
mapping of Y 0 onto itself.

First considerthe mapping hn . By (19) its Beltrami coe±cient is the function

(20) ¾n (w) =
µ

¡ ¼in
logR ¡ ¼in

¶
w
w

; w 2 A ;

so hn is a TeichmÄuller mapping whoseassociated quadratic di®erential is a (com-
plex) scalar multiple of ¡ dw2=w2 . The self-mapping g¡ 1 ±hn ±g of ¢ n [0; e¡ 2¼]
is therefore a TeichmÄuller mapping, and its associated quadratic di®erential is a
scalar multiple of q = ¡ dg2=g2 .

Now q is determined up to a positive multiple by the properties that it hasno
zerosin ¢ n [0; e¡ 2¼] and all its horizontal tra jectories in ¢ n [0; e¡ 2¼] are simple
closedcurves(seeSection 9 of [21]). The quadratic di®erential

q0 =
d³ 2

³ (³ ¡ e¡ 2¼)(e¡ 2¼³ ¡ 1)
; ³ 2 C n f 0; e¡ 2¼; e2¼g;

hasall theseproperties. Indeed, either direct calculation or a symmetry argument
will show that the unit circle is a horizontal tra jectory of q0 , and all non-critical
tra jectories of q0 are simple closed curves becausethe only critical horizontal
tra jectories of q0 in the extended plane are the segments [0; e¡ 2¼] and [e2¼; 1 ]
on the extended real axis (see Section 12.2 of [21]). Therefore q is a positive
multiple of q0 .

Since q extendsto an integrable holomorphic quadratic di®erential on Y 0 the
extension of g¡ 1 ± hn ± g to Y 0 is a TeichmÄuller mapping, as we claimed. Since
the extremal mapping equals g¡ 1 ± hn ± g almost everywhere in Y 0 we can use
equation (20) to compute its maximal dilatation K n . We ¯nd that

dY 0([0]Y 0; [º n ]Y 0) =
1
2

logK n = log
µ p

(¼n)2 + (log R)2 + ¼n
logR

¶
:

Thus dY 0([0]Y 0; [º n ]Y 0) and %0
¡
i; wº n (i )

¢
are both asymptotic to logn as

n ! 1 , while dX 0([0]X 0; [º n ]X 0) is asymptotic to log logn .
Finally, since the module (1=2¼) logR of ¢ n [0; e¡ 2¼] is greater than one,

our formulas for dY 0([0]Y 0; [º n ]Y 0) and %0
¡
i; wº n (i )

¢
imply that

dY 0([0]Y 0; [º n ]Y 0) < %0
¡
i; wº n (i )

¢
for each n ¸ 1:
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