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Abstract. We de ne a classof bounded domains - % R" which we call (s;m)-uniform,
s, 1and0< m - 1. In this classwe shaw that every Sobolevfunction u2 WP(-) ,1- p- 1,
satis es
Ju() i u)i- Cixi yi®(M r u(x)+ M r u(y))
for almost every x;y 2 - with m
®= g(ni s(nij 1)):

Our result extends the previous result for Sobolev extension domains by P. Hajfasz. Classical
bounded uniform domains or equivalertly bounded ("; 1 ) domainsform a proper subclassof the
(s; m) -uniform domains,when s> 1 or 0< m < 1, but our classof domainsallows more irregular
behavior for the boundary than in the classicalcase.

1. Intro duction

P. Hajlasz shoved that if - % R" is a Sobolev extensiondomainor - = R",
then every u2 WiP(-) , 1. p- 1, satises

i ¢
(1:1) ju() i u(y)i- Cixi Yi®Mr ux)+ Mr uy)

for almost every x;y 2 - with ®= 1, [H2]. Here M r u is the Hardy{Littlew ood
maximal operator of a weak gradient of a function u. Hajfasz and O. Martio
proved that under a weak geometric condition the inequality (1.1) with ® = 1
implies that the domain - is a Soholev extensiondomain for 1< p- 1 , [HM].
A variant of the inequality (1.1) in the domain whoseboundary is locally a graph
of a Lipschitz continuous function, and alsothe case- = R", has been studied
in [DS], [H1] and [HM].

Wede ne anew classof boundeddomainswhich we call (s; m)-uniform, s, 1
and 0 < m - 1. The special cases = m = 1 is the classof bounded uniform
domainsde ned by Martio and J. Sanas,[MS] or equivalertly the classof bounded
("; 1) domainsde ned by P.W. Jones,[J]. An exampleof (s;1)-uniform domains
in the planeis an s-cusp, f(x;y) 2 R2:0< x < 1; 0< y < x%g, with s, 1.
The classof (s;m)-uniform domainsis a proper subclassof the classof s-John
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domains. We prove that if - is bounded and its boundary is locally a graph of
a , -Hélder continuous function, 0 < , - 1, then - is (1= ,)-uniform. In the
case, = 1 this result seemsto be well known, although we have not been able
to nd areference. The corversedoesnot hold. There exists a bounded domain
which is even a (1; 1)-uniform domain, but whoseboundary fails to be a graph of
a cortinuous function.

Our main theoremshawnsthat if - 2 R" isabounded (s; m)-uniform domain,
1- s<n=nij 1) and0< m- 1,theneweryu2 WHP(:) ,1- p- 4l , satises
the inequality (1.1) for almostewvery x;y 2 - with ®= m nj s(nj 1) =s. HajRsz
and Martio proved the cases = 1, [HM, Lemma 14, p. 243]. Our proof is based
on their proof. We calculate an upper bound for the exponert ® of the inequality
(2.1) in the classof (s;m)-uniform domains:if 1< s< n=(nj 1) then

s(nj 1)+ 1i
n

¢
0< ®- ni s(nj 1) <1

andif s, n=(nj 1) then the inequality doesnot hold with any ® > 0 for every
l<p<1.

Acknowledgemerts. | wish to thank my teacher R. Hurri-SyrjAnen for her
helpful guidanceand kind advice.

2. Notation

Throughout this paper C will denote a constart which may change even in
a single string of an estimate. We write C(M) to denote that the constart C
dependson M. Welet - and D be bounded domainsin the Euclidean n-space
R", n, 2. We denote the boundary of a domain - by @ . By an open ball
certered at x and with a radius r > 0 we meanthe set B"(x;r) = fy 2 R" :
Vi Xj < rg. Wewrite kB for the ball with the samecerter as B and dilated
by a factor k > 0. We let A denotethe closureof a set A in R". The Lebesgue
n-measureof a set A 2R" is denoted by jA].

Following J. VAis#lA [V] we say that ° is a curve if it is either a path or an
arc. A path is a corntinuous mapping from a closedinterval to - %2 R". A set
in - is an arc if it is homeomorphicto a closedinterval. We assumethat every
curve is recti able. A length of a curve ° is denotedby j°j. If °; is a curve from
a point x to a point z and °, is a curve from a point z to y then by °;[ °, we
denotea curve from x to y via °; and °,.

The set of p-integrable functions in D is denotedby LP(D), 1- p- 1 . We
denoteby W1P(D), 1- p- 1, the classof all functions in LP(D) whose Tst
weak derivatives are in LP(D). We equip the Sobolev space WP(D) with the
norm Kuky 1» (p) = Kuk s (py + Kr uk_»(p), Wherer u is the weak gradiert.

The classof | -Halder continuous functions, 0 < , - 1, in adomain D is
denotedby C%: (D): u2 C% (D) if there exists a constart C > 0 sud that

ju) i uy)i- Cixi yj
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for every x;y 2 D. If | = 1 we sa that the function u is a Lipschitz-contin uous
function.
For a measurablefunction de ned in a set A, jAj > 0, we write
Z 1 Z
— u(x)dx = —  u(x)dx:
A JA] A

Let v 2 LY(D) and x 2 D. We put v = 0 in the complemen of the
domain D. Forevery 0< R- 1 wede ne
Z

MRV(X) = sup — jv(z)j dz:
O<r <R B (xir)

We let M u denote M; u. The operator M is the classical Hardy{Littlew ood
maximal operator. Recallthat for 1< p- 1 wehave kM uk e(p) - AKuk_s(p),
where the constart A dependsonly on the dimension n and p, [St, Theorem 1,

p. 6].

3. (s;m)-uniform domains

We de ne a new classof domains. The de nition was suggestedo the author
by P. Hajfasz.

3.1. Denition. Lets, 1andO0O< m - 1. A boundeddomain - ¥ R"
is an (s;m)-uniform domain if there existsa constart M | 1 sucd that ead pair
x;y of points in - canbe joined by arecti able curve °: [0;1]! - parametrized
by arclength, such that °(0) = x, °(l) = vy,

(3:2) - Mjxi yj™
and
(3:3) min(t; 1 t)>- M disti°(t);@ ¢:

The idea of (s;m)-uniform domains is that ewvery two points in - can be
joined by a twisted double cusp inside the domain - . The exponert s describes
which kind of outer peaksare allowed and the exponert m which kind of inner
peaks. The specialcases = m = 1 isthe classof boundeduniform domainsde ned
by Martio and J. Sarvas, [MS]. The classof bounded uniform domains, and thus
the classof (1;1)-uniform domains, coincideswith the classof bounded ("; 1)
domains de ned by P.W. Jones, [J]. It is easyto seethat the class of (s;m)-
uniform domains is a proper subset of the class of (s%m9 -uniform domains if
s<sPand m® morif s- s®and m®< m. The standard examplesin the
plane are an s-cusp, f(x;y) 2 R2:0< x < 1; 0< y < x5g, with s, 1 which is
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(s;1)-uniform, and the interior of its complemert with respectto the ball B?(0; 1),
which is (1; 1=s) -uniform.

We say that @ is , -HAlder, 0 < , - 1, if for every point x 2 @ there
exists r(x) = (r¢(x);::5rn(x)), ri(x) > 0 for every i, and a , -HAlder cortin uous
function A: R"i 11 R sud that, upon rotating and relabeling the coordinate
axessud that x is at the origin, we have

i ¢ © 0s a i ¢
VU Xrx) = y2R" AW i Yn 1) > Ye VU X r(X)
and
3ta(x) > A>j Jrn(x)
i ¢ © : : : &
whereU x;r(x) = y2R":jyii xij<ri(x); i=1;:::;;n isanopenrectangle.

If , = 1 wesa that @ is Lipschitz.
In the case, = 1 the following lemma seemsto be well known, although we
have not beenableto nd a reference.

3.4. Lemma. Let 0<, - landlet - 2R" beaboundeddomain. If @
is , -HAlder then the domain - is (1=,; ,)-uniform.

The corversedoesnot hold. There existsevena (1;1)-uniform domain, whose
boundary is not locally a graph of a contin uousfunction at any point. An example
is the Koch snaov®ake domain. In Example 5.2 we construct for every s, 1 an
(s;1)-uniform domain whoseboundary fails to be a graph of a cortin uousfunction.

_Proof. %;nce@ is boundedwe may choosea nite covering of openrectangles

Ulzi r(z) . iop - Le& A bea . -Hélder cortinuous function with a constart L;

related to U'zi;r(zi) . We write L = max;. . xfLijg. For technical reasonswe
assumethat diam(-) = 1. i ¢

First we prove that every pair of points inside each U z;r(z) \ - canbe
joined by a curve satisfying the condigions (3.2) and (3.3). Let X = (X1;::1;Xn)
and y = (y1;::5yn) bein U z;r(z) \ - . We x atwo-coordinate axisin R"
sothat x is the point (0;x,) and y is the point (I;yn),

p
=" (X1i y1)2+ o0+ (Xnj1i Yni 1)2:

We may assumethat x, , y,. Let I, bea curve

a

©
(®;2) 10 » - I; m=j L» + X,

and |, a curve

a
(1;) 0 » - I;m=jLjpmilj +yn;
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0.1 0.2 0.3 0.4 0.5
Figure 1. The curves |, and I,.

The curves|; and I, are presened in Figure 1 with L =1, , = 05, x, = 1,
Yo = 0:75 and | = 0:5.

If the curve |1 intersectsthe curve |,, asin Figure 1, we let J be a curve
connecting x and y via I; and |,. Let » be a point in 1, with dist(l1;y) =
dist(»;y). Otherwise we let J be a curve connecting x to y via |I; and a line
segmem from » to y. It is easyto seethat 1(J) - Cjxj yj- here C is a constan,
dependingon s, L and diam(-) , and I(J) is the length of the curve J. Let J°
be a curve from x to y via the curves J7 = (»;m) :» = 0; » - X, , J°
and J5 = f(»;») :» = jXi Yj; » - yng. Here J°is dened as foIIows. if
(»;») 2 J then (»;» i 5ixi Yj) 2 J° If necessarywe replacea part of J° by
a line segmen in the hyperplane

a

© i ¢ 3
;%) 2U z5r(z) \ - 1m = 3ra(z) :

This yields
dist(» @) , C(L)jxn i »*¥

for every »2 J7,
dist(» @) . C(L)iyni »*

for every » 2 J5 and
a

- . ©1. . 1
dist(» @) , min 15X VYi; 7 (zi)

for every » 2 JO. It is easyto seethat J° satis es the conditions (3;.2) and (3.8}
with s = 1=, m = | and a constart M dependingon L, diam U z;r(z)
and rn(z).

Let Wy be a Whitney composition of - , [St, Theorem 1, p. §,67] Let W be¢a
collection of cubes Q; from W, dilated by a factor 2 g With Q; 6%2 ;_, U x.,r(z.) .
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: : . © a
There exists " > 0 depending on the collection U z;r(z) ,_, sud thiat for evg
eryw 2 - wehave B"(w;") % 2Q; for some2Q; 2 W or B"(w;") %2U z;r(z)
for somei = 1;:::;k. Sinceewvery cubeis a (1=,; , ) -uniform domain we seethat
ead pair of points x;y 2 - with jxj yj < " can be joined by a curve satisfying
the conditions (3.2) and (3.3) with the constart M .

To complete the proof we use the same method as in [HK1, Theorems 2.4
and 3.3, pp. 175and 178].

Let x;y 2 - with jxj yj, ". An elemerary covering argumert shows that
there exists a positive integer N, depending on diam(-) , " and n, suc that -
can be covered by balls Bj, i = 1;:::;N, with radius % Now there exists a
chain of balls Bj, i 2 f1;::;;Kgand K - N, such that x 2 B;, y 2 Bx and
Bi\ Biss\ - 6; foreahj = 1;::;;K j 1. Wesetx = z;, y =z and choose
zi2Bi\ -.Sincejz i z+] <", there existsacurve °; joining z to z; In -
with [(°j) - Mjz i z+1j < M"-. Thus we obtain

B

[(°) =1 i - KM"™ - KMjxij yj:
i=1
We choosepoints w; = X; Wy;:::;w; = y on the curve ° satisfying
H " ﬂl=, H " ﬂl:}
M CJWi ] Wi ] < M
fori=1;2;:::;1i 1. Let ; beacurvejoining w; to wis+; asin the de nition of
(s;m) -uniform domﬂains, hencel( i) - Mjw;i wj+1j <" and
M . .
'B1_ KMjxi yj- .,
S S

. 21:, KM 1+1 = wlj 1=, JX i yJ, :

2M

By the de nition of (s;m)-uniform domains every curve ; has arclength as its
parameter. We chooseb to bethe arclength midpoint of ;. Sincejbj b+ j< "
there exists a curve ® joining b to b.; asin the de nition of (s;m)-uniform
domains. We denote by (»;») that part of the curve ; from the point » to
the point ». We write

®= (b)) [ ®&[ [ ®&;2[ ;5 1(b;y):
This yields
(@ - Cixi yp; w0
wherethe constart C dependson M, ", ., L, diamIU'zi;r(zi) and r,(z) for
eahh i = 1;:::;k. Sincej ij, % and sincethe point Iy is the arclength midpoint

of ; we obtain
ii l"¢l=> .

dist(D; @) . i}

Henceit is easyto seethat the curve ® satis es the conditions (3.2) and (3.3).
This completesthe proof of Lemma 3.4. o
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Let s, 1. A domain - ¥2R" is an s-John domain if there exists a distin-
guishedpoint xo 2 - and a constart C , 1 sud that ead point x 2 - can be
joined to xo by arecti able curve °:[0;1]! - parametrized by arclength, suc
that °(0) = x, °(l) = Xo,

- C

and i ¢
tS. Cdist °(1); @ :

The de nition implies that every s-John domain is bounded. When s = 1 these
domains coincide with the class of John domains de ned by Martio and Sar-
vas [MS]. The s-John domains for s > 1 are much wider than John domains.
If adomain - %2R" is an s-John domain with a distinguished point xo 2 - then

it is an s-John also with any other point x 2 - . This meansthat the distin-
guishedpoint can be changed. Note that the constart C dependson the distance
between the distinguished point and the boundary of - . For more information

about s-John domainswe refer to [SS],[HK2] and [KM].

3.5. Lemma. Lets, 1and0< m - 1. A bounded (s;m)-uniform domain
is an s-John domain.

The cases = 1 of Lemma 3.5 is proved by F.W. Gehring and Martio, [GM,
Lemma 2.18, p. 209]. The cases > 1 is similar.

4. Main theorem

First we prove a chain condition for (s; m)-uniform domains. This is a modi -
cation of the standard chaining argumernt for uniform domainsand John domains,
see[HM] and [HK2].

4.1. Lemma. Let - % R" be a bounded (s;m)-uniform domain. Let
X;y 2 - . Then there exists a sequenceof balls fBigi1:i1 , Wwhere B; = B"(xj;rj),
and constarts C;d, 1 with the following properties:

(1) jBi [ Bi+1j : CjBi \ Bi+1j,

(2) dist(x; Bj) - drilzs;Bi “LB"(x;Cjxj yj™®)ifi- Oandr;! Oasi! il ,
(3) dist(y;Bj) - dri™®, B; %.B"(y;Cjx yj™s)ifi, Oandr;! Oasi! 1,
(4) no point of the domain - belongsto more than C balls B;.

The constarts depend only on s, m, the dimension n and the uniform constart
M of the domain - .

Proof. We may assumethat diam(-) - 1. Fix x;y 2 - andlet ° be a
curve joining x and y asin the de nition of (s;m)-iuniform domains, °(0)¢%
x and °(l) = y. Fix xo = °(31). Let BJ = B" Xq; 1dist xo;@ [ fxg
We let °° be the subcurve of ° from x to xg. We cover °°nfxg withg, balls
as follows. Consider the collection of balls B" °(t);%dist(°(t);@ [ fxg) ,t2
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(0; 11), and B_g. By Besicavitch covering theorem [M, Theorem 2.7, p. 30]we nd
a sequenceof closedballs BY;B?;BY;::: that cover °°nfxg and have uniformly
bounded overlap depending only on n.

We de ne open balls B; = 2B?, i = 0;1;2;:::. Here 2B? is the ball with
samecerter as B? but twice the radius of the ball B?. We write x; = °(t;) and
ri = Zdist(x;; @ [ fxg).

If ri = 3jxi i xj then dist(x; B;) = 2r; - 2r™. If r; = Ldist(x;;@) then
the de nition of an (s;m) -uniform domain yields

dist(x; Bj) - dist(x; x;) - ti - M ™dist(x;; @) ™S - 2M 757
We choose d = maxf2;2M 1*5g. Sincer; - t; properties of (s;m)-uniform do-
mains imply

dist(x; Bj) + 2r; - dri1:5+ 2ri - (d+ Z)ril:S
Ld+ 257 IMIS(d+ 2ixi v

Hence,we obtain B; ¥2B"(x; Cjx j yj™®) for every i, i = 0;1;:::, where
C= IM¥S(d+ 2).

We renumber the balls. Let By be as above. If we have chosenballs Bi,
i = 0;1:::;m, then we choosea ball By,+1 that is the ball for which x; 2 By,
and t; < tn. Werecall that °Ytj) = x; and °Ytm) = Xm . Hencer; ! 0 and
Xj! x,asi! 1.

Next we prove that every point in the domain - belongsto a nite number
of balls B; only. The point x doesnot belongto any ball. Let x° be an arbitrary
point in the domain - . Let r = jx% Xj. The point x° cannot belongto those
balls B; for which rj - Zjx; i xj < 3r. If x°2 B; then dist(x; Bj) < r and
furthermore jx i Xij - 2r. Thuswe obtain that if x°2 B; then %r - ri- r. The
construction of the Besicowitch covering theorem [M, Theorem 2.7, p. 30] implies
that balls with radius of % of original balls are disjoint. Thus x° belongsto less
than or equal to

iBM"(x%2r)j _

—— ———==16"C
iB"(0; gr)i

balls B;. The constart C is from the Besicovitch covering theorem.

Finally we prove the property (1). Assumethat r; = %dist(xi;@) and
li+1 = %dist(xiﬂ;@) . Since Xj+1 2 B(Xj;ri) we obtain dist(Xj+1 ; @) ri.
This yields u q

jBij T oni"

. . —  =2"
JBi+1J I

5

N[~
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If ri = 3jxi i xj and ris1 = 3jXj41 i Xj then
. 1
B Pt
jBi+1j %I’i )
If ri = 2dist(x;;@) and riz1 = 3jXi+1 i Xj we obtain
o 1 . B
Bi _ T ki oo
jBi+lj Fi+1 Mi+1 .

Similarly if ri = 2jx; i Xj and ri;; = 3 dist(xj+1; @) then

iBij
jBi+1j

2":

We have proved that jBij - 2"jBi+1j. Similar argumerts imply that jB;j ,
3i "jBij+1]. This yields jB; [ Bi+1j - CjB;\ Bj.+1j; herethe constart C depends
only on the dimension n.

Using again the sameargumerts for the point y imply Lemma4.1. o

Next we prove our main theorem. In the proof we needonly the chain of balls
constructed in Lemma 4.1, the Lebesguedi®ereriation theorem, the Poincar§
inequality in a ball and properties of the Riesz potential.

4.2. Theorem. Letl1l:- s<n=nj 1),0<m- landl1l- p- 1. If
- % R" is a bounded (s; m)-uniform domain then there exists a constart C > 0
such that every u 2 WLP(-) satis es the inequality

i ¢
(4:3) Ju) i uly)i- Cixi Yi®Mru(x)+Mr ugy) ;

' ¢
for almostevery x;y 2 - with ®= m'ni s(nj 1) =s. Here M r u is the Hardy{
Littlew ood maximal operator of the function r u. The constart C dependsonly
on n, s, m and the uniform constart of - .

Hajfaszand Martio provedthat if - %2 R" is a boundeduniform domain then
every u 2 WHP(-) satis esthe inequality (4.3) forevery 1- p- 1 ,with ®= 1,
[HM, Lemma 14, p. 243]. Our proof is a modi cation of the proof of Hajfasz and
Martio.

Proof. We may assumethat diam(-) - 1. Let fBigil:il be a chain of balls
from the point x 2 - to the point y 2 - asin Lemma4.1. Then by the Lebesgue
di®erertiation theorem [St, Chapter 1, Section1.8]we have ug, ! u(x), whenewer
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i i1 ,andug, ! u(y),whenewri! 1, foralmostewery x;y 2 - . Thuswe
have
. . )4 . .
ju) i u(y)j - jUs, i Us., ]
i=ijl
X . ¢
Jug, i U\ By )T JUBiy i UB\Bis )
-
IX' uz Z 1
- jui usj+ — jJui Us., ]
i=il Bi\ Bi+ Bi\ Bi+1
and furthermore by Lemma 4.1
M Z
UG i u(y)] - T Ui us,j
.~ IBiV Bis] BB, '
i 7 ﬂ
+ 1 juj us,,, |
JBI\ Bi+1j Bi\ Bj+1 ! Bi
? “71 juij ug.j
i—q  IBi\ Bix] g, L
+ 1 ‘ juj u jﬂ
Bi\ Bixj g, | o
? uiz juj ugj+ ‘ juj u jﬂ
i=il JB'J Bi Lo jBi"'lj Bi+1 ! o
v Z
2¢C — Juj Ug]
i=jl Bi

The Poincar§ inequality in a ball with a radius r;, [GT, 7.45,p. 157],yields

jux)i uy)j- C r —

i=ijl

jruj.

Lemma 4.1 implies that for each z 2 B, jxj zj - (d+ 2)ri1=S and B; %

B"(x;Cjx i yj™®), wheni -

0andjyi zj - (d+ 2r'™ and, when i ,

0,
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Bi 2B"(y;Cjx i yj™*). We obtain

. | z .
ru@i o, X ir u(2)j

jux)i u(y)j- C 8, jxi zjsi D) +C B, Jyi zjs(ni D

'2=i1 . . i=0
.C jr u@);j
B (:C ixi yi™* ) xi zpEnt D
r C jr u(2)j

Bn (yiCixi yjm=s ) 1Y i zjs(Mi D
We put jr uj = 0 in the complemern of the domain - . Sinces(nj 1)< n
we obtain by [Z, Lemma 2.8.3, p. 85] that

JUE) i u(y)i - Clixi yimeiseEmEM e u(x)
. Dy ¢
+ jX i yjm(m s(ni 1))_SM Cjxj yjm=s r u(y)
. oy e ¢
= Cjxj yjmni sni 1))‘SIMCin gim=s T UX) + Mgy yjmes T U(Y)

This completesthe proof of Theorem 4.2. o

5. Sharpness of Theorem 4.2

Assumethat a boundeddomain - %2 R" satis es the inequality (4.3) for all
l<p<l1 Witr% someexpon%rt ®> 0. We obtain by the inequality (4.3) that

u(x)i — u(y)dy— — ju(x)i u(y)jdy
) ) U Z 1
(5:1) . Cdiam(-) ® Mr u(x)+ — Mr u(y)dy

91 nz i ¢ ﬂl:pﬂ
. Cdiam(-) ® Mru(Xx)+ — Mr u(y) "dy

and the boundednesf the Hardy{Littlew ood maximal operator, [St, Theorem 1,
p. 6], yields

kuji u. ke - Cdiam(-) ®kMr uk_ ey - Cdiam(-) ®kr uki s,

asin [H2, Lemma 2, p. 407]. Thus Theorem 4.2 implies that a bounded (s;m) -
uniform domain - 2R", 1. s< n=nj 1) and 0< m - 1, is a p-Poincar§
domain for every 1< p< 1 . W. Smith and D. Stegengashoved that an s-John
domain is a p-Poincar® domain for every 1< p< 1 ,if 1- s- n=nj 1), [SS,
Theorem 10, p. 86]. Hajfaszand Koskela proved with a\m ushroom" examplethat
the limit is sharp in the sensethat s cannot be greater than n=(nj 1), [HK2,
Corollary 6].

We show that if s> n=(nj 1) then an (s;1)-uniform domain is not necessar-
ily a p-Poincar domain for every 1< p< 1 . The following rooms and passages
exampleis by R. Hurri [Hu, Chapter 5, p. 17].
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S
5.2. Example. Let - = ilzl (R2i; 1 [ Pa2i), where the sets Ry;; Jpand P,

arede ned asfollows. Let a, 1. Let h; = 2i || +; = 242 2@ and d; = }:1 2i
forevery i = 1;2;:::. Wede ne
_ - 1p ¢ni 1,
R2ii1—(d2l|ll h2|.1,d2|.1)£ i 3h2i; 1.5 Lhyi, 1 ;
i 1
Pai = d2|. 1,02 1+ hy "¢ i T e

By Hurri [Hu, Remark 5.9, p. 19] the domain - is a p-Poincar§ domain if and
onlyif p, (nj 1)(aj 1).

Sincethere exists a constart C > 0 so that %tZi , C(1j dyj; 1)? for every
i=1 2i"' the dgmain - is an (a;1)-uniform domain. Let " > O be arbitrary .
If a= n=(nj 1) + ", then the domain - is not a p-Poincar§ domain for any
1- p<1+"(nj 1).

5.3. Corollary . Let s > n=(nj 1) and 0 < m - 1. There exists a
bounded (s;m)-uniform domain where the inequality (4.3) does not hold for all
1<p<(sj I(nj 1) with any ®> 0.

Proof. Leg " > 0. Let - % R" be the bounded (s;m)-uniform domain,
s= n=(nj 1) +" and m = 1, constructed in Example 5.2. Assumethat there
exist constarts C;®> 0 suc that for every u2 Whe() , 1< p <1 , wehave

(5:4) jux)i uy)i- Cixi yj® '™ r ux)+ Mr U(y)

for almost every x;y 2 - . As in (5.1) this implies that the domain - is a p-
Poincar® domainfor all 1< p< 1 .

In Example 5.2 we showed that the domain - is not a p-Poincar® domain
forany 1 < p< 1+ "(nj 1). Thus the inequality (5.4) cannot hold for all
l1<p<1+"(nj 1) with any ®> 0 in the domain - . o

Following Hajfasz, [H2], we say that a domain D is +-regular, +> 0, if there
exists a constart b> 0 suc that
(5:5) iB"(x;r)\ Dj, br*

for every x 2 D and for every O<I r - diam(fa). It is easyto seethat every
bounded (s; m)-uniform domainis s(nj 1)+ 1 -regular.

Using the method of Hajfasz, [H2, Theorem 6, p. 410],it is easyto prove the
following Soholev{Poincar§ inequality. In the proof we needonly the inequality
(4.3) and the property (5.5).

5.6. Lemma. Assumethat - ¥2R" is a bounded +-regular domain, £> 1,
which satis es the inequality (4.3) with an exponert 0< ® - 1. If 1< p< +=®,
then for every u 2 W1P(-) we have

(5:7) Kuj u.Kkp=gy - Ckr ukpeqy ;
with p” = Hp=(xi ®p).



Maximal inequality in (s;m)-uniform domains 303
Proof. We may assumethat diam(-) - 1. Let
Ex=fx2- :Mr u(x) - 2g; k2 Z:

There exists a constart C > 0 sud that

X Z R
(5:8) Cit 2XPJEx NEy; 1j - Mjr ujfdx - C 2XPJEx NEy; 1j:
i=il - i=il

Let a = esssumekju(x)j. We will estimate ay in terms of ax; 1. Let x 2 Ey.
Let B"(x;r) be a ball with aradius r = 2b ¥*j- nEy; 1j1™*. We obtain by the
t-regularity property (5.5)

BT r)\ -j, br*>j- nEy; 1

Hencethere existsy 2 B"(x; r)\ Ey; 1. By the inequality (4.3) the function ujg,
is ®-HAlder cortinuous with a constart C2¢*1 . We obtain

Ju)j - ju)i uj+juy)i- Cixi yj®2t +ag 1+ Cj- nEy; 1j® 2 +ay; 1
The de nition of Ei yields

(5:9) j- NEy; 1j2° - CKkM r ukPp(y

hencewe obtain that

a - C2i KP®=tkM ¢ uk[’?z‘; 21 4 a1

CXT (PO=D M 1 Ukl + ay 1

(5:10)

We may assumethat M r u(x) > 0O for every x 2 - sinceotherwise jr uj= 0
which implies that u is a constart function almost everywherein - . Let b =
essinfy,g, ju(x)j. It is clearthat b - kukip(y jExji **P. SinceM r u > 0 ev-
erywhere then there exists ko sudh that jEy,; 1j < 3j-j and jEx,j . 3j-j. We
obtain by the inequality (5.9) that

2k0 - CkMr ukLp(_) j- nEkoi 1ji l=p:

Since the function ujg, is ®-HAlder cortinuous with a constart C2*1 we
obtain ax - b + 2¢*1 diam(-) ®. This yields
a, - Kukip jEkoj' ¥+ Cdiam(-) ®kM r ukLp(_)¢j- ji 1°p

5:11
&1 . Cj- j P Kkuk oy + diam(-) ®kM 1 ukyp(
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Sincep < +=@, it follows, for k > kg, by the inequality (5.10) and the monotonicity
of ax that

L T
ac - CkM r ukfos 2L (p®=2) 4 g
i= ko
: My l
5:12 —+ 1 (D@=
(5:12) - CkM r ka?f.} 21 (PO=2) 4 3y,

i=il

. CKkM 1 ukPges 241 (0= 4 g

Sincep® = pt=(xj ®p) the inequalities (5.8), (5.11), (5.12) and the regularity
property (5.5) yield that

nZ nﬂlzp" H p . . ﬂlzp“
juj® : al JExk NEx; 1j + ag jEx,]
B k=kgo+1
p‘ op° = )4 . . T[]_:pnI
- C kM ukfp?_)_‘ KA (PE=DPTIE NEy 1f + af j- ]
k=il

3

®p° =t
- C kM 1 uky,, kM 1 ukf,

o

. . ~ . ¢ a - 1:p
+'Cj- ji P kuk oy + diam(-) ®kM 1 ukiegy - ]

- C(kukipy + kM r ukpe(y ):

Sinceuj u. 2 WP(-) , - isa p-Poincar§domain and the Hardy{Littlew ood
maximal operator is bounded, [St, Theorem 1, p. 5], we obtain

kui u kpey - C(kuj u.kppy + kM (Ui u.)kpey - Ckrukipy o

Wewrite £= s(nj 1)+ 1. Hajfaszand P. Koskela have proved the inequality
(5.7) for s-John domains with a better exponert. Let - % R" be an s-John
domain, s, 1, then the inequality (5.7) holds with 1 - p - p® - np=zxi p),
[HK2, Corollary 6, p. 20]. The limiting casep® = np=(xj p) is by T. Kilp eldinen
and J. Mal§ [KM]. The exponert is the best possiblein the classof s-John do-
mains, [HK2]. It is alsothe best possiblein the classof (s;m)-uniform domains.
Let s > 1. Using the (s;1)-uniform domain constructed by Hurri, see Exam-
ple 5.2, we obtain asin [Hu, Remark 5.8, p. 19], by replacing the exponert j n=p
by the exponert | n=p°, that the exponert np=(x; p) is the best possible.

5.13. Corollary . Let - 2 R" be a bounded (s;m)-uniform domain, with
1<s<ne(nj 1l and 0< m - 1. If there exists an ® > 0 sud that the
inequality (4.3) holdsfor all 1< p< 1 then

s(nj 1)+ 1i
n

¢
®- ni s(nj 1) <L
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If s= n=(nj 1) then - doesnot satisfy the inequality (4.3) forall 1< p< 1
with any ®> 0.

Proof. Let 1 - s< n=(nj 1). Lemma 5.6 shaws that the inequality (4.3)
with an exponert ® > 0 and the £-regular property (5.5), £= s(nj 1)+ 1, implies
the Sobolev{Poincar§ inequality with p® = #p=(xi ®p).

The exponernt #p=(+j ®p) hasto be lessthan or equalto the best possible
exponert np=(xj p) forevery 1< p< 1 . This gives

® * +
A : +
np(nl t+ p)
forevery 1< p< 1. Asp! 1 weseethat
® * ++ 1
. — : _+ .
n(nl )

Let s = n=(nj 1). Assumethat - is a bounded (s;m)-uniform domain
which satis es the inequality (4.3) with some® > 0 for every 1 < p< 1.
By Lemma 5.6 we obtain that - satis es the Soholev{Poincar§ inequality with
(n+ )pAn+ 1j ®p). Thus we obtain

H fiu 1
®- 1+ 1 (W 1
n p
forevery 1< p< 1. Asp! 1weseethat ® 0. Hencethe domain - cannot
satisfy the inequality (4.3) with any ® > 0 for small p > 1. This completesthe
proof of Corollary 5.13. o
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