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Abstract. We de¯ne a classof bounded domains ­ ½ R n which we call (s;m) -uniform,
s ¸ 1 and 0 < m · 1. In this classwe show that every Sobolev function u 2 W 1;p (­) , 1 · p · 1 ,
satis¯es

ju(x) ¡ u(y)j · Cjx ¡ yj®(M r u(x) + M r u(y))

for almost every x; y 2 ­ with
® =

m
s

(n ¡ s(n ¡ 1)):

Our result extends the previous result for Sobolev extension domains by P. HajÃlasz. Classical
bounded uniform domains or equivalently bounded ("; 1 ) domains form a proper subclassof the
(s;m) -uniform domains,when s > 1 or 0 < m < 1, but our classof domainsallows more irregular
behavior for the boundary than in the classicalcase.

1. In tro duction

P. HajÃlaszshowed that if ­ ½ R n is a Sobolev extensiondomain or ­ = R n ,
then every u 2 W 1;p (­) , 1 · p · 1 , satis¯es

(1:1) ju(x) ¡ u(y)j · Cjx ¡ yj®
¡
M r u(x) + M r u(y)

¢

for almost every x; y 2 ­ with ® = 1, [H2]. Here M r u is the Hardy{Littlew ood
maximal operator of a weak gradient of a function u. HajÃlasz and O. Martio
proved that under a weak geometric condition the inequality (1.1) with ® = 1
implies that the domain ­ is a Sobolev extension domain for 1 < p · 1 , [HM].
A variant of the inequality (1.1) in the domain whoseboundary is locally a graph
of a Lipschitz continuous function, and also the case ­ = R n , has been studied
in [DS], [H1] and [HM].

Wede¯ne a newclassof boundeddomainswhich wecall (s;m) -uniform, s ¸ 1
and 0 < m · 1. The special case s = m = 1 is the classof bounded uniform
domainsde¯ned by Martio and J. Sarvas,[MS] or equivalently the classof bounded
("; 1 ) domainsde¯ned by P.W. Jones,[J]. An exampleof (s;1)-uniform domains
in the plane is an s-cusp, f (x; y) 2 R 2 : 0 < x < 1; 0 < y < xsg, with s ¸ 1.
The classof (s;m) -uniform domains is a proper subclassof the classof s-John
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domains. We prove that if ­ is bounded and its boundary is locally a graph of
a ¸ -HÄolder continuous function, 0 < ¸ · 1, then ­ is (1=¸; ¸ ) -uniform. In the
case ¸ = 1 this result seemsto be well known, although we have not been able
to ¯nd a reference. The conversedoes not hold. There exists a bounded domain
which is even a (1; 1)-uniform domain, but whoseboundary fails to be a graph of
a continuous function.

Our main theoremshowsthat if ­ ½ R n is a bounded (s;m) -uniform domain,
1 · s < n=(n ¡ 1) and 0 < m · 1, then every u 2 W 1;p (­) , 1 · p · 1 , satis¯es
the inequality (1.1) for almost every x; y 2 ­ with ® = m

¡
n¡ s(n ¡ 1)

¢
=s. HajÃlasz

and Martio proved the cases = 1, [HM, Lemma 14, p. 243]. Our proof is based
on their proof. We calculate an upper bound for the exponent ® of the inequality
(1.1) in the classof (s;m) -uniform domains: if 1 < s < n=(n ¡ 1) then

0 < ® ·
s(n ¡ 1) + 1

n

¡
n ¡ s(n ¡ 1)

¢
< 1

and if s ¸ n=(n ¡ 1) then the inequality doesnot hold with any ® > 0 for every
1 < p < 1 .

Acknowledgements. I wish to thank my teacher R. Hurri-SyrjÄanen for her
helpful guidanceand kind advice.

2. Notation

Throughout this paper C will denote a constant which may change even in
a single string of an estimate. We write C(M ) to denote that the constant C
dependson M . We let ­ and D be bounded domains in the Euclidean n -space
R n , n ¸ 2. We denote the boundary of a domain ­ by @­ . By an open ball
centered at x and with a radius r > 0 we mean the set B n (x; r ) = f y 2 R n :
jy ¡ xj < r g. We write kB for the ball with the samecenter as B and dilated
by a factor k > 0. We let ¹A denote the closureof a set A in R n . The Lebesgue
n -measureof a set A ½ R n is denoted by jAj .

Following J. VÄaisÄalÄa [V] we say that ° is a curve if it is either a path or an
arc. A path is a continuous mapping from a closed interval to ­ ½ R n . A set
in ­ is an arc if it is homeomorphic to a closedinterval. We assumethat every
curve is recti¯able. A length of a curve ° is denoted by j° j . If ° 1 is a curve from
a point x to a point z and ° 2 is a curve from a point z to y then by ° 1 [ ° 2 we
denote a curve from x to y via ° 1 and ° 2 .

The set of p-integrable functions in D is denotedby L p(D ) , 1 · p · 1 . We
denote by W 1;p (D ) , 1 · p · 1 , the classof all functions in L p(D ) whose¯rst
weak derivatives are in L p(D ) . We equip the Sobolev space W 1;p (D ) with the
norm kukW 1;p (D ) = kukL p (D ) + kr ukL p (D ) , where r u is the weak gradient.

The class of ¸ -HÄolder continuous functions, 0 < ¸ · 1, in a domain D is
denoted by C0;¸ (D ) : u 2 C0;¸ (D ) if there exists a constant C > 0 such that

ju(x) ¡ u(y)j · Cjx ¡ yj¸
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for every x; y 2 D . If ¸ = 1 we say that the function u is a Lipschitz-continuous
function.

For a measurablefunction de¯ned in a set A , jAj > 0, we write

Z

A
u(x) dx =

1
jAj

Z

A
u(x) dx:

Let v 2 L 1(D ) and x 2 D . We put v = 0 in the complement of the
domain D . For every 0 < R · 1 we de¯ne

M R v(x) = sup
0<r <R

Z

B n (x;r )
jv(z)j dz:

We let M u denote M 1 u. The operator M is the classical Hardy{Littlew ood
maximal operator. Recall that for 1 < p · 1 we have kM ukL p (D ) · AkukL p (D ) ,
where the constant A depends only on the dimension n and p, [St, Theorem 1,
p. 6].

3. (s;m) -uniform domains

We de¯ne a new classof domains. The de¯nition wassuggestedto the author
by P. HajÃlasz.

3.1. De¯nition. Let s ¸ 1 and 0 < m · 1. A bounded domain ­ ½ R n

is an (s;m) -uniform domain if there exists a constant M ¸ 1 such that each pair
x; y of points in ­ can be joined by a recti¯able curve ° : [0; l ] ! ­ parametrized
by arclength, such that ° (0) = x , ° (l ) = y ,

(3:2) l · M jx ¡ yjm

and

(3:3) min( t; l ¡ t)s · M dist
¡
° (t); @­

¢
:

The idea of (s;m) -uniform domains is that every two points in ­ can be
joined by a twisted double cusp inside the domain ­ . The exponent s describes
which kind of outer peaks are allowed and the exponent m which kind of inner
peaks. The specialcases = m = 1 is the classof boundeduniform domainsde¯ned
by Martio and J. Sarvas, [MS]. The classof bounded uniform domains, and thus
the class of (1; 1)-uniform domains, coincides with the class of bounded ("; 1 )
domains de¯ned by P.W. Jones, [J]. It is easy to see that the class of (s;m) -
uniform domains is a proper subset of the class of (s0; m0) -uniform domains if
s < s0 and m0 · m or if s · s0 and m0 < m . The standard examples in the
plane are an s-cusp, f (x; y) 2 R 2 : 0 < x < 1; 0 < y < xsg, with s ¸ 1 which is
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(s;1)-uniform, and the interior of its complement with respect to the ball B 2(0; 1),
which is (1; 1=s) -uniform.

We say that @­ is ¸ -HÄolder, 0 < ¸ · 1, if for every point x 2 @­ there
exists r (x) = (r 1(x); : : :; r n (x)) , r i (x) > 0 for every i , and a ¸ -HÄolder continuous
function Á: R n ¡ 1 ! R such that, upon rotating and relabeling the coordinate
axessuch that x is at the origin, we have

­ \ U
¡
x; r (x)

¢
=

©
y 2 R n : Á(y1; : : :; yn ¡ 1) > yn

ª
\ U

¡
x; r (x)

¢

and
1
2 r n (x) > Á > ¡ 1

2 r n (x)

where U
¡
x; r (x)

¢
=

©
y 2 R n : jyi ¡ x i j < r i (x); i = 1; : : :; n

ª
is an open rectangle.

If ¸ = 1 we say that @­ is Lipschitz.
In the case¸ = 1 the following lemma seemsto be well known, although we

have not beenable to ¯nd a reference.

3.4. Lemma. Let 0 < ¸ · 1 and let ­ ½ R n be a bounded domain. If @­
is ¸ -HÄolder then the domain ­ is (1=¸; ¸ ) -uniform.

The conversedoesnot hold. There existsevena (1; 1)-uniform domain, whose
boundary is not locally a graph of a continuousfunction at any point. An example
is the Koch snow°ake domain. In Example 5.2 we construct for every s ¸ 1 an
(s;1)-uniform domain whoseboundary fails to bea graph of a continuousfunction.

Proof. Since@­ is boundedwemay choosea ¯nite covering of openrectangles©
U

¡
zi ; r (zi )

¢ª k
i =1 . Let Ái be a ¸ -HÄolder continuous function with a constant L i

related to U
¡
zi ; r (zi )

¢
. We write L = max1· i · k f L i g. For technical reasonswe

assumethat diam(­) = 1.
First we prove that every pair of points inside each U

¡
zi ; r (zi )

¢
\ ­ can be

joined by a curve satisfying the conditions (3.2) and (3.3). Let x = (x1; : : :; xn )
and y = (y1; : : :; yn ) be in U

¡
zi ; r (zi )

¢
\ ­ . We ¯x a two-coordinate axis in R n

so that x is the point (0; xn ) and y is the point (l ; yn ) ,

l =
p

(x1 ¡ y1)2 + : : : + (xn ¡ 1 ¡ yn ¡ 1)2 :

We may assumethat xn ¸ yn . Let I 1 be a curve

©
(»1; »2) : 0 · »1 · l ; »2 = ¡ L»¸

1 + xn
ª

and I 2 a curve

©
(»1; »2) : 0 · »1 · l ; »2 = ¡ L j»1 ¡ l j¸ + yn

ª
;
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Figure 1. The curves I 1 and I 2 .

The curves I 1 and I 2 are presented in Figure 1 with L = 1, ¸ = 0:5, xn = 1,
yn = 0:75 and l = 0:5.

If the curve I 1 intersects the curve I 2 , as in Figure 1, we let J be a curve
connecting x and y via I 1 and I 2 . Let » be a point in I 1 with dist(I 1; y) =
dist(»; y) . Otherwise we let J be a curve connecting x to y via I 1 and a line
segment from » to y . It is easyto seethat l(J ) · Cjx ¡ yj ¸ here C is a constant,
depending on s, L and diam(­) , and l(J ) is the length of the curve J . Let J ¤

be a curve from x to y via the curves J ¤
1 =

©
(»1; »2) : »1 = 0; »2 · xn

ª
, J 0

and J ¤
2 = f (»1; »2) : »1 = jx ¡ yj; »2 · yn g. Here J 0 is de¯ned as follows: if

(»1; »2) 2 J then (»1; »2 ¡ 1
10 jx ¡ yj) 2 J 0. If necessarywe replacea part of J ¤ by

a line segment in the hyperplane

©
(»1; »2) 2 U

¡
zi ; r (zi )

¢
\ ­ : »2 = ¡ 3

4 r n (zi )
ª

:

This yields
dist(»; @­) ¸ C(L)jxn ¡ »j1=¸

for every » 2 J ¤
1 ,

dist(»; @­) ¸ C(L)jyn ¡ »j1=¸

for every » 2 J ¤
2 and

dist(»; @­) ¸ min
©

1
10 jx ¡ yj; 1

4 r n (zi )
ª

for every » 2 J 0. It is easyto seethat J ¤ satis¯es the conditions (3.2) and (3.3)
with s = 1=¸ , m = ¸ and a constant M depending on L , diam

¡
U

¡
zi ; r (zi )

¢¢

and r n (zi ) .
Let W0 be a Whitney composition of ­ , [St, Theorem 1, p. 167]. Let W be a

collection of cubes Qi from W0 dilated by a factor 9
8 with Qi 6½

S k
i =1 U

¡
x i ; r (zi )

¢
.



296 Petteri Harjulehto

There exists " > 0 depending on the collection
©

U
¡
zi ; r (zi )

¢ª k
i =1 such that for ev-

ery w 2 ­ wehave B n (w; " ) ½ 9
8 Qj for some 9

8 Qj 2 W or B n (w; " ) ½ U
¡
zi ; r (zi )

¢

for some i = 1; : : :; k . Sinceevery cube is a (1=¸; ¸ ) -uniform domain we seethat
each pair of points x; y 2 ­ with jx ¡ yj < " can be joined by a curve satisfying
the conditions (3.2) and (3.3) with the constant M .

To complete the proof we use the same method as in [HK1, Theorems 2.4
and 3.3, pp. 175 and 178].

Let x; y 2 ­ with jx ¡ yj ¸ " . An elementary covering argument shows that
there exists a positive integer N , depending on diam(­) , " and n , such that ­
can be covered by balls B i , i = 1; : : :; N , with radius 1

4 " . Now there exists a
chain of balls B i , i 2 f 1; : : :; K g and K · N , such that x 2 B1 , y 2 BK and
B i \ B i +1 \ ­ 6= ; for each j = 1; : : :; K ¡ 1. We set x = z1 , y = zK and choose
zi 2 B i \ ­ . Since jzi ¡ zi +1 j < " , there exists a curve ° i joining zi to zi +1 in ­
with l(° i ) · M jzi ¡ zi +1 j¸ < M " ¸ . Thus we obtain

l(° ) = l
µ

KS

i =1
° i

¶
· K M " ¸ · K M jx ¡ yj¸ :

We choosepoints w1 = x; w2; : : :; wl = y on the curve ° satisfying
µ

"
2M

¶ 1=¸

· jwi ¡ wi +1 j <
µ

"
M

¶ 1=¸

for i = 1; 2; : : :; l ¡ 1. Let ¯ i be a curve joining wi to wi +1 as in the de¯nition of
(s;m) -uniform domains, hence l(¯ i ) · M jwi ¡ wi +1 j¸ < " and

l
µ

l ¡ 1S

i =1
¯ i

¶
·

K M jx ¡ yj¸
µ

"
2M

¶ 1=¸
" · 21=¸ K M 1+1 =¸ "1¡ 1=¸ jx ¡ yj¸ :

By the de¯nition of (s;m) -uniform domains every curve ¯ i has arclength as its
parameter. We choosebi to be the arclength midpoint of ¯ i . Since jbi ¡ bi +1 j < "
there exists a curve ®i joining bi to bi +1 as in the de¯nition of (s;m) -uniform
domains. We denote by ¯ i (»1; »2) that part of the curve ¯ i from the point »1 to
the point »2 . We write

® = ¯ 1(x; b1) [ ®1 [ : : : [ ®l ¡ 2 [ ¯ l ¡ 1(bl ; y):

This yields
l(®) · Cjx ¡ yj¸ ;

where the constant C dependson M , " , ¸ , L , diam
¡
U

¡
zi ; r (zi )

¢¢
and r n (zi ) for

each i = 1; : : :; k . Since j¯ i j ¸ 1
2 " and sincethe point bi is the arclength midpoint

of ¯ i we obtain

dist(bi ; @­) ¸
1

M

¡
1
4 "

¢1=¸
:

Hence it is easy to seethat the curve ® satis¯es the conditions (3.2) and (3.3).
This completesthe proof of Lemma 3.4.
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Let s ¸ 1. A domain ­ ½ R n is an s-John domain if there exists a distin-
guished point x0 2 ­ and a constant C ¸ 1 such that each point x 2 ­ can be
joined to x0 by a recti¯able curve ° : [0; l ] ! ­ parametrized by arclength, such
that ° (0) = x , ° (l ) = x0 ,

l · C

and
ts · C dist

¡
° (t); @­

¢
:

The de¯nition implies that every s-John domain is bounded. When s = 1 these
domains coincide with the class of John domains de¯ned by Martio and Sar-
vas [MS]. The s-John domains for s > 1 are much wider than John domains.
If a domain ­ ½ R n is an s-John domain with a distinguished point x0 2 ­ then
it is an s-John also with any other point x 2 ­ . This means that the distin-
guishedpoint can be changed. Note that the constant C dependson the distance
between the distinguished point and the boundary of ­ . For more information
about s-John domains we refer to [SS], [HK2] and [KM].

3.5. Lemma. Let s ¸ 1 and 0 < m · 1. A bounded (s;m) -uniform domain
is an s-John domain.

The cases = 1 of Lemma 3.5 is proved by F.W. Gehring and Martio, [GM,
Lemma 2.18, p. 209]. The cases > 1 is similar.

4. Main theorem

First we prove a chain condition for (s;m) -uniform domains. This is a modi¯-
cation of the standard chaining argument for uniform domainsand John domains,
see[HM] and [HK2].

4.1. Lemma. Let ­ ½ R n be a bounded (s;m) -uniform domain. Let
x; y 2 ­ . Then there exists a sequenceof balls f B i g1

i = ¡1 , where B i = B n (x i ; r i ) ,
and constants C; d ¸ 1 with the following properties:
(1) jB i [ B i +1 j · CjB i \ B i +1 j ,
(2) dist(x; B i ) · dr1=s

i ; B i ½ B n (x; Cjx ¡ yjm=s ) if i · 0 and r i ! 0 as i ! ¡1 ,
(3) dist(y; B i ) · dr1=s

i , B i ½ B n (y; Cjx ¡ yjm=s ) if i ¸ 0 and r i ! 0 as i ! 1 ,
(4) no point of the domain ­ belongsto more than C balls B i .
The constants depend only on s, m , the dimension n and the uniform constant
M of the domain ­ .

Proof. We may assumethat diam(­) · 1. Fix x; y 2 ­ and let ° be a
curve joining x and y as in the de¯nition of (s;m) -uniform domains, ° (0) =
x and ° (l) = y . Fix x0 = ° ( 1

2 l ) . Let B 0
0 = B n

¡
x0; 1

4 dist
¡
x0; @­ [ f xg

¢¢
.

We let ° 0 be the subcurve of ° from x to x0 . We cover ° 0 n f xg with balls
as follows. Consider the collection of balls B n

¡
° (t); 1

4 dist( ° (t); @­ [ f xg)
¢

, t 2
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(0; 1
2 l ) , and B 0

0 . By Besicovitch covering theorem [M, Theorem 2.7, p. 30] we ¯nd
a sequenceof closedballs B 0

0; B 0
1; B 0

2; : : : that cover ° 0 n f xg and have uniformly
bounded overlap depending only on n .

We de¯ne open balls B i = 2B 0
i , i = 0; 1; 2; : : : . Here 2B 0

i is the ball with
samecenter as B 0

i but twice the radius of the ball B 0
i . We write x i = ° (t i ) and

r i = 1
2 dist(x i ; @­ [ f xg) .

If r i = 1
2 jx i ¡ xj then dist(x; B i ) = 2r i · 2r 1=s

i . If r i = 1
2 dist(x i ; @­) then

the de¯nition of an (s;m) -uniform domain yields

dist(x; B i ) · dist(x; x i ) · t i · M 1=s dist(x i ; @­) 1=s · 2M 1=sr 1=s
i :

We choose d = maxf 2; 2M 1=sg. Since r i · t i properties of (s;m) -uniform do-
mains imply

dist(x; B i ) + 2r i · dr1=s
i + 2r i · (d + 2)r 1=s

i

· 1
2 (d + 2)t1=s

i · 1
2 M 1=s(d + 2)jx ¡ yjm=s :

Hence, we obtain B i ½ B n (x; Cjx ¡ yjm=s ) for every i , i = 0; 1; : : : , where
C = 1

2 M 1=s(d + 2).
We renumber the balls. Let B0 be as above. If we have chosen balls B i ,

i = 0; 1; : : : ; m , then we choosea ball Bm +1 that is the ball for which x j 2 Bm

and t j < tm . We recall that ° 0(t j ) = x j and ° 0(tm ) = xm . Hence r i ! 0 and
x i ! x , as i ! 1 .

Next we prove that every point in the domain ­ belongsto a ¯nite number
of balls B i only. The point x doesnot belong to any ball. Let x0 be an arbitrary
point in the domain ­ . Let r = jx0 ¡ xj . The point x0 cannot belong to those
balls B i for which r i · 1

2 jx i ¡ xj < 1
2 r . If x0 2 B i then dist(x; B i ) < r and

furthermore jx ¡ x i j · 2r . Thus we obtain that if x0 2 B i then 1
2 r · r i · r . The

construction of the Besicovitch covering theorem [M, Theorem 2.7, p. 30] implies
that balls with radius of 1

4 of original balls are disjoint. Thus x0 belongsto less
than or equal to

C
jB n (x0; 2r )j
jB n (0; 1

8 r )j
= 16n C

balls B i . The constant C is from the Besicovitch covering theorem.
Finally we prove the property (1). Assume that r i = 1

2 dist(x i ; @­) and
r i +1 = 1

2 dist(x i +1 ; @­) . Since x i +1 2 B (x i ; r i ) we obtain dist(x i +1 ; @­) ¸ r i .
This yields

jB i j
jB i +1 j

·
µ

r i
1
2 r i

¶ n

= 2n :
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If r i = 1
2 jx i ¡ xj and r i +1 = 1

2 jx i +1 ¡ xj then

jB i j
jB i +1 j

·
µ

r i
1
2 r i

¶ n

= 2n :

If r i = 1
2 dist(x i ; @­) and r i +1 = 1

2 jx i +1 ¡ xj we obtain

jB i j
jB i +1 j

=
µ

r i

r i +1

¶ n

·
µ 1

2 jx i ¡ xj
r i +1

¶ n

= 2n :

Similarly if r i = 1
2 jx i ¡ xj and r i +1 = 1

2 dist(x i +1 ; @­) then

jB i j
jB i +1 j

· 2n :

We have proved that jB i j · 2n jB i +1 j . Similar arguments imply that jB i j ¸
3¡ n jB i +1 j . This yields jB i [ B i +1 j · CjB i \ B i +1 j ; here the constant C depends
only on the dimension n .

Using again the samearguments for the point y imply Lemma 4.1.

Next we prove our main theorem. In the proof we needonly the chain of balls
constructed in Lemma 4.1, the Lebesguedi®erentiation theorem, the Poincar¶e
inequality in a ball and properties of the Rieszpotential.

4.2. Theorem. Let 1 · s < n=(n ¡ 1), 0 < m · 1 and 1 · p · 1 . If
­ ½ R n is a bounded (s;m) -uniform domain then there exists a constant C > 0
such that every u 2 W 1;p (­) satis¯es the inequality

(4:3) ju(x) ¡ u(y)j · Cjx ¡ yj®
¡
M r u(x) + M r u(y)

¢
;

for almost every x; y 2 ­ with ® = m
¡
n ¡ s(n ¡ 1)

¢
=s. Here M r u is the Hardy{

Littlew ood maximal operator of the function r u . The constant C dependsonly
on n , s, m and the uniform constant of ­ .

HajÃlaszand Martio proved that if ­ ½ R n is a boundeduniform domain then
every u 2 W 1;p (­) satis¯es the inequality (4.3) for every 1 · p · 1 , with ® = 1,
[HM, Lemma 14, p. 243]. Our proof is a modi¯cation of the proof of HajÃlasz and
Martio.

Proof. We may assumethat diam(­) · 1. Let f B i g1
i = ¡1 be a chain of balls

from the point x 2 ­ to the point y 2 ­ as in Lemma 4.1. Then by the Lebesgue
di®erentiation theorem [St, Chapter 1, Section1.8] we have uB i ! u(x) , whenever
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i ! ¡1 , and uB i ! u(y) , whenever i ! 1 , for almost every x; y 2 ­ . Thus we
have

ju(x) ¡ u(y)j ·
1X

i = ¡1

juB i ¡ uB i +1 j

·
1X

i = ¡1

¡
juB i ¡ uB i \ B i +1 j + juB i +1 ¡ uB i \ B i +1 j

¢

·
1X

i = ¡1

µ Z

B i \ B i +1

ju ¡ uB i j +
Z

B i \ B i +1

ju ¡ uB i +1 j
¶

and furthermore by Lemma 4.1

ju(x) ¡ u(y)j ·
1X

i = ¡1

µ
1

jB i \ B i +1 j

Z

B i \ B i +1

ju ¡ uB i j

+
1

jB i \ B i +1 j

Z

B i \ B i +1

ju ¡ uB i +1 j
¶

·
1X

i = ¡1

µ
1

jB i \ B i +1 j

Z

B i

ju ¡ uB i j

+
1

jB i \ B i +1 j

Z

B i +1

ju ¡ uB i +1 j
¶

·
1X

i = ¡1

µ
C

jB i j

Z

B i

ju ¡ uB i j +
C

jB i +1 j

Z

B i +1

ju ¡ uB i +1 j
¶

· 2 ¢C
1X

i = ¡1

Z

B i

ju ¡ uB i j:

The Poincar¶e inequality in a ball with a radius r i , [GT, 7.45, p. 157], yields

ju(x) ¡ u(y)j · C
1X

i = ¡1

r i

Z

B i

jr uj · C
1X

i = ¡1

Z

B i

jr uj

r n ¡ 1
i

:

Lemma 4.1 implies that for each z 2 B i , jx ¡ zj · (d + 2)r 1=s
i and B i ½

B n (x; Cjx ¡ yjm=s ) , when i · 0 and jy ¡ zj · (d + 2)r 1=s
i and, when i ¸ 0,
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B i ½ B n (y; Cjx ¡ yjm=s ) . We obtain

ju(x) ¡ u(y)j · C
0X

i = ¡1

Z

B i

jr u(z)j
jx ¡ zjs(n ¡ 1)

dz + C
1X

i =0

Z

B i

jr u(z)j
jy ¡ zjs(n ¡ 1)

dz

· C
Z

B n (x;C jx ¡ y j m=s )

jr u(z)j
jx ¡ zjs(n ¡ 1)

dz

+ C
Z

B n (y ;C jx ¡ y j m=s )

jr u(z)j
jy ¡ zjs(n ¡ 1)

dz:

We put jr uj = 0 in the complement of the domain ­ . Since s(n ¡ 1) < n
we obtain by [Z, Lemma 2.8.3, p. 85] that

ju(x) ¡ u(y)j · C
¡
jx ¡ yjm (n ¡ s(n ¡ 1)) =sM C jx ¡ y j m=s r u(x)

+ jx ¡ yjm (n ¡ s(n ¡ 1)) =sM C jx ¡ y j m=s r u(y)
¢

= Cjx ¡ yjm (n ¡ s(n ¡ 1)) =s¡
M C jx ¡ y j m=s r u(x) + M C jx ¡ y j m=s r u(y)

¢
:

This completesthe proof of Theorem 4.2.

5. Sharpness of Theorem 4.2

Assumethat a bounded domain ­ ½ R n satis¯es the inequality (4.3) for all
1 < p < 1 with someexponent ® > 0. We obtain by the inequality (4.3) that

(5:1)

¯
¯
¯
¯u(x) ¡

Z

­
u(y) dy

¯
¯
¯
¯ ·

Z

­
ju(x) ¡ u(y)j dy

· C diam(­) ®
µ

M r u(x) +
Z

­
M r u(y) dy

¶

· C diam(­) ®
µ

M r u(x) +
µ Z

­

¡
M r u(y)

¢p
dy

¶ 1=p¶

and the boundednessof the Hardy{Littlew ood maximal operator, [St, Theorem 1,
p. 6], yields

ku ¡ u­ kL p (­) · C diam(­) ®kM r ukL p (­) · C diam(­) ®kr ukL p (­)

as in [H2, Lemma 2, p. 407]. Thus Theorem 4.2 implies that a bounded (s;m) -
uniform domain ­ ½ R n , 1 · s < n=(n ¡ 1) and 0 < m · 1, is a p-Poincar¶e
domain for every 1 < p < 1 . W. Smith and D. Stegengashowed that an s-John
domain is a p-Poincar¶e domain for every 1 < p < 1 , if 1 · s · n=(n ¡ 1), [SS,
Theorem 10, p. 86]. HajÃlaszand Koskela proved with a \m ushroom" examplethat
the limit is sharp in the sensethat s cannot be greater than n=(n ¡ 1), [HK2,
Corollary 6].

We show that if s > n=(n ¡ 1) then an (s;1)-uniform domain is not necessar-
ily a p-Poincar¶e domain for every 1 < p < 1 . The following rooms and passages
example is by R. Hurri [Hu, Chapter 5, p. 17].
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5.2. Example. Let ­ =
S 1

i =1 (R2i ¡ 1 [ P2i ) , where the sets R2i ¡ 1 and P2i

are de¯ned asfollows. Let a ¸ 1. Let hi = 2¡ i , ±2i = 2¢2¡ 2ai and di =
P i

j =1 2¡ j

for every i = 1; 2; : : : . We de¯ne

R2i ¡ 1 = (d2i ¡ 1 ¡ h2i ¡ 1; d2i ¡ 1) £
¡
¡ 1

2 h2i ¡ 1; 1
2 h2i ¡ 1

¢n ¡ 1
;

P2i =
£
d2i ¡ 1; d2i ¡ 1 + h2i

¤
£

¡
¡ 1

2 ±2i ; 1
2 ±2i

¢n ¡ 1
:

By Hurri [Hu, Remark 5.9, p. 19] the domain ­ is a p-Poincar¶e domain if and
only if p ¸ (n ¡ 1)(a ¡ 1).

Since there exists a constant C > 0 so that 1
2 ±2i ¸ C(1 ¡ d2i ¡ 1)a for every

i = 1; 2; : : : , the domain ­ is an (a;1)-uniform domain. Let " > 0 be arbitrary .
If a =

¡
n=(n ¡ 1)

¢
+ " , then the domain ­ is not a p-Poincar¶e domain for any

1 · p < 1 + "(n ¡ 1).

5.3. Corollary . Let s > n=(n ¡ 1) and 0 < m · 1. There exists a
bounded (s;m) -uniform domain where the inequality (4.3) does not hold for all
1 < p < (s ¡ 1)(n ¡ 1) with any ® > 0.

Proof. Let " > 0. Let ­ ½ R n be the bounded (s;m) -uniform domain,
s =

¡
n=(n ¡ 1)

¢
+ " and m = 1, constructed in Example 5.2. Assumethat there

exist constants C; ® > 0 such that for every u 2 W 1;p (­) , 1 < p < 1 , we have

(5:4) ju(x) ¡ u(y)j · Cjx ¡ yj®
¡
M r u(x) + M r u(y)

¢
;

for almost every x; y 2 ­ . As in (5.1) this implies that the domain ­ is a p-
Poincar¶e domain for all 1 < p < 1 .

In Example 5.2 we showed that the domain ­ is not a p-Poincar¶e domain
for any 1 < p < 1 + "(n ¡ 1). Thus the inequality (5.4) cannot hold for all
1 < p < 1 + "(n ¡ 1) with any ® > 0 in the domain ­ .

Following HajÃlasz, [H2], we say that a domain D is ±-regular, ± > 0, if there
exists a constant b > 0 such that

(5:5) jB n (x; r ) \ D j ¸ br±

for every x 2 D and for every 0 < r · diam(D) . It is easy to seethat every
bounded (s;m) -uniform domain is

¡
s(n ¡ 1) + 1

¢
-regular.

Using the method of HajÃlasz, [H2, Theorem 6, p. 410], it is easyto prove the
following Sobolev{Poincar¶e inequality. In the proof we need only the inequality
(4.3) and the property (5.5).

5.6. Lemma. Assumethat ­ ½ R n is a bounded ±-regular domain, ± > 1,
which satis¯es the inequality (4.3) with an exponent 0 < ® · 1. If 1 < p < ±=®,
then for every u 2 W 1;p (­) we have

(5:7) ku ¡ u­ kL p ¤ (­) · Ckr ukL p (­) ;

with p¤ = ±p=(±¡ ®p) .
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Proof. We may assumethat diam(­) · 1. Let

Ek = f x 2 ­ : M r u(x) · 2k g; k 2 Z:

There exists a constant C > 0 such that

(5:8) C¡ 1
1X

i = ¡1

2kp jEk n Ek ¡ 1j ·
Z

­
M jr ujp dx · C

1X

i = ¡1

2kp jEk n Ek ¡ 1j:

Let ak = esssupx 2 E k
ju(x)j . We will estimate ak in terms of ak ¡ 1 . Let x 2 Ek .

Let B n (x; r ) be a ball with a radius r = 2b¡ 1=±j­ n Ek ¡ 1j1=± . We obtain by the
±-regularity property (5.5)

jB n (x; r ) \ ­ j ¸ br± > j­ n Ek ¡ 1j:

Hencethere exists y 2 B n (x; r ) \ Ek ¡ 1 . By the inequality (4.3) the function ujE k

is ®-HÄolder continuous with a constant C2k+1 . We obtain

ju(x)j · ju(x) ¡ u(y)j+ ju(y)j · Cjx ¡ yj®2k+1 + ak ¡ 1 · Cj­ nEk ¡ 1j®=±2k+1 + ak ¡ 1:

The de¯nition of Ek yields

(5:9) j­ n Ek ¡ 1j2kp · CkM r ukp
L p (­) ;

hencewe obtain that

(5:10)
ak · C2¡ kp®=±kM r ukp®=±

L p (­) 2k+1 + ak ¡ 1

· C2k (1 ¡ (p®=±)) kM r ukp®=±
L p (­) + ak ¡ 1:

We may assumethat M r u(x) > 0 for every x 2 ­ sinceotherwise jr uj = 0
which implies that u is a constant function almost everywhere in ­ . Let bk =
essinf x 2 E k ju(x)j . It is clear that bk · kukL p (­) jEk j¡ 1=p . Since M r u > 0 ev-
erywhere then there exists k0 such that jEk0 ¡ 1j < 1

2 j­ j and jEk0 j ¸ 1
2 j­ j . We

obtain by the inequality (5.9) that

2k0 · CkM r ukL p (­) j­ n Ek0 ¡ 1j¡ 1=p:

Since the function ujE k is ®-HÄolder continuous with a constant C2k+1 we
obtain ak · bk + 2k+1 diam(­) ® . This yields

(5:11)
ak0 · kukL p (­) jEk0 j¡ 1=p + C diam(­) ®kM r ukL p (­) j­ j¡ 1=p

· Cj­ j¡ 1=p¡
kukL p (­) + diam(­) ®kM r ukL p (­)

¢
:
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Sincep < ±=®, it follows, for k > k0 , by the inequality (5.10) and the monotonicity
of ak that

(5:12)

ak · CkM r ukp®=±
L p (­)

µ kX

i = k0

2i (1 ¡ (p®=±))
¶

+ ak0

· CkM r ukp®=±
L p (­)

µ kX

i = ¡1

2i (1 ¡ (p®=±))
¶

+ ak0

· CkM r ukp®=±
L p (­) 2k (1 ¡ (p®=±)) + ak0 :

Since p¤ = p±=(±¡ ®p) the inequalities (5.8), (5.11), (5.12) and the regularity
property (5.5) yield that
µ Z

­
jujp

¤
¶ 1=p¤

·
µ 1X

k= k0 +1

ap¤

k jEk n Ek ¡ 1j + ap¤

k0
jEk0 j

¶ 1=p¤

· C
µ

kM r ukp®p¤ =±
L p (­)

1X

k= ¡1

2k (1 ¡ (p®=±)) p¤
jEk n Ek ¡ 1j + ap¤

k0
j­ j

¶ 1=p¤

· C
³

kM r ukp®p¤ =±
L p (­) kM r ukp

L p (­)

+
¡
Cj­ j¡ 1=p¡

kukL p (­) + diam(­) ®kM r ukL p (­)
¢p¤

j­ j
´ 1=p¤

· C(kukL p (­) + kM r ukL p (­) ):

Sinceu¡ u­ 2 W 1;p (­) , ­ is a p-Poincar¶edomain and the Hardy{Littlew ood
maximal operator is bounded, [St, Theorem 1, p. 5], we obtain

ku ¡ u­ kL p ¤ (­) · C(ku ¡ u­ kL p (­) + kM r (u ¡ u­ )kL p (­) · Ckr ukL p (­) :

We write ± = s(n ¡ 1)+ 1. HajÃlaszand P. Koskela have proved the inequality
(5.7) for s-John domains with a better exponent. Let ­ ½ R n be an s-John
domain, s ¸ 1, then the inequality (5.7) holds with 1 · p · p¤ · np=(±¡ p) ,
[HK2, Corollary 6, p. 20]. The limiting casep¤ = np=(±¡ p) is by T. Kilp elÄainen
and J. Mal¶y [KM]. The exponent is the best possible in the classof s-John do-
mains, [HK2]. It is also the best possiblein the classof (s;m) -uniform domains.
Let s > 1. Using the (s;1)-uniform domain constructed by Hurri, seeExam-
ple 5.2, we obtain as in [Hu, Remark 5.8, p. 19], by replacing the exponent ¡ n=p
by the exponent ¡ n=p¤ , that the exponent np=(±¡ p) is the best possible.

5.13. Corollary . Let ­ ½ R n be a bounded (s;m) -uniform domain, with
1 < s < n=(n ¡ 1) and 0 < m · 1. If there exists an ® > 0 such that the
inequality (4.3) holds for all 1 < p < 1 then

® ·
s(n ¡ 1) + 1

n

¡
n ¡ s(n ¡ 1)

¢
< 1:
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If s = n=(n ¡ 1) then ­ does not satisfy the inequality (4.3) for all 1 < p < 1
with any ® > 0.

Proof. Let 1 · s < n=(n ¡ 1). Lemma 5.6 shows that the inequality (4.3)
with an exponent ® > 0 and the ±-regular property (5.5), ± = s(n ¡ 1)+ 1, implies
the Sobolev{Poincar¶e inequality with p¤ = ±p=(±¡ ®p) .

The exponent ±p=(±¡ ®p) has to be lessthan or equal to the best possible
exponent np=(±¡ p) for every 1 < p < 1 . This gives

® ·
±

np
(n ¡ ±+ p)

for every 1 < p < 1 . As p ! 1 we seethat

® ·
±
n

(n ¡ ±+ 1):

Let s = n=(n ¡ 1). Assume that ­ is a bounded (s;m) -uniform domain
which satis¯es the inequality (4.3) with some ® > 0 for every 1 < p < 1 .
By Lemma 5.6 we obtain that ­ satis¯es the Sobolev{Poincar¶e inequality with
(n + 1)p=(n + 1 ¡ ®p) . Thus we obtain

® ·
µ

1 +
1
n

¶µ
1 ¡

1
p

¶

for every 1 < p < 1 . As p ! 1 we seethat ® · 0. Hencethe domain ­ cannot
satisfy the inequality (4.3) with any ® > 0 for small p > 1. This completesthe
proof of Corollary 5.13.
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