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Failure of the condition N below W1"
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Abstract. In this paper we examine the size of the exceptional sets outside which the null
sets for the Lebesgue measure are preserved under continuous Sobolev mappings. This persistence
is called the condition N. For a W ! -mapping it is true that the condition N is satisfied outside
a set of Lebesgue measure zero. On the other hand, for mappings in W™ this exceptional set
can be chosen to have zero Hausdorff dimension. One might expect for some kind of interpolation
results between these estimates on the Hausdorff dimension of exceptional sets. We show, however,
that this is not the case by constructing examples of homeomorphisms that belong to ﬂp <n wbp
so that the exceptional set has to be n-dimensional.

1. Introduction

Suppose that f is a continuous mapping from an open bounded subset €2 of
R"™, n > 2, into R™. We consider the following (Lusin) condition N: if £ C Q,
ZL™(E) =0, then £ ( f(E )) = 0. Physically, this condition requires that there is
no creation of matter under the deformation f of the n-dimensional body (2. This
is a natural requirement as the N-property with differentiability a.e. is sufficient
for validity of various change-of-variable formulas, including the area formula, and
the condition N holds for a homeomorphism f if and only if f maps measurable
sets to measurable sets.

If feWhHi(Q,R"), we can ask which integrability conditions on the deriva-
tive Df guarantee the condition N. According to a classical result by Marcus
and Mizel [11], f satisfies the condition N if |Df| € LP(Q2) for some p > n.
If |Df] € LP(Q2) with p < n, the condition N may fail; see e.g. [10] or [15] for
examples.

It is then interesting to ask for the size of the exceptional set, i.e. the set
outside of which the condition N holds. It is worth pointing out that if f is
any mapping in the Sobolev space W11(Q,R"), then f satisfies the condition
N outside a set of measure zero (see e.g. [14] for references). Maly and Martio
proved in [10] (also see [8]), as a substantial improvement on this fact, that if
f € Whn(Q R"), then the condition N holds for f outside of a set that has
Hausdorff dimension zero.

It seems that very little is known about the size of the exceptional set be-
low Whm. Tt would be natural to expect that the Hausdorff dimension of the
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exceptional set decreases as the exponent p increases to n. In this paper we will
prove, however, that if f € W11(Q, R") so that (1.1) holds, and thus in partic-
ular when [Df| € (,_,, LP(£2), one cannot, in general, find an exceptional set of
Hausdorff dimension smaller than n.

Theorem 1.1. Let s € (0,
Qo from the unit cube Qo = [0
hold:
(a) f fixes the boundary 0Q) .
(b) fe WbhHQo,R"), f is differentiable almost everywhere, and

o0). Then there exists a homeomorphism f: Qo —
, 1] onto itself such that the following properties

(1.1) sup 5/ |IDf(z)|" ¢ dx < oo.

0<e<n—1

(¢) The Jacobian determinant J(x, f) is strictly positive for almost every = € Qg
and J(-,f) € LY Qo).

(d) If E C Qo with s#"(E) =0, where h(t) = t"log®log(4 + 1/t) (for small t),
then there exists a compact set F' C Qo \ E of measure zero such that

ZL™(f(F)) > 0.

If we put certain additional topological or analytical assumptions on f, then
a higher degree of integrability of |D f| can be relaxed for the condition N. Reshet-
nyak proved in [16] that for a homeomorphism it suffices to assume that |Df| €
L" (). There are several generalizations of this result: instead of assuming that
f is a homeomorphism it suffices to assume that f is continuous and open [10],
or that J(z, f) > 0 almost everywhere [2] (see also [17] and [12]). For further
results of this type see the survey paper [9]. Recently Kauhanen, Koskela and
Maly [6] proved that, for a topologically sense-preserving (and thus in particular
for homeomorphical) mapping f, it suffices to assume that

(1.2) lim g/Q|Df|H ~0.

e—0+

The construction of f of Theorem 1.1 is a refinement of our construction in [6],
where a similar mapping was constructed to show that the condition N may fail
under condition (1.1). For the convenience of the reader we will present a complete
construction here. The basic idea of the construction comes from Ponomarev [15];
also see [14]. Ponomarev gave an example of a homeomorphism f with |Df| €
p<n LP(€2) such that f creates matter. He, however, did not consider the size of
the exceptional set and worked only on the LP-scale.



Failure of the condition N below W1t 143

2. About the function spaces

In this section we briefly review some function spaces that we dealt with in
the introduction; for a more detailed discussion see [4]. Let us define BL™(Q)) as
the collection of all measurable functions u with

1/(n—e)
lily = sup ( [t ) < .
<s n—1

Then BL™(S?) is a Banach space and

VL"(Q) = {uEBL" : lim e/ lu|"™ = }

e—0t
is a closed subspace. The following inclusions hold (see [3]):

L(Q) ¢ L"log " L(Q) € VI™(Q) € BLQ) € ) L'log® L(Q) & ) L(),

a<—1 p<n

where the space L™log™ L(2) consists of all measurable functions u with

/ lul™ log™ (e + |u|) < oo
Q

One question that Theorem 1.1 and the other results mentioned in the introduction
leave unanswered is the size of the exceptional set for continuous mappings f €
WhH(Q,R"™) with |Df|, for example, in L™log™" L(Q) or VL™().

3. Proof of Theorem 1.1

Let us begin with some notation. Besides the usual euclidean norm |z| =
(22 4 --- + 22)'/2 we will use the cubic norm ||z|| = max; |z;|. Using the cubic
norm, the xrg-centered closed cube with edge length 2r > 0 and sides parallel to
coordinate axes can be represented in the form

Q(zo,7) ={x e R" : ||z — x0|| <71}

We then call r the radius of Q. ¢(a,b,...) denotes a positive constant depending
only on a,b,... which might differ from occurrence to occurrence. We write = ~
c(a,b,...)y if z <c(a,b,...)y and y < ¢(a,b,...)z

We will be dealing with radial stretchings that map cubes Q(0,r) onto cubes.
The following lemma can be verified by an elementary calculation.
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Lemma 3.1. Let o: (0,00) — (0,00) be a strictly monotone, differentiable
function. Then for the mapping

we have for a.e. x

Jzlell)™—"

(£ o

Df ()| ~ efn) max{ L"(H";]”), }Q’(H:cH)!} and Iz, f) ~ c(n) 2

We will first give two Cantor set constructions in @y. Our mapping f will
be defined as a limit of a sequence of piecewise continuously differentiable homeo-
morphisms fr: Qo — Qo, where each fi maps the k:th step of the first Cantor
set construction onto the second one. Then f maps the first Cantor set onto the
second one. Choosing the Cantor sets so that the Hausdorff h measure " of
the first one is positive and finite and so that the second one has positive measure,
we get the property (d). We will explain this argument later.

Let V. C R"™ be the set of all vertices of the cube (Q(0,1). Then the sets
VF=Vx...xV, k=1,2,..., will serve as the sets of indices for our construction
(with the exception of the subscript 0). If w € V¥~ we denote

VFw) ={veV* v =w;, j=1,...,k—1}.

Let zp = (%,...,%), 0 :% and denote

1 log®™2
o~ o2
2 log®"(k +2)

For v € VI =V let 2z, = 29 + %v, P, = Q(ZU, i) and Q, = Q(z,,¥(1)271). If
k=2,34,...,and Qu = Q(2w,7r_1), w € VE~1 is a cube from the previous step
of construction, then Q,, is divided into 2" subcubes P,, v € V¥[w], with centers
2z, and radius %rk_l and inside them we pick concentric cubes Q,, v € V¥ [w],
with radius

T = w(k)Q_k.
Note that 7, < %rk_l for all k. Thus, denoting v = (vq,...,vx), we have
k
1 1
Zy = Zw t o5 k=1Vk = 20 + B Z;rjlvj’
j:

Pv :Q(Zv;%rk—l)a QU :Q(Zmrkz)-
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Figure 1. Cubes Q,, v2 V¥,

See Figure 1. The number of cubes in the family {Q, : v € V¥}, k =
1,2,3,...,is #V* =27k If W is any subfamily of Vj,, we have

Z h(diam Q.,) =~ c(n, s)#Wr) log®log(1/r)
weWw

(3.1) ~ c(n, ) W2~ (k)" log* (log 2* + log (k) )

c(n, $)#W2 " log™* klog® k ~ c(n, s)# W2~ ",

Q

This is behind the fact that the Hausdorff A measure of the resulting Cantor set

=N U Q

k=1yecVk

is positive and finite. In lack of a convenient reference we give a short proof for
this fact.

Lemma 3.2. We have 0 < 2" (C) < oo.

Proof. We mimic the proof in [13, Section 4.10]. The estimate J#"(C) < oo
directly follows from (3.1). Let us justify 2#"(C) > 0.
Let {U;} be an open covering of C'. It suffices to show that

(3.2) Z h(diam U;) > ¢(n, s).

J

Since C' is compact, we can assume that {U;} is finite. For each j choose z; €
U; N C (the intersection can be assumed to be non-empty) and denote B; =
B(z;,diam U;). Then there is ko such that for all k > kg every cube Q,, v € V¥,
is contained in some B;, and because h(2t) < 2"h(t) for ¢t > 0, we have that

> h(diamU;) > 27" ) " h(diam B;).

J J
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Therefore it suffices to prove (3.2) for the family {B;} in the place of {U;}. We
claim that for any open ball B with center in C' and any fixed [,

(3.3) > h(diamQ,) < c(n, s)h(diam B).
veV!,Qy CB
This gives (3.2), since for k > ko, by (3.1),
Z h(diam B;) > ¢(n, s) Z Z h(diam Q)
J J vweVk, Q,CBhB

> ¢(n, ) Z h(diam Q,) =~ ¢(n, s).

veVk

To prove (3.3), suppose that @, C B for some v € V!, and let m be the smallest
integer for which Q,, C B for some w € V™. Then m <[. Denote

W={weV™:Q,NB #0}.
By considering the geometry of the construction of C', it is evident that #W <

¢ = c¢(n,s). Thus, using (3.1) twice,

1
h(diam B) > — Z h(diam Qq) = c(n, s)#W2™ "™ = ¢(n, s)#W2nli-mg—nl
¢ weW
=c(n,s)#{v eV :Q, CQu, weW}2™™

~ c(n, s) Z Z h(diam Q)

weWveV!, QyCQw

> ¢(n, ) Z h(diam Q,). o

veV!, QyCB

The second Cantor set construction is similar to the first one except that at
this time we denote the centers by 2/ and the cubes by P/, Q! , v € V¥, with

k
/ / 1 / 1 /
Zy = 2y t §rk_1vk =29+ 5 er_ﬂ}]ﬁ
j=1
1
P, =Q(z,57h-1), Q= Q(z,,7%).
1

We set rj = 5 and

for k=1,2,3,..., where

(k) = 1 log log 4
Py loglog(k +4) )
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Note that r < %7“;:—1 for each k. We have

X”( n u QU) = lim 2”( U QU) = lim 2"%(2r})" =27" > 0.
k=1veVk k=00 veEVK k=00

We are now ready to define the mappings fi. Define fy =id. We will give a
mapping fi that stretches each cube Q,, v € V!, homogeneously so that f1(Q,)
equals @) . On the annulus P, \ @, , fi is defined to be an appropriate radial map
with respect to z, and z] in the image in order to make f; a homeomorphism. The
general step is the following: If £ > 1, fi is defined as fr_; outside the union of all
cubes Q. , w € V*¥~1. Further, f, remains equal to f,_1 at the centers of cubes
Q., v € VE. Then f; stretches each cube Q,, v € V¥, homogeneously so that
f(Q,) equals @) . On the annulus P,\Q,, f is defined to be an appropriate radial
map with respect to z, in preimage and z) in image to make f; a homeomorphism
(see Figure 2). Notice that the Jacobian determinant J(z, fi) will be strictly
positive almost everywhere in Qg .

Figure 2. The mapping f; acting on P,, v2 V*.

To be precise, let fo =1id | Qo and for k =1,2,3,... define

fr—1(x) ifed |J P,
veVKkK
fe(x) = fk_l(zv)—f—ak(x—zv)-l—bkﬁ if r € P,\ Q,, veVk,
fr—1(20) + ck(z — 2y) if x € Q,, veVk,

where ay, b and ¢; are chosen so that f; maps each @, onto @, is continuous
and fixes the boundary 0Q:

/ 1 1./
(34) aRTE + bk =Tk, §ak7"k—1 + bk; - §7°k_1, CrTL

Clearly the limit f = limy_. o fr is differentiable almost everywhere, its Ja-
cobian determinant is strictly positive almost everywhere, and f is absolutely
continuous on almost all lines parallel to coordinate axes. Continuity of f follows
from the uniform convergence of the sequence (fx): forany =z € Qp and [ > j >1
we have

fi(z) = fi(2)] < e(n)rf — 0
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as j — o0.

It is easily seen that f is a one-to-one mapping of @y onto Q)p. Since f is
continuous and )y is compact, it follows that f is a homeomorphism.

To finish the proof of the properties (b) and (c), we next estimate |Df(x)]
and J(z, f) at x in the interior of the annulus P, \ Q,, v € V¥, k=1,2,3,....
Denote r = || — z,|| = ¢(n, $)rg. In the annulus

_Z'U

x
[ = 2ol

whence denoting o(r) = axr + b we have by Lemma 3.1 (it is easy to check that
bi, > 0 for large k)

F(2) = fr—1(20) + (arllz — 20|l + bx)

|Df(x)| = c(n, s)(ak + br/Tx)
and
J(z, f) = c(n, s)ax(ax + by /)"
From the equations (3.4) it follows that

1. _ ! / s/n
9T =T ek —=1) — (k) o' (k) log®" k
1 B 7 RN 15 R R ppegs
and ) .
b/ = Tk = L A e(n) —— A log*/™ k.
ai + b/ =13 /Tk (R C(n)¢(k) ¢(n, s)log
Therefore
IDf(z)] = c(n,s)log®™ k and J(z, ) = c(n, s)k;gik.
log” log k

The measure of J (P, \ Q) is
veEVK

2" (rp_y — (2rk)") & c(n) (P(k — 1)" — (k)"

~ —c(n s)i ! ~ c(n s)#
- "k \log®k ) T T klogt o k

andsofor 0O<e<n-—1

oo

1
5 Df(x)|" ¢dx =~ c(n, s)e — = log(&/Mn=e)
| 1pse) (129023 oy o

oo

1
3.5 —_
(3-5) c(n, s)e ];2, klogl—i—(s/n)a L

o dt
~ C(TL, 5)8/2 W ~ c(n, S).
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This proves (1.1), and it follows that f € W11(Qg, R™). Similarly we prove the
property (c):

oo

1 log® k
J(z, f)dx =~ c(n, s)e
(3.6) /0 (= f) (n.5) kZ_Zl klog' ™ k log? log k

> dt
~ c(n, s) 5 < 00
4 tlogtlog®logt

Let us now prove the property (d). Since #" is Borel regular, we find a Borel
set ' D ENC such that #"(E') =0. Now C\ E’ is a Borel set, whence there
is a compact set F' C C'\ B’ such that #"(F) > 0. Denote

Wh={veV".:Q,NnF #0}.
Then there exists a constant ¢ > 0 such that

#HW"

(3.7) o >c

for all k, since otherwice we would have by (3.1) that

: “n #W*
UXW:,( h(diam Q) ~ c(n, s)#WF 27"k = c(n,s)w — 0

as k — oo for k in some subsequence (k) C N, whence we would have #"(F) =
0, a contradiction. Since F' is compact, we have that

F=N U Qu

k=1vcWk

whence (3.7) yields

f”(f(F>)=$"(f(ﬁ U QU))zzn(ﬁlf( U QU>)

k=1 veWk veEWKk

n

— le%Z”( U Q;) ~ c(n) klirgo H#WF (o(k)27F)

veEWK
k
> ¢(n) klim #WE 27k — c(n) klirn i?//k

> ¢(n)e > 0.
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