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Abstract. We showv how self similar surfacescan be quasisymmetrically embeddedin the
plane. To do this we construct a rational map which realizesthe self similarity. Seweral examples
of rational maps which realize subdivision rules are preseried. We also shov how the Xmas tree,
an embedded surface in R whose Hausdor® dimension can be arbitrarily closeto 3, can be
embedded quasisymmetrically in the plane.

1. Intro duction

It is well known that the snow’ake (or von Koch curve) can be mapped to
a circle by a quasiconformalmap of the plane. The higher dimensional analogue
is to embed the snowlall (seenext section for the de nition), or other self similar
surfaces quasisymmetrically in the plane. From recert work of Cannon et al.
([CFP, Section6]) it followsthat such an embedding exists, by the useof Cannon's
combinatorial Riemann mapping theorem[C]. M. Bonk and B. Kleiner in [BK] used
circle padkingsto give another proof that such an embedding exists. We presern an
alternative method, which is much lessgeneralthan the above methods, but has
the advantages of being elemenary and constructive. The main idea is to build
a rational map which realizesthe self similarity. This map has the nice property
that every critical value is a repelling xed point. Standard modulus estimates
then show that this map inducesa quasisymmetric embedding.

Notation. ®=C [ f1g is the Riemann sphere, R=R [ f1g % ® the
extendedreal line, H* the upper half plane, H' the lower half plane. For two
nonnegative expressionsf , g we write f 3 g if there is a constart C > 1, sud
that 1=Cg- f - Cg. By S° we denotethe interior of a set S.

Acknowledgmerts. The idea to realize a subdivision rule by a rational map
is due to Rick Kenyon, seealso [CFKP]. | alsothank my advisor Ste®enRohde
for his patience and many helpful suggestions. He also suggestedthe Xmas tree
examplein Section 6.4.
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2. De nitions

2.1. Quasisymmetry . The classicalpaper on quasisymmetry is [TV]. We
follow [H], where a detailed treatment can be found. Recall that a map is called
an emledding if it is a homeomorphismonto its image. An embedding f: X !
Y of metric spacesis called quasisymmetric (or ~ -quasisymmetric) if there is a
homeomorphism”: [0;1 ) ! [0;1 ), suc that

(2:1) xia- txi g o) )i f@i- "Oif(x)i fb)

forall x;a;b2 X, t, 0. Quasisymmetry may be viewed as a natural generaliza-
tion of quasiconformality: a homeomorphismR" ! R" is quasisymmetricif and
only if it is quasiconformal. However, a MAbius transformation from the unit disc
to the upper half plane will not be quasisymmetric. This is easyto see,sincea
guasisymmetry maps bounded setsto bounded sets.

To chedk whether a map is quasisymmetric can be quite tedious. Therefore
oneoften considersa weaker condition. An embeddingf: X ! Y of metric spaces
is called weakly quasisymmetric(or H -weakly quasisymmetric) if there is a number
H , O, sud that

(2:2) Xia- jxi o) Jix)i f@j- Hif (x)i f(b)j

for all x;a;b2 X . Quasisymmetric maps are \more nicely" behaved than weakly
guasisymmetric ones. Equation (2.1) implies that f is corntinuous and either
constart or injective. If f is not constart then (2.2) implies that fi?l is ~-
quasisymmetric where ~(t) = 1="i 1(ti 1) on f (X). Soif f is not constart (2.1)
implies that f is a homeomorphismonto its image. Moreover if f,: X ! Y
is “1-quasisymmetricand f,: Y I Z is “,-quasisymmetric f, £f, is "o 7 4-
guasisymmetric.

On the other hand (2.2) doesnot imply corntinuity, and weak quasiconformal-
ity is in generalnot presened under inversesand compositions. Howewver in many
casesquasisymmetry is implied by weak quasisymmetry, which is much easierto
chedk. A metric spaceis called doubling if there is a number N sud that every
ball of diameter d canbe coveredby N setsof diameter at most %d, forall d> 0.

Theorem 2.1 ([H, Theorem 10.19]). A weakly quasisymmetric embedding of
a connecteddoubling spaceinto a doubling spaceis quasisymmetric.

2.2. The snowball. The snowball is a topologically 2-dimensionalanalogue
of the snaw’ake (or von Koch curve). It is constructedin the following way. Divide
ead face of the unit cube in R" into 9 squaresof sidelength % Place a cube
of sidelength % on the middle square of eat side, resulting in a body which is
bounded by 6 ¢13 squaresof sidelength % One “face' consisting of 13 squaresis
called the geneator of the snawvball, seeFigure 1.
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Figure 1. Generator of S.

Each of the 6¢13 squaresis then again subdivided into 9 squaresof sidelength
%, on the middle square put a cube of sidelength %, and soon. Let K be the
limiting body. The snowball is the set of prime endsof K°. Let S be the part
of the snowball that corresponds to one side of the original cube. In ead step
the 13" squaresget replaced by scaled copies of the generator. Let S, be the
surface after n steps, Sp being the unit square. The boundary @ of K has
self-intersections, seeFigure 2. This is the reasonwhy we take prime ends. In S
the two points indicated by the arrows are distinct.

Figure 2. Cut through S,.

S is naturally divided into 13 pieceswhich correspond to the 13 squaresthat
make up S;. Each of theseis naturally mappedto S by stretching, rotating, and
translating. The rational map constructed in the next section will represer this
selfsimilarity.

In the sameway asabove S consistsof 13" copiesof itself, scaledby a factor
of 3i ". These are called cylinders of order (or length) n, or n-cylinders. For
sudh a cylinder X the notation jXj = n is used. For ead point x 2 S thereis a
sequenceof cylinders sud that

T
(2:3) S = Xo % X1 %X, ¢ec, Xn = 1xg; jXnj=n:

n

In generalthis sequences not unique.

An alternativ e de nition that avoids prime endsmay be given as follows. We
have two represettations of the generator (and henceof S): in R3 asin Figure 1,
and in R? asin Figure 3. We usethe represeration in R? to de ne the topology
on S. The represenation in R3 will be usedto de ne the metric on S in the
next section.
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2.3. The internal metric. We equip S with the internal metric:
(2:4) dint (x; ¥) := infflength (°) : ° is a path in S which joins x and yg:

Here we do not allow ° to crossover self-intersecting points, meaningthat ° can
exit a cylinder only through its four sides, length refersto the length of ° asa
subsetof R3.

At rst glanceit may not be clear whether di,¢(x;y) = 1 for somepoints,
since S contains many non-recti able curves. We have howeer:

dint(X;y) - 4 forall x;y 2 S:

This is seenasfollows: any of the four cornersof S (= cylinder of order 0) can be
joined to a corner of any cylinder of order 1 by a path in S of length at most %.
The path always follows the edgesof cylinders of rst order. Figure 3 shows two
such paths. Suc a path is always in S.

Figure 3. Connecting a corner to a cylinder.

T

For a sequenceXo % X1 % X, ¢¢¢ X, = fXg, jXnj = n we can iterate

the above procedure,joining a corner of X, to oneof X, by a path whoselength

is at most % ¢% and so on, resulting in a path that joins a corner of S to x of
length at most

ax Mgl

3.0 3

=2
From this the above assertionfollows.

2.4. The combinatorial pseudometric. For x;y 2 S we de ne the
combinatorial pseudometric by

Fx;y)=3";
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where n is the smallest number sud that there exist cylinders X 3 x, Y 3 vy,
iXj=jYj= n, suc that

X\Y=;:
A slight variation of £ will later be denoted by +. Note that ¥ is not a metric
sinceit doesnot satisfy the triangle inequality, as one can seein Figure 4. Here
we have ¥x;y) = % > ¥x;2)+ XHzyy) = %+ % For our purposeshowever it is as
good asthe internal metric.

Figure 4.

Lemma 2.2. We have ¥x;y) - dint(X;y) - 12¢XXx;y), for all x;y 2 S.

Proof. Let ¥x;y) = 31 ". The rst inequality is easily seen. Let X, 3 X,
Yo 3 Y, jXnj = jYnj = n, Xo\ Yy = ;. Then ead path from x to y must
passthrough the ring of cylinders of order n which have nonempty intersection
with X, . Each sudc path haslength at least 31 " .

For the secondinequality let X, 1 3 X, Yn; 1 3 y becylinders of order nj 1.
By de nition of £ we know that X,; 1 and Y, 1 intersect at leastin a common
corner z. By the argumert in the last section

dint (X Y) = dint(X; 2) + dine(z;y) - 2637 "™ + 2630 "1 = 12%(x;y): o
3. Representing the snowball by a rational map

Cut S along the diagonalsinto 4 pieces. From now on we will only look at
one such piece T . Sincethis contains a small copy of S it is enoughto embed T
quasisymmetrically. Also eat cylinder gets split into 4 piecesalong its diagonals.
From now on \cylinder" will refer to these small copiesof T, and £ will denote
the combinatorial pseudometricwith respect to thesecylinders. We have
(3:2) Hxy) - Hxy) - 3EXY); forall x;y2 T
as one easily cheks. Again T consistsof 13 cylinders of order 1, denoted by T; ,
1. j - 13. Sincethe T, 's are scaledcopiesof T, there are maps

-V T
This givesus the standard identi cation of cylinders with words. More precisely
for eath cylinder X of order n we set
(Xo €CCXp; 1) := X wherexp = | if and only if X %T;
(3:2) and xyx = j if andonly if ¢, £éx,, , i1k (X) ¥2T;
forl- k- nj 1L
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Figure 5. Generator G of T.

Note that (X ¢¢¢Xn+ k) Y2 (Yo ¢¢Cy,) if andonly if x; =y;, 0- j - n.
The generator G of T is just a quarter of the generatorof S. We can unfold
G to map it in the plane, seeFigure 5, the triangles in Figure 5 correspond to
cylinders of order one. The cornersof the generator G are labeled ag, Iy, and ¢,
the cornersof the other triangles are labeled ax , b, and ¢, accordingto Figure 5.
Now G (or more precisely the simply connecteddomain from Figure 5) gets
mapped to the upper half plane H* by a Riemann map, which is normalized
by mapping the corners ap, lp, and ¢ to 1 =: a8, 1 = K, and j 1 = cJ
respectively (it is the inverseof a Schwarz{Christo®el map). The imagesof eah
triangle corresponding to T; will be denoted by H;, the imagesof the corners
a, b, and cn by a2, bP, and cf, . We consider Hj to be \black" or \white"
depending on whether the corresponding triangle in Figure 5 is drawn like that.
By symmetry we have a2 = j ¢?, bf = | i}, and B; ] 2 iR.
Now the map R is de ned in the following way:
{ R on white triangles H; is a Riemann map to the upper half plane H*,
normalizedby a 7! 1, 7! 1 , % 7! 1;
{ R on black triangles H; is a Riemann map to the lower half plane H' with
the samenormalization.

Now consider two piecesH; and H; which sharea side. H; and H; are
re°ections alongthis commonside, sincethey are conformalimagesof real triangles
for which this is true. So by re°ection principle Rjy, extends analytically to
Hi [ H;. Oneimmediately cheks that this agreeson H; with the way it was
de ned before (being a Riemann map with the right normalization).

Using re°ection principle again one can extend R to the whole sphere by
R(z) = R(%). Another way to look at this would be to have a secondcopy of the
generator, map it to H' , and map ead of the image trianglesto H* and H'
with the right normalizations.

From the construction it follows that b);B;18; K, and j B;i B arethe poles
of R. The critical points are a$;a3;a3, and bf; B; ). We can read o®the order
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of the polesand critical points. So R can be written in two forms:
(zi D(zi a)3(zi ad)*(zi a)®
(220 ®)2(2% 0 82220 %)
2 DEi i DNz 9° )
(227 BHx 221 B2 )2

where we took B = j b into accourt. By equating (3.3) and (3.4), multiplying
by the denominator, and comparing coexcients, one gets a system of equations
for the numbers a and b (using the relations a® =  ¢?). A di®eren way to get
these equationsis to obsene that R is an odd function.

Since the numbers a and i are images of the points & and b, we can
obtain them from a numerical approximation of the function G! H*. We used
Don Marshall's program zipper

(http://www.math.washington.edu/  ~marshall/zipper.html )
for this. By using a standard Newton method for the system of equationswe can
increasethe precision arbitrarily . We usethe results from zipper asinitial values,
sincethe Newton method fails to converge otherwise.

(3:3) R(z) =

(3:4) =

We nd that
ad = j 69:2485:::;
aJ = j 0:726663::;
aJ = 3:33137:::;
B = 1:07729:::;
B = i ¢1:04067:::;
B =i ¢18:7881:::;
= j 0:00518147:: .

5

The critical valuesof R are j 1, 1, and 1 . Theseare repelling xed points,
so R is postcritically nite.

4. Embedding the snowball
Remark. All metrical properties such as jx j yj, dist and diam that occur
here refer to the spherical metric, jdzj denotesthe length elemert on the sphere.

The function R inducesa subdivision of the sphereinto cylindersin a natural
way, the cylinders of order n being the preimagesof H and H' under R". Each
cylinder X ¥%2H  of order n can again be identi ed with the word

(4:1) (Xo ¢80, 1) := X; x¢ = | if R¥(X) % H;
(4:2) or R¥(X) % H; =fi z:z2 Hjg

Again we have (Xo:::Xn+k) ¥2(Yo:::yn) if andonly if x; =y;, 0- j - n. The
n-cylinders in T form a simplicial complex, where faces, edges,and vertices (or
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n-faces,n-edges,and n-vertices) are de ned in the obvious way. By the combina-
torics of the cylinders of nth order we meanthis simplicial complex together with
the inclusion relations of n-faces,n-edges,and n-verticesin k-faces,k-edges,and
k -vertices, for all k < n. Note that the combinatorics for any n are completely
determined by the combinatorics of the cylinders of rst order.

Since cylinders of Tst order in H are a homeomorphicimage of cylinders
of rst orderin T, their combinatorics are the same. Hencethe combinatorics of
any order for cylindersin T andin H ™ are the same.

Using (4.1) and (3.2) onegetsa map

(4:3) cylindersin T ! cylindersin H :

Lemma 4.1. The map (4.3) inducesa surjective map

Proof. SinceR is postcritically nite it is subhyrbotic (see[Mil, p. 194]and
[CG, p. 91]), which meansthere is a metric ds(x;y) = inf . 3(z) jdzj, the in m um
is taken over all curves ° which connect x and y with the following properties:

{ ds, is expanding with respectto R, meaningthere is an A > 1, sud that
' ¢
(4:4) 3/L:R(z) JdR(2)j , A z)jdz;

forall z2 ®;
{ ds, is HBlder comparableto jxj yj, more preciselythere are constarts C > 1,
®2 (0;1), such that

1. . . .
(4:5) cixi yie du(y) - Cixi yi®;

for all x;y 2 6.

Now for eath x 2 T there is a sequence(X)n2n , JXnj = n of cylinders in
T sud that T
Xo % X1 ¥ ¢Cc; and Xn = fXg;

which gives us a mapped sequence(X 9)non with jX %) = n, of cylinders in H™
with
X3 %X % ¢ee:

By (4.4) and (4.%) we have diamX2 ! 0, for n! 1 . Sincethe X7 are also
compactwe get X0 = fx%, sowe dene

f(x) = x%
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We have to show that f is well-de ned. Let (Y,)n2n be a secondsequence
of cylindersin T, sudc that jY,j= n and

T
Yo ¥ Y1 ¥4 ¢¢C; and Yn = fXxg:

Let ng be the smallest number, suc that X,, 6 Y,,. From this it follows that
Xn 6 Yy, forall n, ng. Sincethe interiors of distinct cylinders of the sameorder
are disjoint, weget X, \ Y, = @, \ @, and @\ @ %@ n+1 \ @h41, for
all n, ng. So

@(no\ @no 3/4@(n0+1 \ @{n0+l ¥4 CCC:

Sincethe combinatorics of the cylindersin H ™ are the same,we get
@I\ @2 Y@K, \ @2, Yalas

where eah @XJ ,; \ @, .; 6 ; and compact. Thus T(X,?\ Y) 8 ;. So
X%9="Y02=fx%, and f is well de ned.
On the other hand we can nd for eahh x° 2 H  a sequenceof cylinders
(Xn2n in H'  asabove. From this we get a sequenceof cylinders (X,)n2n in
T, which givesan x sud that f (x) = x° This shavsthat f is surjective. o

We now cometo our main result.

Theorem 4.2. The map B

f:T! H
is a quasisymmetric embedding.

Before proving the theorem let us record somefacts.

Each n-cylinder X in € getsmappedto H or H' by R". We sa that X
is of type H' in the Tst case,of type H' in the second.

The preimagesof the critical values j 1, 1, and 1 under R" are called
corners (or n-corners). We say an n-corner c is of type R"(c) (=i 1;1,or 1 ).

The preimagesof (i1 ;i 1), (i 1;1), and (1;1 ) under R" are called sides
or n-sides. An n-side s is of type R"(s) (= (il ;i 1);(i 1;1), or (1;1)).

R maps n-(cylinders, sides,corners)to nij 1-(cylinders, sides,corners). Since
the critical valuesare repelling xed points we have

(4:6) deggn (2) - mz%(degq (w) = 5
w2

forany z 2 ® and n , 0. At eadh n-corner c, 2degg. (€) n-cylindersand n-sides
intersect.

Two cylinders of the same order are called neighlors if they share a side.
Neighbors always get mapped to di®eren half planes(i.e. are of di®erert type).
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For two neighbors X ;Y of order n with sharedside s the map
(4:7) R": X°[ Y°[ s! H"'[ H [ R"(s)

is conformal. So neighbors are conformal re°ections of eat other along shared
sides. For eat n, the cylinders of order n form a tiling of the sphere. One can
construct the tiling from one cylinder, sincethe other cylinders of given order can
be constructed by repeated re°ecg’on.

A union of cylinders X = ;,; X; of order n may be viewed as a two-
dimensional simplicial complex 8§( X ), where n-cylinders, n-sides,and n-corners
are the faces,edges,and vertices. The combinatorial type of X is §( X) together
with the type of eadh n-cylinder, n-side, and n-cornerin X . Note that here
we do not require any information about cylinders of order k 6 n that may be
contained in X . Two unions of cylinders

X

Xj; JXjj=nand
j29

Yi; jYij: m
i21

(4:8) v

are called combinatorially equivalent if they are of the same combinatorial type.
More preciselyif there is a (simplicial complex) isomorphism

(4:9) ©: §(X)! §(Y);

sudh that for eadh n-cylinder X, n-side s, and n-corner c in X the typesof X
and ©(X), s and ©(s), c and ©(c) are all the same. Combinatorial equivalence
implies conformal equivalence.

Lemma 4.3. Let X and Y asin (4.8) be combinatorially equivalent. Then
there is a conformal map
g X%l Y©:
Furthermore n + k-(cylinders, sides, cornerg in X° are mapped to m + k-
(cylinders, sides,cornerg in Y ° by g (for any k, 0).

Proof. Let © be asin (4.9). Pick an n-cylinder X; 2 X . Let X, %2 X be
a neighbor of X1 with common side s;. Let Y; := ©(X;), Y2 := ©(X3), and
t, := ©(s1). By equation (4.7) the functions

R XP[ X3[ su! H*[ H [ typeofsy;
R™:YP[ Y[ ta! H [ H' [ typeoft;

are conformal. The rst function maps n + k-(cylinders, sides, corners) to k-
(cylinders, sides,corners), the secondfunction maps m + k-(cylinders, sides,cor-
ners) to k-(cylinders, sides,corners). Since s; and t; are of the sametype this
givesus a function

O X[ X [st! Y[ Y[t
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which is conformal and maps (cylinders, sides,and corners)in the desiredfashion.
We can now proceedto further neighborsto extend g to the whole componert of
X which contains X9 (cornerslying inside are of courseremovable singularities).
On the other componerts g is constructed in the sameway. o

The proof of Theorem 4.2 follows essetially from the next two lemmas.

Lemma 4.4. There is a constat C > 0, suc that for all n-cylinders X
and Y for which X \ Y = ;, we have

Cdist(X;Y), diamX:
Proof. Let X and Y be asabove. LSet
(4:10) X = X0
X0=jXj; XN\ X6;

Each cylinder X % in the above union sharesat leasta corner ¢ with X . Sinceat c,
2degiix; (c) cylinders intersect, there are by (4.6) only nitely many cylinders in
the union (4.10). For ead cylinder X ©, there are only nitely many possibilities
for the types of its sidesand corners. So there are only nitely many di®eren

combinatorial typesof unions X asabove. For the modulus of the annulus A =
X°nX we therefore have

(4:11) M (A) , const> 0;
sincethe modulus for ead combinatorial type is the sameby Lemma 4.3.
Remark. It might happen that A is not an annulus (that ®nA has more

than two componerts). Still A corntains an annulus A° that separatesX from Y
with a modulus bounded below.

Let comp(Y) be the component of G nA that contains Y . It is well known
that the modulus behavesas

i ¢
o
M(A) » @ 'dIS'[ X'C.Ompi(Y) e
min diam(X); diam comp(Y)
(meaning that both sides simultaneously goto 0 gnd 1 ). If the order n is

suzciently large we have diam(X) - diam comp(Y) .
This nishes the proof, since A separatesX and Y. o

Lemma 4.5. Let X, Y be n-cylinderssuch that X \ Y 6 ;. Then
diamX 3 diamY:
Proof. Let X and Y beasabove. Then X and Y must intersect at leastin
a corner. By (4.6) it is enoughto assumesthat X and Y are neighbors. Consider

Z = Z:
Z\ (X[Y)8&;;jZj=n
There are only nitely many di®erert combinatorial typesof such Z. The set
X [ Y is compactly contained in Z°. The statemert now follows from Koebe
distortion theorem and Lemma 4.3. o
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Proof of Theorem 4.2. One can easily ched that T is doubling. To do this
‘rst ched that T is doubling in the combinatorial pseudometric £. Any cylinder
of +-diameter 3 " canbe coveredby 13 cylinders of +-diameter 3i "i 1. Any ball
of £-diameter 31 " is a union of at most 10 cylinders of +-diameter 31 " . It follows
from Lemma 2.2 and (3.1) that T is doubling.

A

Figure 6. Embedding of cylinders of secondorder.

Since T is also connectedit is enoughto show that f is weakly quasisym-
metric, by Theorem 2.1. To avoid switching back and forth betweenpoints in T
and H we regard + asa function on bt 6:

Hx;y) =3 ";

where n is the smallest number suc that there are disjoint n-cylinders X 3 x,
Y 3yin ®. We needto show that there is a C > 0 such that

Hx;y) - Hx;2) ) ixivyi- Cixi zj

for all x;y 2 ©. Al cylinders and points are now consideredto be living in 6.
Suppose Hx;y) - Hx;z), Hx;y) = 3", sofor Xn;1 3 X, Yn;1 3,
Xni1J=jYn;1j=ni 1, wehave Xp; 1\ Yy, 16 ;. By Lemma4.5

jxi yj- diamXp; 1+ diamY,, ; - CdiamX,, ; - C%°diamX,;

for any X, 3 X, jXnj = n, since X,,; 1 contains only nitely many cylinders of
order n which have comparable diameter by Lemma 4.5.
Since K(x; z) , 3 ", there are disjoint n-cylinders X, 3 x, Z, 3 z. Soby
Lemma4.4
ixiyj- CodiamX, - C%ist(Xn:Zn) - C%x i z:

which provesthe theorem. o
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Figures 6 and 7 show the embedding. They show the part of H* that corre-
spondsto the square (az; cz; as; c3) in Figure 5.

p4X) 4 A o

Figure 7. Embedding of cylinders of third order.

5. General form of the theorem

Let R be arational map satisfying the following conditions:

{ R(2) = R(®);

{ for the postcritical set Pg := fR"(c) : ccritical point of R; n , 1g we re-
quire: Pgr is nite, Pr % R, and every periodic cyclein Pg is repelling.
The secondcondition implies that R is subhyperbolic. Sudh a map d+ivides

the spherein a natural way into cylinders of order n: the preimagesof H and
H' under R". As beforetheseinduce a combinatorial pseudometric:

HX;y) == 9%B;

where %2 (0;1), and n is the smallest number such that X, \ Y, = ;, for all
cylinders X, 3 x, Y, 3y of order n. We have

Theorem 5.1. Let R and + be as above, then
id: (€;4) ! (8;spherical metric)

IS quasisymmetric.
The proof is the sameasthe proof of Theorem 4.2 and will not be repeated.
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Figure 8. R;.

6. Origami with rational maps

In this section we give further examplesof rational maps which represen a
subdivision rule. In the casethat sud a subdivision rule describesa surfacewhose
metric is quasisymmetrically comparableto the combinatorial pseudometric, The-
orem 5.1 givesa quasisymmetric embedding. The construction is always the same
asin Section 3: a generator consisting of triangles (in one casesquares)symmetric
on common sidesis mappedto H by a Riemann map, which is normalized by
requiring that cornerslabeledby \ a 7! b" get mappedto a. The rational func-
tion is de'ned by mapping ead of the \white" imagetriangles (or squares)to H '
and eah of the \black" onesto H' by a Riemann map, which is normalized by
requiring that cornerslabeledby \ 7! b" get mappedto b. As beforethe re°ection
principle ensuresthat the map is holomorphic in H ™, and by R(z) = R(%) we
de ne R on the whole sphere,so R is a rational map.

The generatortogether with the data on how cornersare to be mapped de nes
the map and so may be viewed as an alternativ e description of the map. In fact
important properties such as critical points and poles, and their order can be
immediately read o®. Similarly to (3.3) and (3.4), we canexpressthe rational maps
in terms of the critical points and poles. Again one gets a system of equationsfor
the critical points and poles. In the easiercasesthis can be solved by elemenary
means. In the more dixcult caseswe used Don Marshall's zipper as well as the
Schwarz{Christo®el toolbox

(http://www.math.udel.edu/  ~driscoll/SC/ )
by Tobin Driscoll and Nick Trefethento get numerical valuesfor the critical points.
With a Newton method the precision can be increased arbitrarily . Often the
coexcients of the rational mapsturn out to be rational numbers. From this one
often can guessthe precise values of the critical points. One can con rm these
guessesby shawing that they satisfy the system of equations exactly; we used
Mathematica for this.

Another nice way to visualize thesemapsis to actually cut the generator out
of paper. The generatorsshould be viewed as a sphere,the two sidesrepreserting
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Figure 9. R;.

H* and H' . One can then fold the generator such that white triangles land
on the front, black oneson the badk, resulting in a small triangle. This is again
viewed as the sphere,the white side being interpreted as H* , the black side as
H' , thereby illustrating the covering behavior of the rational map.

Hopefully this explains our use of the word \origami”.

6.1. Euclidean subdivisions. The rst four exampleshave the property
that their generatoris similar to its pieces. Thus, when one cuts the generator
out of paper and folds as suggestedabove, the resulting piececan be folded again.
This represerts the seconditerate, another folding the third iterate, and soon.

The functions given by Figures 8, 9, 10, and 11 are

Ri=1i 2

e ey
R 18
JERTR A

The function R3 is the only example consideredhere where the generator
consistsof squares,however the Riemann maps from which R3 is constructed are
well-de ned. Indeed,let Q be a squarewith verticesvy;vo;va;vy andf: Q! H*
be a Riemann map normalized by f (v;) = j 1, f(v2) = 0 and f(v3) = 1. Then
we have by symmetry f (v4) = 1 .

To further illustrate theseexampleswe needthe notion of orbifolds, see[McM]
and [Mil] for de nitions and properties. The signature or rami cation index of the
orbifold of Ry is (2;4;4), of Ry is (3;3;3), of Rz is (2;2;2;2), and of R, is
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Figure 10. R3.

Figure 11. Ry.

(2;3;6). All these orbifolds are euclidean, meaning that their universal orbifold
covering maps have domain C. In fact the above signatures are the only ones
that can occur for euclidean orbifolds over @, see[McM]. The mapping behavior
of the universal orbifold covering maps f; is indicated in Figure 12 (again white
triangles mapto H* , and black onesto Hi ), they are elliptic functions. We have

iP- ., € i ¢
f1|p2e31/“:4z = lefl(z)q:;

|
f2(22) = R2.f2(2)¢;
f4(2iz) = Rg'fg(z)¢;
f4lp§el/“=62 = R4|f4(z) :

So Ry, Ry, Rz, and R4 are all Latt pstype functions.
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Figure 12. Universal orbifold coveringsfor R1, Ry, R3, and R4.

6.2. The barycen tric subdivision rule. Figure 13 shows the barycertric
subdivision rule which is generatedby

2. 2

Re= 1 54z 1) :
(22+3)3

This map was already found in [CFKP]. It is an example where Cannon's combi-
natorial Riemann mapping theorem cannot be used. Of courseour Theorem 5.1
doesnot work as well, sinceall critical valuesare again critical points and hence
all cyclesin Pg are superattracting. In fact one can shav that the diameter of
the cylinders generatedby this function fail to goto zerowith their order.

Figure 13. Rs.

6.3. Varian ts of the snowball. The next three examplesembed variants
of the snawball.

We start with an equilateral triangle which is divided into 4 equilateral tri-
anglesasin Figure 9. On the middle triangle put a tetrahedron, which produces
the generator of a self similar surface consisting of 6 equilateral triangles. Cut
the surfaceinto 6 piecesalong the symmetry axes. We restrict our attention to
one sud piece Tg (seeFigure 14). Simultaneously cut ead triangle into 6 asin
the barycertric subdivision in Figure 13. Tg consistsof 6 scaled (and possibly
re°ected) copiesof itself. The generator of Tg consistsof 6 triangles. One can
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Ve

Figure 14. Generator of the tetrahedron-snowball.

Figure 15. Rg.

construct Tg by replacing in ead step ead of these triangles by a scaled (and
possibly re°ected) copy of the generator. The generator of Tg can be folded °at
in the plane (seeFigure 15). The corresmnding function is given by

s

z?i 1

4%+1

R5=2 22 ZZ

.Moo

Figure 16. Embedding of cylinders of rst and secondorder by Rg.
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Figure 16 shows how Rg embedscylinders of rst and secondorder.

Another selfsimilar surfaceis obtained when one puts an octahedron instead
of a tetrahedron on the middle triangle. The rest of the construction is analogous
to the last. Again the surfaceis cut into 6 pieces. Figure 17 shows the generator
and how the corresponding rational map is constructed. Again the construction
embedsthe surface quasisymmetrically. The thick lines are lines along which the
generator was folded when it was mapped into the plane. We have

z(zi 1)°(z+ 80)*

R7 = | 213
100023 %°z%i 132

2%
5

A third example of this type is obtained by putting an icosahedronon the
middle triangle. Again the generatorand every faceis subdivided into 6 pieces.As
beforethe generator can be folded into the plane. SeeFigure 18 for the generator
and the corresponding construction of the rational map. The thick lines are the
onesalong which the generator has beenfolded. We obtain

Z(zi 1828+ apz?+ ayz + ag)®

Re = (27 + 628 + 1525+ yz% + 023 + b,22 + bz + p)°’

where

_ 2
> T 52 ¢112°
o = 3¢17¢1439
27 T h¢s
_3¢5%¢11017
ap = j s
B¢l
aO =1 71
378223
I ores
_ 3¢863¢24907
- 26 ¢52
b= 601¢1381¢689761
- 27 ¢5° ’
5¢19¢103¢113¢1399
b; = % ;
~ 3¢5° ¢19¢53¢3001
by = i 57 ;
511 ¢3907
b= ———
516
o =i

27 ¢11
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Figure 17. R;.

Figure 18. Rg.

While there is extremely strong numerical evidencethat theseare indeedthe
precise values, it turns out to be too ditcult to rigorously ched that. So the
above valuesare to be understood asthe conjectured precisevalues.

As for the snowball, it is easyto ched that for the three previous exam-
ples the internal metric is comparableto the combinatorial pseudometric. Since
all the conditions for Theorem 5.1 are satis ed this producesa quasisymmetric
embedding.

6.4. The Xmas tree. The three precedingexampleshave the disadvantage
that assurfacesin R3 they have self-intersections. The next classof examplesare
surfacesembeddedin R2 (without self-intersections) whose Hausdor®dimension
can be arbitrarily closeto 3. The construction is similar to the snowball, again
we have a generator built from small squares. In ead iterativ e step ead square
getsreplacedby a scaledcopy of the generator.

The generator of the n-Xmas tree is given the following way. Start with a
unit square. Divide the squareinto (4n+ 5)? squaresof sidelength s = 1=(4n + 5).
On_ the middle sgzuareput a cube of sidelength s (an s-cule). On this put a Iaé/er
of I4(n i 1)+ 3 " s-cubes,arrangedin a squareof sidelength s'4(n i D+ 3.

On top of this layer put an s-cube in the middle. On this put another layer
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Figure 19. Generator of the 4-Xmas tree from the side and the top.

of l4(n i 2)+ 3¢2 s-cubes, arranged in a square of sidelength s|4(n i 2)+ 3¢,
and so on. Figure 19 shows the generator of the 4-Xmas tree from the side and
from above.

A short calculation shows that the generatorof the n-Xmas tree is made from
#(squares) = 1(32n3+ 96n? + 1360 + 12) squaresof sidelength s = 1~(4n + 5)
(the exact number is not important, only that #(squares) = O(n®)). We have
the following facts.

{ The generator can be placed inside a rectangular pyramid which is indicated
in Figure 19. This ensuresthat the resulting surface is embedded in R3
without self-intersections.

{ This alsoimplies that the Xmas tree satis es the open set condition, so the
Hausdor®dimensionis (see[F, p. 118, Theorem 9.3])

log#(squares) |
log(4n + 5)

3; as n! 1:

To embed the Xmas tree quasisymmetrically on the plane (or rather on the
sphere), use the sameprocedure as before: cut the generatorinto 4 piecesalong
the diagonals. Again consideronly one suc piece G. Simultaneously ead square
getsdivided into 4 triangles. As before G canbefoldedin the plane, seeFigure 20.
From this we construct the rational map Ry that mirrors the selfsimilarity. It is
not hard to ched that on the Xmas tree the induced metric from R 23 is comparable
to the internal metric, which is comparable to the combinatorial pseudometric.
Theorem 5.1 again shavs that Ryx embedsour surface quasisymmetrically.

6.5. The n-gon subdivision rule. In [BS]the pentagonal subdivision rule
is studied. It consistsof replacing eat pentagon in ead step by 6 pentagons as
in Figure 21. In [CFKP] it wasshaown that this subdivision can be represerted by
the rational map

i ¢
27'7+ 2°

| r—r
27z o5 (zi 1)

(6:1) Rs; gon =
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Figure 21. The pentagonal subdivision rule.

To do this, Figure 21 is cut along the diagonalsinto 10 pieces. Only one such
pieceis consideredas a generator. Simultaneously the 6 pentagonsare cut into 10
piecesas well.

The map in (6.1) may be explicitly constructed using the method of this
section. The generator can be realized by triangles symmetric on common edges,
asin Figure 22, which constructs the map. Rs; gon €quips the subdivision with
a conformal structure (see[C] and [CFP] for this). This may be seenby using
Theorem 5.1.

An analogousconstruction can actually be done for any n-gon,wheren , 5
and odd. SeeFigure 23 for the 7-gon. The rational map in this caseis

(zi D)z%(zi b)?(zi )3

R7i gon =, i o

+ 1;

where, = j 0:00461795::, by = j 27:9055:::, b, = 0:856734 ::, c= 1:60219:::.
Again by Theorem 5.1 this map equipsthe subdivision with a conformal structure.
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Figure 22. Construction of Rs; gon -

Figure 23. Construction of R7; gon -

For n evenand n , 4 an analogoussubdivision can be de ned as well (see
Figure 24). The corresponding rational map is

(zi 1)*(z+9)°

2572+ 27

Ra4; gon = 1j

However, for n even the maps Ry; gon have critical valuesthat are themseles
critical points.
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