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Abstract.  We prove a distortion theorem for bounded univalent functions. Our result
includes and re nes distortion theorems due to Koebe, Pick, Blatter, Kim and Minda, Ma and
Minda, and Jenkins.

1. Intro duction

Recertly, using the general coetcient theorem, Jenkins [6] proved the sharp
estimate

sinh 2%
2(2cosh2p%t=r

(1)  jf(z)i f(z)i, 'D1f (z2)jP + jD4f (Zz)qu:l_p

for any function f analytic and univalert in the unit disk D .= fz2 C jjzj < 1g
and any p, 1, where %denotesthe hyperbolic distance dp (z1;z2) between z;
and z, obtained from the line elemen jdzj=(1i jzj?), and D1f (z) = (1i jzj>)f 42)
is the \hyperbolic" derivative of f . Jenkins also shaved that inequality (1.1) is
not true for 0< p< 1.

The casep = 2 was establishedearlier by Blatter [2] using a mixture of coef-
“cient inequalities for normalized univalert functions and a comparison theorem
for solutions of certain linear di®erertial inequalities. Blatter's method was later
extended by Kim and Minda [7]. They showed that inequality (1.1) holds for all
p . % for any univalent function and is not only necessarybut also suzcient
for univalence (for nonconstart analytic functions). They also obsened that the
choice p= 1 in (1.1) is just an invariant version of the classical Koebe distor-
tion theorem and that the right-hand side of (1.1) is a decreasingfunction of p
on [1;1 ). Thus, the casep = 1, proved by Jenkins by meansof his general co-
excient theorem, is the sharpest result in the one-parameterfamily of distortion
theorems(1.1). The best possible p that can be obtained by Blatter's method is
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Ma and Minda [8] applied Blatter's method to boundel univalent functions
f:D! D and establishedsha}rp distortion ¢theoremssimilar to (1.1), i.e., bounds
on the hyperbolic distance dp f (z1);f (z2) in terms of dp (z1;22) and the value
of the hyperbolic derivative Df of f ,

1i jzj?

PT@ = T e

fq2);

at z; and z,.

In this paper we prove an extension of the Ma{Minda distortion theorem by
a modi cation of a method due to Robinson [10]. We prefer to state our result in
the following form in order to point out the analogy with (1.1).

Theorem 1. If f:D ! D isunivalent, and z;, z, are two distinct points
in D, then we have, for p, 1,

(1:2
H ot T ¥ bt @)
1i |Df(z)] 1i |Df(z2)]

Mol sinh(2%) .

sinh 2(% %)

¢ -
IZcosl"(Zp% =

where %is the hyperbolic distance between z; and z, and 9 is the hyperbolic
distance between f (z;) and f (z;). Equality occursif f maps D onto D slit
along a hyperbolic ray on the hyperbolic geadesicdetermined by f (z;) and f (z2).
The inequality (1:2) is not true for 0< p< 1.

For p ., % Theorem 1 was proved by Ma and Minda [8]. The classical
distortion theorem for bounded univalent functions due to Pick [9] is obtained for
p= 1. This is the weakest caseof Theorem 1. As in the caseof unbounded
univalent functions, Blatter's method seemsnot to be capableto prove Theorem 1
for p= 1.

A simplerescalingargumert showsthat all distortion theoremsfor unbounded
univalent functions mentioned above are limiting casesof Theorem 1, which there-
fore includesand re nes the distortion theoremsof Koebe, Pick, Blatter, Kim and
Minda, Ma and Minda, and Jenkins. Our proof of Theorem 1 is methodologi-
cally remarkably simple. We shall only employ LAwner's theory combined with
an elemenary variational argumert. In particular, a new proof of (a re nement
of) Jenkins' distortion theorem is obtained without making use of the general
coexcient theorem.

An inequality in the opposite senseis easierto establish. We shall prove the
following result which provides a courterpart to Theorem 2 in [6] for bounded
univalent functions and includesit as a Iimiting case. Ma @nd Minda (cf. Theo-
rem 2(ii) in [8]) alsofound an estimate for dp f (z1);f (zz) from above in terms
of iDf (z1)], jDf (z2)] and dp (z1;z2) which, howewer, is of a di®eren nature.
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Theorem 2. If f:D ! D isunivalent, and z;, z, are two distinct points
in D, then we have, for p> 0,
ﬂpﬂ 1=p

. | . . .
(1:3) W jDf (z1)] p+“ jDf (22)] o1 sinh(299) _
' 1i jDf(z1)] 1i jDf (z2)j : sinh(2% i sinh(2%)’

where %is the hyperbolic distance between z; and z, and % is the hyperbolic
distancebetweenf (z;) and f (z;). Equality occursif f mapsD onto D slit along
two hyperbolic rays on the hyperbolic geadesic determined by f (z;) and f (z2)
sud that f(z;) and f (z;) have the same hyperbolic distance to the boundary
of f (D).

Acknowledgements.| thank Fred Gehring, Richard Greiner, Stephan Rusde-
weyh and the refereefor helpful commerns and suggestions.

2. Represen tation and variational lemmas

It suxcesto considerappropriately normalized univalert functionsf: D! D
sinceif (1.2) or (1.3) is proved for somef , then it followsfor S+f £T , where S and
T are conformal automorphisms of D . We shall use the standard normalization
and denoteby S the setof univalert functions f: D! D with f(0) = 0.

We consider,for xed 0< v<r < 1, the set

a

©i. . ¢ . o
D(vir):= IDF(O);IDf (20)] T 2 So; jzol = 13 T (20)j = V :

In order to prove (1.2) and (1.3) we haveto nd the maximum and the minimum
of the function U T, M To

a e
F(a;e) = +
(a;e) 1; a 1lj e

for (a;e) 2 D(v;r).
The following lemma shaws that D (v;r) admits a very simple description. It
is the key to the proof of Theorem 1 and is maybe interesting in its own.
Lemma 1. Forany O<v<r<1

s Zru(x) ’ L g

(2:1) D(v;r) = exp i , de yexp i L XU

&7
u2U(v;r) ;

R

where
5 - ¥

—1 1+
U(v;r)= u:[v;r]! R measurable u(x) - X fora.e.x 2 [v;r] :
1+ 1j x

Moreover, D(v;r) is corvex in logarithmic coordinates, that is, the set
f(logx; logy) j (x;y) 2 D(v;r)g is cornvex.
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Remark. The lemma is a consequenceof the LAwner theory which gives
a parametric represettation of S in conjunction with a version of Liapunov's
convexity theorem on vector measuresdue to Aumann [1]. Parts of the following
argumert can be found in Robinson's paper [10].

Proof. (i) We denotethe set on the right-hand side of (2.1) by E(v;r). Note
that both sets, D(v;r) and E(v;r), are compact. This is obvious for D(v;r). To
prove the compactnessof E(v;r), we rst obsene that

Yauz | Z, dx 1= Ya
M dx; “u2U(v;r)
2:2) wy X v XU %
= ®(x) dx ~®: [v;r]! R?2 measurable,®(x) 2 A(x); x 2 [v;r]
\

where Y — Y
A(X) = 2Hull‘"_llx y 1+x4_
T x'xu 1+x 1; x '

V. X+ I

The sets A(x) are nonempty compact subsetsof R? and the set-valued function
x 7! A(x) is cortinuousin the Hausdor®topology of compact subsetsof R2. Thus
a version of Liapunov's convexity theorem due to Aumann [1] (cf. also [5, p. 29])
applies and shaws that the setin (2.2) is corvex and compact. Hence E(v;r) is
compact and corvex in logarithmic coordinates, i.e., E(v;r) is compact (but not
necessarilycorvex, cf. Figure 1).

(i) We are now goingto prove D(v;r) u E(v;r). Sinceboth setsare compact
it suxcesto show that the densesubsetof D (v;r) which correspondsto one-slit
mappingsin Sy is contained in E(v;r).

Let f(z) = az+ ¢¢¢: D! D be sud a univalert function, i.e., D nf (D) is
a Jordan arc. Then f(z) = aw(z;T)5aj, T = i logjf 40)j, where w(z;t) is the
solution of the LAwner di®erertial equation

d oo eyt  (OW(EZ)
(2:3) a0 = IWED T Gy
w(z;0) = z;

for somemeasurablefunction - (t): [0;T]! @D . See,for instance, [3].
Fix zo 2 D, let x(t) = jw(zo't)j and r = jzpj. We deducefrom (2.3)

t2[0;T];

X(t)
(2:4) X( - W
x(0) =r,;
with R 1 Li - (Ow(zo;1)j?
| _ j i W(Zo;1)]",
ux(t) = 1+ Wz T 1T jWzo 02

Re

- (Ow(zo; 1)
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Taking into accourt that t 7! x(t) is monotonically decreasingfrom x(0) = r to
X(T) = v = jf (z0)j, the latter identity de nes a function u: [v;r]! R which
satis es

1j x 1+x
1I+x' o) - Ty
Thus u 2 U (v;r) for v = jf (z)j, and
Wz T woz, T
jDf (0)j= jfY0)j=e T = exp i dt = exp i @dx
) v

by (2.4). A straightforward calculation using the LAwner ODE (2.3) and (2.4)

shows
LI Tt S ORI
dt 1i jw(zo;1)j? x(t)u x(t)
that is,
: . HZ ¢ (VR : 1
. . . Azo; T)j d jw9(zo; 1)j
Df (z0)i = (L jzg?) A" 20Tl _ o Cog W2 UL g,
IPT(zo)i = (i Jzol") jw(zo; T)j2 P 0, dt 09 111i jw(zo; 1)j?
T xq) *odx

= ex ——+——C¢dt =exp j
P XU x@® P
This proves D (v;r) u E(v;r).
(iii) In order to prove the corverseinclusion, we x u 2 U (v;r) and de ne
measurablefunctions 3: [v;r]! [j 1;1] and ' : [v;r]! @D by

v Xu(x)

1+x3)i @i xHux),

o SN P T L Ty EF

3(x) =

sothat _ "
11i (X7,

1j x2
Let x(t) be the uniquely determined absolutely cortinuous solution of the sepa-
rable ODE (2.4) corresponding to our choice of u, i.e., x(t) = Ri (t), where

u(x) =

R(X) = i =1d;  x2[vrl:
r
Note that x(t) is absolutely cortinuousbecausec - RYx) - 1=cfor a.e.x 2 [v;r]
for someconstart ¢ < 0. Moreover, x(t) is monotonically decreasing,satis es
x(t) - r + t=c and exists aslong as x(t) , v, i.e., x(T) = v for someT > 0.
Flnally, let 7 : i ¢
2Im " x(t), x(t)
At) = | 6

o J1i ' x(t) x(0)j2
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A calculation shaws x(t)e*") = w(r;t), where w(z;t) is the solution of the LAwner
ODE (2.3) for - (t) = ' (x(t))el ™V . Therefore, w( ¢;t) 2 S for every t 2 [0; T]
and jw(r;t)j = x(t). Moreover,

d Mo xqt) .
at oY 1i jw(r;t)j2 x(thu x(t)
Thus
r A B
exp | @d = exp | dt =e T = jw%0;T)j = jDw(0; T)j;
Z 0
dx ° jwq(r; T)j . :
exp i = [Li r®)———>+—=—= = Dw(r; T)j;

and we have proved E(v;r) p D(v;r). o

We now combine the represertation Lemma 1 with an elemerary variational
argumert which is in fact a particularly simple caseof Pontry agin's maximum
principle in optimal cortrol theory. It essetially reducesextremal problems over
D (v;r) to a family of extremal problems over the intervals

1 X 1+ X"
1+x'1j x '

U(x) = X 2 [v;r]:

Lemma 2. Let a: U (v;r)! R and e U (v;r)! R bede ned by

a(u) == exp i r @dx ;
(25) ) Zvr dX 5
e(u) == exp j , XU(X) X

Let F: [0;1]£ [0;1]! R be di®ereriable and & 2 U (v;r) sud that

i ¢ i ¢
sup F a(u);e(u) =F a();e(0) :
u2U (vir)

Then

(2:6) H iO(x);x¢: mlp)H(u 1 X) for a.e. x 2 [v;r];

where the hamiltonian H: (0;1 ) £ [v;r]! R is given by

@7  Hux) = %'a(m &(0) ( Ju+ %Ia(()) o(0) S 92,
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Prcl)of. Fix a Lebesguepoint Xo 2 [v;r] of the functions x 7! 0(x)=x and
X 7! 1= xa(x) , that is, suppose

Z . s Z, s
X0t E 0(x) dx 0(Xo) . lim 17 %% % dx 1

lim — — = ;
X0 0+ k0 X0(x)  XoQ(Xo)

# o0+ k0

and let u be an arbitrary point in U(xg). For £> 0 considerthe needlevariation

s
u for X 2 [Xg;Xo + 1],
Uy(x) = [Xo;Xo + #]

0(x) for x 2 [v;r]n[xo;Xo + 4.

Since U(Xp) B U(Xxy) for X1, Xp, we have us 2 U (v;r). A calculation yields

Jim. a(ui)i aa) _ a)((g)io(XO)i u¢;
e _ e 1 1"
0+ + Xo O(Xo)I u '
and thus
Flau)ieu) i Fla@ye@’ ¢
A, a(Ui)’E(Ui)J DAY H'0(x0)iXo i H(U;Xo):

By hypothesis,

i ¢ i ¢
F a(us);e(us) i F a(0);e(n) 0

+

+> 0

sothat (2.6) follows since almost every pointgin [v;r] is a Lebesguepoint of the
L!-functions x 7! 0(x)=x and x 7! 1= xa(X) . o
3. An extremal problem for the set U (v;r)
' ¢, i ¢
We next apply Lemma2to F(a;e) = Ia:(li a) P+ Ie:(li e) P p> 0.
Lemma 3. Let 02 U (v;r) sud that

Hawy T M e T M oa e M )
1i a(u) 1i eu) 1i a(0) 1i e0)

To

for every u 2 U (v;r). Then there exists a constart ° 2 [v;r] sud that either

8
2

(@) 0(x) = Ups (x) 1=

1; x
1+ x
1 °

fora.e.x 2 [v;°];

140 fora.e.x 2 [°;r];
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or
8
2 i+ X for ae. x 2 [v;°T;
(b) 0(x) = ue (x) = _ 15
’ > +
BT fora.e.x 2 [°;r];
i
or
(c) 0(X) = Uze(X) = ® for a.e. x 2 [v;r];

for some® 2 £(1i V)=(1+ v);(1+ v)=(1; v)o.

¢
Proof. By Lemma3, H(u;x), H I()(x);x for a.e. x 2 [v;r] where

e @ P a1 o) TP e 11
W)=P 1750 11, a0 Zx P Ty T gy 2y

Since u 7! H(u;v) is amon-constart corvex function, ityattains its minimum
on the interval U(v) = (1 V=1 + v);Q1+Vv)=(21i v) at (1j v)=21+ v),
at (1+ v)=(1; v) or at someunique point ® in between. In the latter case,
u 7! H(u;x) attains its minimum on U(x) only at ® for every x 2 [v;r], so
that 0(x) = ® for a.e. x 2 [v;r]. If u 7! H(u;v) takesits minimum on U(v) at
(i v)=(1+ v) but notat (1+ v)=1;i v), then obviously case(a) holds. o

Remark. In the proof of Lemma 3 we only usedthe convexity of u 7! H (u; x)
and the fact that in this caseu 7! H (u; x) attains its minimum always at the same
point (independert of x).

Lemma 4. The functional

a(u) . e
1i a(u) 1 e(u)

“(u) =

attains its maximum on U (v;r) only at u = us, and u = Uy .

Proof. In view of Lemma 3, the only candidates for maximizing ~ (u) over
U (vgr) are the functions uy- and i for © 2 [v;r] and the functions us.e for
®2 (1ij v)=(1+v);(1+Vv)=1i v) . Todecidewhich of thesefunctions actually
maximizes ~ (u) is now a pure calculus problem. The basic stepsare as follows.

Integrating (2.5) with u = uj.- yields

o . _@+°)? v BT

(3:1) o= el = (1+ v)2 P T 095
' oy _ @i ) v 1+ T
e( )_ e(u]-, ) o (1| V)2 eXp I 1| o Iogo_
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It is easyto seethat 4%°) > 0 and &%°) < 0. Thus, &(°) < &(°), since &(v) <
a(v). Next, for ° 2 [v;r], we have
u

da - a®) &)
d° 1j a®), 1i &°)
(3:2) H T o o .
:2|og§ 1 a(’) 1 -é()m,o;

(L+°)2(Li aC)? ' (@i *)2'1; o)
with equality if and only if °© = r, since
| 1 . a(o) PS | 1 . e(o) Fol 5 >
A+ M1 ae)? @i °)'1 )
The latter inequality is equivalent to
(3:3) .
[ L8 N
(A+v)1i aC) i li &°) (i viexp

0:

fo) 5

;
1 551005 <0 O<v- °.-r<l
|

which in turn follows from the easily veri ed fact that the left-hand side of (3.3)
is a strictly convex function of the variable v which is obviously not positive for
v = 0 and takesthe value

(34) u o ﬂ IJ ° TL ) o

. 11 . 11+ 11; ’
2 (1+°)sinh — ' IogL i (1j °)sinh — Iog:— exp j §1L° Iog:—

21+ ° ° 21 °
at v= °. The rst factor in (3.4) is strictly decreasingon [°;1] as a function of
variable r and vanishesat r = °. This proves(3.3) and hence(3.2).

It follows that " (ui-) < “(uy,) for all © 2 [v;r] , sothat among u;.- only
ui; maximizes " (u). Similarly, " (u) is maximized among uz.- only by uy. .
Moreover, ~ (ul;r% = "(uzy). o

Finally, on (1 v)=(1+ v);(1+ v)=(1i v) , the function ® 7! " (uze) is a
convex function sincethe secondderivatives

?  ause) “log 2

1+ a(us.
i ( 3’®)¢3a(u3;®);

r
v |
A 1 i a(u3;®)

U
> e(uze) r- 2 1+ e(use)
(3:5) ’ = log— —= e e(us.
d@? 1 e(Us.ae) 9y &' e(uze) (Use)
' log(r=v) H log(r=v) 1.
£ °® i tanh °®

are obviously positive. Thus, ® 7! " (uz.e) is maximizedat ® = (1 v)=1+ v)
orat ® = (1+ v)=(1i v). Howewer, "(Uz@ ) = ~(U1y) < “(u1y) by the rst
part of the proof. Similarly, “ (uzge+) = " (u2y) < " (uzy). Therefore, none of the
functions us.e maximizes”~ over U (v;r). o
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Lemma 5. For any p, 1 the functional

Haw TP M e
1i a(u) 1i e(u)

To

(3:6) o(u) =

attains its maximum on U (v;r) only at u = u;, and u = uy,. For0< p< 1
the functional (3.6) is not maximized by ui, and uy, .

Proof. Employing the notation usedin the proof of Lemma 4, we obtain
'IJ ° ﬂ “ ° ﬂ 5 I“l o ﬂ i o

47 a0 P T e P T oac) it ae)

d° 1 a®) 1i €&°) 1i a(®) q Li aC°)?

é(o) pi 1 . éO(o)

TP Vs i
1i &°) 1i &°)
(3:2) M a(o) ﬂpil H é(o) ﬂpi 1s
(3:7) SLARET ac) + 17 &°)
£ &%> 0;
17 &)

if p, 1, sinceé&°) < 0 and &°) < &(°). Therefore, ", (u) is maximal among
uy;e only for ug, . Similarly, “p(u) is maximal among uy.- only for up, and
“p(uyy) = “p(uzy). Finally, ® 7! " ,(use) is strictly corvex for p, 1 sinceits
secondderivative is found to be

a(uze) Mo 2M d a(uze) 2

1i a(use) d®1i a(use)
M oetuse) MM e(uge)
1i e(uswe) d®1lj e(uswe)
+ p“- a(uze) Tein g M a(Use)
1i a(uze) d&? 1 a(use)
H e(Use) Mo s o ¥ e(Use)
1i e(use) de? 1 e(uze)

v
p(pi 1)

2

>0

by (3.5). Thus “p(u) is maximal among uze only for ®= (1 v)=(1+ v) or for
®= (1+ v)=(1i v) whereits value is lessthan for u= uj, .

It remainsto considerthe case0O< p< 1. Since

a' ey o
& T ac)  1i &) ’

°=r
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&(°) < &(°) and &%°) < 0< &%°), 1([3.7) shows .
M o M o X
d"oae) Pt o) f
1 aC) 1i &)
for all © 2 [v;r] sutciently closeto r. Therefore, “,(u) is not maximized at
u= U]_,,— . 0O

<0

4. Pro of of Theorem 1
Using Lemma 1 we deducefrom Lemma5
Lemma 6. Forany p, 1andany O< v<r < 1, we have

(4:1
i iDf (0)j ﬂp+ Dtz PN HZCOS@ %ﬂ P sinh(2)
1 pfOF 11 Df @) PP S 2w B
for Iij (0)j;iDf (zo)j 2 D(v;r), where %and 98 denotesthe hyperbolic distance
between O and zy, and 0 and f (zp), respectively. Equality occursif f maps D

univalertly onto D slit along a segmem on the line determined by 0 and f (zp).
The inequality (4.1) is not valid for 0< p< 1.

Proof. Sincethe hyperbolic distance between 0 and r = jzpj, and between 0
and v = jf (zo)] is given by

1, 1+ jzo] 1 1+ jf(20)j,

%= =lo —  and 9%B= Zlog———2;
T 2797 2 2 29 T1 i (z0)]
respectively, we obtain from (3.1) and (3.6)
1 ToT1=
© (Ug )P = HH a(Ugyr ) e ¥ e(Uyyr) PR
P ! 1 | a(u:]_’r) 1 | e(u:l_’r)

i ¢l=p S|nh(20@
= 2cosh2p? i ¢
"2p% sinh 2(%; 96)
In view of Lemma 1 and Lemma 5 this proves (4.1) for p, 1 and shaws that
this inequality doesnot hold for 0 < p < 1. It remainsto showv that equality
occurs in (4.1) if f maps D univalertly onto D slit along a segmem on the
line determined by 0 and f (zp). In this case g(z) := jf (zo)j=f (20)f (zoz=7zo))
maps D univalertly onto D n[ ;1) for some ™~ 2 (0;1) and g%0) > 0. Thus
g9(z) = w(z;T), T = i logg¥0), where w(z;t) is the solution of the LAwner
equation (2.3) corresponding to - (t) © 1. Note that w(r;t) > 0. If we de ne the
function u 2 U(v;r) by
R (9]

WD S w2
asin part (ii) of the proof of Lemma 1, we seethat u = uj, by construction
and jDf (0)j = jDw(0; T)j = a(uy;) and jDf (z0)j = jDw(r;T)j = €(uy;). Thus
equality holdsin (4.1) in this case.o
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Utilizing the invariance property of the problem, we have proved Theorem 1.
It remainsto deduceJenkins' distortion theorem from Theorem 1.

Corollary 1. If f:D ! C isunivalent, and z;, z, are two distinct points
in D, then we have, for p, 1,

sinh 2%

. .
l. p . _p 1=p
2(2 cosh2p%pl=p IDaf (z1))" + JD1f (22)] ;

(4:2) if(z)i t(z2)i,

where %denotesthe hyperbolic distance betweenz; and z,.

Proof. We can approximate any univalent function f: D ! C by boundel
univalent functions, if the bound is allowed to vary. Let f: D ! C be univalent
and f,: D ! C a sequenceof univalent functions bounded by M, sud that
fn! f locally uniformly in D. We may assumethat M, ! 1 . Using the easily
veri ed facts

Do ()i

"T; iDan(zy = D@

and i ¢ .
Mnsinh 2dp On(z1);0n(z2) ! 2if (z1) i f(22)]

for gn(2) = fn(2)=M,, we seethat (4.2) follows from (1.2) appliedto g, . o

5. Pro of of Theorem 2

Proof. According to Lemma 1 we have to maximize the function

e A T e T
PR T a1 eu)

onthe set U (v;r), where a(u) and e(u) are givenby (2.5). Let ¢ 2 U (v;r) suc
that *,(u) - *p(0) for every u 2 U (v;r). We rst show that *,(0) = *,(us),

where 8 1
i X
2 L2y x<
— 1+ X
UQ/4(X)—> 1+X
. ;o Yar X,
1j x

for somesuitably chosenconstart %2 [v;r].

To seethis we note that the hamiltonian H (u; x) in Lemma 2 is now a strictly
concave function of u forgevery xed x 2 [v;r]. Thusthe function u 7! H(u;x) is
minimal on the interval (1j x)=(1+ x);(1+ x)=(1j x) at oneofits boundary
points, and Lemma 2 implies for every x 2 [v;r] that 0(x) = (1 + x)=(1j X) or
0(x) = (i x)=(1+x). For u(x) = 0(x) weconstruct the function - (t),0- t- T,
as in part (iii) of the proof of Lemma 1. Then - (t) takesonly the values § 1.
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Hencethe solution w(z; T) of the LAwnerequation (2.3) generatedby - (t) satis es
a(0) = jDw(0;T)j and e(0) = jDw(r;T)j, and maps D univalently onto D slit
alongtwo segmeits on the real axis (see[3, p. 116]). Therefore, w(z; T) = W(z;T),
where u(z; 1) is the solution to the LAwner ODE (2.3) corresponding to #(t) = 1
for 0- t< ¢ and #(t) = j1lfor¢ - t- T for someconstart O - ¢ - T.
Note that Ww(r;t) > 0. If wenow de ne u2 U (v;r) asin part (ii) of the proof of

Lemma 1l by
I S IR L[ (HI &
URED T e o
then, by construction, u(x) = ug(x) for %= w(r;¢), and a(u) = jDW(0;T)j =
jDwW(0;T)j = a() and e(u) = DW(r;T)j = JDw(r;T)j = e(0), that is, * p(us,) =
1
p(0).
We have to decide which of the functions us, actually maximizes  ,(u). A
calculation yields

(Lir? v u1+~°/4ﬂz

1) A = s i ;
e(Us) = (1+r)> v 1 % 2
" r @i v)y?2 1+ 3%
Thus
d p Moy T P ey T 1

1 3 = = 0
&P TIITZ Tawd Tiawd) | T ew) 17 eu)

if and only if a(usy) = e(us), becausexP=(1j x)P*! is monotonically increasing
on (0;1) for p> 0. Since a(us,) = €(us,) is equivalen to

141 1+v_ N1+ %ﬂz_

1ir 1;jv 1; % °
we conclude that % 7! 1 ,(us,) has precisely one critical point %= % 2 [v;r]
which is given by (5.2). A straightforward computation using (5.1) shows that

the secondderivative of * ,(us,) is negative for %= %, sothat ¥ is the global
maximum for * ,(us,). By (5.1) and (5.2)

(Li r)? v 1+r ¢1+ v _ sinh(298)

(5:2)

a(U%) = r 1+ V)z 1ir 1jv B sinh(Z%’
ie.,
53 1 1 — . 2“ a(Usy, ) o _ . . sinh(2%8) >I0.
®:3)  Fel) s HplUe) =12 77y T2 Gnnen sinh(2%)

where %= %Iog'(1+ rN=(1j r) and 9B = %IogI (L+ v)=(1j v) is the hyper-
bolic distance between 0 and r and between O and v, respectively. We have
proved (1.3).
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Let f map D univalertly onto D slit along two hyperbolic rays on the
hyperbolic geadesic determined by f (z;) and f (z) sud that f (z;) and f (z2)
have the same hyperbolic distance to the boundary of f (D). We shall show
that equality holds in (1.3). By conformal invariance we may assumez; = O,
zZ=r2(0;1),f0 =0and f(r) =v2 (0;r). Thusf maps D onto D slit
along the segmems (j 1;i r1] and [r,;1). Sincedp (0;i r1) =dp(r;r2), we have
r{ = (ra2j v)=(1i rpv). Hence

“ri Z‘H

f 1ij rz i v
f(z):i 'prizﬂ;

1; vf 1 rz

which implies Df (0) = Df (r).

On the other hand, f(z) = w(z;T), T = j logf Y0), where w(z;t) is the
solution of the LAwner equation (2.3) for - (t) = 1 for 0- t< ¢ and -(t) = 1
for ¢ - t- T for someconstart ¢ 2 (0;T). Note that w(r;t) > 0. If we now
de ne the function u2 U (v;r) asin part (ii) of the proof of Lemma 1 by

i (G L - (w(r)j?
R GO

then u = uy, for some %2 [v;r] by construction and a(usy) = Df (0) = Df (r) =
e(uy,) . As we have seen,this is only possibleif %= %, where %is given by (5.2).
Hence

. | . IS 11=
Mot LT i R T
1i Df (z1)] 1i jDf (22)] Lo
_ yi=p___ Sinh(298)
- sinh(2% | sinh(2%9)
by (5.3). o

Using the sameargumernts asin the proof of Corollary 1, we can deducethe
following result of Jenkins (Theorem 2 in [6]) from Theorem 2.

Corollary 2. If f:D ! C isunivalent, and z;, z, are two distinct points
in D, then we have, for p, O,

: . sinh2% . e &=
(5:4) if (22) 1 1(22)i - Sirrey IDaf ()PP +Daf (2P

where %denotesthe hyperbolic distance betweenz; and z,.
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Figure 1. The set D(%; 2):

6. Final remarks

1. In principle, Lemma 2 can be usedto solve any extremal problem for the

set D(v;r). Indeed, if we want to solve the extremal problem
max F(a;b)
(a;e)2D (v;r)

for some di®erertiable function F: [0;1]£ [0;1] ! R, then the corresponding
hamiltonian H (u;x), cf. (2.7), is either (I) corvex or (II) concave as function
of u. Case(l) is completely characterized by Lemma 3, whereascase(l1) can
handled as in the proof of Theorem 2. In either case,the determination of the
extremal valuesof F on D(v;r) is reducedto a calculus problem, namely to
maximize a real-valued function of onereal variable.

2. Our method can alsobe usedto describethe set D (v;r) explicitly. It turns
out that D(v;r) is a simply-connected domain whose boundary consists of two
smooth Jordan arcs corresponding to the cases(l) and (I1) above, cf. Figure 1.
The two common end points of these two Jordan arcs correspond to univalent
functions mapping onto D slit along a radial ray. Points on the Jordan arc (I1)
correspond to univalent functions mapping onto D with slits along the positive
and the negative real axesor rotations of suc functions. Points on the Jordan
arc (I) correspond to forked slit mappingsin case(a) and (b) of Lemma 3 and to
analytic one-slit mappingsin case(c) of Lemma 3.
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3. The expression
jDf (z1)j° + |Df (z2)°

is not maximized by the extremal functions of Theorem 1. In fact, the extremal
functions for this functional belong to the complicated part (I), (c) of the set
D(v;r).
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