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Abstract. We introduce the notion of limit value sharing for meromorphic functions in the
plane. This is closely connectedto Ahlfors's theory of covering surfaces.

1. Intro duction

The certral notion in this paper is the sharing of limit values With this we
mean that two (transcendertal) meromorphic functions in the plane convergeto
certain given values a 2 @ on the samesequences, ! 1 .

Shared limit values t very well to Ahlfors's theory of covering surfaces|2].
One could say that shared limit values in Ahlfors's theory are an analogue of
shared valuesin Nevanlinna's theory of meromorphic functions [25]. This shows
in the fact that shared limit values lead to shared islands in a suitable sense.
Despite of the formal similarities between shared values and shared limit values,
problems connectedto the latter are more topological in nature. A consequence
of this is that the proof of the v e point theorem does not carry over. Already
simple exampleslike f and f + 1=z show that meromorphic functions can share
all limit valueswithout being identical. Nonethelesswe will show that there is a
remarkable di®erencebetweenfour and v e sharedlimit values.

In Section 2 we summarize somefacts from value distribution theory for later
reference. (For a complete treatment we refer to the monographs[13], [19], [26],
[27]and [37].) In the third sectionwe give growth estimationsin terms of the char-
acteristic functions of two mappingsthat sharelimit values. The next two sections
are dewted to the construction of non-trivial examplesof functions sharing limit
values. The reader who is interested in more theoretical results may skip this
part. The following sectionstreat the caseof v e sharedlimit values, extension
properties of limit value sharing, a generalization of limit value sharing and Tling
disks. In thesesectionsthe theory of normal families plays a certral role. We refer
to [34].

I would like to thank my teacher F. Pitthauer. The idea of shared limit
valuesis his. Further | want to thank J.K. Langley. The examplesin Section5
were constructed by him.

2000 Mathematics Subject Classi cation: Primary 30D35.
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2. Value distribution  theory

WesetD,(a) ;= fz2 Cjjzi aj < rg (with obvious modi cation fora= 1),
D, := D;(0) and D := D;. The closureof D, is D, := fz2 Cjjzj- rg. We
denote by @ the Riemann sphereand by A the chordal metric. The complemert
of a set A will be denoted A°. It will always be clear from the context whether
the complemert is taken with respectto C or e.

For meromorphic f: U ! @ with U % C the spherical derivative of f is

At w’ it
t7(2):= lim, izi wj 1+ jf )

with z2 U. We have f# = (1=f)* , hencef# is de'ned in polesof f . Further
f#:U! R* is continuous.

Let f:C ! € be meromorphic and D % © be a domain. The bounded
componerts of fi (D) are called islands (over D). Let n(r;f;D) bethe number
of islands of f over D contained in D, . Further

Z . 221/42" . OO H .20
1 'f#(z)%dzzi T A%E )j*%,
]/4 D,

dod":
Vao o 'L+ f (%8 )2

A(r;f) =

The function YCA(r;f) is the spherical area of the image of D, under f (with
regard to multiplicities).

The Ahlfors{Shimizu characteristic is de ned (see[13, p. 10])

20 AL )
t

0

Q) T(r;f):= dt:
The function T(r;f) is, up to a boundedterm, Nevanlinna's characteristic. Sim-
ilarly to (1) let N (r;f;D) be the logarithmic integrlal of n(g;f; D). As usual we
denote by S(r;f) functions such that S(r;f) = o T(r;f) (outside a possible
exceptional set of nite linear measure).

With this notation Ahlfors's secondfundamertal theorem takesthe form:

Jordan domains with disjoint closures. Then

NS
(i 2)T(r;f) - N (r;f;Dk) + S(r;f):
k=1

The estimation of the integrated error term is due to Miles [21].

contained in D, . The trivial inequality n(r;f;Dy) - n(r;f;a) shows with The-
orem 2.1 the secondfundamerntal theorem of Nevanlinna theory.
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% ® . Then

X
(i 2)T(r;f) - N (r;f;ac) + S(r;f):
k=1

Of courseN (r;f;ay) = Rorﬁ(t; f;ax)=tdt. (If f (0) = ax asimplemodi cation
IS necessary)

Let | beanisland of f over D. If f:1 ! D is bijective,then | is called a
simple island.

Theorem 2.3 (v e islands theorem). Let f: C ! € be a transcendenal
meromorphic function. Then over at least one of v e given Jordan domains with
disjoint closuresf possesses nitely many simple islands.

For a proof see[2] or the recert paper [4].
We note that f and g are said to share the value a 2 @ ifforall z2 C

f@=a () 92=gq

i.e.if f and g have the samepreimagesfor a. (A survey on sharedvalue problems
can be found in [22].) The basicresult on sharedvaluesis Nevanlinna's v e point
theorem [25].

Theorem 2.4 (v e point theorem). Let f;g: C ! @ be meromorphic and
not both constart. If f and g share v e valuesthen f = g.

To illustrate the strength of this theorem, let us note how Picard's theorem
follows from the v e point theorem: Supposethere exists a non-constart mero-
morphic function f in the plane that omits the third roots of unity. Let ° bea
non-trivial third root of unity, then f and °f aredistinct, non-constart and share
“vevalues,namely 0, 1 and the third roots of unity, cortradicting the v e point
theorem.

From the secondfundamertal theorem it follows easily:

Prop osition 2.5. Let f;g: C! @ be meromorphic and non-constart.
() If f and g sharethree valuesthen T(r;f) - 3¢T(r;g) + S(r;f).
(i) If £ and g sharefour valuesthen T(r;f) = T(r;g) + S(r;f).

3. Shared limit values

Picard's theorem shows that if f is transcenderial meromorphic then @n
fa;bg %2 f (DC) for all r > 0O with suitable a;b2 &. In particular we have the
Casorati{W eierstra¥stheorem: For each a 2 @ there is a sequencez, 2 C with
z,! 1 andf(z,)! a.

We will considertranscenderial meromorphic functions f and g on C that
corvergeon the samesequencesz, ! 1 to givena?2 e.
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De nition 3.1. Let f;g: C! @ be transcendenal meromorphic functions
and a2 €. we sy that f and g share the limit value a, if for all sequences
Zn! 1 :

f(z)! a () o9z)! a

The formal similarity of value sharing and limit value sharing lets one hope
for uniguenesstheoremslike the v e point theorem. Simple examplesshaw, that
such statemerts are not true (without further restrictions). Let e.g.f bearbitrary
and f1:= (z+ 1)f and f, := zf . Sincef,=f, = (z+ 1)=z it follows that f; and
f, shareall limit valuesbut their di®erenceis f1j fo = f. This already shows
that the proof of the v e point theorem cannot be mimicked. The given example
is trivial sincethe quotient is rational. We will construct in Section 5 examples
wherethere are no such simple relations betweenf and g, yet all limit valuesare
shared.

The following lemma makesit possibleto useAhlfors's theory. For M;N % C
wewrite N % M if N nM is bounded.

Lemma 3.2. Meromorphic functions f;g: C ! & share the limit value
a2 & if and only if for all " > 0O there exists ") > 0 sud that

i ¢, i ¢ - ¢, i ¢
g1'D.a) %fil'D.(@ and fil'D.a) % g lD-(a) "

Proof. We can assumethat a is nite. i ¢

AD §uppose there is " > 0 sud that the sets M, := g ! D;-,(a) n
fi 1|Dv-(a) with n 2 N are unbounded. Choose z, 2 M, with jz,j, n. Then&
zn ! 1 andsincejg(z,)i a < 1=n we have g(zn) ! a. Now z, 2fi 1'p. (a)
implies jf(z,) i a , " hencef(z,) 6! a, a contradiction. Symmetry shows
necessiy.

\ ( " Supposethereis z, ! 1 with f(z,)! a but g(z,) 6! a. Passingto
a subsequegce/ve can asspmejg(zn) i & > " for some” > O andforall n2N.
Sincefz,g % fi' Ds(a) fogall +> 0andfzog\ g * D-(a) =; we deduce
that fi 1 D.(a) ng' ! D-(a) isunboundedfor all +> 0. This is a contradiction.
Symmetry shows the rest. o

We intro duce a further notion.
De nition 3.3. Let f and g be meromorphic functions and a 2 €. wecall

a a completely unshared limit value of f and g if there is no sequencez, ! 1
with f(z,)! aandg(z,)! a.

A simple \diagonal argumen" shows:

Prop osition 3.4. Let f and g be meromorphic functions. Then the set of
completely unsharedlimit valuesis open.

Prop osition 3.5 Let f and g be transcendertal meromorphic functions.
Then the set V of all completely unsharedlimit valuesis a proper subsetof e.
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Proof. SupposeV = €. Then f g and f =g are not transcenderal since
otherwise there are sequences, and w, with (f j g)(z,)! 0 and (f =g)(w,) !
1. It easily followsthat f and g are rational. o

Let f be atranscendenal ertire function and g:= € + f . It is easyto show
that f and g shareno limit value and that V = C is maximal. Another example
isf(z) =e#+€e % andg(z) ;=€ e ?. Again V = C but f and g sharethe
limit value 1 .

4. Growth estimations

If f and g share valuesthen the charcteristic functions are of comparable
growth (cf. Proposition 2.5). The sameis true for sharedlimit values.

Theorem 4.1. Let f;g:C ! @ be transcendertal meromorphic functions
that shareq, 3 limit values. Then

T(r:f) - qi—qu(r;g) +S(rif):

Proof. Let a;;:::; a4 bethe sharedlimit values. Choose" > 0 sud that the
disks D-(az);: 'I" »(aq) have dJSJOInt clpsures. Lemma 3.2 shows the existenceof
+> 0 with g ! Da(ay) %2 fi i'p. (ax) for k= 1;::::9. We show that, with at
most nitely many exceptions,ewery island of f over D '(ax) contains an island of
g over Di(ax). Supposeit existsa sequenceof island§ln of fo over D (ax) which
do not cortain |;slands of g over D (ak) Sinceg ! Di(ay) % fil D-(a) it
follows I\ g ! D.(ax) =; for n, . Each I, contains z, with f (z,) = a,
hence f (zn) ! &g Then 19(zn) i @kj + gives a contradiction. It follows
that nr;f;D-(ax) - o ;0;Ds(ag) + O(l) n(r;g;ax) + O(1). Logarithmic
integration and Theorem 2.1 shows

xd
(@i 2)T(r;f) - N (r;0;ac) + S(r;f) - q¢T(r;g) + S(r;f):o
k=1

Corollary 4.2. Let f;g: C! @ be transcendertal meromorphic functions
that sharein nitely many limit values. Then there exists for every " > 0 a set
E- %2R, of nite linear measuresuc that

T(r;f) - 1+ ")T(r;0)

outside E- .

In view of Proposition 2.5(ii) the question arisesif the conclusion of Corol-
lary 4.2 is already true for q, 4 sharedlimit values.

The above proof shaws that limit value sharing implies a kind of island shar-
ing. Uniquenesstheorems do not follow (without further restrictions) since one
cannot concludethat f j g haszerosin theseislands.
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We now prove a uniquenesstheorem under strong additional assumptions. It
isonly a partial result and it would beinteresting to know whether the assumptions
can be weakened (especially concerningthe growth of f ).

For the proof we need the following corollary from Wiman's theorem ([6,
p. 224]):

Theorem 4.3 (Wiman). Let f: C ! C be a non-constart ertire function
with order %f) < % and M % C be unbounded and connected. Then f (M) is
unbounded.

Theorem 4.4. Let f;g: C! C be zero-freeertire functions that shareall
limit valuesof a curve surrounding 0. If

loglogT(r;f) < 1

0 = i
e (f) : Ilwlsup logr >

then f = g.

Proof. Since %(f) < % we have f = exp(' ) with an entire function ' with

order %' ) < 1. From our growth estimatesit follows g = exp(A) with %A) <
%. Let C be the curve consisting of shared limit valuesand ° be a componert
of fi 1(C). Then ° is unbounded and connected. Consider f =g = exp(' | A).
Suppose' | A is not cgnstart. Since %' i A) < 3 it follows from Wiman's
theoremthat j := (" i A)(°) is unbounded (and of courseconnected). We have
f=g(z)! 1forz! 1 infi?%(C) sinceC |s comp@ct hencein particular f=g! 1
on °. Forall +> 0 it follows j % expi ! +(1) This implies a contradiction
since for suitable +> 0 the preimage exp' 1'p +(1) consistsonly of islands. We

concludethat ' j A is constart and it followsthat f = g. o

5. Examples of functions that share all limit values

In this section we construct entire functions f and g that share all limit
valuesin € and are not related by simple transformations.

The construction is due to J.K. Langley [16].

The idea is to usetwo Weierstra¥sjproducts with closezeros. We need some
technical preparation. Let a, ! 1 beacomplexsequencewith ja,j - jan+1 ] for
all n2 N. Wede ne

© a

dist(r):= inf jay i ajjj 6 kijaj, rijaj, r :
For z 2 C we denote by k(z) the index such that jz | ax)j - jzi a&] for all
j 2 N. If seweral a; have minimal distance from z then we choosek(z) maximal.

Lemma 5.1. Let a, ! 1 be a complex sequencewith dist(r) ! 1 as
r! 1 . Then there existsa function ' : R* ! R* with " (r)! 1 forr! 1
sudh that for all z2 C and j 6 k(z):

izi aj, " (jzj):
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Proof. Let jzj = r and j 2 N sud that g has secondminimal distance
from z. (Note that jak(z)l zj=jgj zjis pOSSIb|eI) FI&St we assumejzj a;jj < l
Then ja j;jak(y)j , r and thus(iz. aj . (&IS'[ ir q];hermsejaJ i ay z)j
1Zi aj+jzi agyl < 2éllst —r + —egst —r = dlst —r gives a cortradiction.
It follows jzi aj, min —r —dlst "(r). o

Theorem 5.2. For every =2 [0, 1) there exist entire functions f and g with
+= %f) = %g) = %Uf =g) which shareall limit values.

Proof. We set u q
f(z) = 1i —

with a, := 2¢ if += 0 and ax := k¥* for £2 (0;1). Thesefunctions are well
known and it follows from the basic results on the exponernt of convergenceof
canonical Weierstra¥sproducts that %f) = £ for £2 [0;1) (see[27]). We choose
a secondsequenceb with jbj = ax and jbc j axj = "k ! O with a positive
sequence'yx which we prescribe later. Put

y H , T

h(z) := 1i —
k=1 b

Clearly %h) = +. For large z we have
if(2)j+ih(2)j - exp(zj):
On the circles jzi axj = 3(ax i a; 1) with large z and k:

if(@i  exp(2a)
zi aj g(ai ac 1)

- exp(2a);

since 2(ak i a&;1) ! 1. Now f(z)=(zi ax) is holomorphic on jz | axj -

2(ak. ax; 1). The maximum principle shovsthat on jzi axj - exp(j 3ax) it holds
if (2)j - exp(i ak). The sameinequality is true for h on jz i b - exp(j 3ax).
Set "¢ = exp(j 4ax). Then

(2) jf(2)j- exp(i a) and  jh(z)j - exp(i ax)

simultanuously on jz | ¢j < %exp(i 3ax) where ¢ = %(ak + ). The union of
thesedisks will be denotedby E, i.e.

a

© ..
E:= z2Cjjzi oj< sexp(i 3ax) :

We estimate h=f outside E . Again we denoteby k(z) the index sothat jzj ay(,)]
is minimal. It is easyto seethat ax fullls the assumptionsof Lemma5.1. Thus
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there is function * with ' (r)! 1 andjzj aj, ' (jzj) for j & k(z). For the
function
zj b

Zj ag

ug(z) =

we get

k .
jzi aj’

juc(z)i 1=

We show jug»(z)i 1j! Oforz! 1 outside E. Let z,! 1 bea sequence
outside E and consider k(z,). If k(z,) is bounded sois ay(,,) and it follows
JUkzo)(zn) i 1) ' 0. If k(z,) is unbounded we can assumek(z,) ! 1 . We
obtain

"K(zn) _ exp(i 4ax(z,))
JZn i k(zy)] exp(i 3ak(z,)) i eXp(i 4ak(z,))
12exp(i a(z,)) ! O

Uk (Zn)i 4=

since a;,y! 1 . Thusfor zZE

X R . 1 X
ju(2)i 1 - juc(z) i 1j+ o1) - 7 j"kj + 0(1) = o(1):
k=1 k=1 J J) k=1
k6 k(2)
It follows that v(z) := Qﬁzl Uk (z) corvergescompactly in CnE and v(z) ! 1
forz! 1 in CnE. It iseasyto shov
\Z
®:= B 60
k=1 K

Hencefor z! 1 in CnE
hz) _v(@), 1.

f(z)  ® @

We set g := ® and claim that f and g shareall limit values. Let z, ! 1 be
a sequencewith f(z,)! a?z2 e nf0g. From (2) it follows z, 2 E for n, nyg.
The behaviour of v shows g(z,) ! a. Similarly we getfrom g(z,)! aZ2 e nfOg
that f(z,)! a. Hencef and g shareall limit valuesin ® nfOg and it is easyto
concludethat all limit valuesare shared.

It is clearthat %f =g) - *. Sincethe zerosof f arethe zerosof f =g it follows
from the exponert of corvergencethat %f =g) = £. o

Considering f (z") and g(z") with the above constructed f and g one gets
examplesfor every nite order. If F: C ! @ is meromorphic and boundedon E
then F ¢f and F ¢g shareall limit values. Sudh F can easily be constructed with
results from complex approximation.
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6. Examples of functions that share nitely many limit values

It is known from the theory of sharedvaluesthat exampleswith “nitely many
sharedvaluescan be constructed by f = px' and g= qx' with p;q: e
rational and ' :C ! & meromorphic. A well-known example of Gundersen[11]
for functions sharing four valuesis of the form f(z) = p+te* and g(z) = qt¢€.
Since exp(C) = C nf0g the preimagesof p and q for the sharedvalues must be
equalin C nf0g.

To get examplesin the caseof limit value sharing, p and g have to sharethe
valueson the whole sphere(already becauseof the Casorati{W eierstra¥theorem).
It follows that exampleswith four sharedlimit valuescannot be constructed with
the above method. It wasnoted in [1] that rational functions that sharefour values
on the sphereare identical.

Let p: @ ! & berational and non-constart (this will be assumedthroughout
this section), N := fa;;:::;a,g % @ and M = pi 1(N). It can be proved
elemenarily that

3 (nj 2)degp- Mjij 2

where degp is the degreeof p and j ¢j is the cardinality.
The similarity to the formulas in Theorem 2.1 and 2.2 is obvious. With (3)
an adaption of the proof of the v e point theorem shows:

Theorem 6.1. If rational p;q: € | @ sharefour valuesthen p = q.

As noted in Proposition 2.5we have T(r;f) - 3¢T(r;g)+ S(r;f) if two tran-

scendemal meromorphic functions f;g: C ! © sharethree values. Seealso [12]
whereit is shown that the constart 3 is sharp. For rational functions (3) gives:

Prop osition 6.2. If rational p;q: €@ ! & sharethree valuesthen
degp- 3degqgi 2

An exampleof two rational functions with equaldegreethat sharethree values
on the spherewas given in [30]. We now give two examplesthat are extremal for
the inequality in Proposition 6.2. This answers a questionin [30, Question I 11].

Examples 6.3. First note that if degq = 1 then Proposition 6.2 shows
degp= 1. It follows p = g. For the casedegp = 4 and degq= 2 we have:

_ (z+1)3%zi 3,
T (zi 13(z+3)

_ (z+D(zi 3,

A2 = e+ 3)

(4) p(2)

p and g sharethe values0;1;1 .
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The next extremal caseis degp = 7 and degq= 3. We cannot give suc an
example. For degp = 10, degqg= 4 we have

| . Py
(2) = (zi 1)(z+3) z+ 2] i23¢!2+ 2+i23¢
P v )i 3z 2+ i3z 21 i3

210 978 + 4275 210z* + 38423 31%2% + 12&§ 21

z10; 978 + 4226 21074 88423| 31522¢ 128 21

(zj 1)(z+3)z+2|| 3 z+2+i 3
d(z) = P=ti———P=

(z+ 1)(zj 3)2. 2+1 3 zj 2ii 3

24+ 623+ 1222+ 2z 21

z4j 623+ 1222 2z 21’

(5)

p and g again share 0;1;1 . We were not able to construct examplesof higher
degree.

Let now ' : C ! € be a transcenderal meromorphic function. Then with
the rational functions p, g from (4) and (5) it follows that

f=pt’ and g:=qzt'

share the values and the limit values O, 1 and 1 . Then (seee.g. [15, Theo-
rem2.2.5]) T(r;f) = 2¢T(r;g)+ S(r;f) and T(r;f) = 2:5¢T(r;g)+ S(r;f). Theo-
rem4.1showsthat if three limit valuesaresharedthen T(r;f) - 34T (r;g)+ S(r;f).
We believe that examplesof the above type with arbitrary large degreeexist so
that the constart 3 should be (at least asymptotically) sharp.

Functions that sharefour limit valuesgivesan example of Reinders[32]. He
constructs two elliptic functions (on the sametorus) that share four values. It
is easyto seethat value sharing and limit value sharing are identical for suc
functions. Consider p;q: @ 1 @ rational that share 0;1;1 and take the square
root of p and q. Then uniformize the algebraic functions by an elliptic function.
This method works for

(z+ 1(zi 3)°
(zi D(z+3)

(z+1)%zi 3),

©) DD = iy s

a(2) =

and an elliptic function ' : C ! @ which solves
CY=C+DC i DC+3C i 3
This leadsto

3
(i D + 32

_p— v —_ 1 0 I 1 . _p— v —_ 1 0
f="px ='7¢ ; =g+ ="'%¢
(i D2 +3) g
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f and g sharethe values and the limit values 0;1;i 1;1 . Our constarts are
di®erert from Reinders'soriginal example. The uniquenesstheorem in [32] shows
that both examplesare equgjup to a MAblustraﬁsformStlcm We have p(z) = q(z)
with p, q from (6) for z2 0;1;i 1,3;i 3;1 ; i .In0,1,i1, 3,3,

1 the sharedlimit valuesaretaken. For' ! 8i 3it holds

o O

i p_ G p.
| f§i23+1¢f§i23+3

f —
g 'si"3;1'8i"3;3 '

Hencethe set of all completely unsharedlimit valuesis enfo1;i 1; 1g . In the
next sectionwe show that if v e limit valuesare sharedthen this setis empty.

All constructed examplesin this sectionhave in commonthat the sharedlimit
values are also shared values. This is not necessary Let p;;p2;th;p be rational
functions with p1(1 ) = (1 )= 1 and p2(1 ) = (1 ) = 0 then with the above
exampleswe get f~:= p; ¢f + po, g:= g ¢g+ ¢ which sharethe limit valuesbut
not necessarilythe values.

7. A v e limit value theorem

First we note a statemert which is known as the Zalcman lemma [38]. The
idea essetially comesfrom a paper of Lohwater and Pommerenlke [20].

Lemma 7.1 Let F be a family of meromorphic functions in D, . Then the

following is equivalent:

() F isnot normalin D,.

(i) There is a sequencef; 2 F , a sequenceof linear transformations M; with
M; ! c2 D, compactly in C suc that f; +M; ! F compactly in C with
a non-constart meromorphic function F .

We needthe following result of Lehto [17].

Theorem 7.2. (i) Let f be a transcendenal entire function. Then there
exists a sequencew; ! 1 with

jwi jf* (wy) ! 1

(i) Let f be a transcendenal meromorphic function. Then there exists a
sequencew; ! 1 with
lim supjw; jf * (w;) , %
jin

In this section we will only use (i) which, except for the sharp constart %,
can already be found in [18]. Statemert (i) will be usedlater in connection with
Julia directions. We note that (i) was improved by Clunie and Hayman [5]. See
also Pommerenle [31].

We now prove a theorem for v e sharedlimit values. An important argumert
is Nevanlinna's v e point theorem.
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Theorem 7.3. Let f and g be transcendertal meromorphic functions that
share v e limit values. Then for eah a 2 @ there is a sequencez; ! 1 suc
that f(z)! aandg(z)! a,i.e.the setofall completely unsharedlimit values
is empty.

Proof. According to Theorem 7.2(ii) there is a sequencew; ! 1 with
f%(w), Bjwj)it. Wesetforz2 D:
© (2) = wjjw; j©=Ei 2):

ghen ©(0)a= w;. Further z=(1j z) maps the unit disk onto the half plane

Rez, i 3 . Hence
q__

@i, 196G Di= jwj! 1:
Put f; :=f+©:D! ®. It follows
# _ 0 . #i ¢_ . . . . # 1 . . .
fi7 (0) = j©(0)if " ©(0) = jwjjlogjw;jf” (wj), 3c¢logjw;j! 1:

Hencef; hasno corvergen subsequencesincef; ! F implies fj# I F#.

The Zalcman lemma shaws the existenceof a sequenceof linear transforma-
tions M; ! ¢2 D sud that a subsequencefj +M; ! F compactly on C with
F meromorphic and non-constart. We claim that g £+M; with g = g+©; is
normal in C. Suppose this is not the caseand g +M; is not normal in D,
for somer > 0. The Zalcman lemma gives a sequenceof linear transformations
T, ! d2 D, sud that a subsequenceg +M; +T; cornvergescompactly on C
to a non-constart meromorphic function H. Since f; £+M; ! F compactly on
C it follows f; +M; +T; ! F(d) compactly on C. Let a;;:::;as bethe ve
shared limit values. Since H is non-constart H takes one of the shared limit
values,say H(zg) = a;. Then z; := ©; £M; £Tj(z)! 1 and g(z)! a;. Since
a, is a shared limit value we get f(z) ! a; and therefore F(d) = a;. Hence
f+0 £M; xTj(z) ! a forall z2 C and thussince© +M; £T;(z) ! 1
alsog+©; +M; =T (z) ! a;. This cortradicts H 6 const. We concludethat a
subsequencef g +M; corvergescompactly on C to a meromorphic function G.

Let & beasharedlimit valueand F(zp) = & . Then z; := © tM;(z) ! 1
and f(z)! a&. It follows g(zj)! a which shavs G(zp) = a . Symmetry shows
that the v e limit valuesare sharedvaluesof F and G. Since F is non-constart
the v e point theorem shavs F = G. The Picard theorem givesfor every a 2 e,
with at most two exceptions, z, 2 C with F(z;) = a and hence a sequence
z} = © tMj(za) ! 1 with f(z')! a. SinceF = G it follows g(z) ! a.
Proposition 3.4 shows that the set of all completely unsharedlimit valuesis open.
Hencethere are similar sequencedor the two possibleexceptional values. o

An import@t toobin oug, proof is the mapping ©; . It is the universalcovering
of D onto Cn jzj- = jwj
If f and g are entire soare F and G. It follows:
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Theorem 7.4. Let f and g be transcenderal entire functions that share
four nite limit values. Then for every a 2 @ thereis a sequencez; ! 1 with
f(zj)! aandg(z)! a.

We state the following conjecture:

Conjecture 7.5. Let f and g betranscenderial meromorphic functions that
share v e limit values. Then f and g shareall limit values.

It seemsto us that this is the correct analogueof the v e point theorem.

We feel it would be interesting to investigate whether the conclusion holds
if the v e point setis replacedby a non-discrete set. In the next section we will
shaow that it holds if the set of sharedvalueshas non-empty interior.

The above method of proof proposesto ead uniquenesstheorem concerning
at least three shared values without multiplicities a corresponding statemert for
limit value sharing. In [23] it was proved:

Theorem 7.6. Let f: C! ® be meromorphic and non-constart. If f and
f 0 sharethree nite valuesthen f = f0.

A modi cation of the above reasoningshaws:

Theorem 7.7. Letf: C! @ betranscendenal and meromorphic. If f and
f 9 sharethree Tnite limit valuesthen for every a2 & there is a sequencez; ! 1
with f(z)! aandf%z)! a.

8. Extension prop erties of limit value sharing

Now we assumethat f and g shareall limit valuesfrom an open set. We will
show that then f and g shareall limit values. We describe the idea of the proof
in a special case.

Let M % @ be the open set of sharedlimit values. We can assumeD{ ¥2 M
for somer > 0. It remainsto prove that f and g shareall limit valuesin D, .
If fi1(D,) and g *(D,) consistonly of islands (this is our special assumption),
it follows from the maximum principle that (f j g)(z)! O for z! 1 in these
islands. Clearly @' Y(D,) . fi {(@,) and @, ¥ M is compact. It follows
fig! Oon@''D,). Symmetry shons that f and g shareall limit values
in D,.

In the general casewe need statemerts that play the role of the maximum
principle for unboundeddomains. Universal Phragn@n{LindelAf theorems (see[8])
are theoremsof this type. The next theorem was conjectured by Newman [28] and
proved by Fuchs [9].

Theorem 8.1. Let G be an unbounded domain and f be holomorphic on
G sud that for every nite w2 @5

lim sup jf (2)] - 1:

z! w;z2G
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Set
Mc(r;f):= sup jf(2)j:
z2@ .\ G
If liminf;;; Mg(r;f)=r=0then jf(z)j- 1forall z2 G.

Note that no geometricalor topological assumptionsare madefor the domain.

We will further needa general version of a theorem of Lindel&f (seee.qg. [6,
p. 226]) which statesthat e.g.in every sector eath bounded holomorphic function
which convergesto 0 for z! 1 on the boundary convergesto O in the interior.
Such a statemert follows from the following result of Salkai [33] (seealso [8]).

Theorem 8.2 (Sakai). Let G be an unbounded domain with unbounded
boundary and f be holomorphic on G. If for each w 2 @ with w 2 D when
approximated from GnD :

lim supjf ()] - 1
z! w

and if
if(2)j- azj°

in GnD for somea;b> 0 then

limsup jf (2)j - L
z1l ;z2G

Corollary 8.3. Let G be an unbounded domain with unbounded boundary
and f be continuous and bounded on G and holomorphic in G. If f corverges
to O on the boundary, i.e. if

Z|!i{Tl f(z) =0
z2 @G

then f cornvergesto 0 in G:
ZI!ifn f(z)=0:
z22G

Proof. For all " > 0 there exists r > 0 sud that Salai's theorem can be
applied to f (rz)=" on G=r. Hencelimsup,;; .,,¢jf(2)j- ". With " ! 0 the
claim follows. o

Now we can prove our extensiontheorem.

Theorem 8.4. Let f;g: C ! @ be transcendenal meromorphic functions
that@ share all limit values of an open set. Then f and g shareall limit values
in

Proof. Let M % @ be an open set of shared limit valuesand D¢ % M .
Consider f i 1(D,). According to the remarks at the beginning of this section it
is su+cient to consider the unbounded componerts of fi 1(D,). Supposethere
exists a sequencez, ! 1 with f(z,)! a2 D, but g(z,) 6! a. Then there
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must be a subsequencez, which liesin the unbounded componerts of fi (D).
Let Z, bethe componen that contains z,. If the Z, tendto 1 then

1im max j(fi 9)(2)j=0:

Further f i g isasymptotically boundedin fi *(D,). Otherwisethereis a sequence
wp ! 1 in fi}(D,) with g(w,)! 1 and f(wy) bounded. This cortradicts
the assumptionthat f and g sharethe limit value 1 . Theorem 8.1 shows

lim-maxj(f i g)(2)j= 0

in cortradiction to (f j g)(z,) 6! 0. Hencealmost all z, liein a xed Z. Since

lm (i 9)(2)=0

z2 @

and f j g is asymptotically boundedon Z we get from Corollary 8.3

Im (i 92 =0

z2Z7Z

again a cortradiction. Symmetry provesthe rest. o

Instead of Theorem 8.1 one can also use a generalizedmaximum principle as
can be found e.g.in [6].

9. A generalization of limit value sharing

In this sectionwe study the following situation: Supposethere is an open set
M % ® and afunction ' : M ! @ with

f(za)! a2M () dz)! "(@2"'(M):
We will showv that ' must be conformal. In fact, we show that ' is the restriction

of a MAbius transformation and that the relation betweenthe limit values of f
and g extendsto all of €.

Lemma 9.1. Let f;g:C ! € be transcendenal meromorphic functions,
M %® and' : M ! & sud that for all sequencesz, ! 1 :

f(za)! a2M ) 9g(zn)! ' (a):

Then ' is continuous.
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Proof. Let a 2 M and ax be a sequencein M with ax ! a. We can
assumea;' (a);ax;" (ax) 2 C. Choosea sequencezﬁk) I 1 with f(z,ﬁk)) I ay
for n! 1 and hence g(zrﬁk)) I ' (ak). Pick ng sud that jf (zrﬁ"k)) i axj < 1=k,
928 i " (a)j < 1=k and jz{j . k. Then z{9 1 1 with k! 1 and
f (281 a. Then g(z{)! ' (a) andit follows ' (a)! ' (a). o

Note that we did not even usecontinuity.

It is lessobvious that ' is meromorphic.

Lemma 9.2. With the assumptions of Lemma 9.1 with M % e open
M1 Bis meromorphic.

Proof. Let a2 M. We may assumea;' (@) 2 C and' 6 1 on D-(a)
with suitable " > 0. The v e islands theorem shaws that, with at most four
exceptions, f possessem nitely many simple islandsover D-(a) for eah a2 M
(maybe one has to decrease” > 0). Let I, be a sequenceof simple islands

of f over D-(a) and fji!:D-(a) ! I, be the corresponding branches of the
inverse function of f . We consider F,: D-(a) ! @ with F, = gxfll. Now
g is asymptotically bounded on | = [1,. Otherwise there exists a sequence

z, 21 with z, ! 1 and g(z,)! 1 . Passingto a subsequencave may assume
f(zo) ! b2 D-(a). It follows ' (b = limya1 g(zn) = 1 in contradiction

to the choice of ". Hence F,, is a normal sequenceand corvergespointwise to

the cortinuous function ' jp.(a) . According to Vitali's theorem F, corverges
compactly. Thus ' is holomorphic on D-(a). The continuity of ' shows the
removability of the four possibleexceptional points. o

Theorem 9.3. Let f;g: C ! @ be transcendenal meromorphic functions,
M %8 be openand ' : M ! @ sud that for every sequencez, ! 1 :

f(za)! a2M () dz)! "@2"'(M):
Then ' can be extendedto a MAbius transformation and
f(za)! a2€@ () g@z)! '(@)28&;

i.e. ' £f and g shareall limit values.

Proof. We may assumeD® % M and ' (1) =1, ie. f and g sharethe
limit value 1 . We shaw that ' can be extendedto a holomorphic function in C.
Supposethe power seriesexpansionof ' around 1 hasasits circle of convergence
@, with O<r< 1. Let a2 @,. Wechoose" with 0< " < r and consider

U-(a):=fz2Cjrj "<jzj< 2; jargzi arga < "g:

According to the v e islands theorem there are at most four points a2 @, sudc
that f hasonly nitely many simple islands over U-(a) for all " > 0. Suppose



Meromorphic functions with sharedlimit values 199

a is not such an exceptional point. Then there is a sequencel , of simple islands
over U-(a) with suitable " > 0. Let fil:U.(a) ! I, be the corresponding
inverse functions. Since f andi g shgrethe limit value 1 it follows that g is
asymptotically boundedon fi 1 U.(a) . HenceF, := g+fi ! is normal on U-(a)
and corvergeson the part of U-(a) which liesin D¢ pointwise to ' . Vitali's
theorem shows that F,, convergeson U-(a) compactly to the extensionof ' .

Let now a2 @, besud that f possessesnly nitely many simple islands
over U-(a) for every " > 0. Wedenoteby V-, (a) the sets V-4 (a) := U-(a)nU.(a)
with £ < ". Weclaim the existenceof " > 0 such that f hasin nitely many simple
islands over eadh V-, (a) with +2 (0;"). Suppose" doesnot exist. For "1 > 0
choose #; > 0 such that f hasonly nitely many simple islands over V- .., (a).
For ", > 0 with ", < # chooset+, suc that f possessesnly nitely many islands
over V-,.4,(a) and cortinue inductively. Sincethe V- .. (a) are Jordan domains
with disjoint closuresthe v e islands theorem shows that this processmust stop
after three repetitions and we obtain a contradiction. Hencethere is " > 0 such
that f hasfor all " > £> 0 in nitely many simple islandsover V-, (a). As above
oneshows that ' canbe extendedto D¢[ V-.(a) for all £ with "> +> 0. Now
+! O shows that a is an isolated singularity of Ii . Singe 1 is a shared limit
value g is asymptotically boundedon . .. fi1 V.. (a) . It follows that ' is
boundedin a neighbourhood of a and therefore a is removable. Hencethe radius
of corvergenceof ' around 1 is not Tnite, i.e.' is holomorphicin € nf0g. The
origin is again a removable singularity. Thus ' : €@ 1 @ is rational with a single
pole at 1 . This pole is simple since ' is bijective in a neighbourhood of 1 .
Hence' is a polynomial of rst degree.

Consider f~:= ' +f and g. Then f~ and g share all limit valuesin M.
According to Theorem 8.4, f~ and g shareall limit valuesin €. The theoremis
proved. o

We generalizethe foregoingtheorem. For this we needthe following lemma.

Lemma 9.4. Let f and g be meromorphic functions that share the limit
value a2 @ . If there exists a neighbourhood D-(a) sud that for all b2 D-(a)
and all sequencesz, ! 1 :

f(za)! b ) o(zn)! b

then f and g shareall limit valuesin 6.

Proof. We may assumethat f and g sharethe limit value a= 0. According
to Lemma 3.2 there exists + with 0 < +< " such that g (D) % fi1(D.5).
Supposethere is a sequencez, ! 1 with g(z,)! b2 D. but f(z,) 6! b. Then
there existsa subsequencez, ! 1 with f(z,)! c6 b. Sincefz,g% fi }(D.5)
it follows c2 D~ and therefore g(z,) ! c, a contradiction. Hencef and g share
all limit valuesin D+ and Theorem 8.4 shows that all limit valuesare shared.o
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Theorem 9.5. Let f;g: C ! @ be transcendenal meromorphic functions
which share the limit value 1 . Further let M be a neighbourhood of 1 and
"M @sumthatforallzn! 1:

f(za)! a2M ) d(zn)! " (a):

Then ' can be extendedto a polynomial and ' +f and g shareall limit values.

Proof. That ' is a polynomial follows exactly asin the proof of Theorem 9.3.
We set K = sup,, ' (2)j < 1 andchooseR > K. Then ' i}(D%) %M and
' +f and g sharethe limit value 1 since' i 1(flg ) = flg . Let a2 D& and
zn! 1 sudthat ' =f(z,)! a. Then all acclurrulation foints of f(z,) are
contained in ' i Y(fag) 2 M . It follows g(z,)! ' 'i1(fag) = a. With a=1
the assumptionsof Lemma 9.4 are fullled. Hence' *f and g shareall limit
values. o

It isimportant that 1 is asharedlimit value. With an approximation theo-
rem of Arakelian (see[10]) it is possibleto construct ertire functions g with

exp(zn)! a2D ) 9g(z)! '(3a)
where' : D ! C is an arbitrary holomorphic and cortinuous function in D.
If ' is de ned globally we obtain:
Theorem 9.6. Let f;g: C ! @ be transcenderal meromorphic functions
and': @1 € sudthat forall z,! 1 :
f(z)! a2€ ) gz)! ' ()

Then ' isrational and ' +f and g shareall limit values.

Proof. Lemma 9.2 shows that ' is rational. Let a2 € and Zzo! 1 sudch
that * £f(z,)! a. The ?ccurrulati@n points of f (z,) are again contained in
‘il(fag). Then g(z,)! ' 'i(fag) = a. It followsthat ' +f and g shareall
limit values.o

10. Filling disks and Julia directions

A sequenceof disks
(7 D;=fz2Cjjzi zj<"jjzj9

with zz ! 1 and"; ! O is called a sequenceof Tling disks for meromorphic
f:C ! & if in every innite union [ D;, f takesall valuesof © with at most
two exceptions.

Every transcenderal entire function possessea sequenceof Iling disks. The
z; are chosensudc that f#(z) is large. Theorem 7.2 shows the existenceof a
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sequencez; with Mj := jzjf#(z)! 1 . Seteg."j = 1:p M_J and consider
for z2 D the functions
fi(2) = 1("jizjz+ z):
Then fj# (0) = "jizjf*(z) =  M; ! 1. Hencef; hasno corvergert sub-
sequence. Montel's theorem shows that eat subsequenceof f; takesall values
in &, with at most two exceptions, in nitely often. This shaws that the D; are
Tling disks.
The functions f; are of the form f; = f +©;, with ©;(D)! 1 .

Lemma 10.1. Let f and g be transcenderial meromorphic functions that
sharethree limit valuesand ©;: D ! C holomorphic such that ©;(D)! 1 . Set
fj = fx© and g := g+©;. Then f; isnormal in D if and only if g is normal
in D.

Proof. Suppose f; is not normal in D but g is normal. According to the
Zalcman lemma there exists a sequenceof linear transformations M; ! ¢2 D
such that after passingto a subsequencef; +M; ! F compactly on C with a
non-constart meromorphic function F .

Since g; is normal, a subsequenceorvergescompactly g ! G with a mero-
morphic function G in D and thus g +M; ! G(c) compactly on C. Since F
is non-constart, F takes one of the shared limit values a;;as;az;. We assume
F(z0) = a1. Hencef; £M;j(z0) = f £+©; £Mj(z) ! a;. From the properties of
M; and ©; it follows z; := © £M;(z9) ! 1 . Since a; is a sharedlimit value
of f and g we obtain g(z) = g £M;(z0) ! a; and thus G(c) = a;. It follows
g tMj(z)! a; forall z2 C andsince©; +M;(z)! 1 alsof; £+M;(z)! a;.
This implies F © a;, corntradicting F 6 const. o

If f is entire, soare the functions resulting from the Zalcman lemma.

Lemma 10.2. Let f and g be transcenderal entire functions that share
two nite limit values. Let ©;, f; and g be asabove. Then f; is normal in D
if and only if g isnormalin D.

Suppose f possesseslling disks with certres z;. If ® is an accurrulation
point of argz; then in ead sector

J-:=fz2Cjjargzi ® <"g

aroundtheray J := fz2 Cjargz = ®q lie in nitely many Tling disks. It follows
that f takesin every J- ead value, with at most two exceptions,in nitely often,
i.e. J is a Julia direction (see[14]). Henceewery transcenderial entire function
possessesa Julia direction.

For meromorphicfunctions the situation is more complicated. In fact there are
meromorphic functions without Julia directions. From the above argumertation

for ertire functions we seethat in this casenecessarily:

H

1

f* =0 =

(8) (2=0 7]
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for all z2 C. Functions with (8) are called Julia exeptional functions [29] (see
also [18, Theorem 3]).

Inequality (8) and (1) immediately imply T(r;f) = O (log r)2

Henceif

©) im sup () = 1

then there exists z; ! 1 with jzjf#(z)! 1 . It follows againthat f hasa
sequenceof Tling disks and hencea Julia direction.

We note that Julia directions need not be generated by Tling disks. An
exampleof a meromorphic function with (8) and a Julia direction wasgivenin [39].
An example of an ertire function with a Julia direction where the sectors J- do
not contain Iling disks can be found in [3]. We will call a Julia direction which is
obtained from "Iling disks a Mil loux direction.

Wecall z; ! 1 asingular sequene for f if for all " with 0< " < 1 and
eat subsequenceD;, of the disks

D; =fz2Cjjzi zj< "jzig

f takesin [ Djf'k all values,with at most two exceptions,in nitely often. A similar
notion was introducedin [7].

Prop osition 10.3. Let f: C! & bemeromorphicand z; ! 1 . Then the
following statemerts are equivalent:

(i) z is asingular sequenceof f .
(i) f;:D! @ with fi(z) = f("jzjjz + z) hasno convergert subsequencdor
all "2 (0;1).
(i) There exists a sequenceu; with jz; i ujj= o(jzj) and jujj¢f* (u;)! 1 .
(iv) There existsa sequence'j | 0 sud that the disks (7) are Tling disks for f .

We omit the simple proof.

Theorem 10.4. Let f and g be trancenderntal meromorphic functions that
sharethree limit values. Then f and g have the samesingular sequences.

Proof. Let z be a singular sequenceof f. For " 2 (0;1) set ©(z) :=
" ¢jz;j¢z+ z . Since" < 1 it follows ©;(D)! 1 . Proposition 10.3 shows that
f; = f £©; hasno corvergert subsequenceSupposeg; = g+©; hasa corvergert
subsequenceg; . According to Lemma 10.1 the corresponding subsequencef; is
normal and possessselBencea corvergert subsequencen contradiction to Propo-
sition 10.3. It followsthat g hasno convergert subsequencend Proposition 10.3
shows that z; is a singular sequencefor g. Symmetry provesthe rest. o
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Corollary 10.5. Let f and g betranscendenal meromorphic functions that
sharethree limit values. Then:
() f and g have the sameMilloux directions.
(i) Either f and g are both Julia exceptional functions or f and g have a
common Milloux direction.
(i) If (9) holdsfor f then (9) is true for g and f and g have a common Milloux
direction.

For (iii) apply Theorem 4.1.

Corollary 10.6. Let f and g be transcendenal entire functions that share
two nite limit values. Then:
() f and g have the sameMilloux directions.
(i) f and g have a common Milloux direction.

We note that in [35] (seealso[36]) it wasshown that functions with a Valiron
de cient value are not Julia exceptional. This givesobvious versionsof the above
statemerts for such functions.

References

[1] Adams, W.W., and E.G. Stra us: Non-Archimedian analytic functions taking the same
valuesat the samepoints. - Ill. J. Math. 15, 1971,418{424.

[2] Ahlf ors, L.V.: Zur Theorie der Bberlagerungsthen. - Acta Math. 65, 1935,157{194.

[3] Bar th, K.F., and W.J. Schneider: A Julia line which is not a Milloux line. - Complex
Variables Theory Appl. 13, 1989,57{65.

[4] Ber gweiler, W.: A new proof of the Ahlfors "v e islands theorem. - J. Anal. Math. 76,
1998, 337{347.

[5] Clunie, J., and W.K. Hayman: The spherical derivative of integral and meromorphic
functions. - Commert. Math. Helv. 40, 1966,117{148.

[6] Dinghas, A.: Vorlesungendber Funktionentheorie. - Die Grundlehren der mathematis-
chenWissenstaften, Band 110, Springer-Verlag, Berlin{G/ttingen{Heidelb erg, 1961.

[7] Dra gosh, S.: The sphericalderivative of meromorphic functions. - J. Reine Angew. Math.

252,1972,51{67.

[8] Ess8in, M.: On universal Phragm@n{LindelAf theorems.- Complex Variables Theory Appl.
23, 1993,283{293.

[9] Fuchs, W.H.J.: A Phragm§n{Lindel&f theorem conjectured by D.J. Newman. - Trans.
Amer. Math. Saoc. 267,1981,285{293.

[10] Fuchs, W.H.J.: The&orie de l'approximation des fonctions d'une variable complexe. -
SBminaire de Math®matiques Suprieures, No. 26, Les Pressesde I'Univ ersit§ de
Montr §al, Montreal, 1968.

[11] Gundersen, G.G.: Meromorphic functions that sharethree valuesIiM and a fourth value
CM. - Complex Variables Theory Appl. 20, 1992,99{106.

[12] Gundersen, G.G.: Meromorphic functions that sharethree or four values.- J. London
Math. Scc. 20, 1979,457{466.

[13] Hayman, W.K.: Meromorphic Functions. - Oxford University Press,London, 1975.

[14] Julia, G.: Quelquespropri§t§s desfonctions mEromorphesg@nrales.- C. R. Acad. Sci.
168, 1919, 718{720.

[15] Laine, I.: Nevanlinna Theory and Complex Di®erertial Equations. - de Gruyter, Berlin{
New York, 1993



204

[16]
[17]

[18]
[19]
[20]
[21]

[22]

(23]

[24]
[25]

[26]

[27]
(28]

[29]
[30]
[31]
[32]
[33]

[34]
[35]

[36]

[37]
[38]

[39]

Andreas Sauer

Langley, J.K.: Personalcommunication, 1990.

Lehto, O.: The spherical derivative of meromorphic functions in the neighbourhood of
an isolated singularity. - Comment. Math. Helv. 33, 1959, 196{205.

Lehto, O., and K.I. Vir tanen: On the behaviour of meromorphic functions in the
neighbourhood of an isolated singularity. - Ann. Acad. Sci. Fenn. Ser. A | Math. 240,
1957.

Lo, Y.: Value Distribution Theory. - Springer-Verlag, Berlin, 1993.

Lohw ater, A.J., and Ch. Pommerenke: On normal meromorphic functions. - Ann.
Acad. Sci. Fenn. Ser. A | Math. 550, 1973.

Miles, J.: A note on Ahlfors' theory of covering surfaces.- Proc. Amer. Math. Soc. 21,
1969, 30{32.

Mues, E.: Shared value problems for meromorphic functions. - In: Value Distribution
Theory and Complex Di®erertial Equations, Joensuu 1994, 17{43, Joensuun Yliop.
Luonnont. Julk., 35, Univ. Joensuu, 1995.

Mues, E., and N. Steinmetz: Meromorphe Funktionen, die mit ihrer Ableitung Werte
teilen. - Manuscripta Math. 29, 1979, 195{206.

Nevanlinna, R.: Zur Theorie der meromorphenFunktionen. - Acta Math. 45, 1925,1{99.

Nevanlinna, R.: Einige Eindeutigkeitss#tze in der Theorie der meromorphenFunktionen.
- Acta Math. 48, 1926,367{391.

Nevanlinna, R.: Le th&ommede Picard{Borel et la th§orie desfonctions m&romorphes.
- Gauthier{Villars, Paris, 1939.Reprinted by Chelsea,New York, 1974.

Nevanlinna, R.: Analytic Functions. - Springer-Verlag, New York{Berlin, 1970.

Newman, D.J.. Aspectsof Contemporary Complex Analysis (Durham, 1979).- Academic
Press,New York, 1980.

Ostr owski, A.. Bber Folgenanalytischer Funktionen und einige Verstarfungen desPi-
cardsden Satzes.- Math. Z. 24, 1924,215{258.

Pizer, A.K.: A problem on rational functions. - Amer. Math. Monthly 80, 1973,552{553.

Pommerenke, Ch.: Normal functions. - In: Proceedingsof the NRL Conferenceon Clas-
sical Function Theory, Math. Res.Center, Naval Res.Lab., Washington, D.C., 1970,
77{93.

Reinders, M.: A newexampleof meromorphicfunctions sharing four valuesand a unique-
nesstheorem. - Complex Variables Theory Appl. 18, 1992,213{221.

Sakai, M.: Regularity of a boundary having a Schwarz function. - Acta Math. 166, 1991,
263{297.

Schiff, J.L.: Normal Families. - Springer-Verlag, New York, 1993.

Tod a, N., and T. Zinno: On Julia's exceptional functions. - Proc. Japan Acad. Ser. A
Math. Sci. 42, 1966,1120{1121.

Toppila, S.: On the spherical derivative of a meromorphic function with a de cient value.
- In: Complex Analysis { Fifth Romanian{Finnish Seminar, Lecture Notes in Math.
1013,373{393, Springer-Verlag, Berlin{New York, 1983.

Tsuji, M.: Potential Theory in Modern Function Theory. - Maruzen, Tokyo, 1959. Re-
printed by Chelsea,New York, 1975.

Zalcman, L.: Normal families: new perspectives. - Bull. Amer. Math. Soc. 35, 1998,
215{230.

Zinno, T.: Some properties of Julia's exceptional functions and an example of Julia's
exceptional functions with Julia's direction. - Ann. Acad. Sci. Fenn. Ser. A | Math.
464,1970.

Received 28 Decenber 2000



