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Abstract. We intro duce the notion of limit value sharing for meromorphic functions in the
plane. This is closely connectedto Ahlfors's theory of covering surfaces.

1. In tro duction

The central notion in this paper is the sharing of limit values. With this we
mean that two (transcendental) meromorphic functions in the plane converge to
certain given values a 2 bC on the samesequenceszn ! 1 .

Shared limit values ¯t very well to Ahlfors's theory of covering surfaces[2].
One could say that shared limit values in Ahlfors's theory are an analogue of
shared values in Nevanlinna's theory of meromorphic functions [25]. This shows
in the fact that shared limit values lead to shared islands in a suitable sense.
Despite of the formal similarities between shared values and shared limit values,
problems connectedto the latter are more topological in nature. A consequence
of this is that the proof of the ¯v e point theorem does not carry over. Already
simple exampleslike f and f + 1=z show that meromorphic functions can share
all limit valueswithout being identical. Nonethelesswe will show that there is a
remarkable di®erencebetweenfour and ¯v e shared limit values.

In Section2 we summarizesomefacts from value distribution theory for later
reference. (For a complete treatment we refer to the monographs[13], [19], [26],
[27] and [37].) In the third sectionwe give growth estimations in terms of the char-
acteristic functions of two mappingsthat sharelimit values. The next two sections
are devoted to the construction of non-trivial examplesof functions sharing limit
values. The reader who is interested in more theoretical results may skip this
part. The following sections treat the caseof ¯v e shared limit values, extension
properties of limit value sharing, a generalization of limit value sharing and ¯lling
disks. In thesesectionsthe theory of normal families plays a central role. We refer
to [34].

I would like to thank my teacher F. Pittnauer. The idea of shared limit
values is his. Further I want to thank J.K. Langley. The examplesin Section 5
were constructed by him.
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2. Value distribution theory

We set D r (a) := f z 2 C j jz¡ aj < r g (with obvious modi¯cation for a = 1 ),
D r := D r (0) and D := D 1 . The closure of D r is D r := f z 2 C j jzj · r g. We
denote by bC the Riemann sphereand by Â the chordal metric. The complement
of a set A will be denoted Ac . It will always be clear from the context whether
the complement is taken with respect to C or bC .

For meromorphic f : U ! bC with U ½ C the spherical derivative of f is

f # (z) := lim
w! z

Â
¡
f (z); f (w)

¢

jz ¡ wj
=

jf 0(z)j
1 + jf (z)j2

with z 2 U . We have f # = (1=f )# , hence f # is de¯ned in poles of f . Further
f # : U ! R + is continuous.

Let f : C ! bC be meromorphic and D ½ bC be a domain. The bounded
components of f ¡ 1(D ) are called islands (over D ). Let n(r; f ; D ) be the number
of islands of f over D contained in D r . Further

A(r; f ) :=
1
¼

Z

D r

¡
f # (z)

¢2
dz =

1
¼

Z 2¼

0

Z r

0

jf 0(%ei' )j2%
¡
1 + jf (%ei' )j2

¢2 d%d':

The function ¼¢A(r; f ) is the spherical area of the image of D r under f (with
regard to multiplicities).

The Ahlfors{Shimizu characteristic is de¯ned (see[13, p. 10])

(1) T(r; f ) :=
Z r

0

A(t; f )
t

dt:

The function T(r; f ) is, up to a bounded term, Nevanlinna's characteristic. Sim-
ilarly to (1) let N (r; f ; D ) be the logarithmic integral of n(r; f ; D ) . As usual we
denote by S(r; f ) functions such that S(r; f ) = o

¡
T(r; f )

¢
(outside a possible

exceptional set of ¯nite linear measure).
With this notation Ahlfors's secondfundamental theorem takesthe form:

Theorem 2.1 (Ahlfors). Let f : C ! bC be meromorphic and D1; : : : ; Dq be
Jordan domains with disjoint closures.Then

(q ¡ 2)T(r; f ) ·
qX

k=1

N (r; f ; D k ) + S(r; f ):

The estimation of the integrated error term is due to Miles [21].
Let now f a1; : : : ; aqg ½ bC and D1; : : : ; Dq disks with disjoint closuresand

ak 2 D k for k = 1; : : : ; q, and n(r; f ; ak ) be the number of preimagesin f ¡ 1(f ak g)
contained in D r . The trivial inequality n(r; f ; D k ) · n(r; f ; ak ) shows with The-
orem 2.1 the secondfundamental theorem of Nevanlinna theory.



Meromorphic functions with shared limit values 185

Theorem 2.2 (Nevanlinna). Let f : C ! bC bemeromorphicand f a1; : : : ; aqg
½ bC . Then

(q ¡ 2)T(r; f ) ·
qX

k=1

N (r; f ; ak ) + S(r; f ):

Of courseN (r; f ; ak ) =
Rr

0 n(t; f ; ak )=t dt . (If f (0) = ak a simplemodi¯cation
is necessary.)

Let I be an island of f over D . If f : I ! D is bijective, then I is called a
simple island.

Theorem 2.3 (¯v e islands theorem). Let f : C ! bC be a transcendental
meromorphic function. Then over at least one of ¯v e given Jordan domains with
disjoint closuresf possessesin¯nitely many simple islands.

For a proof see[2] or the recent paper [4].

We note that f and g are said to share the value a 2 bC , if for all z 2 C

f (z) = a ( ) g(z) = a;

i.e. if f and g have the samepreimagesfor a. (A survey on sharedvalue problems
can be found in [22].) The basic result on sharedvaluesis Nevanlinna's ¯v e point
theorem [25].

Theorem 2.4 (¯v e point theorem). Let f ; g: C ! bC be meromorphic and
not both constant. If f and g share¯v e valuesthen f = g.

To illustrate the strength of this theorem, let us note how Picard's theorem
follows from the ¯v e point theorem: Suppose there exists a non-constant mero-
morphic function f in the plane that omits the third roots of unit y. Let ° be a
non-trivial third root of unit y, then f and ° f are distinct, non-constant and share
¯v e values,namely 0, 1 and the third roots of unit y, contradicting the ¯v e point
theorem.

From the secondfundamental theorem it follows easily:

Prop osition 2.5. Let f ; g: C ! bC be meromorphic and non-constant.
(i) If f and g share three valuesthen T(r; f ) · 3 ¢T(r; g) + S(r; f ) .
(ii) If f and g share four valuesthen T(r; f ) = T(r; g) + S(r; f ) .

3. Shared limit values

Picard's theorem shows that if f is transcendental meromorphic then bC n
f a;bg ½ f (D c

r ) for all r > 0 with suitable a;b 2 bC . In particular we have the
Casorati{Weierstra¼theorem: For each a 2 bC there is a sequencezn 2 C with
zn ! 1 and f (zn ) ! a.

We will consider transcendental meromorphic functions f and g on C that
convergeon the samesequenceszn ! 1 to given a 2 bC .
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De¯nition 3.1. Let f ; g: C ! bC be transcendental meromorphic functions
and a 2 bC . We say that f and g share the limit value a, if for all sequences
zn ! 1 :

f (zn ) ! a ( ) g(zn ) ! a:

The formal similarit y of value sharing and limit value sharing lets one hope
for uniquenesstheorems like the ¯v e point theorem. Simple examplesshow, that
such statements are not true (without further restrictions). Let e.g. f be arbitrary
and f 1 := (z + 1)f and f 2 := zf . Since f 1=f 2 = (z + 1)=z it follows that f 1 and
f 2 share all limit values but their di®erenceis f 1 ¡ f 2 = f . This already shows
that the proof of the ¯v e point theorem cannot be mimicked. The given example
is trivial since the quotient is rational. We will construct in Section 5 examples
where there are no such simple relations between f and g, yet all limit valuesare
shared.

The following lemma makesit possibleto useAhlfors's theory. For M ; N ½ C
we write N ½

»
M if N n M is bounded.

Lemma 3.2. Meromorphic functions f ; g: C ! bC share the limit value
a 2 bC if and only if for all " > 0 there exists ±(" ) > 0 such that

g¡ 1¡
D ±(a)

¢
½
»

f ¡ 1¡
D " (a)

¢
and f ¡ 1¡

D ±(a)
¢

½
»

g¡ 1¡
D " (a)

¢
:

Proof. We can assumethat a is ¯nite.
\ ) " Suppose there is " > 0 such that the sets M n := g¡ 1

¡
D 1=n (a)

¢
n

f ¡ 1
¡
D " (a)

¢
with n 2 N are unbounded. Choose zn 2 M n with jzn j ¸ n . Then

zn ! 1 and since jg(zn ) ¡ aj < 1=n we have g(zn ) ! a. Now zn =2 f ¡ 1
¡
D " (a)

¢

implies jf (zn ) ¡ aj ¸ " hence f (zn ) 6! a, a contradiction. Symmetry shows
necessity.

\ ( " Supposethere is zn ! 1 with f (zn ) ! a but g(zn ) 6! a. Passingto
a subsequencewe can assumejg(zn ) ¡ aj > " for some " > 0 and for all n 2 N .
Since f zn g ½

»
f ¡ 1

¡
D ±(a)

¢
for all ± > 0 and f zn g \ g¡ 1

¡
D " (a)

¢
= ; we deduce

that f ¡ 1
¡
D ±(a)

¢
ng¡ 1

¡
D " (a)

¢
is unboundedfor all ± > 0. This is a contradiction.

Symmetry shows the rest.

We intro duce a further notion.

De¯nition 3.3. Let f and g be meromorphic functions and a 2 bC . We call
a a completely unshared limit value of f and g if there is no sequencezn ! 1
with f (zn ) ! a and g(zn ) ! a.

A simple \diagonal argument" shows:

Prop osition 3.4. Let f and g be meromorphic functions. Then the set of
completely unshared limit values is open.

Prop osition 3.5 Let f and g be transcendental meromorphic functions.
Then the set V of all completely unshared limit values is a proper subsetof bC .
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Proof. Suppose V = bC . Then f ¡ g and f =g are not transcendental since
otherwise there are sequenceszn and wn with (f ¡ g)(zn ) ! 0 and (f =g)(wn ) !
1. It easily follows that f and g are rational.

Let f be a transcendental entire function and g := ef + f . It is easyto show
that f and g shareno limit value and that V = C is maximal. Another example
is f (z) := ez + e¡ z and g(z) := ez ¡ e¡ z . Again V = C but f and g share the
limit value 1 .

4. Gro wth estimations

If f and g share values then the charcteristic functions are of comparable
growth (cf. Proposition 2.5). The sameis true for shared limit values.

Theorem 4.1. Let f ; g: C ! bC be transcendental meromorphic functions
that share q ¸ 3 limit values. Then

T(r; f ) ·
q

q ¡ 2
T(r; g) + S(r; f ):

Proof. Let a1; : : : ; aq be the sharedlimit values. Choose " > 0 such that the
disks D " (a1); : : : ; D " (aq) have disjoint closures.Lemma 3.2 shows the existenceof
± > 0 with g¡ 1

¡
D ±(ak )

¢
½
»

f ¡ 1
¡
D " (ak )

¢
for k = 1; : : : ; q. We show that, with at

most ¯nitely many exceptions,every island of f over D " (ak ) contains an island of
g over D ±(ak ) . Supposeit exists a sequenceof islands I n of f over D " (ak ) which
do not contain islands of g over D ±(ak ) . Since g¡ 1

¡
D ±(ak )

¢
½
»

f ¡ 1
¡
D " (ak )

¢
it

follows I n \ g¡ 1
¡
D ±(ak )

¢
= ; for n ¸ n0 . Each I n contains zn with f (zn ) = ak ,

hence f (zn ) ! ak . Then jg(zn ) ¡ ak j ¸ ± gives a contradiction. It follows
that n

¡
r; f ; D " (ak )

¢
· n

¡
r; g; D ±(ak )

¢
+ O(1) · n(r; g; ak ) + O(1) . Logarithmic

integration and Theorem 2.1 shows

(q ¡ 2)T(r; f ) ·
qX

k=1

N (r; g; ak ) + S(r; f ) · q ¢T(r; g) + S(r; f ):

Corollary 4.2. Let f ; g: C ! bC be transcendental meromorphic functions
that share in¯nitely many limit values. Then there exists for every " > 0 a set
E" ½ R + of ¯nite linear measuresuch that

T(r; f ) · (1 + ")T(r; g)

outside E" .

In view of Proposition 2.5(ii) the question arises if the conclusion of Corol-
lary 4.2 is already true for q ¸ 4 shared limit values.

The above proof shows that limit value sharing implies a kind of island shar-
ing. Uniquenesstheorems do not follow (without further restrictions) since one
cannot concludethat f ¡ g has zerosin these islands.
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We now prove a uniquenesstheorem under strong additional assumptions. It
is only a partial result and it would be interesting to know whether the assumptions
can be weakened(especially concerningthe growth of f ).

For the proof we need the following corollary from Wiman's theorem ([6,
p. 224]):

Theorem 4.3 (Wiman). Let f : C ! C be a non-constant entire function
with order %(f ) < 1

2 and M ½ C be unbounded and connected. Then f (M ) is
unbounded.

Theorem 4.4. Let f ; g: C ! C be zero-freeentire functions that share all
limit valuesof a curve surrounding 0. If

%1(f ) := lim sup
r !1

log logT(r; f )
log r

<
1
2

;

then f = g.

Proof. Since %1(f ) < 1
2 we have f = exp(' ) with an entire function ' with

order %(' ) < 1
2 . From our growth estimates it follows g = exp(Ã) with %(Ã) <

1
2 . Let C be the curve consisting of shared limit values and ° be a component
of f ¡ 1(C) . Then ° is unbounded and connected. Consider f =g = exp(' ¡ Ã) .
Suppose ' ¡ Ã is not constant. Since %(' ¡ Ã) < 1

2 it follows from Wiman's
theorem that ¡ := (' ¡ Ã)(° ) is unbounded (and of courseconnected). We have
f =g(z) ! 1 for z ! 1 in f ¡ 1(C) sinceC is compact, hencein particular f =g ! 1
on ° . For all ± > 0 it follows ¡ ½

»
exp¡ 1

¡
D ±(1)

¢
. This implies a contradiction

since for suitable ± > 0 the preimage exp¡ 1
¡
D ±(1)

¢
consistsonly of islands. We

concludethat ' ¡ Ã is constant and it follows that f = g.

5. Examples of functions that share all limit values

In this section we construct entire functions f and g that share all limit
values in bC and are not related by simple transformations.

The construction is due to J.K. Langley [16].
The idea is to use two Weierstra¼products with closezeros. We need some

technical preparation. Let an ! 1 be a complex sequencewith jan j · jan +1 j for
all n 2 N . We de¯ne

dist (r ) := inf
©

jaj ¡ ak j j j 6= k; jaj j ¸ r ; jak j ¸ r
ª

:

For z 2 C we denote by k(z) the index such that jz ¡ ak (z) j · jz ¡ aj j for all
j 2 N . If several aj have minimal distance from z then we choosek(z) maximal.

Lemma 5.1. Let an ! 1 be a complex sequencewith dist (r ) ! 1 as
r ! 1 . Then there exists a function ' : R + ! R + with ' (r ) ! 1 for r ! 1
such that for all z 2 C and j 6= k(z) :

jz ¡ aj j ¸ ' (jzj):
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Proof. Let jzj = r and j 2 N such that aj has secondminimal distance
from z. (Note that jak (z) ¡ zj = jaj ¡ zj is possible.) First weassumejz¡ aj j < 1

2 r .
Then jaj j; jak (z) j ¸ 1

2 r and thus jz ¡ aj j ¸ 1
2 dist

¡
1
2 r

¢
. Otherwise jaj ¡ ak (z) j ·

jz ¡ aj j + jz ¡ ak (z) j < 1
2 dist

¡
1
2 r

¢
+ 1

2 dist
¡

1
2 r

¢
= dist

¡
1
2 r

¢
gives a contradiction.

It follows jz ¡ aj j ¸ min
©

1
2 r; 1

2 dist
¡

1
2 r

¢ª
=: ' (r ) .

Theorem 5.2. For every ± 2 [0; 1) there exist entire functions f and g with
± = %(f ) = %(g) = %(f =g) which shareall limit values.

Proof. We set

f (z) :=
1Y

k=1

µ
1 ¡

z
ak

¶

with ak := 2k if ± = 0 and ak := k1=± for ± 2 (0; 1). These functions are well
known and it follows from the basic results on the exponent of convergenceof
canonical Weierstra¼products that %(f ) = ± for ± 2 [0; 1) (see[27]). We choose
a secondsequencebk with jbk j = ak and jbk ¡ ak j = " k ! 0 with a positive
sequence" k which we prescribe later. Put

h(z) :=
1Y

k=1

µ
1 ¡

z
bk

¶
:

Clearly %(h) = ±. For large z we have

jf (z)j + jh(z)j · exp(jzj):

On the circles jz ¡ ak j = 1
2 (ak ¡ ak ¡ 1) with large z and k :

jf (z)j
jz ¡ ak j

·
exp(2ak )

1
2 (ak ¡ ak ¡ 1)

· exp(2ak );

since 1
2 (ak ¡ ak ¡ 1) ! 1 . Now f (z)=(z ¡ ak ) is holomorphic on jz ¡ ak j ·

1
2 (ak ¡ ak ¡ 1) . The maximum principle shows that on jz¡ ak j · exp(¡ 3ak ) it holds
jf (z)j · exp(¡ ak ) . The sameinequality is true for h on jz ¡ bk j · exp(¡ 3ak ) .
Set " k := exp(¡ 4ak ) . Then

(2) jf (z)j · exp(¡ ak ) and jh(z)j · exp(¡ ak )

simultanuously on jz ¡ ck j < 1
2 exp(¡ 3ak ) where ck := 1

2 (ak + bk ) . The union of
thesedisks will be denoted by E , i.e.

E :=
©

z 2 C j jz ¡ ck j < 1
2 exp(¡ 3ak )

ª
:

We estimate h=f outside E . Again we denoteby k(z) the index sothat jz¡ ak (z) j
is minimal. It is easyto seethat ak ful¯lls the assumptionsof Lemma 5.1. Thus
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there is function ' with ' (r ) ! 1 and jz ¡ aj j ¸ ' (jzj) for j 6= k(z) . For the
function

uk (z) :=
z ¡ bk

z ¡ ak

we get
juk (z) ¡ 1j =

" k

jz ¡ ak j
:

We show juk (z) (z) ¡ 1j ! 0 for z ! 1 outside E . Let zn ! 1 be a sequence
outside E and consider k(zn ) . If k(zn ) is bounded so is ak (zn ) and it follows
juk (zn ) (zn ) ¡ 1j ! 0. If k(zn ) is unbounded we can assume k(zn ) ! 1 . We
obtain

juk (zn ) (zn ) ¡ 1j =
" k (zn )

jzn ¡ ak (zn ) j
· 2

exp(¡ 4ak (zn ) )
exp(¡ 3ak (zn ) ) ¡ exp(¡ 4ak (zn ) )

· 12exp(¡ ak (zn ) ) ! 0;

since ak (zn ) ! 1 . Thus for z =2 E

1X

k=1

juk (z) ¡ 1j ·
1X

k=1
k 6= k (z)

juk (z) ¡ 1j + o(1) ·
1

' (jzj)

1X

k=1

j" k j + o(1) = o(1):

It follows that v(z) :=
Q 1

k=1 uk (z) convergescompactly in C n E and v(z) ! 1
for z ! 1 in C n E . It is easyto show

® :=
1Y

k=1

bk

ak
6= 0:

Hencefor z ! 1 in C n E

h(z)
f (z)

=
v(z)

®
!

1
®

:

We set g := ®h and claim that f and g share all limit values. Let zn ! 1 be
a sequencewith f (zn ) ! a 2 bC n f 0g. From (2) it follows zn =2 E for n ¸ n0 .
The behaviour of v shows g(zn ) ! a. Similarly we get from g(zn ) ! a 2 bC nf 0g
that f (zn ) ! a. Hence f and g shareall limit valuesin bC nf 0g and it is easyto
concludethat all limit valuesare shared.

It is clear that %(f =g) · ±. Sincethe zerosof f are the zerosof f =g it follows
from the exponent of convergencethat %(f =g) = ±.

Considering f (zn ) and g(zn ) with the above constructed f and g one gets
examplesfor every ¯nite order. If F : C ! bC is meromorphic and bounded on E
then F ¢f and F ¢g shareall limit values. Such F can easily be constructed with
results from complex approximation.
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6. Examples of functions that share ¯nitely man y limit values

It is known from the theory of sharedvaluesthat exampleswith ¯nitely many
shared values can be constructed by f = p ± ' and g = q ± ' with p;q: bC ! bC
rational and ' : C ! bC meromorphic. A well-known example of Gundersen[11]
for functions sharing four values is of the form f (z) = p ± ez and g(z) = q ± ez .
Since exp(C) = C n f 0g the preimagesof p and q for the sharedvaluesmust be
equal in C n f 0g.

To get examplesin the caseof limit value sharing, p and q have to sharethe
valueson the whole sphere(already becauseof the Casorati{Weierstra¼theorem).
It follows that exampleswith four sharedlimit valuescannot be constructed with
the above method. It wasnoted in [1] that rational functions that sharefour values
on the sphereare identical.

Let p: bC ! bC be rational and non-constant (this will be assumedthroughout
this section), N := f a1; : : : ; an g ½ bC and M := p¡ 1(N ) . It can be proved
elementarily that

(3) (n ¡ 2) degp · jM j ¡ 2

where degp is the degreeof p and j ¢ j is the cardinalit y.
The similarit y to the formulas in Theorem 2.1 and 2.2 is obvious. With (3)

an adaption of the proof of the ¯v e point theorem shows:

Theorem 6.1. If rational p;q: bC ! bC share four valuesthen p = q.

As noted in Proposition 2.5 we have T(r; f ) · 3¢T(r; g) + S(r; f ) if two tran-
scendental meromorphic functions f ; g: C ! bC share three values. Seealso [12]
where it is shown that the constant 3 is sharp. For rational functions (3) gives:

Prop osition 6.2. If rational p;q: bC ! bC share three valuesthen

degp · 3degq ¡ 2:

An exampleof two rational functions with equaldegreethat sharethree values
on the spherewas given in [30]. We now give two examplesthat are extremal for
the inequality in Proposition 6.2. This answers a question in [30, Question I I I].

Examples 6.3. First note that if degq = 1 then Proposition 6.2 shows
degp = 1. It follows p = q. For the casedegp = 4 and degq = 2 we have:

(4) p(z) :=
(z + 1)3(z ¡ 3)
(z ¡ 1)3(z + 3)

; q(z) :=
(z + 1)(z ¡ 3)
(z ¡ 1)(z + 3)

;

p and q share the values 0; 1; 1 .
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The next extremal caseis degp = 7 and degq = 3. We cannot give such an
example. For degp = 10, degq = 4 we have

(5)

p(z) :=
(z ¡ 1)7(z + 3)

¡
z + 2 ¡ i

p
3

¢¡
z + 2 + i

p
3

¢

(z + 1)7(z ¡ 3)
¡
z ¡ 2 + i

p
3

¢¡
z ¡ 2 ¡ i

p
3

¢

=
z10 ¡ 9z8 + 42z6 ¡ 210z4 + 384z3 ¡ 315z2 + 128z ¡ 21
z10 ¡ 9z8 + 42z6 ¡ 210z4 ¡ 384z3 ¡ 315z2 ¡ 128z ¡ 21

;

q(z) :=
(z ¡ 1)(z + 3)

¡
z + 2 ¡ i

p
3

¢¡
z + 2 + i

p
3

¢

(z + 1)(z ¡ 3)
¡
z ¡ 2 + i

p
3

¢¡
z ¡ 2 ¡ i

p
3

¢

=
z4 + 6z3 + 12z2 + 2z ¡ 21
z4 ¡ 6z3 + 12z2 ¡ 2z ¡ 21

;

p and q again share 0; 1; 1 . We were not able to construct examplesof higher
degree.

Let now ' : C ! bC be a transcendental meromorphic function. Then with
the rational functions p, q from (4) and (5) it follows that

f := p ± ' and g := q ± '

share the values and the limit values 0, 1 and 1 . Then (see e.g. [15, Theo-
rem 2.2.5]) T(r; f ) = 2¢T(r; g) + S(r; f ) and T(r; f ) = 2:5¢T(r; g) + S(r; f ) . Theo-
rem 4.1showsthat if three limit valuesaresharedthen T(r; f ) · 3¢T(r; g)+ S(r; f ) .
We believe that examplesof the above type with arbitrary large degreeexist so
that the constant 3 should be (at least asymptotically) sharp.

Functions that share four limit valuesgivesan example of Reinders [32]. He
constructs two elliptic functions (on the same torus) that share four values. It
is easy to see that value sharing and limit value sharing are identical for such
functions. Consider p;q: bC ! bC rational that share 0; 1; 1 and take the square
root of p and q. Then uniformize the algebraic functions by an elliptic function.
This method works for

(6) p(z) :=
(z + 1)3(z ¡ 3)
(z ¡ 1)3(z + 3)

; q(z) :=
(z + 1)(z ¡ 3)3

(z ¡ 1)(z + 3)3

and an elliptic function ' : C ! bC which solves

(' 0)2 = (' + 1)(' ¡ 1)(' + 3)(' ¡ 3):

This leadsto

f =
p

p ± ' = ' 0¢
' + 1

(' ¡ 1)2(' + 3)
; g =

p
q ± ' = ' 0¢

' ¡ 3
(' ¡ 1)(' + 3)2 ;
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f and g share the values and the limit values 0; 1; ¡ 1; 1 . Our constants are
di®erent from Reinders'soriginal example. The uniquenesstheorem in [32] shows
that both examplesare equalup to a MÄobius transformation. We have p(z) = q(z)
with p, q from (6) for z 2

©
0; 1; ¡ 1; 3; ¡ 3; 1 ; i

p
3; ¡ i

p
3

ª
. In 0, 1, ¡ 1, 3, ¡ 3,

1 the shared limit valuesare taken. For ' ! § i
p

3 it holds

f
g

!

¡
§ i

p
3 + 1

¢¡
§ i

p
3 + 3

¢

¡
§ i

p
3 ¡ 1

¢¡
§ i

p
3 ¡ 3

¢ = ¡ 1:

Hencethe set of all completely unshared limit values is bC n f 0; 1; ¡ 1; 1g . In the
next section we show that if ¯v e limit valuesare sharedthen this set is empty.

All constructed examplesin this sectionhave in commonthat the sharedlimit
values are also shared values. This is not necessary. Let p1; p2; q1; q2 be rational
functions with p1(1 ) = q1(1 ) = 1 and p2(1 ) = q2(1 ) = 0 then with the above
exampleswe get ~f := p1 ¢f + p2 , ~g := q1 ¢g + q2 which sharethe limit valuesbut
not necessarilythe values.

7. A ¯v e limit value theorem

First we note a statement which is known as the Zalcman lemma [38]. The
idea essentially comesfrom a paper of Lohwater and Pommerenke [20].

Lemma 7.1 Let F be a family of meromorphic functions in D r . Then the
following is equivalent :
(i) F is not normal in D r .
(ii) There is a sequencef j 2 F , a sequenceof linear transformations M j with

M j ! c 2 D r compactly in C such that f j ± M j ! F compactly in C with
a non-constant meromorphic function F .

We needthe following result of Lehto [17].

Theorem 7.2. (i) Let f be a transcendental entire function. Then there
exists a sequencewj ! 1 with

jwj jf # (wj ) ! 1 :

(ii) Let f be a transcendental meromorphic function. Then there exists a
sequencewj ! 1 with

lim sup
j !1

jwj jf # (wj ) ¸ 1
2 :

In this section we will only use (ii) which, except for the sharp constant 1
2 ,

can already be found in [18]. Statement (i) will be used later in connection with
Julia directions. We note that (i) was improved by Clunie and Hayman [5]. See
also Pommerenke [31].

We now prove a theorem for ¯v e sharedlimit values. An important argument
is Nevanlinna's ¯v e point theorem.
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Theorem 7.3. Let f and g be transcendental meromorphic functions that
share ¯v e limit values. Then for each a 2 bC there is a sequencezj ! 1 such
that f (zj ) ! a and g(zj ) ! a, i.e. the set of all completely unsharedlimit values
is empty.

Proof. According to Theorem 7.2(ii) there is a sequencewj ! 1 with
f # (wj ) ¸ (3jwj j)¡ 1 . We set for z 2 D :

©j (z) := wj jwj jz=(1 ¡ z) :

Then ©j (0) = wj . Further z=(1 ¡ z) maps the unit disk onto the half plane©
Rez ¸ ¡ 1

2

ª
. Hence

j©j (z)j ¸ j©j (¡ 1)j =
q

jwj j ! 1 :

Put f j := f ±©j : D ! bC . It follows

f #
j (0) = j©0

j (0)jf # ¡
©j (0)

¢
= jwj j log jwj jf # (wj ) ¸ 1

3 ¢log jwj j ! 1 :

Hence f j has no convergent subsequencesince f j ! F implies f #
j ! F # .

The Zalcman lemma shows the existenceof a sequenceof linear transforma-
tions M j ! c 2 D such that a subsequencef j ± M j ! F compactly on C with
F meromorphic and non-constant. We claim that gj ± M j with gj := g ± ©j is
normal in C . Suppose this is not the caseand gj ± M j is not normal in D r

for some r > 0. The Zalcman lemma gives a sequenceof linear transformations
Tj ! d 2 D r such that a subsequencegj ± M j ± Tj convergescompactly on C
to a non-constant meromorphic function H . Since f j ± M j ! F compactly on
C it follows f j ± M j ± Tj ! F (d) compactly on C . Let a1; : : : ; a5 be the ¯v e
shared limit values. Since H is non-constant H takes one of the shared limit
values,say H (z0) = a1 . Then zj := ©j ±M j ±Tj (z0) ! 1 and g(zj ) ! a1 . Since
a1 is a shared limit value we get f (zj ) ! a1 and therefore F (d) = a1 . Hence
f ± ©j ± M j ± Tj (z) ! a1 for all z 2 C and thus since ©j ± M j ± Tj (z) ! 1
also g ± ©j ± M j ± Tj (z) ! a1 . This contradicts H 6= const. We conclude that a
subsequenceof gj ±M j convergescompactly on C to a meromorphic function G.

Let ai be a sharedlimit value and F (z0) = ai . Then zj := ©j ±M j (z0) ! 1
and f (zj ) ! ai . It follows g(zj ) ! ai which shows G(z0) = ai . Symmetry shows
that the ¯v e limit valuesare sharedvaluesof F and G. Since F is non-constant
the ¯v e point theorem shows F = G. The Picard theorem givesfor every a 2 bC ,
with at most two exceptions, za 2 C with F (za) = a and hence a sequence
za

j := ©j ± M j (za) ! 1 with f (za
j ) ! a. Since F = G it follows g(za

j ) ! a.
Proposition 3.4 shows that the set of all completely unsharedlimit valuesis open.
Hencethere are similar sequencesfor the two possibleexceptional values.

An important tool in our proof is the mapping ©j . It is the universalcovering
of D onto C n

©
jzj ·

p
jwj j

ª
.

If f and g are entire so are F and G. It follows:
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Theorem 7.4. Let f and g be transcendental entire functions that share
four ¯nite limit values. Then for every a 2 bC there is a sequencezj ! 1 with
f (zj ) ! a and g(zj ) ! a.

We state the following conjecture:

Conjecture 7.5. Let f and g be transcendental meromorphic functions that
share¯v e limit values. Then f and g shareall limit values.

It seemsto us that this is the correct analogueof the ¯v e point theorem.
We feel it would be interesting to investigate whether the conclusion holds

if the ¯v e point set is replaced by a non-discrete set. In the next section we will
show that it holds if the set of sharedvalueshas non-empty interior.

The above method of proof proposesto each uniquenesstheorem concerning
at least three shared values without multiplicities a corresponding statement for
limit value sharing. In [23] it was proved:

Theorem 7.6. Let f : C ! bC be meromorphic and non-constant. If f and
f 0 share three ¯nite valuesthen f = f 0.

A modi¯cation of the above reasoningshows:

Theorem 7.7. Let f : C ! bC be transcendental and meromorphic. If f and
f 0 sharethree ¯nite limit valuesthen for every a 2 bC there is a sequencezj ! 1
with f (zj ) ! a and f 0(zj ) ! a.

8. Extension prop erties of limit value sharing

Now we assumethat f and g shareall limit valuesfrom an open set. We will
show that then f and g shareall limit values. We describe the idea of the proof
in a special case.

Let M ½ bC be the open set of shared limit values. We can assumeD c
r ½ M

for some r > 0. It remains to prove that f and g share all limit values in D r .
If f ¡ 1(D r ) and g¡ 1(D r ) consist only of islands (this is our special assumption),
it follows from the maximum principle that (f ¡ g)(z) ! 0 for z ! 1 in these
islands. Clearly @f ¡ 1(D r ) ½ f ¡ 1(@D r ) and @D r ½ M is compact. It follows
f ¡ g ! 0 on @f ¡ 1(D r ) . Symmetry shows that f and g share all limit values
in D r .

In the general casewe need statements that play the role of the maximum
principle for unboundeddomains. Universal Phragm¶en{LindelÄof theorems (see[8])
are theoremsof this type. The next theorem wasconjectured by Newman [28] and
proved by Fuchs [9].

Theorem 8.1. Let G be an unbounded domain and f be holomorphic on
G such that for every ¯nite w 2 @G

lim sup
z! w ; z2 G

jf (z)j · 1:
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Set
M G (r; f ) := sup

z2 @D r \ G
jf (z)j:

If lim inf r !1 M G (r; f )=r = 0 then jf (z)j · 1 for all z 2 G.

Note that no geometricalor topological assumptionsare madefor the domain.
We will further need a general version of a theorem of LindelÄof (seee.g. [6,

p. 226]) which states that e.g. in every sector each bounded holomorphic function
which convergesto 0 for z ! 1 on the boundary convergesto 0 in the interior.
Such a statement follows from the following result of Sakai [33] (seealso [8]).

Theorem 8.2 (Sakai). Let G be an unbounded domain with unbounded
boundary and f be holomorphic on G. If for each w 2 @G with w =2 D when
approximated from G n D :

lim sup
z! w

jf (z)j · 1

and if
jf (z)j · ajzjb

in G n D for some a;b > 0 then

lim sup
z!1 ; z2 G

jf (z)j · 1:

Corollary 8.3. Let G be an unbounded domain with unbounded boundary
and f be continuous and bounded on G and holomorphic in G. If f converges
to 0 on the boundary, i.e. if

lim
z!1
z2 @G

f (z) = 0;

then f convergesto 0 in G:
lim

z!1
z2 G

f (z) = 0:

Proof. For all " > 0 there exists r > 0 such that Sakai's theorem can be
applied to f (r z)=" on G=r . Hence lim supz!1 ; z2 G jf (z)j · " . With " ! 0 the
claim follows.

Now we can prove our extension theorem.

Theorem 8.4. Let f ; g: C ! bC be transcendental meromorphic functions
that share all limit values of an open set. Then f and g share all limit values
in bC .

Proof. Let M ½ bC be an open set of shared limit values and D c
r ½ M .

Consider f ¡ 1(D r ) . According to the remarks at the beginning of this section it
is su±cient to consider the unbounded components of f ¡ 1(D r ) . Suppose there
exists a sequencezn ! 1 with f (zn ) ! a 2 D r but g(zn ) 6! a. Then there
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must be a subsequencezn which lies in the unbounded components of f ¡ 1(D r ) .
Let Zn be the component that contains zn . If the Zn tend to 1 then

lim
n !1

max
z2 @Z n

j(f ¡ g)(z)j = 0:

Further f ¡ g is asymptotically boundedin f ¡ 1(D r ) . Otherwise there is a sequence
wn ! 1 in f ¡ 1(D r ) with g(wn ) ! 1 and f (wn ) bounded. This contradicts
the assumption that f and g share the limit value 1 . Theorem 8.1 shows

lim
n !1

max
z2 Z n

j(f ¡ g)(z)j = 0;

in contradiction to (f ¡ g)(zn ) 6! 0. Hencealmost all zn lie in a ¯xed Z . Since

lim
z!1
z2 @Z

(f ¡ g)(z) = 0

and f ¡ g is asymptotically bounded on Z we get from Corollary 8.3

lim
z!1
z2 Z

(f ¡ g)(z) = 0;

again a contradiction. Symmetry provesthe rest.

Instead of Theorem 8.1 one can also usea generalizedmaximum principle as
can be found e.g. in [6].

9. A generalization of limit value sharing

In this section we study the following situation: Supposethere is an open set
M ½ bC and a function ' : M ! bC with

f (zn ) ! a 2 M ( ) g(zn ) ! ' (a) 2 ' (M ):

We will show that ' must be conformal. In fact, we show that ' is the restriction
of a MÄobius transformation and that the relation between the limit values of f
and g extends to all of bC .

Lemma 9.1. Let f ; g: C ! bC be transcendental meromorphic functions,
M ½ bC and ' : M ! bC such that for all sequenceszn ! 1 :

f (zn ) ! a 2 M ) g(zn ) ! ' (a):

Then ' is continuous.
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Proof. Let a 2 M and ak be a sequencein M with ak ! a. We can
assumea; ' (a); ak ; ' (ak ) 2 C . Choosea sequencez(k )

n ! 1 with f (z(k )
n ) ! ak

for n ! 1 and hence g(z(k )
n ) ! ' (ak ) . Pick nk such that jf (z(k )

n k ) ¡ ak j < 1=k,
jg(z(k )

n k ) ¡ ' (ak )j < 1=k and jz(k )
n k j ¸ k . Then z(k )

n k ! 1 with k ! 1 and
f (z(k )

n k ) ! a. Then g(z(k )
n k ) ! ' (a) and it follows ' (ak ) ! ' (a) .

Note that we did not even usecontinuit y.

It is lessobvious that ' is meromorphic.

Lemma 9.2. With the assumptions of Lemma 9.1 with M ½ bC open
' : M ! bC is meromorphic.

Proof. Let a 2 M . We may assume a; ' (a) 2 C and ' 6= 1 on D " (a)
with suitable " > 0. The ¯v e islands theorem shows that, with at most four
exceptions, f possessesin¯nitely many simple islands over D " (a) for each a 2 M
(maybe one has to decrease" > 0). Let I n be a sequenceof simple islands
of f over D " (a) and f ¡ 1

n : D " (a) ! I n be the corresponding branches of the
inverse function of f . We consider Fn : D " (a) ! bC with Fn := g ± f ¡ 1

n . Now
g is asymptotically bounded on I := [ I n . Otherwise there exists a sequence
zn 2 I with zn ! 1 and g(zn ) ! 1 . Passingto a subsequencewe may assume
f (zn ) ! b 2 D " (a) . It follows ' (b) = limn !1 g(zn ) = 1 in contradiction
to the choice of " . Hence Fn is a normal sequenceand convergespointwise to
the continuous function ' jD " (a) . According to Vitali's theorem Fn converges
compactly. Thus ' is holomorphic on D " (a) . The continuit y of ' shows the
removabilit y of the four possibleexceptional points.

Theorem 9.3. Let f ; g: C ! bC be transcendental meromorphic functions,
M ½ bC be open and ' : M ! bC such that for every sequencezn ! 1 :

f (zn ) ! a 2 M ( ) g(zn ) ! ' (a) 2 ' (M ):

Then ' can be extended to a MÄobius transformation and

f (zn ) ! a 2 bC ( ) g(zn ) ! ' (a) 2 bC;

i.e. ' ± f and g shareall limit values.

Proof. We may assumeD c ½ M and ' (1 ) = 1 , i.e. f and g share the
limit value 1 . We show that ' can be extendedto a holomorphic function in C .
Supposethe power seriesexpansionof ' around 1 hasasits circle of convergence
@D r with 0 < r < 1. Let a 2 @D r . We choose " with 0 < " < r and consider

U" (a) := f z 2 C j r ¡ " < jzj < 2; j argz ¡ argaj < "g:

According to the ¯v e islands theorem there are at most four points a 2 @D r such
that f has only ¯nitely many simple islands over U" (a) for all " > 0. Suppose
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a is not such an exceptional point. Then there is a sequenceI n of simple islands
over U" (a) with suitable " > 0. Let f ¡ 1

n : U" (a) ! I n be the corresponding
inverse functions. Since f and g share the limit value 1 it follows that g is
asymptotically bounded on f ¡ 1

¡
U" (a)

¢
. Hence Fn := g±f ¡ 1

n is normal on U" (a)
and convergeson the part of U" (a) which lies in D c pointwise to ' . Vitali's
theorem shows that Fn convergeson U" (a) compactly to the extension of ' .

Let now a 2 @D r be such that f possessesonly ¯nitely many simple islands
over U" (a) for every " > 0. We denoteby V";± (a) the sets V";± (a) := U" (a) nU±(a)
with ± < " . Weclaim the existenceof " > 0 such that f hasin¯nitely many simple
islands over each V";± (a) with ± 2 (0; " ) . Suppose " does not exist. For "1 > 0
choose ±1 > 0 such that f has only ¯nitely many simple islands over V" 1 ;±1 (a) .
For "2 > 0 with "2 < ±1 choose±2 such that f possessesonly ¯nitely many islands
over V" 2 ;±2 (a) and continue inductiv ely. Since the V" k ;±k (a) are Jordan domains
with disjoint closuresthe ¯v e islands theorem shows that this processmust stop
after three repetitions and we obtain a contradiction. Hencethere is " > 0 such
that f has for all " > ± > 0 in¯nitely many simple islands over V";± (a) . As above
one shows that ' can be extendedto D c

r [ V";± (a) for all ± with " > ± > 0. Now
± ! 0 shows that a is an isolated singularity of ' . Since 1 is a shared limit
value g is asymptotically bounded on

S
0<± <" f ¡ 1

¡
V";± (a)

¢
. It follows that ' is

bounded in a neighbourhood of a and therefore a is removable. Hencethe radius
of convergenceof ' around 1 is not ¯nite, i.e. ' is holomorphic in bC nf 0g. The
origin is again a removable singularity. Thus ' : bC ! bC is rational with a single
pole at 1 . This pole is simple since ' is bijective in a neighbourhood of 1 .
Hence ' is a polynomial of ¯rst degree.

Consider ~f := ' ± f and g. Then ~f and g share all limit values in M .
According to Theorem 8.4, ~f and g share all limit values in bC . The theorem is
proved.

We generalizethe foregoing theorem. For this we needthe following lemma.

Lemma 9.4. Let f and g be meromorphic functions that share the limit
value a 2 bC . If there exists a neighbourhood D " (a) such that for all b 2 D " (a)
and all sequenceszn ! 1 :

f (zn ) ! b ) g(zn ) ! b;

then f and g shareall limit values in bC .

Proof. We may assumethat f and g sharethe limit value a = 0. According
to Lemma 3.2 there exists ± with 0 < ± < " such that g¡ 1(D ±) ½

»
f ¡ 1(D "= 2) .

Supposethere is a sequencezn ! 1 with g(zn ) ! b 2 D ± but f (zn ) 6! b. Then
there exists a subsequencezn ! 1 with f (zn ) ! c 6= b. Since f zn g ½

»
f ¡ 1(D "= 2)

it follows c 2 D " and therefore g(zn ) ! c, a contradiction. Hence f and g share
all limit values in D ± and Theorem 8.4 shows that all limit valuesare shared.
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Theorem 9.5. Let f ; g: C ! bC be transcendental meromorphic functions
which share the limit value 1 . Further let M be a neighbourhood of 1 and
' : M ! bC such that for all zn ! 1 :

f (zn ) ! a 2 M ) g(zn ) ! ' (a):

Then ' can be extended to a polynomial and ' ± f and g shareall limit values.

Proof. That ' is a polynomial follows exactly as in the proof of Theorem 9.3.
We set K := supz2 M c j' (z)j < 1 and choose R > K . Then ' ¡ 1(D c

R ) ½ M and
' ± f and g share the limit value 1 since ' ¡ 1(f1g ) = f1g . Let a 2 D c

R and
zn ! 1 such that ' ± f (zn ) ! a. Then all accumulation points of f (zn ) are
contained in ' ¡ 1(f ag) 2 M . It follows g(zn ) ! '

¡
' ¡ 1(f ag)

¢
= a. With a = 1

the assumptions of Lemma 9.4 are ful¯lled. Hence ' ± f and g share all limit
values.

It is important that 1 is a sharedlimit value. With an approximation theo-
rem of Arakelian (see[10]) it is possibleto construct entire functions g with

exp(zn ) ! a 2 D ) g(zn ) ! ' (a)

where ' : D ! C is an arbitrary holomorphic and continuous function in D .
If ' is de¯ned globally we obtain:

Theorem 9.6. Let f ; g: C ! bC be transcendental meromorphic functions
and ' : bC ! bC such that for all zn ! 1 :

f (zn ) ! a 2 bC ) g(zn ) ! ' (a):

Then ' is rational and ' ± f and g shareall limit values.

Proof. Lemma 9.2 shows that ' is rational. Let a 2 bC and zn ! 1 such
that ' ± f (zn ) ! a. The accumulation points of f (zn ) are again contained in
' ¡ 1(f ag) . Then g(zn ) ! '

¡
' ¡ 1(f ag)

¢
= a. It follows that ' ± f and g shareall

limit values.

10. Filling disks and Julia directions

A sequenceof disks

(7) D j := f z 2 C j jz ¡ zj j < " j jzj jg

with zj ! 1 and " j ! 0 is called a sequenceof ¯l ling disks for meromorphic
f : C ! bC if in every in¯nite union [ D j k f takes all values of bC with at most
two exceptions.

Every transcendental entire function possessesa sequenceof ¯lling disks. The
zj are chosen such that f # (zj ) is large. Theorem 7.2 shows the existenceof a



Meromorphic functions with shared limit values 201

sequencezj with M j := jzj jf # (zj ) ! 1 . Set e.g. " j := 1=
p

M j and consider
for z 2 D the functions

f j (z) := f (" j jzj jz + zj ):

Then f #
j (0) = " j jzj jf # (zj ) =

p
M j ! 1 . Hence f j has no convergent sub-

sequence. Montel's theorem shows that each subsequenceof f j takes all values
in bC , with at most two exceptions, in¯nitely often. This shows that the D j are
¯lling disks.

The functions f j are of the form f j = f ±©j , with ©j (D ) ! 1 .

Lemma 10.1. Let f and g be transcendental meromorphic functions that
sharethree limit valuesand ©j : D ! C holomorphic such that ©j (D ) ! 1 . Set
f j := f ±©j and gj := g±©j . Then f j is normal in D if and only if gj is normal
in D .

Proof. Suppose f j is not normal in D but gj is normal. According to the
Zalcman lemma there exists a sequenceof linear transformations M j ! c 2 D
such that after passing to a subsequencef j ± M j ! F compactly on C with a
non-constant meromorphic function F .

Since gj is normal, a subsequenceconvergescompactly gj ! G with a mero-
morphic function G in D and thus gj ± M j ! G(c) compactly on C . Since F
is non-constant, F takes one of the shared limit values a1; a2; a3 . We assume
F (z0) = a1 . Hence f j ± M j (z0) = f ± ©j ± M j (z0) ! a1 . From the properties of
M j and ©j it follows zj := ©j ± M j (z0) ! 1 . Since a1 is a shared limit value
of f and g we obtain g(zj ) = gj ± M j (z0) ! a1 and thus G(c) = a1 . It follows
gj ± M j (z) ! a1 for all z 2 C and since ©j ± M j (z) ! 1 also f j ± M j (z) ! a1 .
This implies F ´ a1 , contradicting F 6= const.

If f is entire, so are the functions resulting from the Zalcman lemma.

Lemma 10.2. Let f and g be transcendental entire functions that share
two ¯nite limit values. Let ©j , f j and gj be as above. Then f j is normal in D
if and only if gj is normal in D .

Suppose f possesses̄lling disks with centres zj . If ® is an accumulation
point of argzj then in each sector

J" := f z 2 C j j argz ¡ ®j < "g

around the ray J := f z 2 C j argz = ®g lie in¯nitely many ¯lling disks. It follows
that f takesin every J" each value, with at most two exceptions,in¯nitely often,
i.e. J is a Julia direction (see [14]). Hence every transcendental entire function
possessesa Julia direction.

For meromorphic functions the situation is morecomplicated. In fact there are
meromorphic functions without Julia directions. From the above argumentation
for entire functions we seethat in this casenecessarily:

(8) f # (z) = O
µ

1
jzj

¶
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for all z 2 C . Functions with (8) are called Julia exceptional functions [29] (see
also [18, Theorem 3]).

Inequality (8) and (1) immediately imply T(r; f ) = O
¡
(log r )2

¢
.

Henceif

(9) lim sup
r !1

T(r; f )
(log r )2 = 1 ;

then there exists zj ! 1 with jzj jf # (zj ) ! 1 . It follows again that f has a
sequenceof ¯lling disks and hencea Julia direction.

We note that Julia directions need not be generated by ¯lling disks. An
exampleof a meromorphic function with (8) and a Julia direction wasgiven in [39].
An example of an entire function with a Julia direction where the sectors J" do
not contain ¯lling disks can be found in [3]. We will call a Julia direction which is
obtained from ¯lling disks a Mil loux direction.

We call zj ! 1 a singular sequence for f if for all " with 0 < " < 1 and
each subsequenceD "

j k
of the disks

D "
j := f z 2 C j jz ¡ zj j < " jzj jg

f takesin [ D "
j k

all values,with at most two exceptions,in¯nitely often. A similar
notion was intro duced in [7].

Prop osition 10.3. Let f : C ! bC be meromorphic and zj ! 1 . Then the
following statements are equivalent :
(i) zj is a singular sequenceof f .

(ii) f j : D ! bC with f j (z) := f (" jzj jz + zj ) has no convergent subsequencefor
all " 2 (0; 1).

(iii) There exists a sequenceuj with jzj ¡ uj j = o(jzj j) and juj j ¢f # (uj ) ! 1 .
(iv) There exists a sequence" j ! 0 such that the disks (7) are ¯lling disks for f .

We omit the simple proof.

Theorem 10.4. Let f and g be trancendental meromorphic functions that
share three limit values. Then f and g have the samesingular sequences.

Proof. Let zj be a singular sequenceof f . For " 2 (0; 1) set ©j (z) :=
" ¢jzj j ¢z + zj . Since " < 1 it follows ©j (D ) ! 1 . Proposition 10.3 shows that
f j = f ±©j hasno convergent subsequence.Supposegj = g±©j hasa convergent
subsequencegj . According to Lemma 10.1 the corresponding subsequencef j is
normal and possessseshencea convergent subsequencein contradiction to Propo-
sition 10.3. It follows that gj hasno convergent subsequenceand Proposition 10.3
shows that zj is a singular sequencefor g. Symmetry provesthe rest.
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Corollary 10.5. Let f and g be transcendental meromorphic functions that
share three limit values. Then:
(i) f and g have the sameMilloux directions.
(ii) Either f and g are both Julia exceptional functions or f and g have a

common Milloux direction.
(iii) If (9) holds for f then (9) is true for g and f and g have a commonMilloux

direction.

For (iii) apply Theorem 4.1.

Corollary 10.6. Let f and g be transcendental entire functions that share
two ¯nite limit values. Then:
(i) f and g have the sameMilloux directions.
(ii) f and g have a common Milloux direction.

We note that in [35] (seealso [36]) it wasshown that functions with a Valiron
de¯cient value are not Julia exceptional. This givesobvious versionsof the above
statements for such functions.
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