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Abstract. For g, Oand m, 1sudthat 2gj 2+ m, 1llet Tq4m bethe Teichméller space
of hyperbolic metrics on a surfaceof gerus g with m punctures, and let @ 4. be its Thurston
boundary. Using geadesiclength functions, we construct a homeomorphismof T4 [ @ g:m onto
a corvex nite-sided polyhedronin R P69i 6+2m

1. Intro duction

A Riemann surfaceof nite type is a closed Riemann surface from which a
“nite number m , 0 of points, the so-calledpunctures, have beendeleted. Such
a surface Sy is topologically determined by its gerus g, 0 and the number m of
its punctures. In the sequelwe only considersurfacesS, of negative Euler char-
acteristic with at least one puncture which are di®erert from the thrice-punctured
sphere. Then Sy carriesa nontrivial family of completehyperbolic metrics of nite
volume.

The Teichmiller space T .m of marked hyperbolic metrics on Sy is the set
of all pairs (f;h) where h is a hyperbolic metric on a surface S and f is the
homotopy classof a homeomorphismF: Sg! S of Sy onto S. With respect to
a natural topology, the spaceT gm is homeomorphicto an open cell of dimension
6gj 6+ 2m.

A gedesiclength function on T, is de ned by the choice of a closedcurve
° onthe basesurface Sy which is not nullhomotopic and not puncture parallel, i.e.
which cannot be homotopedinto oneof the punctures. For every hyperbolic metric
h on a surface S which is marked by the homotopy classof a homeomorphism
F:So! S the curve F(°) is then freely homotopic to a unique closedgeadesic
with respect to the metric h. The length |- (S) of this gealesic dependson h
and the marking and de nes a smooth (in fact real analytic) function l- on T g:m
which we call the length function of °.

It is well known [FLP] that Teichméller spacecan be parameterizedby nitely
many of these length functions. A natural problem is then to nd a collection
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length functions de ne an embedding of T g into R¥. For surfaceswith cusps,
i.e.if m , 1, this problem was solved by Sepa and Sonali [SS2]who showed
that T4, canbe parameterizedby 6gi 6+ 2m length functions of simple closed
gedadesics. For closedsurfacesit is known that no embedding of T .o into R69i 6
by 6gi 6 gedesiclength functions exists. In this casethe optimal answer was
givenby Sthmutz Sdaller [S1]who found an embeddingof T 4.0 by 6g; 5 geadesic
length functions. In Section 4 of this note we construct a new and simpler suc
embedding of T4, into R >,

The Thurston boundary @ 4.m of Tgm consists of projective classesof
measured geadesic laminations and is homeomorphic to a sphere of dimension
6gi 7+ 2m. It de nes naturally a compacti cation of Tgm in such a way that
Tgm [ @ gm is homeomorphicto a closedball.

To construct parameterizations of T4,y which extend cortinuously to a ho-
meomorphism of the Thurston boundary we have to projectivize our k-tuple

gedalesicon our surfaceintersectsat least one of the curves °; transversely then
the map which assignsto a surface S 2 Ty.m the projectivized k-tuple

of length functions extends cortinuously to the Thurstorp boundary by mappjng
a measured lamination =~ to its projectivized k-tuple i(";°1);::50( ;%) 2
R Pki 1 of intersection numbers. We call a map of Tgm [ @ gm into R Pki 1
geometric if it is de ned in this way by gedadesiclength functions.

Call asubsetP of the real projective spaceR Pki 1 a nite-sided corvex poly-
hedron if it is the projection of an intersection of nitely many closedhalfspaces
in RX. We show:

Theorem. Forewery g, 0and m, 1 thereisageometrichomeomorphism
of Tgm [ @ gm ONto a nite-sided corvex polyhedronin R P%9i 6¥2m

The caseof closedsurfacesseemsto be much more dixcult. A geometricem-
beddingof T .o into areal projective spaceof minimal dimensionis only known for
g = 2[S2]. In any caseit canbe easilycomputedthat the projectionsinto R P 69i ©
of the known embeddingsof Tg4.o into R®9i 5 do not extend to injective maps on
the Thurston boundary. On the other hand, there are 6gj 5 length functions of
simple closed geadesicswhich de ne a homeomorphismof the Thurston bound-
ary @ 4.0 onto the boundary of a nite-sided corvex polyhedronin R P69i 5 [H].
We do not know whether this embedding extendsto an embedding of Ty, into
R P69i 5
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2. Triangulations and laminations on surfaces with cusps

In this sectionwe construct a homeomorphismof the spaceof measuredlam-
inations on a surface S 2 T4, with m | 1 cuspsonto the boundary of a convex
conein RO9i 52m

First we look brie°y at closedsurfaces.A signedgeadesiccurrent on a closed
surface S of gerus g, 2 is a locally nite signed Borel-measureon the space
of unoriented geadesicsin the hyperbolic plane H? which is invariant under the
action of the fundamental group Y4 (S) of S. The spaceS C of signed geadesic
currents for S, equipped with the weak” -topology, is a topological vector space
which only depends on the topological type of S. It contains the space C of
gedesic currents which consistsof all nonnegative elemers of S C as a closed
subcone.

There is a bilinear form i on S C, the so called intersection form, whosere-
striction to C is continuous with respect to the weak” -topology [B], but it is not
continuousglobally asaform on S C. The subsetL of C of all geadesiccurrents
1 2 C with vanishing self-intersection i(%; 1) = 0 is the closedcone of measured
geadesic laminations and is homeomorphicto R%9 6 [FLP]. However, L is not
contained in any nite-dimensional linear subspaceof S C. The projectivization
P L of the spaceof nonzero measuredgeaesic laminations de nes a compact-
i cation of the Teichmiller space T4, which is called the Thurston boundary.
Every closedgeadesic A on S can naturally be viewed as a geadesic current and
hencevia * ! i(A;1) it de nes a linear functional on S C whoserestriction to
C and henceto L is cortinuous.

We can also considerthe spacelL of measuredgealesiclaminations on hy-
perbolic surfaceswith cusps. By de nition, a measuredgealesic lamination for
such a surface S with m , 1 cuspsis a compact subsetof S which is foliated by
geadesicsand equipped with a transverseinvariant measure.

Now let m, 1 andlet S2 Tgnm. Fix oneof the cuspsof S and denote it
by O. Choose6gi 5+ 2m simple mutually disjoint geadesics~y;:::; ~g; 5+2 m
on S whosetwo endsgointo the cusp O and which decompose S into 4gj 3+ m
ideal triangles and m j 1 once-punctureddiscs(see[S3]).

If A is any closedgeadesicon S then A is contained in a compact subset of
S and henceit intersectsead of the geadesics ~ transverselyin a nite number
of points. We denote by i(A;~) the number of intersectionsof A with ~ . Since
measuredlaminations on S have compact support, intersection of closedgeadesics
with one of the curves ~ extendsto a contin uous convex-linear functional i( ¢;~)
on the spacel .

The intersection of eat closedgealesic A on S with oneof the ideal triangles
T cut out by the gealesics ~ consistsof a nite number of simple arcs. Each
of these arcs has its endpoints on two di®eren sidesof T. In other words, the
number of intersectionsof A with a "xed side of T is not smaller than the sum
of the number of intersections with the two other sides. In particular, the 6g i
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5+ 2m-tuple of intersection numbers of A with the geaesics~ is contained in
the intersection of a collection of 10gj 8+ 3m halfspacesbounded by a linear
hyperplanethrough the origin. The boundary A % R%9 5*2M of this corvex cone

numbers with the following properties:

(1) & - & + a if the geadesics~; 5 ; ~ arethe sidesof an ideal triangle in S.
(2) There is at least one ideal triangle in S with sides ~;~;~ and sud that
8 = a + a.

In particular, A is a cone with vertex at the origin over the boundary @ of
a corvex polyhedron P in the unit sphere S%9i 6*2m 15 R6gi 5*2m  Since the
boundary of a corvex polyhedron in S9i 6*2M is homeomorphicto a sphere of
dimension 6gj 7+ 2m, our set A is homeomorphicto R®9i 6+2m

We summarize our discussionin the following lemma.

Lemma 2.1. A is a conewith vertex at the origin over the boundary of
a corvex nite-sided polyhedron in the sphere S®9i 6*2M  |n particular, A is
homeomorphicto R69i 6+2m

that the map © is injective. By continuity, for this it sutcesto show that every
simple closedgeaesicmulticurv e ° (i.e. a nite union of pairwise disjoint simple
closedgealesics,possibly multiple covered) is determined by ©(°).

By assumption, the arcs ~ de ne a decomposition of S into 4gj 3+ m
ideal triangles with vertices at the cusp O and m j 1 punctured discs. Each
arc is either the common side of exactly two triangles or it is the common side
of one triangle and one once-punctured disc. Let ° be a simple closed gealesic
multicurve on S and let T be a triangle from our triangulation of S with sides
"1, 2; 3. Write j; = i(§;°) and assumethat j; , j2, js3. Sincethe interior
of T is cortractible in the compacti cation of S, the total intersection number
j1+ ]2+ 3 of ° with the boundary of T isevenand hencej,+ j3j j1 iSevenas
well. Moreover we have j1 - jo+j3. Draw 1(jo+jsi j1) simplearcsconnecting
the sides , and 3, j> i %(jz +j3i j1) simple arcs connectingthe sides ; and
I EX %(jz +j3i j1) simple arcsconnectingthe sides ; and 3 in suc a way
that all these arcs are disjoint. The con guration of thesearcsin T is uniquely
determined up to homotopy by j1;j2;j3-

If ~ is the boundary of a once-punctureddisc D then ead connectedcom-
ponert of °\ D hasits two endpoints on ~ and therefore i(°;~) = 2k for some
k , 0. Draw k simple arcsin D with endpoints on ~ and the additional prop-
erty that ead of thesearcs separatesthe puncture in the interior of D from the
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puncture on the boundary. Once again, this con guration is determined uniquely
up to homotopy by the number 2k.

The thusconstructedarcsin the 4gj 3+ m trianglesand mj 1 punctured discs
of our triangulation canbe connectedin a unique way to a simple closedmulticurv e
A on S. This multicurv e is determined up to isotopy by the intersection numbers
with the geadesics™~;:::; ~sgj 5+2m -

To shaw that A is isotopic to ° we just have to verify that ead connected
componernt of the intersectionof © with a punctured disc D separateshe puncture
in the interior from the puncture on the boundary. But this follows from the fact
that those arcs are the only simple arcsin D which are not freely homotopic
relative to the boundary of D to an arc contained in the boundary. Thus ° is
uniquely determined by ©(°) (comparethe discussionin [FLP]) and © isinjective.

We are left with shawing that the image of L under the map © equals
the cone A . We show rst that ©L is cortained in A . For this recall from

our consideration above that every 6gj 5+ 2m-tuple (by;:::;bsg; 5+2m) Of even
nonnegative integers with the additional property that b - B + b whenewer
the geadesics ~;~; ~ are the sidesof an ideal triangle determines uniquely a

(possibly multiple covered) simple closed multicurv e (compare [FLP]). Howeer,
not every sudr multicurv e is freely homotopic to a simple geadesic multicurv e.
Namely, a simple closedcurve which is parallel to the cusp O correspondsto the

represened by a simple closedgeadesic,a 6gj 5+ 2m-tuple of equal even positive
integersdoesnot occur as the intersection tuple of a geadesiclamination.

in S. Let ° beasimple closedcurve which is parallel to the cusp O and which does
not intersect . Then 1 [ ° is a weighted multicurv e whoseintersection tuple

measuredlamination. From cortin uity we therefore concludethat the image of ©
is contained in A .

A with ewven integers as coexcients determines uniquely up to isotopy a simple
closed multicurve * which does not contain any puncture parallel componert.
In particular, ! is isotopic to a geadesic multicurve °. Our discussionabove
(comparealso[FLP]) showsthat the 6gj 5+ 2m-tuple of intersection numbersfor

that we cande ne amap from A to L which is inverseto ©. This nishes the
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proof of the lemma. o
As a corollary, we nd the following well-known fact [FLP].

Corollary 2.3. The spaceL of measuredgeadesiclaminations on a surface
of gerus g, 1 with m, 1 cuspsis homeomorphicto an open cell of dimension
6gj 6+ 2m.

We assignnow to ead of the gealesics ~ a closed geadesic with two self-
intersectionsas follows. For ead i the gealesic ~ is corntained in a unique once-
punctured annulus A % S with geadesicboundary. Let A; be the closedgeaesic
in A with two self-intersectionswhich intersectsthe perpendicular © betweenthe
boundary gealesicsof A twice and is invariant under re°ection along ©. The
next lemma shows that measuredlaminations on a surfaceof gerus g with m , 1

punctures can be parameterizedby their intersectionswith the 6g; 5+ 2m closed

Lemma 2.4. Let! 2 L beameasuredgeadesiclamination. Then i(; A;) =
2i(; ~) for all i; in particular, the map

a1 (Y Ag); (% Asgi s+2m)

is a homeomorphismof L onto A .

Proof. As before, it is enoughto show the statemert of the lemma for simple
closed geadesic multicurv es. Consider again the once-punctured annulus A con-
taining ~ and A; . Its boundary consistsof simple closedgealesics¥;%. There is
no simple closedgeadesic contained in the interior of A, sothe intersection with
A of ead simple closed geadesic multicurv e is a nite collection of simple arcs
with endpoints on the boundary. There are only 3 di®erert free homotopy classes
of sud simple arcsin A relative to the boundary. For eat of theseclassesjt can
be chedked explicitly that the number of its intersectionswith the geadesic A; is
twice the number of its intersectionswith ~ . o

3. Length functions for surfaces with cusps

In Section2 we constructedfor every g, 0 and m , 1 sucthat 2gj 2+ m

1 acollection of 6gj 5+ 2m free homotopy classeson a surfaceof gerus g with m
cuspswhich parameterizethe spaceof measuredgealesiclaminations L via inter-
section. The projectivization of this parameterization de nes a homeomorphismof
the Thurston boundary of Ty, onto the boundary of a nite-sided corvex poly-
hedron P in R P%9i 6*2m " The purposeof this sectionis to show that the length
functions of these curvesde ne a homeomorphismof Teichméller spaceonto the
interior of P. For this we cortinue to use the assumptionsand notations from
Section 2.



Length functions and parameterizations of Teichmiller space 81

As in Section2we x oneof the puncturesof asurfaceS 2 T4, andcallit O.
Consideronceagain a collection of 6gj 5+ 2m simple geadesics~;:::; ~g; 5+2 m
whosetwo ends go into the cusp O and which decompose S into 4gi 3 ideal
triangles and mj 1 once-punctureddiscs. We call this decomposition the preferred
triangulation of our surface S, and we call O the preferred puncture. For ead i
the length of the geadesic ~ is in nite; howewver, we can assigna relative length
I~ (S) to it asfollows. The puncture O of S admits a neighborhood in S which
is isometric to a standard cusp C [Bu]. By de nition, sudc a standard cusp can
be identied with the cylinder [j log2;1 ) £ S with the metric d% + e 2%dt?.
We de ne the height of a point in C to be the value of the %coordinate in this
represenation.

Let 4, be an ideal triangle in H?. It cortains a unique nite equilateral
triangle T with vertices on the sidesof 4 ; and which is invariant under all
isometriesof 4 ; . For ewvery ideal vertex » of 4 ; there is a unique horocircle
H at » which passeshrough two of the verticesof T. Choosea number % > 0
in such a way that 2%ei 2% is smaller than the length of the intersection of the
horocircle H with 4 ; . Explicit computatipp spows that this is the caseif and
only if we have % , i log sinh farccosh3 =% » 1:838. Every geadesicgoing
into the cusp meetsthe circles %= const orthogonally and hence,sinceboth ends
of the gealesic ~ gointo the cusp, eadt choice of a height cuts from ~ a unique
compactarc of nite length. Denoteby |- (S) the length of the subarcof ~ which
corresponds to the height % .

Prop osition 3.1. The map

. ¢ |
a: S2 Tgm ! llg_l(S);;::;|, (S) 2 R6gi 5+2m

~6gij 5+2 m

is a di®eomorphismof T4.m onto a hypersurfacein R69i >*2m

Proof. Consider again an ideal triangle 4 ; in H? with sides a;;a,;as.
We parameterize the geadesics a; by arc length in sudh a way that the origin
corresponds to the vertex z; of the subtriangle T %2 41 on a and that the
orientations of a; de ne the boundary orientation of 4 ; . The distinguished
points z;;z+1 lie on a common horocircle through the point a (1 ).

For given numbers I1;1,;13 > 0 de ne

I P . . _ 01 . .
Xi=a 3@ li+tliai i) yi=a z(li+liailie):

The distance between x; and y; equalsl;, and the points y; and x;+; are con-
tained in acommonhorocircle at a;(1 ). If weidentify the sidesof 4 ; with R in
the above way, then the assignmem which maps (I1;12;13) to the triple (X1;X2;X3)
of points on the three di®erert sidesof 4 ; is areal analytic di®eomorphismonto
its image.
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i; ;K- 6gi 5+ 2m are sud that the geadesics~; 5 ; ~« arethe sidesof a triangle
of our preferred triangulation, then the triple (l;;l;;lx) determinesuniquely three
arcs of length I;;l;;1x on the three sides of an ideal triangle 4 ; . Moreover,
there is a distinguished point on the boundary geadesic of a once-punctureddisc
which is just the orthogonal projection of the puncture to the boundary. Each
number | , 0 then determinesa compact arc of length | on the boundary of a
once-punctureddisc whosemidpoint is this distinguished point.

Each gedesic ~ is either a common side of exactly two ideal triangles from
our triangulation, or a common side of one triangle and a once-punctured disc.
Each such pair of sidescan be glued with an isometry which identi es the dis-
tinguished arcs of length |; and reversesthe orientation. The result of these
6gi 5+ 2m glueingsis a complete hyperbolic surfacewith m cuspsand a distin-
guished horocircle going around one of the cusps. The length of this horocircle is
the sum of the lengths of all the horocyclic arcs connecting pairs of endpoints of
our distinguished boundary segmeits in ead of the triangles and once-punctured
discs.

Our construction de nes a real analytic map * of R %9 >*2 ™

into Tgm which

equals 2ve 2% . In particular, the map = is a real analytic di®eomorphism of
Tgm Onto a smooth hypersurfacein R%9i 52m g

Let !: R®9i 5*2m . fog | R P®i 6*2m pe the canonical projection. The
map | +o: Tgm ! R PO 6%2M i real analytic.

Corollary 3.2. The map | %o is adi®eomorphismof T 4.,, onto the interior
of a nite-sided closedcornvex polyhedron P in R P®9i 6#2m whijch extendsto a
homeomorphismof Tgm [ @ gm oOnto P.

Proof. Let again 4 ; be an ideal triangle in H? and considera horocyclic
arc through one of its ideal vertices 3 which passeghrough the two distinguished
points on the sidesadjacert to 3. By the choice of %, the length of this arc
is bigger than 2% 2% . |t therefore follows from the construction in the proof

i; j; k which de nes a triangle of our triangulation we have |; < [ + Ii.

Denote by a;;ay; as the sidesof the ideal triangle 4 ; and let (I1;12;13) be
a triple of positive reals such that |; < ljz1 + ljs» for all i (indices are taken
mod 3). In the proof of Proposition 3.1 we constructed from this triple for ead i
a subsegmen ® of length |; of the side a of 4 ;.. For " > 0 denoteby ® th@
subsegmen of a; which is induced by the triple (1 + ")I1;(1+ ")lo; (1 + ")z .
Sincel; < ljz1 + lj+2 , our explicit construction of the segmems ®;;® shows that
® isasubarcof ® . But this meansthat the length of ead of the three horocyclic
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arcsin 4 1 connecting pairs of endpoints of the segmems ® asabove is strictly
shorter than the length of the corresponding horocyclic arc connectingendpoints of
the segmems ® . Similarly, the horocyclic arc connecting points on the boundary
gedaesic of a once-punctured disc which is determined by the length (1 + ")l is
shorter than the arc determined by the length 1.

tiple with factor 1+ " > 1 results in decreasingthe length of our distinguished
horocircle. In particular, | o isinjective. The proposition now follows from this
and Lemma 2.2. o

In Section2 we assaiated to ead of the geadesics~ onasurfaceS 2 Tygm a
closedgeadesicA; (i = 1;:::;6g; 5+ 2m) on S. The \length" |- (S) of ~ on S
can be computed from the length Iz, (S) of A; asfollows. In the hyperbolic plane
H2 draw a geadesicsegmem ° of length 1z, (S)=4. Let 3;;3, be the orthogonals
of © through the endpoints of °. There is a unique geadesicline 33 in H? with
oneendpoint at 3;(1 ) which intersectsthe geadesic3, orthogonally in a point x.
Through ead point of 33 passesa horocircle at 33(1 ) = 3;(1 ) which intersects
the gedesic 3;. The length of the subarc of this horocircle with endpoints on
3, and 33 decreasesxponertially along 33. Thus there is a unique point y on
33 suc that this length equals Y& 2% . Then |- (S)=2 is the oriented distance
between x and y. This obsenation is summarizedin the following lemma.

Lemma 3.3. Thereis a strictly increasingreal analytic function ' : [0;1 ) !
[0;1) Sud? that fpr every i - 6gi 5+ 2m and every surface S 2 T gm we have
- (S) =" 14 (S) . In particular, the map

a2 S2Tgm! IIAI(S);:::;IAegi cr o (S) 2 ROGIS*2m

is a di®eomorphismonto its image.

The fact that a surface S 2 Ty, is uniquely determined by the lengths of
the geadesicsA; was earlier obsened by Seppid and Sonali [SS2](seealso [S3)).
Recallfrom Section2 that the i@ageof the spaceP L of prgjective measured
laminations under the map [*]! i(Ag;1);:::51(Aesgi 5+2m; 1) Is the boundary
@ of a compact corvex polyhedron P in R P89 6*2m with Tnitely many sides.

Lemma 3.4. The imageof Ty, underthe map | =2 equalsthe interior of
the convex polyhedron P .

Proof. It followsfrom Lemma 2.4that the map | +2 extendscontinuously to
a homeomorphismof @ 4., onto the boundary @ of the polyhedron P . Since
Tgm [ @ gm is homeomorphicto a closedball it is therefore enoughto show that
the imageof Ty, under | =2 is contained in the interior of P.

gerus g with m puncturesde ne ® () = i(A;;t). Then ® is alinear functional
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on the spacelL of measuredlaminations. Each side B of codimension 1 of our
polyhedron P is either the projection of a hyperplane de ned by the equation

triangulation with sides ~;~;~ and sud that B is the intersection with P of
the projection of the linear hyperplane de ned by ® + ® j ®& = 0. Thusit is
enoughto shaw that whenewer ~;~; ~ arethe sidesof a triangle of our preferred
triangulation, then Iz (S) + 15 (S)i 1&.(S)> 0 forevery S2 Tgn .

By Lemma 3.3 there is a real analyltic mongqgonously increasing function
f:(0;1)! (0;1) suchthat |- (S)=2=f 15 (S)=4 foralli- 6g; 5+ 2m and
all S2 Tg;m . The function f canbe computed explicitly asfollows (see[S3]). For
somesmall " > 0O replaceour surface S with cuspsby a surface S- with geadesic
boundary and such that the length of eady boundary componert equals”. De ne
the length |- (S+) asthe length of the perpendicular to the boundary componert
of S+ which correspondsto the preferred cusp O of S and whosefree homotopy
classrelative to the boundary correspndsto ~. The closedgeadesic A; on S-
and its length Iz, (S+) is alsode ned. Hyperbolic trigonometry shows [S3]that

o g [ ¢¢
|- (S)=2 = arsinh sinh("=2)" ~ cosh Iz, (S)=4

By de nition of our functions |-, there is a sequenceof constarts a- ! 1 sud
that |- (S)i a ! |4 (S) forall S2 Tgnm; moreover, we have Iz, (S) ! |5 (S).
Sincearsinh(t)j log(t)+log(2)! O (t! 1 ) weconcludethat there is aconstarnt
c2 R sud that i ¢
I~ (S)=2 = logcosh |5, (S)=4 + c:

It follows from our explicit construction that we may adjust our normalization
for the de nition of the functions |-, (i.e. the choice of the height %) in suc a
way that ¢ = 0. Then we have f (t) = logcosht), or equivalertly, 14 (S)=4 =
arcoshe- (=2 for all S2 Ty .

Now 1= (S) + 14 (S)i 14(S) > O for every S 2 Ty, and all i;j;k sudh
that the geadesics~;~;~ form a triangle of the preferred triangulation. Since
the function t ! arcosh(e') is a strictly increasingconcave di®eomorphismof the
half-line [0;1 ) we concludethat also I (S) + 15 (S) i 14, (S) > 0. This shows
the lemma. o

We can useLemma 3.3 and Lemma 3.4 to complete the proof of our theorem
from the intro duction.

Prop osition 3.5. The map | *& Tgy, ! R P%i®2mM is 3 di®@eomorphism
of T4 onto the interior of a Tnite-sided corvex polyhedron P in R p®di é+2m
which extendsto a homeomorphismof Tg:m [ @ g;m -

Proof. Since? is a di®eomorphismof Tg4.,, onto a smooth hypersurfacein
RO9i 5*2m it js enoughto show that for every S 2 T the line through 2( S)
and the origin is not tangert to the hypersurface?®( T4.m) at 3( S).
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For this we assumeto the cortrary that there is a surface S 2 Ty, and a
smooth curve c(t) ¥2 T gm through c(0) = S sud that

ﬂa ic(t)¢ =2 ic(0)¢:

dt t=0
Hyperbolic trigonometry shows that the lengths of the geadesicsA; are bounded
from below by 2arsinh (43 » 6:45. Recall from the proof of Lemma 3.|4that for 3
suitable choice of a height at the cusp O we have |- (M )=2 = logcosh |z, (M )=4
forall i andall M 2 T4, and therefore

¢ - i ¢
c(t) =2 t=0= I, (S)tanh Iz, (S)=4 =4

g,
dt

The function % s! logcosh@) + log(2) j stanh(s) is monotonously decreas-
ing with s andtendsto 0 ass! 1 . Its value at 1.5 is smaller than (log 2)=3.
By the above, for s = |5, (S)=4 we have

H . =
¢
0< %s) = %|,~,(S)+ log2 | % %I'ﬁlc(t) < '0%2

and, in particular,

1 2 d i ¢=
EI;,(S)+ §I0g2< al;l c(t) =0

< }I;,(S)+ log 2:
2
Lemma 3.4 and its proof show that for every triangle of our preferredtriangulation
with sides~ ;= ;~ wehave I (S) < I~ (S) + |- (S). From this and the above we
concludethat
d, i ¢= d - d =

i ¢ i CT _
iR O S O NN I ERC O Rt

Our explicit construction in the proof of Lemma 3.1then shavsthat the di®ererial
at O of the length of the distinguished horocircle in the surface c(t) is negative.
This cortradicts the de nition of the functions |-, and therefore our hypersur-
face 2( T4:m) is nowhere tangent to the lines through the origin. This shows the
proposition. o
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4. Length functions on closed surfaces

The purposeof this sectionis to construct a simple parameterization of T 4o
by 6gi 5 gedalesiclength functions and henceto give a new and simpler proof of
the result of Schmutz Sdaller [S1].

For this let S 2 T4.0 be a closedhyperbolic surfaceand let °y be a simple
closedseparatinggealesicon S sud that after cutting S openalong °y we obtain
a borderedtorus Tp and a bordered surface Sy of gerus gj 1. Let ©1;°,;°3 be
simple closedgeadesicson Ty which mutually intersectin a single point. If we cut
S openalong °; then we obtain a connectedsurface S; of gerus gj 1 with two
boundary circles. Denote one of the boundary circlesby O.

We can use our de nition of the gealesicarcs ~ from Lemma 2.2 also for
surfaceswith geadesic boundary by requiring that these arcs meet the boundary
circle O perpendicularly at both of their endpoints. This then de nes a collection

right-angled hexagonsand one annulus A with piecewisegealesicboundary. One
boundary componert of A is the boundary circle of S; di®erert from O. We
choosethe numbering of our geadesicarcsin such a way that the secondboundary
componert of A contains the geadesic ~s4; 7 asa subarc.

For eadh i - 6gi 8 the gealesic ~ is contained in a unique pair of pants
P % S; whose gealesic boundary consists of the circle O and two additional
simple closedgeadesics %% Let A; be the closedgedadesicin P with two self-
intersectionswhich intersectsthe perpendicular © of the geadesics¥; %4 twice and
is invariant under re°ection along °©. We view A; as a geadesicon S. Write,
moreover, Agg; g+i = % %2 To % S.

6gi 5 closedgealesicsde ne an embedding of T4 into R P%i 5,

Prop osition 4.1. The map
20:S2Tgo! 1a,(S)ii::i1Ae, o(S) 2 RIS

is a di®eomorphismonto its image.

Proof. Considerthe subtorus T, of the closedhyperbolic surfaceS of gerus g.
The simple closedgeadesics®; = Asgi g+i ¥2To (i = 1;2;3) mutually intersectin a
single point. Seppia and Sonali ([SS1],comparealso[SS5]and [S1]) shoved that
the length functions of the gealesics®;;°,;°3 determine the hyperbolic structure
of Ty and the length of its boundary geadesic.

Let again S; bethe subsurfaceof S of gerus gj 1 with two boundary circles
which we obtain by cutting S along the geadesic?; = Asgi 7 %2 To. Recall from
Section2 the de nition of the geadesicarc ~sg; 7 in Sy; it is cortained in the torus
To and therefore its length is determined by the lengths of the geadesics®; .
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As abovelet 5 (j - 6gi 8) bethe simple geadesicarcsin S; which decom-
poseS; into 4gi 5 right-angled hexagonsand one annulus and which we usedto
de ne our gealesicsA; . Hyperbolic trigonometry shaws that

coshi 4, (S)=4¢ = sinhi I (S)=2¢sinh(lol(S)=2)

(compare [S3]). In particular, the lengths othhe arcs~ (1- j - 6gj 8) are
determined by the lengths of the geadesics A; and the length of the boundary

the hyperbolic structure of a collection of 4gj 5 right-angled hexagonswhich can
be glued in a unique way to form the complemen 8, of an annulus A in the
surface S;. The boundary of A consists of one closed gealesic and one right-
angled gealesic bigon. The hyperbolic structure of the annulus is completely
determined by the length l., (S) of the boundary circle and the length of the arc

~6g; 7. Moreover, there is a unique way to glue A to our subsurface 91 of S
which is composedof our right-angled hexagonsand such that we obtain a smooth
hyperbolic surfacewith two boundary componerts. But this just meansthat the
hyperbolic structure of S; is determined.

The surface S is obtained from S; by glueing the two boundary geadesics
with a suitable twist. Sincethe boundary of S; is contained in the torus Ty, the
twist parameter for the glueing is determined by the hyperbolic structure on Tg.
Thus the lengths of the geadesicsA; determine the hyperbolic structure on S. o
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