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Abstract. For g ¸ 0 and m ¸ 1 such that 2g¡ 2+ m ¸ 1 let T g;m be the TeichmÄuller space
of hyperbolic metrics on a surfaceof genus g with m punctures, and let @T g;m be its Thurston
boundary. Using geodesiclength functions, we construct a homeomorphismof T g;m [ @T g;m onto
a convex ¯nite-sided polyhedron in R P 6g¡ 6+2 m .

1. In tro duction

A Riemann surface of ¯nite type is a closedRiemann surface from which a
¯nite number m ¸ 0 of points, the so-calledpunctures, have beendeleted. Such
a surface S0 is topologically determined by its genus g ¸ 0 and the number m of
its punctures. In the sequelwe only considersurfacesS0 of negative Euler char-
acteristic with at least onepuncture which are di®erent from the thrice-punctured
sphere. Then S0 carriesa nontrivial family of completehyperbolic metrics of ¯nite
volume.

The TeichmÄuller space T g;m of marked hyperbolic metrics on S0 is the set
of all pairs (f ; h) where h is a hyperbolic metric on a surface S and f is the
homotopy classof a homeomorphism F : S0 ! S of S0 onto S. With respect to
a natural topology, the spaceT g;m is homeomorphicto an open cell of dimension
6g ¡ 6 + 2m .

A geodesiclength function on T g;m is de¯ned by the choice of a closedcurve
° on the basesurfaceS0 which is not nullhomotopic and not puncture parallel, i.e.
which cannot behomotoped into oneof the punctures. For every hyperbolic metric
h on a surface S which is marked by the homotopy class of a homeomorphism
F : S0 ! S the curve F (° ) is then freely homotopic to a unique closedgeodesic
with respect to the metric h . The length l ° (S) of this geodesic depends on h
and the marking and de¯nes a smooth (in fact real analytic) function l ° on T g;m

which we call the length function of ° .
It is well known [FLP] that TeichmÄuller spacecanbe parameterizedby ¯nitely

many of these length functions. A natural problem is then to ¯nd a collection
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° 1; : : : ; ° k of closedgeodesicson our basesurface S0 of minimal cardinalit y whose
length functions de¯ne an embedding of T g;m into R k . For surfaceswith cusps,
i.e. if m ¸ 1, this problem was solved by SeppÄalÄa and Sorvali [SS2]who showed
that T g;m can be parameterizedby 6g¡ 6+ 2m length functions of simple closed
geodesics. For closedsurfacesit is known that no embedding of T g;0 into R 6g¡ 6

by 6g ¡ 6 geodesic length functions exists. In this casethe optimal answer was
given by Schmutz Schaller [S1]who found an embedding of T g;0 by 6g¡ 5 geodesic
length functions. In Section 4 of this note we construct a new and simpler such
embedding of T g;0 into R 6g¡ 5 .

The Thurston boundary @T g;m of T g;m consists of projective classesof
measured geodesic laminations and is homeomorphic to a sphere of dimension
6g ¡ 7 + 2m . It de¯nes naturally a compacti¯cation of T g;m in such a way that
T g;m [ @T g;m is homeomorphicto a closedball.

To construct parameterizations of T g;m which extend continuously to a ho-
meomorphism of the Thurston boundary we have to projectivize our k -tuple
of length functions. Namely, if the curves ° 1; : : : ; ° k ¯ll up, i.e. if every closed
geodesicon our surfaceintersects at least one of the curves ° i transversely, then
the map which assignsto a surface S 2 T g;m the projectivized k -tuple

£
l° 1 (S); : : : ; l° k (S)

¤
2 R P k ¡ 1

of length functions extends continuously to the Thurston boundary by mapping
a measured lamination ´ to its projectivized k -tuple

£
i (´ ; ° 1); : : : ; i (´ ; ° k )

¤
2

R P k ¡ 1 of intersection numbers. We call a map of T g;m [ @T g;m into R P k ¡ 1

geometric if it is de¯ned in this way by geodesic length functions.
Call a subsetP of the real projectivespaceR P k ¡ 1 a ¯nite-sided convex poly-

hedron if it is the projection of an intersection of ¯nitely many closedhalfspaces
in R k . We show:

Theorem. For every g ¸ 0 and m ¸ 1 there is a geometrichomeomorphism
of T g;m [ @T g;m onto a ¯nite-sided convex polyhedron in R P 6g¡ 6+2 m .

The caseof closedsurfacesseemsto be much more di±cult. A geometricem-
beddingof T g;0 into a real projectivespaceof minimal dimensionis only known for
g = 2 [S2]. In any caseit canbeeasilycomputed that the projections into R P 6g¡ 6

of the known embeddingsof T g;0 into R 6g¡ 5 do not extend to injective maps on
the Thurston boundary. On the other hand, there are 6g ¡ 5 length functions of
simple closedgeodesicswhich de¯ne a homeomorphismof the Thurston bound-
ary @T g;0 onto the boundary of a ¯nite-sided convex polyhedron in R P 6g¡ 5 [H].
We do not know whether this embedding extends to an embedding of T g;0 into
R P6g¡ 5 .
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2. Triangulations and laminations on surfaces with cusps

In this section we construct a homeomorphismof the spaceof measuredlam-
inations on a surface S 2 T g;m with m ¸ 1 cuspsonto the boundary of a convex
conein R 6g¡ 5+2 m .

First we look brie°y at closedsurfaces.A signedgeodesiccurrent on a closed
surface S of genus g ¸ 2 is a locally ¯nite signed Borel-measureon the space
of unoriented geodesicsin the hyperbolic plane H 2 which is invariant under the
action of the fundamental group ¼1(S) of S. The spaceS C of signed geodesic
currents for S, equipped with the weak¤ -topology, is a topological vector space
which only depends on the topological type of S. It contains the space C of
geodesic currents which consistsof all nonnegative elements of S C as a closed
subcone.

There is a bilinear form i on S C , the so called intersection form, whosere-
striction to C is continuous with respect to the weak¤ -topology [B], but it is not
continuousglobally asa form on S C . The subset L of C of all geodesiccurrents
¹ 2 C with vanishing self-intersection i (¹; ¹ ) = 0 is the closedconeof measured
geodesic laminations and is homeomorphic to R 6g¡ 6 [FLP]. However, L is not
contained in any ¯nite-dimensional linear subspaceof S C . The projectivization
P L of the spaceof nonzero measuredgeodesic laminations de¯nes a compact-
i¯cation of the TeichmÄuller space T g;0 which is called the Thurston boundary.
Every closedgeodesic Ã on S can naturally be viewed as a geodesiccurrent and
hencevia ¹ ! i (Ã; ¹ ) it de¯nes a linear functional on S C whoserestriction to
C and henceto L is continuous.

We can also consider the spaceL of measuredgeodesic laminations on hy-
perbolic surfaceswith cusps. By de¯nition, a measuredgeodesic lamination for
such a surface S with m ¸ 1 cuspsis a compact subsetof S which is foliated by
geodesicsand equipped with a transverseinvariant measure.

Now let m ¸ 1 and let S 2 T g;m . Fix one of the cuspsof S and denote it
by O. Choose 6g ¡ 5 + 2m simple mutually disjoint geodesics ~́1; : : : ; ~́6g¡ 5+2 m

on S whosetwo endsgo into the cusp O and which decomposeS into 4g¡ 3+ m
ideal triangles and m ¡ 1 once-punctureddiscs(see[S3]).

If Ã is any closedgeodesicon S then Ã is contained in a compact subsetof
S and henceit intersectseach of the geodesics ~́i transversely in a ¯nite number
of points. We denote by i (Ã; ~́i ) the number of intersectionsof Ã with ~́i . Since
measuredlaminations on S have compact support, intersection of closedgeodesics
with oneof the curves ~́i extendsto a continuousconvex-linear functional i ( ¢; ~́i )
on the spaceL .

The intersection of each closedgeodesic Ã on S with oneof the ideal triangles
T cut out by the geodesics ~́i consists of a ¯nite number of simple arcs. Each
of these arcs has its endpoints on two di®erent sidesof T . In other words, the
number of intersections of Ã with a ¯xed side of T is not smaller than the sum
of the number of intersections with the two other sides. In particular, the 6g ¡
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5 + 2m -tuple of intersection numbers of Ã with the geodesics ~́i is contained in
the intersection of a collection of 10g ¡ 8 + 3m halfspacesbounded by a linear
hyperplanethrough the origin. The boundary A ½ R 6g¡ 5+2 m of this convex cone
equals the set of all 6g ¡ 5 + 2m -tuples (a1; : : : ; a6g¡ 5+2 m ) of nonnegative real
numbers with the following properties:

(1) ai · aj + ak if the geodesics ~́i ; ~́j ; ~́k are the sidesof an ideal triangle in S.

(2) There is at least one ideal triangle in S with sides ~́i ; ~́j ; ~́k and such that
ai = aj + ak .

In particular, A is a cone with vertex at the origin over the boundary @P of
a convex polyhedron P in the unit sphere S6g¡ 6+2 m ½ R 6g¡ 5+2 m . Since the
boundary of a convex polyhedron in S6g¡ 6+2 m is homeomorphic to a sphereof
dimension 6g ¡ 7 + 2m , our set A is homeomorphicto R 6g¡ 6+2 m .

We summarizeour discussionin the following lemma.

Lemma 2.1. A is a cone with vertex at the origin over the boundary of
a convex ¯nite-sided polyhedron in the sphere S6g¡ 6+2 m . In particular, A is
homeomorphicto R 6g¡ 6+2 m .

Lemma 2.2. The map ¹ 2 L !
¡
i ( ~́1; ¹ ); : : : ; i ( ~́6g¡ 5+2 m ; ¹ )

¢
2 R 6g¡ 5+2 m

is a homeomorphismof L onto A .

Proof. For ¹ 2 L write ©(¹ ) =
¡
i ( ~́1; ¹ ); : : : ; i ( ~́6g¡ 5+2 m ; ¹ )

¢
. We show ¯rst

that the map © is injective. By continuit y, for this it su±ces to show that every
simple closedgeodesicmulticurv e ° (i.e. a ¯nite union of pairwise disjoint simple
closedgeodesics,possibly multiple covered) is determined by ©(° ) .

By assumption, the arcs ~́i de¯ne a decomposition of S into 4g ¡ 3 + m
ideal triangles with vertices at the cusp O and m ¡ 1 punctured discs. Each
arc is either the common side of exactly two triangles or it is the common side
of one triangle and one once-punctured disc. Let ° be a simple closedgeodesic
multicurv e on S and let T be a triangle from our triangulation of S with sides
¯ 1; ¯ 2; ¯ 3 . Write j i = i (¯ i ; ° ) and assumethat j 1 ¸ j 2 ¸ j 3 . Since the interior
of T is contractible in the compacti¯cation of S, the total intersection number
j 1 + j 2 + j 3 of ° with the boundary of T is even and hence j 2 + j 3 ¡ j 1 is even as
well. Moreover we have j 1 · j 2 + j 3 . Draw 1

2 (j 2 + j 3 ¡ j 1) simple arcs connecting
the sides ¯ 2 and ¯ 3 , j 2 ¡ 1

2 (j 2 + j 3 ¡ j 1) simple arcs connecting the sides ¯ 1 and
¯ 2 , j 3 ¡ 1

2 (j 2 + j 3 ¡ j 1) simple arcs connecting the sides ¯ 1 and ¯ 3 in such a way
that all these arcs are disjoint. The con¯guration of these arcs in T is uniquely
determined up to homotopy by j 1; j 2; j 3 .

If ~́i is the boundary of a once-punctureddisc D then each connectedcom-
ponent of ° \ D has its two endpoints on ~́i and therefore i (° ; ~́i ) = 2k for some
k ¸ 0. Draw k simple arcs in D with endpoints on ~́i and the additional prop-
erty that each of thesearcs separatesthe puncture in the interior of D from the
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puncture on the boundary. Once again, this con¯guration is determined uniquely
up to homotopy by the number 2k .

The thusconstructedarcsin the 4g¡ 3+ m triangles and m¡ 1 punctured discs
of our triangulation canbeconnectedin a unique way to a simpleclosedmulticurv e
Ã on S. This multicurv e is determined up to isotopy by the intersection numbers
with the geodesics ~́1; : : : ; ~́6g¡ 5+2 m .

To show that Ã is isotopic to ° we just have to verify that each connected
component of the intersectionof ° with a punctured disc D separatesthe puncture
in the interior from the puncture on the boundary. But this follows from the fact
that those arcs are the only simple arcs in D which are not freely homotopic
relative to the boundary of D to an arc contained in the boundary. Thus ° is
uniquely determinedby ©(° ) (comparethe discussionin [FLP]) and © is injective.

We are left with showing that the image of L under the map © equals
the cone A . We show ¯rst that ©L is contained in A . For this recall from
our consideration above that every 6g ¡ 5 + 2m -tuple (b1; : : : ; b6g¡ 5+2 m ) of even
nonnegative integers with the additional property that bi · bj + bk whenever
the geodesics ~́i ; ~́j ; ~́k are the sides of an ideal triangle determines uniquely a
(possibly multiple covered) simple closedmulticurv e (compare [FLP]). However,
not every such multicurv e is freely homotopic to a simple geodesic multicurv e.
Namely, a simple closedcurve which is parallel to the cusp O corresponds to the
6g ¡ 5 + 2m -tuple (2; : : : ; 2) . Since the homotopy classof this curve cannot be
represented by a simple closedgeodesic,a 6g¡ 5+ 2m -tuple of equal even positive
integersdoesnot occur as the intersection tuple of a geodesic lamination.

Denoteby B ½ R 6g¡ 5+2 m the set of all 6g¡ 5+ 2m -tuples (b1; : : : ; b6g¡ 5+2 m )
of nonnegative numbers with the additional property that bi · bj + bk if ~́i ; ~́j ; ~́k

are the sidesof a triangle in S. If (b1; : : : ; b6g¡ 5+2 m ) 2 B is such that for each
triangle in S with sides ~́i ; ~́j ; ~́k the strict inequality bi < bj + bk holds, then
there are ¯ > 0 and (a1; : : : ; a6g¡ 5+2 m ) 2 A such that (b1; : : : ; b6g¡ 5+2 m ) =
(a1; : : : ; a6g¡ 5+2 m ) + ¯ (2; : : : ; 2) . As before, if the numbers ai are even integers,
then the vector (a1; : : : ; a6g¡ 5+2 m ) de¯nes a unique simple closedmulticurv e ¹
in S. Let ° bea simpleclosedcurvewhich is parallel to the cusp O and which does
not intersect ¹ . Then ¹ [ ¯ ° is a weighted multicurv e whoseintersection tuple
equals (b1; : : : ; b6g¡ 5+2 m ) . By uniqueness, (b1; : : : ; b6g¡ 5+2 m ) does not de¯ne a
measuredlamination. From continuit y we therefore concludethat the image of ©
is contained in A .

To show that © maps L onto A , recall that a tuple (m1; : : : ; m6g¡ 5+2 m ) 2
A with even integers as coe±cients determines uniquely up to isotopy a simple
closed multicurv e ¹ which does not contain any puncture parallel component.
In particular, ¹ is isotopic to a geodesic multicurv e ° . Our discussion above
(comparealso[FLP]) shows that the 6g¡ 5+ 2m -tuple of intersection numbers for
° with the geodesics ~́i coincideswith (m1; : : : ; m6g¡ 5+2 m ) . But this just means
that we can de¯ne a map from A to L which is inverseto ©. This ¯nishes the
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proof of the lemma.

As a corollary, we ¯nd the following well-known fact [FLP].

Corollary 2.3. The spaceL of measuredgeodesiclaminations on a surface
of genus g ¸ 1 with m ¸ 1 cuspsis homeomorphic to an open cell of dimension
6g ¡ 6 + 2m .

We assign now to each of the geodesics ~́i a closed geodesic with two self-
intersectionsas follows. For each i the geodesic ~́i is contained in a unique once-
punctured annulus A ½ S with geodesicboundary. Let Ãi be the closedgeodesic
in A with two self-intersectionswhich intersectsthe perpendicular º betweenthe
boundary geodesicsof A twice and is invariant under re°ection along º . The
next lemma shows that measuredlaminations on a surfaceof genus g with m ¸ 1
punctures can be parameterizedby their intersectionswith the 6g¡ 5+ 2m closed
geodesicsÃ1; : : : ; Ã6g¡ 5+2 m .

Lemma 2.4. Let ¹ 2 L bea measuredgeodesiclamination. Then i (¹; Ãi ) =
2i (¹; ~́i ) for all i ; in particular, the map

ª: ¹ !
¡
i (¹; Ã1); : : : ; i (¹; Ã6g¡ 5+2 m )

¢

is a homeomorphismof L onto A .

Proof. As before, it is enoughto show the statement of the lemma for simple
closedgeodesic multicurv es. Consider again the once-punctured annulus A con-
taining ~́i and Ãi . Its boundary consistsof simple closedgeodesics¾; ¾̂. There is
no simple closedgeodesiccontained in the interior of A , so the intersection with
A of each simple closed geodesic multicurv e is a ¯nite collection of simple arcs
with endpoints on the boundary. There are only 3 di®erent free homotopy classes
of such simple arcs in A relative to the boundary. For each of theseclasses,it can
be checked explicitly that the number of its intersectionswith the geodesic Ãi is
twice the number of its intersectionswith ~́i .

3. Length functions for surfaces with cusps

In Section2 we constructed for every g ¸ 0 and m ¸ 1 such that 2g¡ 2+ m ¸
1 a collection of 6g¡ 5+ 2m free homotopy classeson a surfaceof genus g with m
cuspswhich parameterizethe spaceof measuredgeodesiclaminations L via inter-
section. The projectivization of this parameterization de¯nes a homeomorphismof
the Thurston boundary of T g;m onto the boundary of a ¯nite-sided convex poly-
hedron P in R P 6g¡ 6+2 m . The purposeof this section is to show that the length
functions of these curves de¯ne a homeomorphismof TeichmÄuller spaceonto the
interior of P . For this we continue to use the assumptions and notations from
Section 2.
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As in Section2 we¯x oneof the puncturesof a surfaceS 2 T g;m and call it O.
Consideronceagain a collection of 6g¡ 5+ 2m simple geodesics ~́1; : : : ; ~́6g¡ 5+2 m

whose two ends go into the cusp O and which decompose S into 4g ¡ 3 ideal
triangles and m¡ 1 once-punctureddiscs. Wecall this decomposition the preferred
triangulation of our surface S, and we call O the preferred puncture. For each i
the length of the geodesic ~́i is in¯nite; however, we can assigna relative length
l ~́i (S) to it as follows. The puncture O of S admits a neighborhood in S which
is isometric to a standard cusp C [Bu]. By de¯nition, such a standard cusp can
be identi¯ed with the cylinder [¡ log2; 1 ) £ S1 with the metric d%2 + e¡ 2%dt2 .
We de¯ne the height of a point in C to be the value of the %-coordinate in this
representation.

Let 4 1 be an ideal triangle in H 2 . It contains a unique ¯nite equilateral
triangle T with vertices on the sides of 4 1 and which is invariant under all
isometries of 4 1 . For every ideal vertex » of 4 1 there is a unique horocircle
H at » which passesthrough two of the vertices of T . Choosea number %0 > 0
in such a way that 2¼e¡ 2%0 is smaller than the length of the intersection of the
horocircle H with 4 1 . Explicit computation shows that this is the caseif and
only if we have %0 ¸ ¡ log

¡
sinh

¡
1
2 arccosh

¡
3
2

¢¢
=¼

¢
» 1:838. Every geodesicgoing

into the cusp meetsthe circles %= const orthogonally and hence,sinceboth ends
of the geodesic ~́i go into the cusp, each choice of a height cuts from ~́i a unique
compact arc of ¯nite length. Denoteby l ~́i (S) the length of the subarcof ~́i which
corresponds to the height %0 .

Prop osition 3.1. The map

¤: S 2 T g;m !
¡
l ~́1 (S); : : : ; l ~́6g ¡ 5+2 m (S)

¢
2 R 6g¡ 5+2 m

is a di®eomorphismof T g;m onto a hypersurfacein R 6g¡ 5+2 m .

Proof. Consider again an ideal triangle 4 1 in H 2 with sides a1; a2; a3 .
We parameterize the geodesics ai by arc length in such a way that the origin
corresponds to the vertex zi of the subtriangle T ½ 4 1 on ai and that the
orientations of ai de¯ne the boundary orientation of 4 1 . The distinguished
points zi ; zi +1 lie on a common horocircle through the point ai (1 ) .

For given numbers l1; l2; l3 > 0 de¯ne

x i = ai
¡

1
2 (¡ l i + l i +1 ¡ l i +2 )

¢
; yi = ai

¡
1
2 (l i + l i +1 ¡ l i +2 )

¢
:

The distance between x i and yi equals l i , and the points yi and x i +1 are con-
tained in a commonhorocircle at ai (1 ) . If we identify the sidesof 4 1 with R in
the above way, then the assignment which maps (l1; l2; l3) to the triple (x1; x2; x3)
of points on the three di®erent sidesof 4 1 is a real analytic di®eomorphismonto
its image.
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Now let (l1; : : : ; l6g¡ 5+2 m ) be any 6g ¡ 5 + 2m -tuple of positive numbers. If
i; j ; k · 6g¡ 5+ 2m are such that the geodesics ~́i ; ~́j ; ~́k are the sidesof a triangle
of our preferred triangulation, then the triple (l i ; l j ; lk ) determinesuniquely three
arcs of length l i ; l j ; lk on the three sides of an ideal triangle 4 1 . Moreover,
there is a distinguished point on the boundary geodesicof a once-punctureddisc
which is just the orthogonal projection of the puncture to the boundary. Each
number l ¸ 0 then determines a compact arc of length l on the boundary of a
once-punctureddisc whosemidpoint is this distinguished point.

Each geodesic ~́i is either a common side of exactly two ideal triangles from
our triangulation, or a common side of one triangle and a once-punctured disc.
Each such pair of sides can be glued with an isometry which identi¯es the dis-
tinguished arcs of length l i and reversesthe orientation. The result of these
6g ¡ 5+ 2m glueingsis a complete hyperbolic surfacewith m cuspsand a distin-
guishedhorocircle going around one of the cusps. The length of this horocircle is
the sum of the lengths of all the horocyclic arcs connecting pairs of endpoints of
our distinguished boundary segments in each of the triangles and once-punctured
discs.

Our construction de¯nes a real analytic map ¹ of R 6g¡ 5+2 m
+ into T g;m which

satis¯es ¹ ±¤ = Id and henceis surjective. A point (l1; : : : ; l6g¡ 5+2 m ) 2 R 6g¡ 5+2 m
+

belongs to the image of ¤ if and only if the total length of the distinguished
horocircle in the surface constructed from (l1; : : : ; l6g¡ 5+2 m ) in the above way
equals 2¼e¡ 2%0 . In particular, the map ¤ is a real analytic di®eomorphismof
T g;m onto a smooth hypersurfacein R 6g¡ 5+2 m .

Let ¦: R 6g¡ 5+2 m ¡ f 0g ! R P 6g¡ 6+2 m be the canonical projection. The
map ¦ ±¤: T g;m ! R P6g¡ 6+2 m is real analytic.

Corollary 3.2. The map ¦ ±¤ is a di®eomorphismof T g;m onto the interior
of a ¯nite-sided closedconvex polyhedron P in R P 6g¡ 6+2 m which extends to a
homeomorphismof T g;m [ @T g;m onto P .

Proof. Let again 4 1 be an ideal triangle in H 2 and consider a horocyclic
arc through one of its ideal vertices ³ which passesthrough the two distinguished
points on the sides adjacent to ³ . By the choice of %0 , the length of this arc
is bigger than 2¼e¡ 2%0 . It therefore follows from the construction in the proof
of Proposition 3.1 that for every (l1; : : : ; l6g¡ 5+2 m ) 2 ¤T g;m and for every triple
i; j ; k which de¯nes a triangle of our triangulation we have l i < l j + lk .

Denote by a1; a2; a3 the sidesof the ideal triangle 4 1 and let (l1; l2; l3) be
a triple of positive reals such that l i < l i +1 + l i +2 for all i (indices are taken
mod 3). In the proof of Proposition 3.1 we constructed from this triple for each i
a subsegment ®i of length l i of the side ai of 4 1 . For " > 0 denote by ~®i the
subsegment of ai which is induced by the triple

¡
(1 + ")l1; (1 + ")l2; (1 + ")l3

¢
.

Since l i < l i +1 + l i +2 , our explicit construction of the segments ®i ; ~®i shows that
®i is a subarcof ~®i . But this meansthat the length of each of the three horocyclic
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arcs in 4 1 connecting pairs of endpoints of the segments ~®i as above is strictly
shorter than the length of the corresponding horocyclic arc connectingendpoints of
the segments ®i . Similarly, the horocyclic arc connecting points on the boundary
geodesic of a once-punctured disc which is determined by the length (1 + ")l is
shorter than the arc determined by the length l .

Thus replacing a tuple (l1; : : : ; l6g¡ 5+2 m ) in our construction above by a mul-
tiple with factor 1 + " > 1 results in decreasingthe length of our distinguished
horocircle. In particular, ¦ ±¤ is injective. The proposition now follows from this
and Lemma 2.2.

In Section2 we associated to each of the geodesics ~́i on a surfaceS 2 T g;m a
closedgeodesic Ãi (i = 1; : : : ; 6g¡ 5+ 2m) on S. The \length" l ~́i (S) of ~́i on S
can be computed from the length lÃ i (S) of Ãi as follows. In the hyperbolic plane
H 2 draw a geodesicsegment º of length lÃ i (S)=4. Let ³1; ³2 be the orthogonals
of º through the endpoints of º . There is a unique geodesic line ³ 3 in H 2 with
oneendpoint at ³1(1 ) which intersectsthe geodesic ³ 2 orthogonally in a point x .
Through each point of ³3 passesa horocircle at ³3(1 ) = ³1(1 ) which intersects
the geodesic ³1 . The length of the subarc of this horocircle with endpoints on
³1 and ³3 decreasesexponentially along ³ 3 . Thus there is a unique point y on
³3 such that this length equals ¼e¡ 2%0 . Then l ~́1 (S)=2 is the oriented distance
between x and y . This observation is summarized in the following lemma.

Lemma 3.3. There is a strictly increasingreal analytic function ' : [0; 1 ) !
[0; 1 ) such that for every i · 6g ¡ 5 + 2m and every surface S 2 T g;m we have
l ~́i (S) = '

¡
lÃ i (S)

¢
. In particular, the map

ª: S 2 T g;m !
¡
lÃ1 (S); : : : ; lÃ6g ¡ 5+2 m (S)

¢
2 R 6g¡ 5+2 m

is a di®eomorphismonto its image.

The fact that a surface S 2 T g;m is uniquely determined by the lengths of
the geodesicsÃi was earlier observed by SeppÄalÄa and Sorvali [SS2](seealso [S3]).

Recall from Section2 that the imageof the spaceP L of projective measured
laminations under the map [¹ ] !

£
i (Ã1; ¹ ); : : : ; i (Ã6g¡ 5+2 m ; ¹ )

¤
is the boundary

@P of a compact convex polyhedron P in R P 6g¡ 6+2 m with ¯nitely many sides.

Lemma 3.4. The imageof T g;m under the map ¦ ±ª equalsthe interior of
the convex polyhedron P .

Proof. It follows from Lemma 2.4 that the map ¦ ±ª extendscontinuously to
a homeomorphismof @T g;m onto the boundary @P of the polyhedron P . Since
T g;m [ @T g;m is homeomorphicto a closedball it is therefore enoughto show that
the image of T g;m under ¦ ± ª is contained in the interior of P .

For j 2 f 1; : : : ; 6g ¡ 5 + 2mg and a measuredlamination ¹ on a surfaceof
genus g with m punctures de¯ne ®j (¹ ) = i (Ãj ; ¹ ) . Then ®j is a linear functional
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on the spaceL of measuredlaminations. Each side B of codimension 1 of our
polyhedron P is either the projection of a hyperplane de¯ned by the equation
®j = 0 for some j 2 f 1; : : : ; 6g ¡ 5 + 2mg or there is a triangle of our preferred
triangulation with sides ~́i ; ~́j ; ~́k and such that B is the intersection with P of
the projection of the linear hyperplane de¯ned by ®i + ®j ¡ ®k = 0. Thus it is
enoughto show that whenever ~́i ; ~́j ; ~́k are the sidesof a triangle of our preferred
triangulation, then lÃ i (S) + lÃ j (S) ¡ lÃk (S) > 0 for every S 2 T g;m .

By Lemma 3.3 there is a real analytic monotonously increasing function
f : (0; 1 ) ! (0; 1 ) such that l ~́i (S)=2 = f

¡
lÃ i (S)=4

¢
for all i · 6g ¡ 5 + 2m and

all S 2 T g;m . The function f can be computed explicitly asfollows (see[S3]). For
somesmall " > 0 replaceour surface S with cuspsby a surface S" with geodesic
boundary and such that the length of each boundary component equals " . De¯ne
the length l ~́i (S" ) as the length of the perpendicular to the boundary component
of S" which corresponds to the preferred cusp O of S and whosefree homotopy
classrelative to the boundary corresponds to ~́i . The closedgeodesic Ãi on S"

and its length lÃ i (S" ) is also de¯ned. Hyperbolic trigonometry shows [S3] that

l ~́i (S" )=2 = arsinh
¡
sinh("=2)¡ 1 cosh

¡
lÃ i (S" )=4

¢¢
:

By de¯nition of our functions l ~́i there is a sequenceof constants a" ! 1 such
that l ~́i (S" ) ¡ a" ! l ~́i (S) for all S 2 T g;m ; moreover, we have lÃ i (S" ) ! lÃ i (S) .
Since arsinh(t) ¡ log(t) + log(2) ! 0 ( t ! 1 ) we concludethat there is a constant
c 2 R such that

l ~́i (S)=2 = logcosh
¡
lÃ i (S)=4

¢
+ c:

It follows from our explicit construction that we may adjust our normalization
for the de¯nition of the functions l ~́i (i.e. the choice of the height %0 ) in such a
way that c = 0. Then we have f (t) = logcosh(t) , or equivalently , lÃ i (S)=4 =
arcoshel ~́i (S)=2 for all S 2 T g;m .

Now l ~́i (S) + l ~́j (S) ¡ l ~́k (S) > 0 for every S 2 T g;m and all i; j ; k such
that the geodesics ~́i ; ~́j ; ~́k form a triangle of the preferred triangulation. Since
the function t ! arcosh(et ) is a strictly increasingconcave di®eomorphismof the
half-line [0; 1 ) we conclude that also lÃ i (S) + lÃ j (S) ¡ lÃk (S) > 0. This shows
the lemma.

We can useLemma 3.3 and Lemma 3.4 to complete the proof of our theorem
from the intro duction.

Prop osition 3.5. The map ¦ ±ª: T g;m ! R P6g¡ 6+2 m is a di®eomorphism
of T g;0 onto the interior of a ¯nite-sided convex polyhedron P in R P 6g¡ 6+2 m

which extends to a homeomorphismof T g;m [ @T g;m .

Proof. Since ª is a di®eomorphismof T g;m onto a smooth hypersurfacein
R 6g¡ 5+2 m it is enough to show that for every S 2 T g;m the line through ª( S)
and the origin is not tangent to the hypersurface ª( T g;m ) at ª( S) .
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For this we assumeto the contrary that there is a surface S 2 T g;m and a
smooth curve c(t) ½ T g;m through c(0) = S such that

d
dt

ª
¡
c(t)

¢ ¯
¯
¯
t =0

= ª
¡
c(0)

¢
:

Hyperbolic trigonometry shows that the lengths of the geodesicsÃi are bounded
from below by 2arsinh(4¼) » 6:45. Recall from the proof of Lemma 3.4 that for a
suitable choice of a height at the cusp O we have l ~́i (M )=2 = logcosh

¡
lÃ i (M )=4

¢

for all i and all M 2 T g;m and therefore

d
dt

l ~́i

¡
c(t)

¢
=2

¯
¯
¯
t =0

= lÃ i (S) tanh
¡
lÃ i (S)=4

¢
=4:

The function ¾: s ! logcosh(s) + log(2) ¡ s tanh(s) is monotonously decreas-
ing with s and tends to 0 as s ! 1 . Its value at 1:5 is smaller than (log 2)=3.
By the above, for s = lÃ i (S)=4 we have

0 < ¾(s) =
1
2

l ~́i (S) + log2 ¡
d
dt

µ
1
2

l ~́i

¡
c(t)

¢
¶ ¯

¯
¯
t =0

<
log2

3

and, in particular,

1
2

l ~́i (S) +
2
3

log2 <
d
dt

l ~́i

¡
c(t)

¢ ¯
¯
¯
t =0

<
1
2

l ~́i (S) + log2:

Lemma 3.4 and its proof show that for every triangle of our preferred triangulation
with sides ~́i ; ~́j ; ~́k we have l ~́i (S) < l ~́j (S) + l ~́k (S) . From this and the above we
concludethat

d
dt

l ~́i

¡
c(t)

¢ ¯
¯
¯
t =0

+
d
dt

l ~́j

¡
c(t)

¢ ¯
¯
¯
t =0

¡
d
dt

l ~́k

¡
c(t)

¢ ¯
¯
¯
t =0

> 0:

Our explicit construction in the proof of Lemma3.1 then shows that the di®erential
at 0 of the length of the distinguished horocircle in the surface c(t) is negative.
This contradicts the de¯nition of the functions l ~́i and therefore our hypersur-
face ª( T g;m ) is nowhere tangent to the lines through the origin. This shows the
proposition.
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4. Length functions on closed surfaces

The purposeof this section is to construct a simple parameterization of T g;0

by 6g ¡ 5 geodesic length functions and henceto give a new and simpler proof of
the result of Schmutz Schaller [S1].

For this let S 2 T g;0 be a closedhyperbolic surfaceand let º 0 be a simple
closedseparatinggeodesicon S such that after cutting S open along º 0 we obtain
a bordered torus T0 and a bordered surface S0 of genus g ¡ 1. Let º 1; º 2; º 3 be
simple closedgeodesicson T0 which mutually intersect in a singlepoint. If we cut
S open along º 1 then we obtain a connectedsurface S1 of genus g ¡ 1 with two
boundary circles. Denote one of the boundary circles by O.

We can use our de¯nition of the geodesic arcs ~́i from Lemma 2.2 also for
surfaceswith geodesic boundary by requiring that these arcs meet the boundary
circle O perpendicularly at both of their endpoints. This then de¯nes a collection
of 6g¡ 7 simple geodesicarcs ~́1; : : : ; ~́6g¡ 7 on S1 which decomposeS1 into 4g¡ 5
right-angled hexagonsand one annulus A with piecewisegeodesicboundary. One
boundary component of A is the boundary circle of S1 di®erent from O. We
choosethe numbering of our geodesicarcs in such a way that the secondboundary
component of A contains the geodesic ~́6g¡ 7 as a subarc.

For each i · 6g ¡ 8 the geodesic ~́i is contained in a unique pair of pants
P ½ S1 whose geodesic boundary consists of the circle O and two additional
simple closedgeodesics ¾; ¾̂. Let Ãi be the closedgeodesic in P with two self-
intersectionswhich intersects the perpendicular º of the geodesics¾; ¾̂ twice and
is invariant under re°ection along º . We view Ãi as a geodesic on S. Write,
moreover, Ã6g¡ 8+ i = º i ½ T0 ½ S.

We can now show that the length functions of the family Ã1; : : : ; Ã6g¡ 5 of
6g ¡ 5 closedgeodesicsde¯ne an embedding of T g;0 into R P 6g¡ 5 .

Prop osition 4.1. The map

ª 0: S 2 T g;0 !
¡
lÃ1 (S); : : : ; lÃ6g ¡ 5 (S)

¢
2 R 6g¡ 5

is a di®eomorphismonto its image.

Proof. Considerthe subtorus T0 of the closedhyperbolic surfaceS of genus g.
The simple closedgeodesicsº i = Ã6g¡ 8+ i ½ T0 ( i = 1; 2; 3) mutually intersect in a
singlepoint. SeppÄalÄa and Sorvali ([SS1],comparealso [SS5]and [S1]) showed that
the length functions of the geodesicsº 1; º 2; º 3 determine the hyperbolic structure
of T0 and the length of its boundary geodesic.

Let again S1 be the subsurfaceof S of genus g¡ 1 with two boundary circles
which we obtain by cutting S along the geodesic º 1 = Ã6g¡ 7 ½ T0 . Recall from
Section2 the de¯nition of the geodesicarc ~́6g¡ 7 in S1 ; it is contained in the torus
T0 and therefore its length is determined by the lengths of the geodesicsº i .
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As above let ~́j ( j · 6g ¡ 8) be the simple geodesicarcs in S1 which decom-
poseS1 into 4g ¡ 5 right-angled hexagonsand one annulus and which we usedto
de¯ne our geodesicsÃj . Hyperbolic trigonometry shows that

cosh
¡
lÃ i (S)=4

¢
= sinh

¡
l ~́i (S)=2

¢
sinh(l º 1 (S)=2)

(compare [S3]). In particular, the lengths of the arcs ~́j ( 1 · j · 6g ¡ 8) are
determined by the lengths of the geodesics Ãj and the length of the boundary
geodesic º 1 = Ã6g¡ 7 . By construction, the arcs ~́j ( j = 1; : : : ; 6g ¡ 7) determine
the hyperbolic structure of a collection of 4g¡ 5 right-angled hexagonswhich can
be glued in a unique way to form the complement bS1 of an annulus A in the
surface S1 . The boundary of A consists of one closed geodesic and one right-
angled geodesic bigon. The hyperbolic structure of the annulus is completely
determined by the length l º 1 (S) of the boundary circle and the length of the arc
~́6g¡ 7 . Moreover, there is a unique way to glue A to our subsurface bS1 of S1

which is composedof our right-angled hexagonsand such that we obtain a smooth
hyperbolic surfacewith two boundary components. But this just meansthat the
hyperbolic structure of S1 is determined.

The surface S is obtained from S1 by glueing the two boundary geodesics
with a suitable twist. Sincethe boundary of S1 is contained in the torus T0 , the
twist parameter for the glueing is determined by the hyperbolic structure on T0 .
Thus the lengths of the geodesicsÃj determine the hyperbolic structure on S.
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