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Abstract. We consider Sobolev{Diric hlet problems as well as Dirichlet problems in the
PWB-method for quasi-linearsecondorder elliptic di®erential equationson a euclideandomain. We
discussboundednessof solutions of theseproblemsand convergenceof solutions under perturbation
of the 0-th order term.

In tro duction

In the previous papers [MO1] and [MO2], we developed a potential theory
and discussedDirichlet problems for elliptic quasi-linear equationsof the form

(E A ;B ) ¡ div A
¡
x; r u(x)

¢
+ B

¡
x; u(x)

¢
= 0

on a domain ­ in R N (N ¸ 2), where A (x; »): ­ £ R N ! R N satis¯es weighted
structure conditions of p-th order with a weight w(x) and B (x; t): ­ £ R ! R
is nondecreasingin t (seeSection 1 below for more details).

The purpose of the present paper is to investigate how the solution of a
Dirichlet problem varies under perturbation of the term B .

As in [MO1] and [MO2], we consider the space D p(­; ¹ ) of bounded con-
tinuous functions with ¯nite ( p; ¹ )-Diric hlet integrals on ­ ( d¹ = w dx ) and its
subspaceD p

0 (­; ¹ ) consistingof f 2 D p(­; ¹ ) which are uniformly boundedlimits
of ' n 2 C1

0 (­) such that r ' n ! r f in L p(­; ¹ ) . Throughout this paper we
assumethat ­ is (p; ¹ ) -hyperbolic, namely 1 =2 D p

0 (­; ¹ ) . Given µ 2 D p(­; ¹ ) ,
the solution u of (E A ;B ) satifying u ¡ µ 2 D p

0 (­; ¹ ) may be called the solution
of the Sobolev{Diric hlet problem with the boundary data µ and is denoted by
u(A ;B ;µ) .

We ¯rst intro duce a classof L 1 -functions on ­ , and using functions in this
class,we present a condition on B (condition (B.4) in Section 3) which assures
the boundednessof u(A ;B ;µ) .
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As our main theorem (Theorem 4.1), we shall show that if B n , n = 1; 2; : : :
satisfy (B.4) with the samedata, they are uniformly bounded in a certain sense
and if sup¡ M 2 · t · M 1

jB n (x; t)¡ B (x; t)j ! 0 in L 1(­) , then u(A ;B n ;µ) ! u(A ;B ;µ)

locally uniformly on ­ , where M 1 and M 2 are constants determined by the
data given in (B.4) and µ. We shall also give the convergenceof r u(A ;B n ;µ)

to r u(A ;B ;µ) in L p(­; ¹ ) (Theorem 4.2).
In [MO1], we have studied Dirichlet problems in the PWB-method with re-

spect to a Royden type ideal boundary for our equation (E A ;B ) . In Section 5,
under the sameconditions as in Theorem 4.1, we give local uniform convergence
of such Dirichlet solutions.

1. Preliminaries

As in [MO1] and [MO2] we assumethat A : ­ £ R N ! R N and B : ­ £ R !
R satisfy the following conditions for 1 < p < 1 and a weight w which is p-
admissible in the senseof [HKM]:

(A.1) x 7! A (x; ») is measurableon ­ for every » 2 R N and » 7! A (x; ») is
continuous for a.e. x 2 ­ ;

(A.2) A (x; ») ¢» ¸ ®1w(x)j»jp for all » 2 R N and a.e. x 2 ­ with a constant
®1 > 0;

(A.3) jA (x; »)j · ®2w(x)j»jp¡ 1 for all » 2 R N and a.e. x 2 ­ with a constant
®2 > 0;

(A.4)
¡
A (x; »1) ¡ A (x; »2)

¢
¢
¡
»1 ¡ »2

¢
> 0 whenever »1; »2 2 R N , »1 6= »2 , for a.e.

x 2 ­ ;
(B.1) x 7! B (x; t) is measurableon ­ for every t 2 R and t 7! B (x; t) is contin-

uous for a.e. x 2 ­ ;
(B.2) For any open set D b ­ , there is a constant ®3(D ) ¸ 0 such that jB (x; t)j ·

®3(D )w(x)( jt jp¡ 1 + 1) for all t 2 R and a.e. x 2 D ;
(B.3) t 7! B (x; t) is nondecreasingon R for a.e. x 2 ­ .

For the nonnegative measure ¹ : d¹ (x) = w(x) dx and an open set D , we
considerthe weighted Sobolev spacesH 1;p (D ; ¹ ) , H 1;p

0 (D ; ¹ ) and H 1;p
lo c (D ; ¹ ) (see

[HKM] for details).
Let D be an open subsetof ­ . Then u 2 H 1;p

lo c (D ; ¹ ) is said to be a (weak)
solution of (E A ;B ) in D if

Z

D
A (x; r u) ¢r ' dx +

Z

D
B (x; u)' dx = 0

for all ' 2 C1
0 (D ) . u 2 H 1;p

lo c (D ; ¹ ) is said to be a supersolution (respectively
subsolution) of (E A ;B ) in D if

Z

D
A (x; r u) ¢r ' dx +

Z

D
B (x; u)' dx ¸ 0 (respectively · 0)
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for all nonnegative ' 2 C1
0 (D ) .

A continuous solution of (E A ;B ) in an open set D ½ ­ is called (A ; B ) -
harmonic in D .

We say that an open set D in ­ is (A ; B ) -regular, if D b ­ and for any
µ 2 H 1;p

lo c (­; ¹ ) which is continuous at each point of @D , there exists a unique
h 2 C(D) \ H 1;p (D ; ¹ ) such that h = µ on @D and h is (A ; B ) -harmonic in D .

Prop osition A ([MO1; Theorem 1.4] and [HKM; Theorem 6.31]). Any ball
B b ­ is (A ; B ) -regular.

A function u: D ! R [ f1g is said to be (A ; B ) -superharmonic in D if it
is lower semicontinuous, ¯nite on a denseset in D and, for each open set G b D
and for h 2 C(G) which is (A ; B ) -harmonic in G, u ¸ h on @G implies u ¸ h
in G. (A ; B ) -subharmonicfunctions aresimilarly de¯ned. Note that a continuous
supersolution of (E A ;B ) is (A ; B ) -superharmonic (cf. [MO1; Section 2]).

We recall the following two spaceswhich are de¯ned in [MO1] (cf. Intro duc-
tion):

D p(­; ¹ ) =
©

f 2 H 1;p
lo c (­; ¹ ) j jr f j 2 L p(­; ¹ ); f is bounded continuous

ª
;

D p
0 (­; ¹ ) =

©
f 2 D p(­; ¹ ) j there exist ' n 2 C1

0 (­) such that ' n ! f a.e.;

f ' n g is uniformly bounded, r ' n ! r f in L p(­; ¹ )
ª

:

Note that H 1;p
0 (­; ¹ ) \ D p(­; ¹ ) ½ D p

0 (­; ¹ ) and the inclusion becomesequal-
it y if ­ is bounded.

Lemma 1.1. Suppose B satis¯es

(B.5)
Z

­
jB (x; t)j dx < 1 for any t 2 R :

For u 2 D p(­; ¹ ) , if u is a solution (respectively supersolution, subsolution)
of (EA ;B ), then

Z

­
A (x; r u) ¢r ' dx +

Z

­
B (x; u)' dx = 0 (respectively ¸ 0; · 0)

for all ' 2 D p
0 (­; ¹ ) (respectively for all nonnegative ' 2 D p

0 (­; ¹ ) ).

Proof. Choose ' n 2 C1
0 (­) such that ' n ! ' a.e., f ' n g is uniformly

boundedand r ' n ! r ' in L p(­; ¹ ) (respectively and further ' n ¸ 0). Since u
is a solution (respectively supersolution, subsolution) in ­ , we have

(1:1)
Z

­
A (x; r u) ¢r ' n dx +

Z

­
B (x; u)' n dx = 0 (respectively ¸ 0; · 0):
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Then by (A.3)

Z

­
A (x; r u) ¢r ' n dx !

Z

­
A (x; r u) ¢r ' dx

(cf. the proof of [HKM; Lemma 3.11]). By (B.3) and (B.5),
R

­ jB (x; u)j dx < 1 .
Hence,by Lebesgue'sconvergencetheorem

Z

­
B (x; u)' n dx !

Z

­
B (x; u)' dx:

Therefore, letting n ! 1 in (1.1), we have

Z

­
A (x; r u) ¢r ' dx +

Z

­
B (x; u)' dx = 0 (respectively ¸ 0; · 0):

We have the following variant of the comparisonprinciple (cf. [MO1; Propo-
sition 1.1]):

Lemma 1.2. Suppose ­ is (p; ¹ ) -hyperbolic and B satis¯es (B.5). For u ,
v 2 D p(­; ¹ ) , if u is a supersolution of (E A ;B ), v is a subsolution of (E A ;B )
and min(u ¡ v; 0) 2 D p

0 (­; ¹ ) , then u ¸ v on ­ .

Proof. Set ´ = min(u ¡ v; 0). Since ´ 2 D p
0 (­; ¹ ) and ´ · 0, by Lemma 1.1

we have Z

­
A (x; r u) ¢r ´ dx +

Z

­
B (x; u)´ dx · 0

and Z

­
A (x; r v) ¢r ´ dx +

Z

­
B (x; v)´ dx ¸ 0:

By (A.4) and (B.3),

Z

­

¡
A (x; r v) ¡ A (x; r u)

¢
¢r ´ dx

= ¡
Z

f u<v g

¡
A (x; r v) ¡ A (x; r u)

¢
¢(r v ¡ r u) dx

· 0

and
Z

­

¡
B (x; v) ¡ B (x; u)

¢
´ dx = ¡

Z

f u<v g

¡
B (x; v) ¡ B (x; u)

¢
(v ¡ u) dx · 0:
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Thus

0 ·
µ Z

­
A (x; r v) ¢r ´ dx +

Z

­
B (x; v)´ dx

¶

¡
µ Z

­
A (x; r u) ¢r ´ dx +

Z

­
B (x; u)´ dx

¶

· 0;

and hence Z

f u<v g

¡
A (x; r v) ¡ A (x; r u)

¢
¢(r v ¡ r u) dx = 0:

Therefore again by (A.4), r v ¡ r u = 0 a.e. on f u < vg. Thus r ´ = 0 a.e.,
so that ´ = c. Since ­ is (p; ¹ ) -hyperbolic, we seethat c = 0, and the lemma
follows.

The next lemma will be usedin the proof of Theorem 3.2.

Lemma 1.3. SupposeK 1 and K 2 are constants such that K 1 · K 2 . Given
µ 2 D p(­; ¹ ) , let µ¤ = max

¡
min(µ; K 2); K 1

¢
. If u ¡ µ 2 D p

0 (­; ¹ ) and K 1 · u ·
K 2 in ­ , then u ¡ µ¤ 2 D p

0 (­; ¹ ) .

Proof. Choose ' n 2 C1
0 (­) such that ' n ! u ¡ µ a.e., f ' n g is uniformly

bounded and r ' n ! r (u ¡ µ) in L p(­; ¹ ) . Setting

' ¤
n = max

¡
min( ' n ; u ¡ K 1); u ¡ K 2

¢
;

we have ' ¤
n ! max

¡
min(u ¡ µ; u ¡ K 1); u ¡ K 2

¢
= u ¡ µ¤ a.e. in ­ . Also, by

[HKM; Lemma 1.2.2], r ' ¤
n ! r (u ¡ µ¤) in L p(­; ¹ ) . Since u ¡ K 1 ¸ 0 and

u ¡ K 2 · 0, supp' ¤
n is compact in ­ for each n . Thus, considering molli¯ed

functions, we obtain approximating functions for u ¡ µ¤ .

We recall the following condition, which has been consideredin [MO1] and
[MO2] for the discussionof resolutivit y and harmonizabilit y.

(C1) There exist a bounded supersolution of (E A ;B ) in ­ and a bounded subso-
lution of (E A ;B ) in ­ .

The following theorem which asserts the existence and uniquenessof the
Sobolev{Diric hlet problem is shown by [MO2; Theorem 2.2 and Proposition 1.5].

Theorem A. Supposethat ­ is (p; ¹ ) -hyperbolic and supposethat condi-
tions (C1) and (B.5) are satis¯ed. If µ 2 D p(­; ¹ ) , then there exists a unique
(A ; B ) -harmonic function u(A ;B ;µ) on ­ such that u(A ;B ;µ) ¡ µ 2 D p

0 (­; ¹ ) .
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2. A class of L 1 -functions on ­

Hereafter, wealwaysassumethat ­ is (p; ¹ ) -hyperbolic, namely, 1 =2 D p
0 (­; ¹ ) .

Note that any bounded domain is (p; ¹ ) -hyperbolic.
We consider the following function spaces:

F (A ) =
©

f 2 L 1(­) j f =w is locally bounded in ­ and

¡ div A (x; r u) = f has a solution in D p
0 (­; ¹ )

ª

F + (A ) =
©

f 2 F (A ) j f ¸ 0
ª

and F ¡ (A ) =
©

f 2 F (A ) j f · 0
ª

:

For f 2 F (A ) , the solution of ¡ div A (x; r u) = f in D p
0 (­; ¹ ) will be

denotedby U f . Obviously, 0 2 F (A ) and U0 = 0. If f 2 L 1(­) , f =w is locally
boundedon ­ and (C 1 ) is satis¯ed for (E A ;¡ f ), then f 2 F and U f = u(A ;¡ f ;0) .

Prop osition 2.1. If f 1 , f 2 2 F (A ) and f 1 · f 2 , then U f 1 · U f 2 .

Proof. SinceU f 2 is a supersolution of (E A ;¡ f 1 ), U f 1 is a solution of (E A ;¡ f 1 )
and min(U f 2 ¡ U f 1 ; 0) 2 D p

0 (­; ¹ ) , the proposition follows from Lemma 1.2.

Corollary 2.1. U f ¸ 0 for f 2 F + (A ) and U f · 0 for f 2 F ¡ (A ) .

We can easily show

Prop osition 2.2. If A satis¯es the homogeneity condition

(A.5) A (x; ¸» ) = ¸ j¸ jp¡ 2A (x; ») for any ¸ 2 R ;

then, ¸f 2 F (A ) for f 2 F (A ) and ¸ 2 R , and U ¸f = ¸ j¸ j(2 ¡ p)=(p¡ 1) U f .

Prop osition 2.3. If f is measurableand g1 · f · g2 for someg1 2 F ¡ (A )
and g2 2 F + (A ) , then f 2 F (A ) .

Proof. Since Ug1 is a boundedsubsolution of (E A ;¡ f ) and Ug2 is a bounded
supersolution of (E A ;¡ f ), Theorem A assertsthe existenceof u(A ;¡ f ;0) , which
is U f .

Prop osition 2.4. In case­ is bounded, any measurablefunction f satisfy-
ing 0 · f (x) · ¯ w(x) (respectively ¡ ¯ w(x) · f (x) · 0) for some ¯ > 0 belongs
to F + (A ) (respectively F ¡ (A ) ).

Proof. By the above proposition, it is enough to show that ¯ w 2 F + (A )
and ¡ ¯ w 2 F ¡ (A ) . We consider A 1: R N £ R N ! R N de¯ned by

A 1(x; ») =
½

A (x; »); x 2 ­,
w(x)j»jp¡ 2»; x 2 R N n ­,

and take an open ball B ¾ ­ . By Proposition A, there exists u 2 C(B) \
H 1;p (B ; ¹ ) such that u = 0 on @B and u is (A 1; ¡ ¯ w) -harmonic in B . Then u
is bounded and (A ; ¡ ¯ w) -harmonic in ­ . It follows from Theorem A that U ¯ w

exists and hence ¯ w 2 F + (A ) . Similarly, we seethat ¡ ¯ w 2 F ¡ (A ) .
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Example 2.1. Let ­ = B (0; R) = fj xj < Rg for 0 < R < 1 , w(x) = jxj±

with ± > ¡ N and A (x; ») = jxj±j»jp¡ 2». Let g be a non-negative L 1 -function
on [0; R) which is bounded on [0; %] for any 0 < %< R and let f (x) = jxj±g(jxj) .
Then f 2 F + (A ) and

U f (x) =
Z R

jx j

µ
1

r N + ±¡ 1

Z r

0
g(t)tN + ±¡ 1 dt

¶ 1=(p¡ 1)

dr:

If we take g(t) ´ 1, i.e., f (x) = jxj± , then

U f (x) = (N + ±)¡ 1=(p¡ 1) p0¡ 1(Rp0
¡ jxjp

0
);

where 1=p+ 1=p0 = 1.

We can take unbounded f , e.g., f (x) = jxj±(R ¡ jxj)¡ ® with 0 < ® < 1.

Example 2.2. Let ­ = R N , w(x) = jxj± with p < N + ± and A (x; ») =
jxj±j»jp¡ 2». Note that ­ is (p; ¹ ) -hyperbolic (see [MO1; p. 570]). Let g be a
non-negative function on [0; 1 ) which is bounded on [0; %] for any 0 < %< 1
and for which

R1
0 g(t)tN + ±¡ 1 dt < 1 . Then f (x) = jxj±g(jxj) belongsto F + (A )

and

U f (x) =
Z 1

jx j

µ
1

r N + ±¡ 1

Z r

0
g(t)tN + ±¡ 1 dt

¶ 1=(p¡ 1)

dr:

Proof of Examples 2.1 and 2.2. Obviously, f ¸ 0 and f =jxj± is locally
bounded on ­ . Also, it is easily veri¯ed that f 2 L 1(­) . Set

G(r ) =
Z r

0
g(t)tN + ±¡ 1 dt and u(x) =

Z R

jx j

µ
1

r N + ±¡ 1 G(r )
¶ 1=(p¡ 1)

dr;

where we set R = 1 for Example 2.2. Then G(r ) is bounded for 0 < r < R and
G(r ) · c%r N + ± for 0 < r < %, %< R . From these it follows that u(x) 2 C1(­)
and

r u(x) = ¡
x
jxj

µ
1

jxjN + ±¡ 1 G(jxj)
¶ 1=(p¡ 1)

:

In case R < 1 , since jr u(x)j is bounded,
R

­ jr u(x)jp jxj± dx < 1 . In case
R = 1 , since

Z

j x j¸ 1
jr u(x)jp jxj± dx · c

Z

j x j¸ 1
jxj¡ (pN + ±¡ p)=(p¡ 1) dx

and p < N + ±, we have
R

­ jr u(x)jp jxj± dx < 1 . Moreover, if jxj ! R , then
u(x) ! 0. Thus, setting ' n (x) = max

¡
u(x)¡ 1=n;0

¢
, wehave ' n 2 D p(­; jxj± dx)
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and supp' n is compact. Since f ' n g is uniformly bounded, ' n ! u in ­ and
r ' n ! r u in L p(­; jxj± dx) , it follows that u 2 D p

0 (­; jxj± dx) . Finally, we have

¡ div
¡
jxj±jr u(x)jp¡ 2r u(x)

¢
= div

¡
xjxj¡ N G(jxj)

¢

= ¡ N jxj¡ N G(jxj) + jxj±g(jxj) + N jxj¡ N G(jxj)

= jxj±g(jxj) = f (x);

in the weak sense,so that u is a solution of ¡ div (jxj±jr ujp¡ 2r u) = f .

3. Boundedness of solutions of Sobolev{Diric hlet problems

In addition to (B.1), (B.2) and (B.3), we shall always assumethat B satis¯es
condition (B.5). Further we consider the following condition on B :

(B.4) There exist nonnegative numbers T1 , T2 , functions f 1 2 F + (A ) and f 2 2
F ¡ (A ) such that

B ¡ (x; T1) · f 1(x) and B + (x; ¡ T2) · ¡ f 2(x) a.e. in ­ :

Example 3.1. Let ³ (t) be a nondecreasingcontinuous function on R such
that j³ (t)j · cjt jp¡ 1 for jt j ¸ 1 and ³ (t0) = 0 for some t0 2 R . We set B (x; t) =
b(x)³ (t) with b 2 L 1(­) such that b ¸ 0 and b=w is locally boundedon ­ . Then
B satis¯es (B.4) with T1 = t+

0 , T2 = t ¡
0 and f 1 = f 2 = 0.

If B satis¯es (B.4), then T1 + U f 1 is a supersolution and ¡ T2 + U f 2 is a
subsolution of (E A ;B ). Thus, condition (C 1 ) is satis¯ed.

For µ 2 D p(­; ¹ ) , we de¯ne

sup
@­

µ = inf
©

k j (µ¡ k)+ 2 D p
0 (­; ¹ )

ª
and inf

@­
µ = sup

©
k j (µ¡ k) ¡ 2 D p

0 (­; ¹ )
ª

:

Theorem 3.1. SupposeB satis¯es (B.4). Then for any µ 2 D p(­; ¹ ) , there
existsa unique (A ; B ) -harmonic function u(A ;B ;µ) on ­ such that u(A ;B ;µ) ¡ µ 2
D p

0 (­; ¹ ) . Further it satis¯es

min
³

¡ T2; inf
@­

µ
´

+ U f 2 (x) · u(A ;B ;µ) (x) · max
³

T1; sup
@­

µ
´

+ U f 1 (x)

on ­ .

Proof. Since condition (B.4) implies condition (C 1 ), the existenceand the
uniquenessfollow from Theorem A, we show only the inequalities. Fix " > 0 and
let v = max(T1; sup@­ µ)+ U f 1 + " . SinceB (x; v) ¸ B (x; T1) ¸ ¡ f 1 by (B.4), v is
a supersolution of (EA ;B ) . Also, sincev ¸ sup@­ µ+ " , weseethat max(µ¡ v; 0) 2
D p

0 (­; ¹ ) , and hencethat min(v ¡ u(A ;B ;µ) ; 0) 2 D p
0 (­; ¹ ) . Henceby Lemma 1.2,

v ¸ u(A ;B ;µ) in ­ . Since " > 0 is arbitrary , max(T1; sup@­ µ) + U f 1 ¸ u(A ;B ;µ)

in ­ . The other inequality follows similarly.
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In view of Example 3.1, we can state

Corollary 3.1. Let B (x; t) = b(x)³ (t) be as in Example 3.1. Then

min
³

¡ t ¡
0 ; inf

@­
µ
´

· u(A ;B ;µ) (x) · max
³

t+
0 ; sup

@­
µ
´

on ­ .

In view of Propositions 2.4 and 2.2, we also have

Corollary 3.2. Suppose­ is bounded, A satis¯es (A.5) (in Proposition 2.2)
and jB (x; 0)j · ¯ w(x) a.e. in ­ . Then

min
³

inf
@­

µ; 0
´

¡ ¯ 1=(p¡ 1) Uw (x) · u(A ;B ;µ) (x) · max
³

sup
@­

µ; 0
´

+ ¯ 1=(p¡ 1) Uw (x)

on ­ .

Given nonnegative numbers T1 , T2 , functions f 1 2 F + (A ) , f 2 2 F ¡ (A )
and given µ 2 D p(­; ¹ ) , let

M + (T1; f 1; µ) = max
³

T1; sup
@­

µ
´

+ sup
­

U f 1 ;

M ¡ (T2; f 2; µ) = max
³

T2; ¡ inf
@­

µ
´

¡ inf
­

U f 2 :

Theorem 3.1 assertsthat

¡ M ¡ (T2; f 2; µ) · u(A ;B ;µ) · M + (T1; f 1; µ):

Theorem 3.2. Suppose B satis¯es (B.4). Then for µ 2 D p(­; ¹ ) ,
Z

­

¯
¯r u(A ;B ;µ) (x)

¯
¯p

d¹ ·
µ

®2

®1

¶ p Z

­
jr µ(x)jp d¹ +

pM
®1

Z

­
jB

¡
x; µ¤(x)

¢
j dx;

where
M = M + (T1; f 1; µ) + M ¡ (T2; f 2; µ)

and
µ¤ = max

¡
min

¡
µ; M + (T1; f 1; µ)

¢
; ¡ M ¡ (T1; f 1; µ)

¢
:

Proof. Since u(A ;B ;µ) ¡ µ¤ 2 D p
0 (­; ¹ ) by Lemma 1.3, we have

Z

­
A (x; r u(A ;B ;µ) ) ¢(r u(A ;B ;µ) ¡ r µ¤) dx

+
Z

­
B (x; u(A ;B ;µ) )(u(A ;B ;µ) ¡ µ¤) dx

= 0:



216 Fumi-Yuki Maeda and Takayori Ono

By Theorem 3.1, ju(A ;B ;µ) ¡ µ¤ j · M . Hence,using (A.2), (A.3) and (B.3), we
have

(3:1)

®1

Z

­
jr u(A ;B ;µ) j

p d¹ · ®2

Z

­
jr u(A ;B ;µ) j

p¡ 1jr µ¤ j d¹

¡
Z

­
B (x; u(A ;B ;µ) )(u(A ;B ;µ) ¡ µ¤) dx

· ®2

Z

­
jr u(A ;B ;µ) j

p¡ 1jr µj d¹

¡
Z

­
B (x; µ¤)(u(A ;B ;µ) ¡ µ¤) dx

· ®2

µ Z

­
jr u(A ;B ;µ) j

p d¹
¶ (p¡ 1)=pµ Z

­
jr µjp d¹

¶ 1=p

+ M
Z

­
jB (x; µ¤)j dx;

where in the last inequality we have used HÄolder's inequality. An application of
Young's inequality yields that X · AX (p¡ 1)=p + C implies X · Ap + pC for
X ¸ 0, A ¸ 0 and C ¸ 0. Hence,from (3.1) we obtain the desiredestimate.

Theorem 3.3. Suppose B 1 and B 2 satisfy (B.4) with the same T1 , T2 , f 1

and f 2 . Let µ 2 D p(­; ¹ ) and set uj = u(A ;B j ;µ) , j = 1; 2. Then
Z

­

¡
A (x; r u1) ¡ A (x; r u2)

¢
¢(r u1 ¡ r u2) dx

· M
Z

­
sup

¡ M 2 · t · M 1

¯
¯B 1(x; t) ¡ B 2(x; t)

¯
¯ dx;

where M 1 = M + (T1; f 1; µ) , M 2 = M ¡ (T2; f 2; µ) and M = M 1 + M 2 .

Proof. Since u1 ¡ u2 2 D p
0 (­; ¹ ) ,

Z

­

¡
A (x; r u1) ¡ A (x; r u2)

¢
¢(r u1 ¡ r u2) dx

+
Z

­

¡
B 1(x; u1) ¡ B 2(x; u2)

¢
(u1 ¡ u2) dx = 0:

Henceusing (B.3) we have
Z

­

¡
A (x; r u1) ¡ A (x; r u2)

¢
¢(r u1 ¡ r u2) dx

·
Z

­

¡
B 1(x; u2) ¡ B 2(x; u2)

¢
(u2 ¡ u1) dx:

Since ¡ M 2 · uj · M 1 , j = 1; 2, by Theorem 3.1, we obtain the desiredestimate.



Perturbation theory for nonlinear Dirichlet problems 217

4. Con vergence theorems

The following lemma can be shown in the samemanner as[MO1; Lemma 5.1].

Lemma 4.1. Let f un g be a uniformly bounded sequenceof functions in
D p

0 (­; ¹ ) such that
©R

­ jr un jp d¹
ª

is bounded and un ! u a.e. in ­ . If u is
continuous, then u 2 D p

0 (­; ¹ ) .

The next lemma will be usedto show Theorem 4.1.

Lemma 4.2 ([O; Theorem 4.7]). Let u be an (A ; B ) -harmonic function in
­ and x0 be any point of ­ . If 0 < R < 1 is such that B(x0; R) ½ ­ and if
juj · L in B (x0; R) , then there are constants c and 0 < ¸ < 1 such that

sup
B (x 0 ;%)

u ¡ inf
B (x 0 ;%)

u · c
µ

%
R

¶ ¸

;

whenever 0 < %< R . Here c and ¸ depend only on N , p, ®1 , ®2 , ®3
¡
B (x0; R)

¢
,

¹ , R and L .

Theorem 4.1. Suppose B n , n = 1; 2; : : : , and B all satisfy (B.4) with the
same T1 , T2 , f 1 2 F + (A ) , f 2 2 F ¡ (A ) . Let µ 2 D p(­; ¹ ) . Assume further
that there exists a nonnegative function b on ­ such that b=w is locally bounded
in ­ and

(4:1) B +
n (x; M 1) + B ¡

n (x; ¡ M 2) · b(x) a.e. on ­

for all n , where M 1 , M 2 are as in Theorem 3.3. If

(4:2)
Z

­
sup

¡ M 2 · t · M 1

¯
¯B n (x; t) ¡ B (x; t)

¯
¯ dx ! 0 (n ! 1 );

then u(A ;B n ;µ) ! u(A ;B ;µ) as n ! 1 locally uniformly on ­ .

Proof. If we set

B ¤
n (x; t) =

8
<

:

B n (x; M 1); t ¸ M 1,
B n (x; t); ¡ M 2 < t < M 1,
B n (x; ¡ M 2); t · ¡ M 2,

then u(A ;B n ;µ) is a solution of (E A ;B ¤
n

), and henceu(A ;B n ;µ) = u(A ;B ¤
n ;µ) . Thus

by (4.1), we may assumethat jB n (x; t)j · b(x) ( n = 1; 2; : : : ) for any t 2 R .
Then, for any D b ­ , we can take ®3(D ) = supD b=w in (B.2) for B n for all n .

Let un = u(A ;B n ;µ) and u = u(A ;B ;µ) . By Theorem 3.1, f un g is uniformly
boundedin ­ . Hence,by Lemma 4.2, we seethat f un g is equi-continuousat each
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point of ­ . Henceit follows from Ascoli{Arzela's theorem that any subsequence
of f un g has a locally uniformly convergent subsequence.

Let f un k g be any subsequenceof f un g which converges locally uniformly
to u¤ . Since

©
sup¡ M 2 · t · M 1

jB n (x; t)j
ª

is bounded in L 1(­) by (4.2), Theo-
rem 3.2 yields that fr un g is bounded in L p(­; ¹ ) . Thus, by Lemma 4.1 and
[HMK; Lemma 1.3.3], we seethat u¤ ¡ u 2 D p

0 (­; ¹ ) and r un k ! r u¤ weakly
in L p(­; ¹ ) . On the other hand, by Theorem 3.3 and [HKM; Lemma 3.73],
r un ! r u weakly in L p(­; ¹ ) , and hence r u¤ = r u. Since ­ is (p; ¹ ) -
hyperbolic, it follows that u¤ = u. Therefore, un ! u locally uniformly in ­ .

In view of Example 3.1, we can state

Corollary 4.1. Let ³ (t) be as in Example 3.1 and bn , n = 1; 2; : : : , and b
be nonnegative measurablefunctions such that

(4:3) bn (x) · b0(x) a.e. on ­

for somefunction b0 such that b0=w is locally bounded in ­ and

(4:4)
Z

­
jbn (x) ¡ b(x)j dx ! 0 (n ! 1 ):

Then, for B n (x; t) = bn (x)³ (t) , n = 1; 2; : : : , and B (x; t) = b(x)³ (t) , u(A ;B n ;µ) !
u(A ;B ;µ) locally uniformly on ­ .

The following example shows that we cannot assert the uniform convergence
on ­ in the above theorem and corollary:

Example 4.1. Let ­ = B (0; 1), 1 < p · N , w(x) = 1 and A (x; ») =
j»jp¡ 2». Let f an g be a sequenceof points in B (0; 1) such that jan j ! 1 and
set bn (x) = 2¡ n r ¡ N

n ÂB (an ;r n ) (x) with 0 < r n < 1 ¡ jan j , n = 1; 2; : : : . For a
nondecreasingcontinuous function ³ on R such that ³ (0) = 0, ³ (1) > 0 and
j³ (t)j · cjt jp¡ 1 for jt j ¸ 1, we set

B n (x; t) =
nX

k=1

bk (x)³ (t) and B (x; t) =
1X

n =1

bn (x)³ (t):

Then, for µ = 1, B n and B satisfy the conditions in Theorem 4.1. If we choose
f r n g suitably, then f u(A ;B n ;1) g doesnot convergeuniformly on B (0; 1).

Proof. Let Bn = B (an ; 1 ¡ jan j) and vn be the solution of the equation
¡ div A (x; r u) = bn on Bn which belongsto D p

0 (Bn ; dx) . By Lemma 1.2, we see
that 0 · vn · Ubn in Bn . Noting that A (x; ») = j»jp¡ 2» is translation invariant,
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by Example 2.1 we have

vn (an ) = (2¡ n r ¡ N
n )1=(p¡ 1)

½Z r n

0

µ
1

r N ¡ 1

Z r

0
tN ¡ 1 dt

¶ 1=(p¡ 1)

dr

+
Z 1¡j an j

r n

µ
1

r N ¡ 1

Z r n

0
tN ¡ 1 dt

¶ 1=(p¡ 1)

dr
¾

=

8
>>><

>>>:

(2n N )1=(1¡ N )

½
1 ¡

1
N

+ log
1 ¡ jan j

r n

¾
if p = N ;

(2n N )1=(1¡ p)

½
N (p ¡ 1)
p(N ¡ p)

r (p¡ N )=(p¡ 1)
n ¡

p ¡ 1
N ¡ p

(1 ¡ jan j)(p¡ N )=(p¡ 1)

¾

if p < N:

Thus, Ubn (an ) ¸ vn (an ) ¸ 1 for su±ciently small r n .
Let un = u(A ;B n ;1) and u = u(A ;B ;1) for simplicit y. By considering the

extension of B n by 0 outside B (0; 1) and using Proposition A, we see that
un (x) ! 1 as jxj ! 1.

Now supposethat f un g convergesto u uniformly on B (0; 1). Then u(x) ! 1
as jxj ! 1. Choose " > 0 such that " p¡ 1 < ³ (1 ¡ " ) . Then there is r 0 < 1 such
that u(x) ¸ 1 ¡ " for jxj ¸ r 0 . For large n , B (an ; r n ) \ B (0; r 0) = ; and

¡ div (jr (1 ¡ u)jp¡ 2r (1 ¡ u)) = div(jr ujp¡ 2r u)

=
1X

n =1

bn (x)³
¡
u(x)

¢
¸ ³ (1 ¡ " )bn (x):

Thus, by Lemma 1.2, 1 ¡ u ¸ ³ (1 ¡ " )1=(p¡ 1) Ubn , so that

u(an ) · 1 ¡ ³ (1 ¡ " )1=(p¡ 1) Ubn (an ) < 1 ¡ "

for large n . This contradicts our assumption that u(x) ¸ 1 ¡ " for jxj ¸ r 0 .

Theorem 4.2. Suppose B n , n = 1; 2; : : : , and B all satisfy (B.4) with the
same T1 , T2 , f 1 2 F + (A ) , f 2 2 F ¡ (A ) . Let µ 2 D p(­; ¹ ) . Assume further
that A satis¯es

(A.4s)
¡
A (x; »1) ¡ A (x; »2)

¢
¢(»1 ¡ »2) ¸ ®4w(x)( j»1j + j»2j)p¡ 2j»1 ¡ »2j2

with ®4 > 0. If (4.2) holds, then r u(A ;B n ;µ) ! r u(A ;B ;µ) in L p(­; ¹ ) ; further
u(A ;B n ;µ) ! u(A ;B ;µ) in H 1;p (­; ¹ ) in case­ is bounded.
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Proof. If p ¸ 2, the ¯rst assertion is obvious from Theorem 3.3. In case
1 < p < 2, we have

Z

­
jr un ¡ r ujp d¹

=
Z

­

©
(jr un j + jr uj)p¡ 2jr un ¡ r uj2

ª p=2
(jr un j + jr uj)p(2 ¡ p)=2 d¹

·
µ Z

­
(jr un j + jr uj)p¡ 2jr un ¡ r uj2 d¹

¶ p=2

£
µ Z

­
(jr un j + jr uj)p d¹

¶ (2 ¡ p)=2

:

Hencethe ¯rst assertion in this casealso follows from Theorems3.2 and 3.3.
The secondassertionfollows from the ¯rst assertionand the Poincar¶e inequal-

it y.

5. Boundedness and convergence of solutions for Diric hlet problems

Givena compacti¯cation ­ ¤ of ­ and a boundedfunction Ã on @¤­ = ­ ¤n­ ,
let

UÃ =
n

u : (A ; B )-superharmonic in ­ and

lim inf
x ! »

u(x) ¸ Ã(») for all » 2 @¤­
o

and
L Ã =

n
v : (A ; B )-subharmonic in ­ and

lim sup
x ! »

v(x) · Ã(») for all » 2 @¤­
o

:

If both UÃ and L Ã are nonempty, then

H (Ã; ­ ¤) = H (A ;B ) (Ã; ­ ¤) := inf UÃ

and
H (Ã; ­ ¤) = H (A ;B ) (Ã; ­ ¤) := supL Ã

are (A ; B ) -harmonic in ­ and H (Ã; ­ ¤) · H (Ã; ­ ¤) ([MO1; Theorem 3.1]). We
say that Ã is ( A ; B )-resolutiveif both UÃ and L Ã arenonempty and H (Ã; ­ ¤) =
H (Ã; ­ ¤) . In this case we write H (Ã; ­ ¤) = H (A ;B ) (Ã; ­ ¤) for H (Ã; ­ ¤) =
H (Ã; ­ ¤) . ­ ¤ is said to be an ( A ; B )-resolutive compacti¯c ation if every Ã 2
C(@¤­) is ( A ; B )-resolutive.

In the proof of [MO1; Proposition 3.1] we have shown
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Lemma 5.1. If Ã1 and Ã2 are (A ; B ) -resolutive functions on @¤­ , then

jH (Ã1; ­ ¤) ¡ H (Ã2; ­ ¤)j · sup
@¤ ­

jÃ1 ¡ Ã2j:

Theorem 5.1. Let ­ ¤ be a compacti¯cation of ­ . If B satis¯es (B.4) and
if Ã is a bounded function on @¤­ , then both UÃ and L Ã are nonempty and

min
³

¡ T2; inf
@¤ ­

Ã
´

+ U f 2 · H (A ;B ) (Ã; ­ ¤) · H (A ;B ) (Ã; ­ ¤)

· max
³

T1; sup
@¤ ­

Ã
´

+ U f 1 :

Proof. By (B.4) we seethat

max
³

T1; sup
@¤ ­

Ã
´

+ U f 1 2 UÃ

and
min

³
¡ T2; inf

@¤ ­
Ã

´
+ U f 2 2 L Ã :

Thus the theorem follows.

Like Corollaries 3.1 and 3.2, we have the following two corollaries.

Corollary 5.1. Let B (x; t) = b(x)³ (t) be as in Example 3.1. If Ã is a
bounded function on @¤­ , then both UÃ and L Ã are nonempty and

min
³

¡ t ¡
0 ; inf

@¤ ­
Ã

´
· H (A ;B ) (Ã; ­ ¤) · H (A ;B ) (Ã; ­ ¤) · max

³
t+
0 ; sup

@¤ ­
Ã

´
:

Corollary 5.2. Suppose ­ is bounded and let ­ ¤ be a compacti¯cation
of ­ . If A satis¯es (A.5) and if jB (x; 0)j · ¯ w(x) for a.e. x 2 ­ , then

jH (A ;B ) (Ã; ­ ¤)j · sup
@¤ ­

jÃj + ¯ 1=(p¡ 1) Uw

for any bounded (A ; B ) -resolutive function Ã on @¤­ .

We recall ([MO1; Theorem 3.2]) that under conditions (C1) and (B.5), the
Q-compacti¯cation ­ ¤

Q of ­ (see[CC]) is an (A ; B ) -resolutive compacti¯cation
if Q ½ D p(­; ¹ ) .

Theorem 5.2. Let Q ½ D p(­; ¹ ) , ­ ¤
Q be the Q-compacti¯cation of ­ ,

¡ = ­ ¤
Q n­ and let Ã 2 C(¡) . SupposeB n , n = 1; 2; : : : , and B all satisfy (B.4)

with the same T1 , T2 , f 1 2 F + (A ) , f 2 2 F ¡ (A ) . Set

M 1 = max
³

T1; max
¡

Ã
´

+ sup
­

U f 1 and M 2 = max
³

T2; ¡ min
¡

Ã
´

¡ inf
­

U f 2 :

Assume further that there exists a nonnegative function b(x) on ­ such that
b(x)=w(x) is locally bounded in ­ and B n satisfy (4.1) for all n . If (4.2) holds,
then H (A ;B n ) (Ã; ­ ¤

Q ) ! H (A ;B ) (Ã; ­ ¤
Q ) locally uniformly on ­ .
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Proof. Since the set of continuous extensionsof functions in Q is densein
C(¡) with respect to the uniform convergence,given " > 0 there exists µ 2 Q
such that sup»2 ¡ jµ¤(») ¡ Ã(»)j · " and inf Ã · µ¤ · supÃ on ¡ , where µ¤ is
the continuous extension of µ to ¡ . Note that Ã and µ¤ are (A ; B ) -resolutive
as well as (A ; B n ) -resolutive for all n ([MO1; Theorem 3.2]). For simplicit y, let
Hn (Ã) = H (A ;B n ) (Ã; ­ ¤

Q ) , Hn (µ) = H (A ;B n ) (µ¤; ­ ¤
Q ) , H (Ã) = H (A ;B ) (Ã; ­ ¤

Q )
and H (µ¤) = H (A ;B ) (µ¤; ­ ¤

Q ) . By Lemma 5.1, we seethat jH (µ¤) ¡ H (Ã)j · "
and jHn (µ¤)¡ Hn (Ã)j · " for all n . On the other hand, by [MO2; Proposition 2.2],
Hn (µ¤) = u(A ;B n ;µ) and H (µ¤) = u(A ;B ;µ) . Also, since B +

n

¡
x; M + (T1; f 1; µ)

¢
·

B +
n (x; M 1) and B ¡

n

¡
x; ¡ M ¡ (T2; f 2; µ)

¢
· B ¡

n (x; ¡ M 2) , by Theorem 4.1, for any
open G b ­ , there is n0 such that

sup
G

¯
¯u(A ;B n ;µ) ¡ u(A ;B ;µ)

¯
¯ · "

for n ¸ n0 . Thus, for n ¸ n0

sup
G

jHn (Ã) ¡ H (Ã)j

· sup
G

©
jHn (Ã) ¡ Hn (µ¤)j + jHn (µ¤) ¡ H (µ¤)j + jH (µ¤) ¡ H (Ã)j

ª

· 3":

Hencethe theorem follows.

Like Corollary 4.1, we obtain

Corollary 5.3. Let ­ ¤
Q and ¡ be as in Theorem 5.2 and let B n (x; t) =

bn (x)³ (t) and B (x; t) = b(x)³ (t) with nonnegative measurablefunctions bn , b on
­ and ³ asin Example 3.1. If (4.3) and (4.4) aresatis¯ed then H (A ;B n ) (Ã; ­ ¤

Q ) !
H (A ;B ) (Ã; ­ ¤

Q ) locally uniformly on ­ for any Ã 2 C(¡) .
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