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Abstract.  We consider Sobolev{Diric hlet problems as well as Dirichlet problems in the
PWB-method for quasi-linearsecondorder elliptic di®erenial equationson a euclideandomain. We
discussboundednesf solutions of theseproblemsand convergenceof solutions under perturbation
of the O-th order term.

In tro duction

In the previous papers [MO1] and [MO2], we deweloped a potential theory
and discussedDiric hlet problems for elliptic quasi-linear equations of the form

' ¢ ' ¢
(Ea:) idivAlx;r u(x) +B|x;u(x) =0

onadomain - in RN (N, 2),whereA (x;»): - £RN I RN satis esweighted
structure conditions of p-th order with a weight w(x) and B (x;t): - £ R! R
is nondecreasingin t (seeSection 1 below for more details).

The purpose of the presert paper is to investigate how the solution of a
Diric hlet problem varies under perturbation of the term B .

As in [MO1] and [MO2], we consider the space DP(-; 1) of bounded con-
tinuous functions with nite (p;* )-Diric hlet integrals on - (d* = wdx) and its
subspaceD{(-; 1) consistingof f 2 DP(-; 1) which are uniformly bounded limits
of ', 2 Cl(-) sunthat r' ! rf in LP(- ). Throughout this paper we
assumethat - is (p;*)-hyperbolic, namely 1 2 D§(-; *). Given u2 DP(-; 1),
the solution u of (Ea .g ) satifying uj u2 D{(-; *) may be called the solution
of the Sobolev{Diric hlet problem with the boundary data p and is denoted by
Ua B :p) -

( ng Ist introduce a classof L*-functions on - , and using functions in this
class,we presernt a condition on B (condition (B.4) in Section 3) which assures
the boundednessof ua g .y -
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As our main theorem (Theorem 4.1), we shall show that if B,, n= 1;2;:::
satisfy (B.4) with the samedata, they are uniformly boundedin a certain sense
andif sup, y,. . m, iBn(Xt)i B(x;t)j! 0in LY(-) ,thenua g, w ! U B
locally uniformly on -, where M; and M, are constarts determined by the
data given in (B.4) and p. We shall also give the corvergenceof r U g, )
to r Ui g I LP(- 1) (Theorem 4.2).

In [MO1], we have studied Dirichlet problemsin the PWB-method with re-
spect to a Royden type ideal boundary for our equation (Ea . ). In Section 5,
under the sameconditions asin Theorem 4.1, we give local uniform corvergence
of such Dirichlet solutions.

1. Preliminaries

As in [MO1] and [MO2] we assumethat A:- £ERN1 RN andB:- £R!
R satisfy the following conditions for 1 < p < 1 and a weight w which is p-
admissiblein the senseof [HKM]:
(A.1) x 7! A (x;») is measurableon - for every » 2 RN and » 7! A (x;») is
continuousfor a.e. X 2 - ;
(A.2) A(x;») ¢» , ®w(x)j»P for all »2 RN and a.e. x 2 - with a constart

® > 0;

(A.3) JA (X;»)j - ®w(x)j»Pi ! for all » 2 RN and a.e. x 2 - with a constart
o> 0 ¢ci ¢

(A4) A(»)i A(X;») C» i » >0whenewr »;» 2 RN, » 6 », for a.e.
X2-;

(B.1) x 7! B (x;t) is measurableon - foreveryt2 R and t 7! B (x;t) is cortin-
uousfor a.e. x 2 - ;
(B.2) For any opensetD b - , thereisaconstart ®(D) , 0 sud that jB (x;1)j -

®;(D)W(X)(jtjPi 1+ 1) forall t2 R anda.e.x 2 D;

(B.3) t7! B (x;t) is nondecreasingon R for a.e.x 2 - .

For the nonnegative measure? : d!(x) = w(x)dx and an open set D, we
considerthe weighted Sobolev spacesH 1P(D;1), HyP(D;*) and HP(D;1) (see
[HKM] for details).

Let D be an open subsetof - . Then u 2 HI%;E(D;l) is said to be a (weak)
solution of (Ea .g ) in D if

Z Z
A(Xru)er' dx+ B(x;u) dx=0
D D

forall * 2 C§ (D). u2 HLP(D;) is said to be a supersolution (respectively

subsolution) of (Ea .g ) in D if
Z Z

A(ru)er' dx+ B(x;u) dx, O (respectively - 0)
D D
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for all nonnegative ' 2 C} (D) .

A cortinuous solution of (Ea .z ) in an open set D % - is called (A ;B)-
harmonic in D.

We say that an openset D in - is (A ;B)-regular, if D b - and for any
M2 Hlﬁf(-; 1) which is continuous at eat point of @, there exists a unique
h2 C(D)\ HYP(D;1) such that h= pon @ and h is (A ;B)-harmonicin D.

Prop osition A ([MO1; Theorem 1.4] and [HKM; Theorem 6.31]). Any ball
Bb- is(A;B)-regular.

A function u: D! R [ flg issaidto be (A ;B)-superharmonic in D if it

is lower semicorinuous, nite on a densesetin D and, for eac openset Gb D

and for h 2 C(G) which is (A ;B)-harmonicin G, u, h on @ implies u, h

in G. (A ;B)-subharmonicfunctions are similarly de ned. Note that a corntinuous
supersolution of (Ea .g ) is (A ;B )-superharmonic (cf. [MO1; Section 2]).

We recall the following two spaceswhich are de ned in [MO1] (cf. Introduc-

tion):

© : a

DP(-; 1) = ©f 2 HI%;E(-; 1Yjjr fj2 LP(-; 1); f is bounded continuous ;

Dy(-; 1) = f 2 DP(-; 1)jthereexist' , 2 Ci () sudnthat',! f ae; a

f' hgis uniformly bounded,r ' ! r f in LP(-; 1) :
Note that H™P(-; 1)\ DP(-; 1) % DJ(-; *) and the inclusion becomesequal-
ity if - is bounded.
Lemma 1.1. SupposeB satis es

z
(B.5) jB(x;t)jdx<1 foranyt2R:

For u2 DP(-; 1), if u is a solution (respectively supersolution, subsolution)
of (Ea .8 ), then
Z Z
A(ru)yéer' dx+ B(x;u) dx=0 (respctively , 0; - 0)

forall ' 2 D{(-; ) (respectively for all nonnegative ' 2 D5(-; 1)).

Proof. Choose', 2 C} (-) suchthat ', ! ' ae., f' g is uniformly
boundedandr ' ! r "' in LP(-; ) (respectively and further ' , , 0). Sinceu
is a solution (respectively supersolution, subsolution) in - , we have

Z Z
(1:2) Aru)ér' ,dx+ B(x;u)' dx=0 (respectively , 0O; - 0):
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Then by (A.3)

z z
A(ru)ér' ,dx! A (X;r u)¢r ' dx

R
(cf. the proof of [HKM; Lemma 3.11]). By (B.3) and (B.5), _jB(x;u)jdx< 1 .
Hence,by Lebesgue'sconvergencetheorem

Z Z
B (x;u)' ,dx! B (x;u)" dx:

Therefore, letting n! 1 in (1.1), we have

7 Z
A(xru)er' dx+ B(x;u) dx= 0 (respectively , O; - 0):

We have the following variant of the comparison principle (cf. [MO1; Propo-
sition 1.1]):

Lemma 1.2. Suppose- is (p;!)-hyperbolic and B satis es (B.5). For u,
v 2 DP(-; 1), if u is a supersolution of (Ea .5 ), V is a subsolution of (Ea .5 )
and min(uj v;0)2 D§(-; 1), thenu, von - .

Proof. Set” = min(uj v;0). Since” 2 D§(-; *) and ~ - 0, by Lemma 1.1
we have Z Z

A(Gru)er "dx+ B(x;u) dx- O

and Z Z
A(Grv)er “dx+ B(x;v) dx, O

By (A.4) and (B.3),
Z

lA(x;r V)i A(xr u)¢¢r " dx

] 7 ' .

= IA(x;rv)iA(x;ru) ¢(r vi r u)dx
fu<v g
- 0
and
Zi ¢ z i ¢
B(x;v)i B(x;u) "~ dx=j B(x;v)i B(x;u) (vi u)dx- O:

fu<v g
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Thus nz 7 q
0- A(Xrv)er dx+ B (x;v) dx
Hz Z 1
i A(X;ru)ér dx+ B (x;u)” dx
and hence 7 _ ¢
IA(x;r V)i A(ru) ¢rviruydx=0:

fu<v g
Therefore again by (A.4), rvj ru= 0ae.onfu<vg. Thusr = 0 a.e,
sothat ~ = c¢. Since- is (p;!)-hyperbolic, we seethat ¢ = 0, and the lemma

follows.
The next lemma will be usedin the proof of Theorem 3.2.

Lemma 1.3. SupposeiKl and K> aregconstarts such that K1 - K,. Given
U2 DP(-; 1), let = max min(K,); Ky . If uj u2DJ(- t) and Ky - u-
Kyin - ,thenuj 2D ).

Proof. Choose' , 2 C} () suchthat ' ! uj pae.,f' g isuniformly
boundedand r ' ! r (uj W) in LP(-; ). Setting

(B e

' ¢
N = maxlmin(' mujp Kui Ko

' ¢
we have ' | ! maxlmin(ui Lui Ki);ui Ko =uj p° ae.in - . Also, by
[HKM; Lemma 1.2.2],r ' 7! r (uj W) in LP(-; ). Sinceuj K;, 0 and

uj Ko - 0, supp' ; is compactin - for each n. Thus, considering molli ed
functions, we obtain approximating functions for uj p°.

We recall the following condition, which has been consideredin [MO1] and
[MO2] for the discussionof resolutivity and harmonizability.

(C1) There exist a bounded supersolution of (Ea g ) in - and a bounded subso-
lution of (Ea . ) INn - .

The following theorem which assertsthe existence and uniquenessof the
Soholev{Diric hlet problem is shovn by [MO2; Theorem 2.2 and Proposition 1.5].

Theorem A. Supposethat - is (p;!)-hyperbolic and supposethat condi-
tions (C;) and (B.5) are satised. If p2 DP(-; 1), then there exists a unique
(A ;B )-harmonic function uga .5y On - suc that U gy i M2 DE(-; 1).
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2. A class of L!-functions on -
Hereafter, we alwaysassumethat - is (p;*)-hyperbolic, namely, 12 D§(-; ).
Note that any bounded domain is (p;*)-hyperbolic.
We considerthe following function spaces:

©
F(A)= f 2LY) jf=wislocally boundedin - and a
o i divA (x;r u)=f hasa solutionin Dg(-; 1),

F*'(A)= f2F(A)jf, 0 and F'(A)= f2F(A)jf - 0:

For f 2 F (A), the solution of j divA (x;r u) = f in D{(-; *) will be
denotedby Uf . Obviously, 02 F (A) and U°= 0. If f 2 L1(-) , f=w islocally
boundedon - and(C,)issatisedfor (Ea: ), thenf 2 F and U" = U(A i £:0) -

Prop osition 2.1. If f1, f,2 F (A) and f, - f,, then Ufx . Uf2,

Proof. SinceU'2 isasupersolutionof (Ea - t,), U™t isasolution of (Ea ; t, )
and min(U'z j U™;0)2 Df(-; 1), the proposition follows from Lemma 1.2,

Corollary 2.1. U" , Oforf 2F*(A)and U" - Oforf 2F i (A).
We can easily show
Prop osition 2.2. If A satis es the homogeneit/ condition

(A.5) A(x; »)=j.jf"2A(x;») forany , 2 R;
then, f 2F (A) forf 2F (A) and, 2 R, and U:f = _j, j@i p=(pi Dyf

Prop osition 2.3. If f ismeasurableandg; - f - g, forsomeg; 2 F ' (A)
and g2 F*(A),thenf 2F (A).

Proof. Since U9 is a boundedsubsolutionof (E A -; 1+ ) and U% is a bounded
supersolution of (Ea ;; ), Theorem A assertsthe existenceof U ;; 1.0y, Which
is U .

Prop osition 2.4. In case- is bounded, any measurablefunction f satisfy-
ing 0- f(x)- w(x) (respectively j w(x) - f(x)- 0)for some > 0 belongs
to F*(A) (respectively F ' (A)).

Proof. By the above proposition, it is enoughto show that w2 F *(A)
and j W2 Fi(A). WeconsiderA;: RN £ RN 1 RN dened by
1

'/
A (X;»); X2 -,

Al(X1 ») = W(X)J»Jpl 2)); X 2 RN n-,

and take an open ball B % - . By Proposition A, there exists u 2 C(B) \
HLP(B;1) suchthat u= 0 on @ and u is (Ay;j ~w)-harmonicin B. Then u
is boundedand (A ;j ~w)-harmonic in - . It follows from Theorem A that U %
existsand hence w2 F *(A). Similarly, weseethat | w2 F i (A).



Perturbation theory for nonlinear Dirichlet problems 213

Example 2.1. Let - = B(O;R) = fixj < Rgfor 0< R< 1, w(x) = jxj*
with £> j N and A (x;») = jxj%j»jPi ?». Let g be a non-negative L*-function
on [0;R) which is boundedon [0;% for any 0< %< R and let f (x) = jxj*g(jX]).
Thenf 2 F *(A) and

ZgH Z, Ta=pi 1

g(O)tN*# Ldt dr:
0

f —
U (X) - rN+# 1
JX]

If we take g(t) ~ 1, i.e., f (x) = jxj*, then
UT(x) = (N + )i =01 D0 L% jxip”):

where 1=p+ 1=p° = 1.
We can take unbounded f , e.g., f (x) = jxj*(Ri jxj)i ® with 0< ®< 1.

Example 2.2. Let - = RN, w(x) = jxj* with p< N + + and A (x;») =
iXjfj»P ?». Note that - is (p;!)-hyperbolic (see[MO1; p. 570]). Let g be a
non-negative fl,g{lctlon on [0;1 ) which is bounded on [0;% for any 0 < %< 1
and for which g(t)t’\'++I Ldt< 1 . Then f (x) = jxj*g(jxj) belongsto F * (A )
and

Z

Z,H r Ta=pi 1
U’ (x) =

g(t)tN** 1dt dr:
0

N++j 1
i T

Proof of Examples 2.1 and 2.2. Obviously, f , 0 and f 5xj* is locally
boundedon - . Also, it is easily veried that f 2 L(-) . Set

Z r Z rRH 1 ﬂl:(pi 1)
6= gt" "= tdt and u(x) = R G(r) dr;
Wherewe set R =1 for Example 2.2. Then G(r) is boundedfor O< r < R and
G(r) - cyN** for 0< r < % %< R. From theseit follows that u(x) 2 C*(-)

e oy Ti=(pi 1)
ru(x) =i i ———G(jx])
JXJ ijN+tj 1
In caseR < 1, since jr u(x)j is bounded, _ jr u(x)jPjxj*dx < 1 . In case
R=1, since
Z z
jr u(x)jPjxj*dx - ¢ jxji (PN *+ i P)=(pPi 1) gy
ixj, 1 jxj, 1
and p< N + £, we have _ jr u(x)jPjxj*dx < 1 ¢ Moreover, if jxj! R, then
u(x)! 0. Thus,setting ' n(x) = max u(x)j 1=n;0 , wehave' , 2 DP(-; jxj*dx)
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and supp' , is compact. Since f' g is uniformly bounded,' , ! uin - and
r'n! ruin LP(; jxj*dx), it followsthat u2 D§(-; jxj*dx). Finally, we have
. - T T -
i div jxjTjr u(X)jPt er u(x) = div xjxji N G(jxj)
i Njxj' M G(ixj) + ixj*g(ixj) + Njxj' ™ G(jxj)
ixi*g(ixj) = f (x);

in the weak sense sothat u is a solution of i div (jxj%jr ujfi ?r u) = f .

3. Boundedness of solutions of Sobolev{Diric hlet problems

In addition to (B.1), (B.2) and (B.3), we shall always assumethat B satis es
condition (B.5). Further we considerthe following condition on B :

(B.4) There exist nonnegative numbers Ty, T,, functions f; 2 F *(A) and f, 2
Fi(A) sud that

B (x;Ty)- f1(x) and B*(x;j T2) - jf2(x) a.e.in-:

Example 3.1. Let 3(t) be a nondecreasingcortinuous function on R sud
that j3(t)j - ¢jtjPi  for jtj . 1 and 3(tg) = O for sometg 2 R. Weset B (x;t) =
b(x)3(t) with b2 L1(-) suchthat b, 0 and b=wis locally boundedon - . Then
B satises(B.4) with Ty =tg, T =1t and f1=f,= 0.

If B satis es (B.4), then T, + U't is a supersolution and j T, + Uf? is a
subsolution of (E A .5 ). Thus, condition (C 1) is satis ed.

For u2 DP(-; 1), wede ne

a a

© ©
supp = inf kj(ui k) 2Dg(5 ) and infu=sup kj (ki k) 2 Dy(- 1) -
@

Theorem 3.1. SupposeB satis es (B.4). Then for any u2 DP(-; 1), there
existsa unique (A ; B )-harmonic function U .g ;) On - sudthat U gy i M2
D§(-; ). Further it satis'es

3 ’ 3
min § To;inf . + U™2(x) - Ua ;g 4y (X) - max Tysupp + U (x)
e

on - .

Proof. Since condition (B.4) implies condition (C 1), the existenceand the
uniquenessfollow from Theorem A, we show only the inequalities. Fix " > 0 and
let v = max(Ty;supg W)+ UM +". SinceB (x;v), B(x;Ty), i f1by(B.4), vis
asupersolution of (Ea ;5 ). Also, sincev, supg Hp+", weseethat max(yj v;0) 2
D§(- 1), and hencethat min(vi Uca :g4y;0) 2 D§(-; ). Henceby Lemma 1.2,
V, Ua:sy in -. Since" > 0 is arbitrary, max(Ty;supg M) + ufr | Uea B )
in - . The other inequality follows similarly.
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In view of Example 3.1, we can state
Corollary 3.1. Let B (x;t) = b(x)3(t) be asin Example 3.1. Then

3 3
min j tbiicgfll © Uea g (X) - max tg;supp
@

on - .
In view of Propositions 2.4 and 2.2, we also have

Corollary 3.2. Suppose- isbounded, A satis es (A.5) (in Proposition 2.2)
and jB (x;0)j - w(x) a.e.in - . Then
3 ’ 3

min i(gf KO § ~FEPIDUY(X) - U gy (X) - max supp 0 + ~FECREDYY(x)
@

on - .

Given nonnegative numbers Ty, T, functions f; 2 F*(A), f, 2 F' (A)
and given u2 DP(-; 1), let

3

M* (T1;f1;H) = max Tyjsupp + supU™;
s @ . -

M (To;f2; ) = max Ta;j i(gfp i infUuf2:
Theorem 3.1 assertsthat
i MT (T2 f21) - U - M7 (T fop):

Theorem 3.2. SupposeB satis es (B.4). Then for u2 DP(-; 1),

Z — — H_ 1,2 Z )
- ) ®, . . pM Lo - ¢
I Ua g -n(x) dt - = r wx)jPdt + — B x; 7 (x) jdx;
_ (A ;B ) (X) & R M(X)] ® R H(X) j
where
M=M"(Ty;f W+ M (Tofo W)
and

a N . ¢ . ¢
B =max min M (Ty; T4l ;i MP(Ty;fq W)
Proof. Sinceua gy i M 2 Di(- ) by Lemma 1.3, we have
Z

AT U g oy) ¢ Ua sy i M) dX
) Z

+ B (XU g w)(Ua i H)dX

= 0:
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By Theorem 3.1, jua .z i MJ - M. Hence,using (A.2), (A.3) and (B.3), we

have
Z Z

® jr UapiPd - ® r U e ™ Y Wi d
) 2 -
i B (X Ua 8 )(Uga By i M) dX
Z
- ® r Uga g P Nir pdt
(3:1) Z"
i BOGH)(ua i K dX
HZ Tipi 1=pHZ Tasp
) Jr Uea ;g P d* jr P dt
5 ]
+M B (X W)jdx;

where in the last inequality we have used Hélder's inequality. An application of
Young's inequality yields that X - AX (Pi V=P + C implies X - AP + pC for
X, 0,A, Oand C, 0. Hence,from (3.1) we obtain the desiredestimate.

5

Theorem 3.3. SupposeB ; and B, satisfy (B.4) with the sameT,, T,, f1
and f,. Let u2 DP(-; *) and setu; = U ;g , ) = 1;2. Then
Z
i ¢
'A (X;rug)i AGrug) €rugj rup)dx
' z - -
- M sup  Ba(xt)i Ba(x;t) dx;
- i M2 t- Mg
where My = M* (Ty;f1; ), Mo = M1 (To;fo; ) and M = M1 + M.
Proof. Sinceuy j up 2 D{(-; 1),
Z
i ¢
'A (Gru))i Agrug) ¢ ugj rup)dx
. Z i .
+ B1(X;up)i Ba(X;uz) (upj up)dx=0:

Henceusing (B.3) we have
Z

i ¢

|A (X;ru) i AXru) €r ugij rup)dx
] ~ i .
Bi(x;uz2) i Ba(x;uz) (uzi ug)dx:

Sincej M, - u; - My, j = 1,2, by Theorem 3.1, we obtain the desiredestimate.
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4. Convergence theorems
The following lemma can be showvn in the samemanneras[MO1; Lemma5.1].

Lemma 4.1. lgt fung be a uniformly bounded sequenceof functions in
Dy(-; 1) such that _ jr upjPd® is boundedand u, ! u ae.in - . If uis
continuous, then u2 D{(-; 1).

The next lemmawill be usedto showv Theorem 4.1.

Lemma 4.2 ([O; Theorem 4.7]). Let u be an (A ;B )-harmonic function in
- and xo beany point of - . If 0< R< 1 issud that B(xo;R) ¥2- and if
juj - L in B(Xp;R), then there are constarts c and 0< | < 1 sud that
. Hgq .
sup uj inf u-c = ;
B (x0;% B (x0;%9 R

' ¢
whenewer 0< %< R. Herec and , dependonlyon N, p, ®, ®,, ®3IB(X0;R) ,
1 RandL.

Theorem 4.1. SupposeB,, n= 1;2;:::, and B all satisfy (B.4) with the
sameTy, To, f1 2 F*(A), f, 2 F (A). Let u2 DP(-; ). Assume further
that there exists a nonnegative function b on - suc that b=w s locally bounded
in - and

(4:1) B.i(x;M1)+ Bi(x;i My)- b(x) a.e.on-

for all n, where M1, M, are asin Theorem 3.3. If
Z _

(4:2) sup _Bn(x;t)i B(x;t)_dx! 0O (n! 1);
- i M2 t- Mg

then U g, ! U, asn! 1 locally uniformly on - .

Proof. If we set
8
<Bn(x;M;); t, My,
Bn(xt)= . Bn(xt); i Mo<t< Mg,
" Bn(X;i M2); t- i Mgy,

then u ;g , ) is asolution of (Ea ;g2 ), and henceua 5, ;) = Uea 8=y - Thus
by (4.1), we may assumethat jB,(x;t)] - b(x) (n = 1;2;:::) forany t 2 R.
Then, for any D b - , we cantake ®;(D) = supy b=win (B.2) for B, for all n.

Let uy = U g,;n and u = U gy . By Theorem 3.1, fu,g is uniformly
boundedin - . Hence,by Lemma 4.2, we seethat fu,g is equi-cortinuousat eath
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point of - . Henceit follows from Ascoli{Arzela's theorem that any subsequence
of fu,g hasa locally uniformly cornvergen subsequence.

Let fun, gghe any subsequenceof  ung which corvergeslocally uniformly
to u®. Since sup y,. . m,iBn(X;t)j is bounded in Li(-) by (4.2), Theo-
rem 3.2 yields that fr u,g is boundedin LP(-; 1). Thus, by Lemma 4.1 and
[HMK; Lemma 1.3.3], we seethat u®j u2 D{(-; *) and r up, ! r u® weakly
in LP(-; *). On the other hand, by Theorem 3.3 and [HKM; Lemma 3.73],
ru, ! ru weakly in LP(-; 1), and hencer u® = r u. Since - is (p;!)-
hyperbolic, it follows that u® = u. Therefore, u, ! u locally uniformly in - .

In view of Example 3.1, we can state

Corollary 4.1. Let 3(t) beasin Example 3.1and b,, n= 1;2;:::, and b
be nonnegative measurablefunctions suc that

(4:3) bh(x) - bp(x) a.e. on-

for somefunction by sud that by=w is locally boundedin - and
Z

(4:4) jh(x)i b(x)jdx! O (n! 1):

Then, for B (x;t) = by (x)3(t), n= 1,2;:::;,and B (x; t) = b(x)3(t), Ua B, !
Uca ;g ) locally uniformly on - .

The following example shows that we cannot assertthe uniform corvergence
on - in the above theorem and corollary:

Example 4.1. Let - = B(0;1), 1< p- N, w(x) = 1and A (x;» =
i»Pi 2». Let fa,g bg a sequenceof points in B(0;1) suc that ja,j! 1 and
set bh(x) = 20 "riNAga,r,)(X) With 0< rp < 1§ jamj, n= 1;2:::. For a

nondecreasingcortinuous function 2 on R sud that 3(0) = 0, 3(1) > 0 and
jB()j - otjPi L for jtj , 1, we set

X %
Ba(x1)=  B(x)3(t) and B(t) = bh(x)3(1):

k=1 n=1

Then, for p= 1, B, and B satisfy the conditions in Theorem 4.1. If we choose
frng suitably, then fuga ;g ,.1)9 doesnot corverge uniformly on B(0; 1).

Proof. Let B, = B(an;1i janj) and v, be the solution of the equation
i divA (x;r u) = b, on B, which belongsto D§(Bn;dx). By Lemma 1.2, we see
that 0- v, - U™ in B,. Noting that A (x;») = j»Pi ?» is translation invariant,
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by Example 2.1 we have

(AN 1 Z, Ta=(pi 1)
Vn(an)= (2inr;]N)1=(pi D m tNi ldt dr
0 0
Z 1ij aniM 1 Zy, Tizpiy %
+ tNi Lt dr
r rNil 0
g " ZR Y
3 (2'N)IE N 15 =+ fog =i p= N
ANE 1) s 7
= —(1: Npil(‘N)z('l) pi 1 . (n: —(n;
onN)I=@i p) T D pi P =10 iani) (i N)=(pi 1)
§( ) p(Nip)n | lNip(IJnJ)
if p< N:

Thus, U™ (a,) | vn(an), 1 for suxciently small r, .

Let un = U :g,:1) and U = U ;1) for simplicity. By considering the
extension of B, by O outside B(0;1) and using Proposition A, we see that
up(x) ! lasjxj! 1.

Now supposethat fu,g corvergesto u uniformly on B(0;1). Then u(x)! 1
asjxj! 1. Choose" > 0 sucthat "Pil < 3(1; "). Then thereis ro < 1 sud
that u(x), 1 " for jxj, ro. Forlarge n, B(an;rn)\ B(O;ro) = ; and

i div(r @i wj” ?r @i u) = div(jr uj’ ?r u)

X i ¢
= ()P ulx) , (i ")b(x):

n=1
Thus, by Lemma 1.2, 1j u, 3(1; ")¥®i DU  sothat
u(an) - 1i *(1i )P YUN (@) < 17

for large n. This contradicts our assumptionthat u(x), 1i " for jxj, ro.

Theorem 4.2. SupposeB,, n= 1;2;:::, and B all satisfy (B.4) with the
sameTy, To, f1 2 F*(A), f, 2 F (A). Let u2 DP(-; ). Assume further
that A satis es

i ¢ . .
(A.4s) AG») i Am) Cri ), ®W(X)(jmj+ j»))P Zor i mj?

with ® > 0. If (4.2) holds, then r ua .5,y ! T U g in LP(- 1); further
U B, ! Ua sy in HEP(- 1) in case- is bounded.
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Proof. If p, 2, the rst assertionis obvious from Theorem 3.3. In case
1< p< 2, we have
z
jr un i rujfdt
Z © .
G Unj+ i Ui 2 un i orou? PTG unj + jrouj)P@i P2 g

HZ ﬂp:Z
(r Unj + jr ui)Pi A g oroujtd
uz Teim=2
£ (r unj+ jr uj)Pdt ;

Hencethe rst assertionin this casealso follows from Theorems3.2 and 3.3.
The secondassertionfollows from the rst assertionand the Poincar§ inequal-

ity.
5. Boundedness and convergence of solutions for Diric hlet problems
Givenacompacti cation - ® of - andaboundedfunction A on @- = - °n- ,
let n
Uz = u: (A ;B)-superharmonicin - and
o]
lim inf u(x) , A(») for all » 2 @-
X »
and n
Las= v:(A;B)-subharmonicin - and
o]

lim supv(x) - A(») for all »2 @-

X! »

If both Uz and L 4 are nonempty, then
H(A;-")=H®B)A-") = inf Ui
and
H(A;- %) = H* ®)(A;-®) = supl 4

are (A ;B)-harmonicin - and H(A;- ®) - H (A;- ®) (IMO1; Theorem 3.1]). We
say that A is (A ;B )-resolutiveif both Uz and L 4 arenonempty and H (A; - °) =
H (A:;- 7). In this casewe write H(A;-°) = HAB)A:-") for H(A;- %)
H(A;-°). -° is said to be an (A ;B )-resolutive compacti c ation if every A 2
C(@-) is (A ;B )-resolutive.

In the proof of [MO1; Proposition 3.1] we have showvn
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Lemma 5.1. If A; and A, are (A ; B)-resolutive functions on @- , then
JH(ALG- ™) i H(Az-)j - %Uijl i Agj:

Theorem 5.1. Let - ® be a compacti cation of - . If B satis es (B.4) and
if A is a boundedfunction on @- , then both Uz and L 5 are nonempty and
3 ,

min i Toiinf A + ufz. HABIA;- =) . HABIA;- )
. 5 .
max Ti;supA + U™
@_
Proof. By (B.4) we seethat
3 .
max Ti;supA + UM 2 Ug
@_
and 3 ’
min Tz;(i@?f A +U22L;;
Thus the theorem follows.
Like Corollaries 3.1 and 3.2, we have the following two corollaries.

Corollary 5.1. Let B(x;t) = b(x)3(t) be asin Example 3.1 If A is a

bounded function on @- , then both Uz and L z are nonempty and
3 4 3

min 1tb;(i(§f,5\ - HABIA;- %) . HABIA;-®) . max t};supA :
_ i

Corollary 5.2. Suppose - is bounded and let - ® be a compacti cation
of - . If A satis es (A.5) andif jB(x;0)j - w(x) fora.e.x 2 - , then

JHO 2 (A;- )] - supjAj + (P Dy
@_

for any bounded (A ;B )-resolutive function A on @- .
We recall ([MO1; Theorem 3.2]) that under conditions (C;) and (B.5), the

Q-compacti cation - o of - (see[CC]) isan (A ;B )-resolutive compacti cation
if Q¥%DP(-; 1).
Theorem 5.2. Let Q %2 DP(-; 1), - 5 be the Q-compacti cation of -,
i = - gn- andlet A2 C(j) . SupposeB,, n= 1;2;:::, and B all satisfy (B.4)
with the sameTy, To, f12F *(A),f,2 F " (A). Set
3 4 3

M1 = max Ty;maxA +supU™ and Mj = max T;i minA | infU':
I - i -

Assume further that there exists a nonnegative function b(x) on - suc that
b(x)=w(x) is locally boundedin - and B, satisfy (4.1) for all n. If (4.2) holds,
then H(A Ba)(A;- 2) 1 HAB)(A;- &) locally uniformly on - .
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Proof. Sincethe set of continuous extensionsof functions in Q is densein
C(j) with respect to the uniform convergence,given " > 0 there exists 41 2 Q
such that sup,,, ji°(» i A(»)j - " and infA - p* - supA on i, where | is
the continuous extensionof p to j . Note that A and p° are (A ;B)-resolutive
aswell as (A ;B ,)-resolutive for all n ([MO1; Theorem 3.2]). For simplicity, let
Hn(A) = HAB(A;-R), Ho(w) = HABIe:-8), H(A) = HABI(A;- 3)
and H(W) = HABI(P;- &). By Lemma 5.1, we seethat jH(u) i H(A)j - "
and jH, ()i Hy(A)j - " for all n. On the other hand, by [M(IDZ; Proposition 2],
Hn(K) = U B ) iand H(W) = Uags ) - Also, since B, x; M ™ (Ty;f1; 1)
B;(x;M1) and B}, x;i M (To;fo; ) - B (X;i M2), by Theorem 4.1, for any
open G b -, thereis ng sud that

S(l;Jp_U(A B i U s ;u)_'
for n, ng. Thus,for n, ng
supjHn (A) i H(A)j
G ©
sup JHa(A) i Ha(O)j+ JHa () i HO)j+ JH() i H(A)]
3"

Hencethe theorem follows.

a

Like Corollary 4.1, we obtain

Corollary 5.3. Let -4 and i beasin Theorem 5.2 and let B, (x;t) =
b (x)3(t) and B (x;t) = b(x)3(t) with nonnegative measurablefunctions b, , b on
- and 3 asin Example 3.1. If (4.3) and (4.4) aresatis ed then H (A Bn)(A;- ) |

H BI(A;-3) locally uniformly on - forany A2 C(j) .
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