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Abstract.  We consider a distance d_. on the Teichmiiller space T(Sp) of a hyperbolic
Riemann surface Sp. The distance is defined by the length spectrum of Riemann surfaces in
T(So) and we call it the length spectrum metric on T(Sp). It is known that the distance d_
determines the same topology as that of the Teichmiiller metric if Sy is a topologically finite
Riemann surface.

In this paper we show that there exists a Riemann surface Sy of infinite type such that
the length spectrum distance d. on T(Sp) does not define the same topology as that of the
Teichmiiller distance. Also, we give a sufficient condition for these distances to have the same
topology on T(Sp).

1. Intro duction and results

On the Teichméller space T(Sy) of a hyperbolic Riemann surface Sy, we
have the Teichmiller distance dr ( ¢;¢), which is a complete distance on T(Sp).
In this paper, we study another distance d,_ ( ¢; ¢) which is de ned by the length
spectrum on Riemann surfacesin T(Sp). Li [4] discussedthe distance d, ( ¢; ¢) on
the Teichmiller spaceof a compact Riemann surfaceof gerus g, 2 and showed
that the distance d, de nesthe sametopology asthat of the Teichmiller distance.
Recerly, Liu [5] showved that the samestatemert is true evenif Sy is a Riemann
surfaceof topologically nite type, and he asked whether the statemert holds for
Riemann surface of in nite type. Our rst result givesa negative answer to this
guestion.

Theorem 1.1. There exist a Riemann surface Sy of in nite type and a
sequencef pgl_, in T(Sp) sud that

d.(pn;po)! O, n! 1;

while
dr(pn;po)! 1; n! 1:

From the proof of this theorem, we show the incompletenessof the length
spectrum distance.
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Corollary 1.1. There exists a Riemann surfaceof in nite type suc that the
length spectrum distance d, is incomplete in the Teichmiler space.

Next, we give a suzcient condition for the length distanceto de ne the same
topology asthat of the Teichméller distance as follows.

Theorem 1.2. Let Sy be a Riemann surface. Assumethat there exists a
pants decomposition Sy = Ui:l Py of Sy satisfying the following conditions.
(1) Each connected componert of @y is either a puncture or a simple closed
geadesicof Sg, k= 1;2;:::.
(2) There exists a constat M > 0 sud that if ® is a boundary curve of some
Px then
O<Mit<lg,(®<M

holds.

Then d_ de nesthe sametopology asthat of dr on the TeichmiNler spaceT (Sp)
of So.

2. Preliminaries

Let Sp be a hyperbolic Riemann surface. We consider a pair (S;f) of a
Riemann surface S and a quasiconformalhomeomorphismf of Sy onto S. Two
such pairs (S;;f;), j = 1,2, are called equivalent if there exists a conformal
mapping h: S; ! S, which is homotopicto f+f ] 1 andwe denotethe equivalence
classof (S;f) by [S;f]. The set of all equivalence classes[S;f] is called the
Teichméller space of Sy: we denoteit by T(Sp).

The Teichmiller space T(Sg) has a complete distance dr called the Teich-
méler distance which is de ned by

dr ([S1; f1]: [Sz:f2]) = inf logK [f ];

where the in m um is taken over all quasiconformalmappingsf: S; ! S, homo-
topic to f, +f] 1 and K [f] is the maximal dilatation of f .

Wede ne another distanceon T (Sp) by length spectrum of Riemann surfaces.
Let §(S) be the set of closedgeadesicson a hyperbolic Riemann surface S. For
any two points [Sj;f;], ] = 1,2, in T(Sp), we set

S 11 Sy o) = I5,(9 . Iso(f2211 "9,
‘[Sl’“]’[SZ’fZD‘czi‘(*&)max{ls2(fzif11<c>)’ o

where |s(®) is the hyperbolic length of a closedgeadesicon S freely homotopic to
a closedcurve ®. For two points [Sj;fj]12 T(Sp), j = 1,2, we de ne a distance
d. called the length spectrum distance by

d ([S1;fali [S2:f2]) = log %A[Sy; f1];[Se; f2]):

Wolpert ([7]) shows that s, (f (c)) - K[f]ls,(c) holds for every quasiconformal
mapping f: S; ! S, and for every ¢ 2 §(S;). Thus, we have immediately:
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Lemma 2.1. An inequality

de(p;a) - dr(p;q)

holds for every p;q2 T(Sp).

3. Pro ofs of Theorem 1.1 and Corollary 1.1

3.1. Pro of of Theorem 1.1. First, we take monotone divergert sequences
fangi_, and fb,gl., of positive numberssothat a,«; = b, and b,=a, > n,
n=1,2;::.. For ead n, we take a right-angled hexagon H, sothat the lengths
of three edgesare a,; b, ; b, asFigure 1.

an

Figure 1.
We take b, solarge that
1) t, > na,

holds, where t, is the height of H,, the distance from the bottom edgeof length
a, to the top edge. Gluing two copiesof H,, we obtain a pair of pants P, asin
Figure 2.

The hyperbolic lengths of the three boundary curvesof P, are 2a,;2h,; 2b, .
Note that the lengths of boundariesof P,, are long but the distancesbetweenany
two boundaries are short. From these pairs of pants fP,gl_, , we construct a
Riemann surface Sy as follows.

Step 1. For eah k 2 N, glue two copiesof Py along the boundaries of length 2ay .

Then we obtain a Riemann surface of type (0;4), sa&y Sk.1. Let °x denote
the \core" curvein Sy.; with length 2a, (seeFigure 3).
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2h, 2,
< = >
2an
Figure 2.
2, 2D
Sk
Figure 3.

Step 2. Make four copiesof Pyx+1 and glue ead copy with Si.; along their boundary
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curves of length 2by = 2ac.; . The resulting Riemann surface Si., is of
type (0; 8).

Step 3. Continue the above construction inductively. Namely, make 2"*! copiesof
Px+n and glue eath copy with Si.,; 1 along their boundary curvesof length
20+ n; 1 = 28x+n . Then we obtain a Riemann surface Sy., of type (0; 2"+,

Step 4. Take n(k) 2 N solarge that the distance between °y and @5y, ) is greater
than kax. Put sk = Sk;n(k)-

From the construction, we seethe following:
Observation. For any points p;q2 °k, let ° be a geaesicarc from p to g.
Then the hyperbolic length Is,(°) of ° satis es

(2) Is,(°) > ka;

if ©6%.

Step 5. Make another copy S( ¥ of S(K) for each k 2 N and construct a Riemann
surface So of innite type from fS®Mgi >, [ fS®Wgi_, and another pair of
pants with geadesicboundariessud that eac S is isometrically embedded
in So.

Let f,, bethe positive Dehn twist for °,, n 2 N . Here, the \p ositive" Dehn
twist meansthe Dehn twist with left turning. Set p, = [Sp;fn] and po = [So;id].
The following lemma shows that dt(pn;po) ! 1 .

Lemma 3.1. Let K, be the maximal dilatation of the extremal quasicon-
formal mapping which is homotopic to f,. Then, lim,; K, = 1 . Thus,
limpy  dr(pn;po) =1 asn! 1.

Proof. We considera neighbourhood U, of °, which is de ned by
Uy =122 Spjds,(z;°n) < "0

for some" > 0, where ds,( ¢; ¢) is the hyperbolic distanceon Sp. We take " > 0
small enoughthat U, is conformally equivalert to an annulus. We de ne the Dehn
twist f, sud that f, j U, is the standard Dehn twist on the annulus and the
identity on SonU, . That is, f,, j U, is de ned in terms of the polar coordinates
in the annulus by

rexp(ip) 7' r exp{i (p+ 2V4|;i_—11> };
[

if Uy isequivalent to f1< jzj < Rg.

Let ®, be a simple closedgeddesicin S,.1 Y2 Sy perpendicular to °,. We
consider connectedcomponerts of ¥4 1(U,), ¥ 1(°,) and ¥ 1(®,) on H, where
YiH ! Sy is a universal covering map. We may assumethat the connected
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componert of ¥4 1(°,) is the imaginary axis and that of ¥4 1(®)) is +:= fj zj = 1g
\ H, the unit circlein H. Let U, denote the connectedcomponert of ¥4 1(Uy)
containing the imaginary axis.

Let F,: H ! H be alift of an extremal quasiconformal mapping which is
homotopicto f,. Wemay take F, sothat F,(0) = O, F(i)=iandF,(1)=1 .
It is well known that F, can be extendedto a homeomorphismof H and the
boundary mapping F, j R depends only on the homotopy classof f,, up to
Aut(H).

Let z;;2,, Rez; < 0< Rez,, bethe points of +\ @jn . Sincef, isthe positive
Dehn twist, we seethat F,(z;) = z; and F,(z2) = €@ z,. Hence, F,(x\ Up)
is an arc connecting z; and €2z, in Un . Applying the similar argumert to a
subarc of + in ead componert of ¥4 1(U,), we seethat

i 1< Fa(j 1) < € < Fo(L):
In particular, limn;  Fo(1) = 1 . Therefore, for the crossratio
[a;bic;d]l = (aj b)(ci d)(aj d)i *(ci b *

we have
[ ,oL1]=i1
and

Fa(i 1)
Fn(1)

.n = [Fn(i 1);Fn(0);Fa(1);Fa(1 )] = [Fn(i 1);0Fn(1);1 ] = :
Thus, we have lim,; ,, = 0. Therefore, the conformal modulus of a quadri-
lateral H with vertices Fn(ij 1);Fn(0);F,(1) and F,(1 ) degeneratesas n !
1 . Sincethe gquasiconformalmapping F,, maps a quadrilateral H with vertices
i 1,0;1 and 1 onto the quadrilateral H with vertices F,(j 1); Fn(0); F,(1) and
Fn(1),wehave K, = K(Fp)! +1 .o

Next, we shall showv that d_ (pn;po) ! O.
Let ® be a closedgeadesicon Sy. If ®\ °, = ;, then it is obvious that

Is,(®) = Is, (fn(®)).
Supposethat # (®\ °,) = m > 0. Sinceead point of ®\ °,, makesa Dehn
twist, we have

(3) |So(fn(®)) ) |SO(®)+ mlSo(on) = |SO(®)+ Zman-
On the other hand, from (2) we have

4) ls,(®) > mnay:
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Combining (3) and (4), we have

s, (fn (®)) 1 _
e (® <1+ -0

asn! 1 .Sincef/ ! isalsoaDehntwist, from the sameargumert asabove, we
have
s,(® ., 1.
Is, (fn (®)) 2n

Therefore, we note that limp1  di (pn;po) = 0 and complete the proof of Theo-
rem 1.1.

3.2. Proof of Corollary 1.1. We usethe sameRiemann surface So and
the samequasiconformalmappings f, asin the proof of Theorem 1.1. Set F, =
f1xf,x¢¢tf, and g, = [Sp; Fn]. Then, we seethat limmy.nin do(Gn;h) = 0
and fg,0n2on IS a Caudhy sequencen T(Sg) with respect to the length spectrum
distance d_ . Howewer, it doesnot cornvergeto any point in T(Sp) becauseF; =
Hrl1:1 fn is not homotopic to a quasiconformal mapping. Indeed, by using the
sameargumert asin the proof of Lemma 3.1, we seethat the maximal dilatation
of any homeomorphismhomotopic to F; is not nite. Hence,the distance d_ is
not completein T(Sp).

4. Pro of of Theorem 1.2

It follows from Lemma 2.1 that d_ (pn;po) ! O when dy(pn;po)! 0. Thus,
it suxcesto showv that dr(pn;po)! O asd.(pn;po)! O.

By using Lemma 2.1 again, we seethat the condition of Theorem 1.2 is quasi-
conformalinvariant, that is, any Riemann surfacewhich is quasiconformally equiv-
alent to Sy satis es the condition of Theorem 1.2 for someconstart. Hencewe
may assumethat pp = [So;id].

Put p, = [Sh:fn] 2 T(Sp) and assumethat limp;  do(pn;po) = 0. Let
Cp be the set of closedgealesicswhich are boundaries of some Py in Sy. For
eadh ®2 Cp, there exist a closedgealesicin S, homotopic to f,(®). We denote
the closedgeadesicby [f,(®)]. The set f[f,(®)]ge2c, together with punctures

of Sy gives a pants decomposition of S,,. Let Plf”) denote a pair of pants in
the pants decomposition of S, sud that ead boundary componernt is a closed
gealesichomotopic to a componert of f,(Px) or a puncture of @, (Px).

From the de nition of d,_ , we have

(d (Pn;Po))' 1s,(®) - s, (IFn(®)]) - di (Pn:Po)ls, (®)

forany ®2 Cp. AsMi ! . Ig (®) - M for ®2 Cp, weseethat {ls, ([fn(®)])}r1]=1
cornvergesto Is,(®) uniformly on Cp, that is, for any " > 0, there exists ng 2 N
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sud that if n, ng, then

(5) s, (Fn(®)]) i 1s,(®)] <"

holds for any ® 2 Cp .
It is known that the lengths of boundaries determine the moduli of the pair
of pants. Hence,if n is suzciently large, then from (5) we verify that there exists

a quasiconformalmapping gk.n of Px onto Pk(”) with small dilatation. Howe\er,
we needto nd quasiconformal mappings g, on the whole surface Sy suc that
limpy  K[gh] = 1. To obtain such mappings, we considerthe \F enchel{Nielsen
coordinates" of the in nite-dimensional Teichmiller space T(Sy). The classical
Fenchel{Nielsen coordinates are de ned in the Teichmiller spaceof Riemann sur-
facesof nite type. We de ne the coordinates in T(Sp) by using an exhaustion
of Sp.

(iNe take a subregion S(()m), m= 1;2;:::, of Sy satisfying the following con-
ditions (after rearrangemert of the numbers of fPxgi_, ).
1) sim = Int(Ut(zT) Py) for somek(m) 2 N,
2) S 18P 15 eeeve SI™ 15 5™ 14 ¢¢, and
3) So= Un= So -
Similarly, we take an exhaustion f S{™ gt _, of S, from fP{"gl_, .

Let S{™, respectively S{™ be the Nielsen extension of S{™, respectively

{™ . since (fn)a(¥a(SS™)) = va(S™), we seethat there exists a quasiconfor-

mal mapping fnm : S{™ 1 S{™ sudh that

(Frm)o £ (5™)e = (F™)a £ (Fn)a | va(SS™)

on ¥4 (Si™), where §™ and ™ are the natural inclusion maps from S{™ to
Si™ and from Sy™ to S{™, respectively. A pair (S{™);fn.m) givesa point in
T(S{™). Obviously, if mo> m, then

6) (from 0)a § Ya(S§™) = (Frm )a:

Now, we considerthe Fendel{Nielsen coordinates (cf. [3]) on T(§((,m)) with
respect to the pants decomposition given by kagE(zT) . The Fendhel{Nielsen coor-
dinates consistof length coordinates and twist coordinates. The length coordinates
are the collection of lengths of boundariesof the pants decomposition and the twist
coordinates are the collection of twist anglesalong the boundariesof the pants de-
composition. From (6) or the construction of S{™  we seethat if ®2 S(()m) and
m%> m, then

|§§m ) ([f n;m (®)]) = |§§m 0 ([f n;m 0(®)]) = ls, ([fn(®)]):
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Thus, it follows from (5) that the length coordinates of pﬁm) = [§r(lm);fn;m] con-
vergeto those of pi™) = [S{™);id] asn! 1 .

Similarly, it is also seenthat the twist parameter along [f n., (®)] does not
dependon m if [f,(®)] % (™ Thus, we may denote the twist parameter along

[fn(®)], ®2 Cp, by 1 (®).

Lemma 4.1. The sequencef 1, (®)gn2n coOnvergesto [o(®), the twist pa-
rameter along ® of pp 2 T(Sp), uniformly on Cp . Namely, for any " > 0 there
exists np 2 N sud that if n, ng, then

Jh(®) i Ho(®)) <"

holds for any ® 2 Cp .

Proof. For any closedgealesic ® 2 Cp , the following two casesoccur (Fig-

ure 4):

(A) ®isanon-dividing curve and is contained in a subregion T (®) of Sy of gerus
one with one gealesicboundary curve in Cp .

(B) ® is a dividing curve and is corntained in a planar subregionof Sy, bounded
by four geadesiccurvesin Cp .

(A): (B):

- =~

Figure 4.
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We shall shov the statemernt of the lemma in Case (A) since the proof is
similar in Case(B).

Let ® bethe shortestsimple closedgeadesicin all closedcurvesintersecting ®
(Figure 5). From the secondcondition in Theorem 1.2 we verify that there exists
a constart C; = C;(M) > 0 depending only on M sudh that

7) 0< Ci* <5 (@) < Cy:

Indeed, since ls,(®) < M, the collar theorem (cf. [2, Chapter 4]) guarantees
that the geadesic ® ¥2 Sy has a collar with somewidth depending only on M .
Hencethe existenceof a positive lower bound of Is,(®") is obvious and the lower
bound dependsonly on M . On the other hand, sincethe hyperbolic length of any
boundary curve of any Py is lessthan M, the hyperbolic distance between any
two boundary curvesof Py is lessthan someconstart C; depending only on M .
Therefore, it is easyto seels,(®) < C;.

Next, we show that there existsa constart £ dependingonly on M suc that

(8) m(@)j< £

holds for any ®2 Cp andforany n2 N.

Figure 5.

Indeed, if such a constart doesnot exist, then there exist sequenced n;gi»>n
in N and f®,, g2y In Cp sud that

M jb, (@h,)j = +1 :

ti1

Consideringthat Is, (®,)> Mi !> 0, we have that

lim Is, (fn (GR,)) = +1:

ti1
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Therefore, from (7) we seethat

lSnt (fnt (®:t)) |
Iso(®R,)

de (pn,;po) , log

ast! 1 , and we have a cortradiction.

Now, we prove the lemma. Assume that fp,(®)g,2n does not uniformly
corvergeto po(®). Then, there exist a constart "o > 0, a sequencef nigon in
N and f®,, gi2n in Cp sud that

(9) JHa (®n) i Ho(®h)i, "o

holds for any n;. From this inequality and (8), we can nd a simple closedgeadesic
~in Sy sud that

1o, (F () i 15, ()] > #

hold for some+> 0 and for all n; (cf. [8]). Hence,we have

ISnt (fnt(_)) C 1> s

Is,() s, ()

It contradicts limy1  di(pn,;po) = O and thus we complete the proof of the
lemma. o

> 0:

Now, the proof of Theorem 1.2 is immediate. From the boundednessof the
length and the angleparametersand from the uniform cornvergenceof them, we can
construct quasiconformal mappings from §(()m) onto §r(1m) with small dilatations.
More precisely for any " > 0 there exist ng 2 N and quasiconformal mappings
gum from S{™ onto ™, m = 1;2;:::, such that
(1) gn:m is homotopic to fm .

(2) If n, ng, then the maximal dilatation K [gy.m ] Of On:m iS lessthan (1+ ).
By taking the limit of fgnm Om2n @asm ! 1 |, we have a quasiconformalmapping
O, from Sy onto S, with K[gy] - 1+ ". From the construction, [Sp;gn] =

[Sh;fn]= pn and we concludethat limyi;  dy(pn;po) = 0 aswe desired.
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