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Abstract. The uniformization problemisto nd equationsfor the algebraiccurve assaiated
to a given hyperbolic surface. If one can describe corresponding group actions both on the spaces
of algebraic curvesand hyperbolic surfaces,the whole orbits can be uniformized at the sametime.
We study here the action of a group generatedby half-twists on the spaceof hyperbolic surfaces
of gerus 2 with a non-trivial involution and describe the corresponding action on the equationsfor
the corresponding algebraic curves.

1. Intro duction

The uniformization theorem of Poincare and Koebe allows to assertthat any
compact connectedRiemann surfaceof gerus g > 1 is conformally equivalert to a
quotient of the upper half-plane H by a Fuchsian group, i.e. a discrete subgroup of
PSL,(R). On the other hand, a Riemann surfaceis alsoan algebraiccurve de ned
by an equation. The classicaluniformization problem isto relate explicitly the two
descriptions.

In this context, a new approac to tackle this question was initiated in [6],
and deweloped in [2], [8] and [1].

It consists rst in working inside families of surfaceswith the ideathat surfaces
tiled with the samepattern by the sametype of polygon must have equations of
the sameform. Then, in de ning groupsactions on thosefamilies. The two groups,
one acting on the hyperbolic surfacesand the other on the algebraic curves, are
not necessarilythe samebut there exists a corresppndencebetweentheir actions.
With this approad, whole orbits can be uniformized at the sametime.

In this article, we generalizethe Ds-action on the spaceof real gerus 2 M -
curveswith a real involution M ¢*%(z=2  z=2) described by Buser and Silhol
in [6] to the complex family F, of those Riemann surfaceshaving a non-trivial
involution.

There are, nevertheless,two major di erences in the way we tackle the prob-
lem in this paper. The rst dierence isin the method: we usea quotient, namely
the Riemann sphererami ed over 5 points, while the authors consideredcoverings
to de ne the Ds-action in [6]. Secondly the complexsituation is lessrigid than the
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real one, in particular in [6] the hyperbolic description was guided by the natural
choice of a pants decomposition and Fendhel{Nielsen coordinates given by the real
structures. Here, we have to work with marked Riemann surfacesin the Teich-
melller spacefor the hyperbolic description of our group action while the algebraic
oneis made with unmarked Riemann surfacesin the moduli space.In particular,
the two groupsare dierent. The rst one, Gg, is a group of transformations of a
special type of hyperbolic quadrilateral and can beidenti ed with the Teichmeiller
modular group of the spherewith 5 points removed. The secondis the symmetric
group Ss, giving the 5 points on the quotient a symmetric role, and naturally
appearsas a quotient of Go. Thesetwo actions correspond and we give here this
correspndencein terms of equations and of generatorsfor the Fuchsian groups
(seeTheorem 4.6 and Table 3).

The fact that the two groups are dierent meansthat Gq intersects the
Teichmeller modular group of gerus two surfacesand thus allows to interpret this
di erence in terms of Dehn twists.

But more interestingly and surprisingly, the action of the whole group Gq
can be interpreted in terms of half-twists (see Theorem 5.1). Thus, by merging
Theorems 4.6 and 5.1, we obtain the main result of this paper which can be
expressedas the following.

Theorem. Let S beagerus 2 Riemann surfacehaving a non-trivial involu-

tion
Then, on the onehand, the Fuchsian group hasa set of generatorsof the form

(e1€3)%; €3€2€1; ©1€3€,; €3€4€1; €1€36y;
where g ;2 PSL,(R), i = 1;:::;4; with tr(e) = 0, and tr Qflzl e = 0; andon
the other hand the underlying algebraic curve has a normalized equation of the
form
y2= (x> 1(x*> a)(x® b:

For such a surface S, the half-twists along certain gealesicslead to surfaces
having a non-trivial involution. Sets of generatorsfor the Fuchsian groups and
normalized equationsfor thesesurfacescan be explicitly deducedfrom thoseof S.

We have, in particular, the corresppndencebetween half-twists and changes
of equation givenin Table 1.

action of Sg on the underlying algebraic curves.
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word represering
the (oriented) geadesic ordered g 's parameters
under which the for the Fuchsian for equations
half-twist is made group
none (e1;e2;€3;€4) (a;b)
1 (e3€2)? (e1; €e3; e3e063; €4) (1 abl a=b a)
2 (es€3)? (e1;€;€s;€4€380) | (A1 bB=(a b);(1 b)
3 (er€4)? (eres€1;€27€37€1) | (b a)=(b 1);b(b 1))
4 (e2€384)° (263€4€1; €2; €3; €4) (1 a1 b
Table 1.
2. Notation and preliminaries

We recall briey someclassicalde nitions and notation.

De nition  2.1. Let S be a Riemann surface of gerus 2, and be the
hyperelliptic involution on S.

An automorphism ' 2 Aut(S), with ' 6 is saidto be non-trivial .

For any hyperelliptic Riemann surface S, the hyperelliptic involution isin

the certer of Aut( S). The reduced automorphism group of S is then
Aut’(S) = Aut(S)=:

The classi cation of Riemann surfacesof gerus two in terms of their reduced
automorphism group is due to Bolza ([4]). It is summarizedTable 2 aswell asthe
inclusions between families.

Except for Fs, every Riemann surface of gerus two having a non-trivial au-
tomorphism has at least one non-trivial involution, and then belongsto F».

Let S be a Riemann surface, the hyperelliptic involution and * a non-

trivial involution on S. The involutions * and ' have two xed points, say p:
and p, for' and g and @ for ' , that satisfy
() = s (P1) = pz:

Lemma 2.2. Let S, , ' asbefore. The coveringp :S ! S, i
P1(C) isramied over 5 points amongwhich 3 are the imagesof the Weierstrass
points and the lasttwoare p=p (p1) = p (p2) and g=p (r) = p (). Those
v e points and the triple of them that lift to the setof Weierstrasspoints determine
S completely.

Proof. This follows directly from the fact that the surfacesof gerus 2, are, as
all the hyperelliptic algebraic curves, determined by their Weierstrasspoints. o
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Family | Aut" | Classicalform for the equation
F, Z=2Z | y>= (x> 1)(x* a)(x® b
Fa D, |y?=(x? 1)(x?* a)(x* 1=a)
Fe D3 y>=x% 2ax3+1

Fi2 De y?=x%+1

F2a Ss y? = x(x* 1)

Fs Z=57 2=x5 1

:Fé)
W

Fi2 I Fag . F2
I||I ‘ _\)MNV
$',
Fs Fe
Table 2.
Corollary 2.3. Let ry;:::;r5 be v edistinct points on PY(C). There exist
at most 10 dierent surfacesS;, ;, ';, ] = 1,:::;10, in the family F, sud

that the coverings p, areramied over the r;'s.

Proof. Each S; correspond to the choice of a triple fry;r;rng of points
amongthe r;'s that lift to the Weierstrasspoints of S; . o

3. Mark ed quadrilaterals

Let S, , ' asbefore. The hyperbolic structure on S induces,via p , a
structure of hyperbolic spherewith v e cone points of angle on the quotient
S=h;'i.

Sud a surface can always be obtained by pasting the sidesof a hyperbolic
guadrilateral with interior anglesadding up to , ason Figure 1.

Figure 1.

This obsenation inducesa particular presenation for the Fuchsian group of
sud a surfaceand motivates the following de nitions.
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De nition  3.1. An ordered system Q = (e;;e;€3;€4), € 2 PSLy(R), isa
marked quadrilateral if it satis es the following conditions:
@ tr( =0,i=1:::;4.
(i) tr @ﬁzl e =0.
(i) The g 's are positioned clockwise around the quadrilateral of vertices are the
xed points of e;ere3e4, 2636461, €364€16 and ezerere3 (seeFigure 2).

Remark 3.2. Using trace relations, one can easily shav that the quadri-
lateral of (iii) above is a corvex domain, delimited by the axesof the hyperbolic
transformations e;eye3, e-e3e4, €364€1, €4€16 . As it is uniquely determined we
will alsodenoteit by Q.

De nition  3.3. We will denoteby Q be the set of all marked quadrilaterals
modulo the relation

(er;ex;es,e5)  (€2;69;€0;€)) () 9 2PSLy(R), &= e 1 i=1:::4

De nition  3.4. Given a surface Sy of signature (0; 2; 2; 2; 2; 2), a quadrilat-
eral fundamental domain for Sy is a marked quadrilateral Q = (e1; &; €3;€4) sudh
that o(Q) = hey; e;es3;e4i is a Fuchsian group for Sp.

We will denote by Qs, the set of all quadrilateral fundamertal domains for
Sp under the relation

Conversely given Q 2 Q, will denote by Sy(Q) the surface H= o(Q) =
H=hey; e;; es; eqi.

Remarks 3.5. 1. As the g's are elliptic transformations of order 2, they
completely determine their xed points. Sowe may also denote by e the xed
point of g (notably on gures).

2. As a marked quadrilateral is de ned up to direct isometry and separates
into two triangles, it is also characterized by the following set of v e lengths:

{ the lengths I; of the i-th sidesgiven by:

cosh 31i = 3jtr(e+1 €2 €43)j;
{ the length | of the rst diagonal given by

cosh 21 = Ljtr(ereesese3e4018:)j = Zj(tr (e162))? + (tr (e3€4))? 2
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3.1. Transformations of a mark ed quadrilateral

De nition  3.6. (1) We de ne the following transformations on Q:
(i) the circular permutation:

o: (er;€2;e37€4) | (e;€3;€47€1);
(i) 1 (seeFigure 2):
1(61; €2, €3;€1) ! (€3;62; €364€1€2; €3€463):
(2) We denote by Ggq, the group

GQ:hO; 1i

€2e3e4€e1 e3e4e1e2
€
€1 €3 I
" \
BN
/
64 v
e1e2e3e, e4e1eze3

Figure 2. The transformation ;.

Remarks 3.7. Let Sy be a hyperbolic surface of gerus 0 with v e cone

points of angle . Then o and 1 presene Qs, .
The transformations o and ; are of di erent nature. While ¢ only oper-

ates on the marking of Q but leavesthe unmarked quadrilateral unchanged, 1
is mainly dewted to changing the choice of the point amongthe v e conepoints
on the sphere Sy which correspond to the verticesof Q.

For further use,we intro duce the following transformations in Gq :
Note that , and 3 are of innite order and that they do not have xed

points in Gq .
Prop osition 3.8. Let Sy bea hyperbolic surfaceof signature (0; 2; 2; 2; 2; 2).
Gq acts transitiv ely on Qs, .
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e
— 2( 2 33 2
2= 0(10) 0
e
es

2(e1;€0;€3;€4) = (€2;€2€160; €3;€4)

€4

€3€4€3 _ 3
» 3 - ( 0 1)
3(€1;€2; €3, €4) = (€1 €2; €3€4€3; €3)

Proof. Let Q and Q° be two quadrilaterals of Qs,. We build a sequenceof
quadrilaterals of Qs, using elemerts of Gq .

The a's are oriented such that they all have the samesource.
Start, if necessarywith atransformation of the form ; § leadingto aquadri-
lateral Q;, sud that the verticesof Q and Q; correspond to the samepoint of Sy .

For eadh &, considerthe number k;.q, of connectedcomponerts of a; \ Q.

We cut Sy along the sidesof Q; .
We treat the a;'s in the order given by the marking.

For a;:
If k1.0, = O, then a; correspondsto one of the sidesof Q;, andwe goto a;.
If k1,0, & 0, wegivethe arcs ag;1;:::; a1k, 4 . the a;'s orientation.

Using a transformation of the form  §, we get a quadrilateral Q, sud that
the sourceof a;.1 in Q is at the intersection of the rst and the fourth sides.
Its end point is then necessarilyon the secondor the third side of Q.. Using

2 in the rst caseand 3 in the secondone, we build a quadrilateral Q3 sud

that the number k.o, of connectedcomponerts of a;\ Q; is strictly smaller than
K1.0, = Ki.0, . Assumethat oneofthe a;, 's, s& ajx, penetratesinto the triangle
of sidesa, b, c, where a is a part of a;.;, b is a part of the side of Q3 which is
not a sideof Qz, and c is a part of the sideof Q, which is not a sideof Q3. Then,
the arc a;x, must leave this triangle through b or c, the aj's being disjoint.
Thus, the arc is at the sametime cut and pasted once. Therefore the number of
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connectedcomponerts doesnot increase. As this situation is possibleonly in the
caseko > 1, we have ky.q, < Ki.g, -

We treat similarly the path a,; as;as, ead construction respecting the pre-
cedingones.o

Lemma 3.9. Given a generic surface Sy of signature (0;2;2;2;2;2), Gg
operateswithout xed points on Qs, .

Proof. Let Q 2 Qs, and 2 Gg sud that Q= Q. Then inducesan
isometry on Sp. o

3.2. Identication of Gg with the modular group o:5: The group Gq
acts on setsof four generatorsof Fuchsian groups of a spherewith v e punctures.
It is then naturally linked with the modular group of a spherewith v e points
removed, o5. More precisely given a transformation 2 Gg, one can asso-
ciate the isotopy classof h to , where h is a homeomorphismof the sphere
preserving the set of v e points and correspnding to the deformation from any
quadrilateral Q to (Q) (the quadrilateral being simply connected) mapping the
interior onto the interior and the i-th side onto the i-th side.

De ne the following transformations of Ggq:

10 (€1;€2;63;€4) | (€1 €3] €362€3; €4);
2! (€1;€2;€3;€1) ! (1] €2;€4;€4€3€y);
3. (€1;€2;€3;€1) ! (e1€4€1; €2; €5, €1);
al (€17 €2;637€4) ! (82636461 €2 €3] €4):

So(Q) corresponding to the middle of the sidesand rs is the point correspnding
to the vertices, eath ; corresponds to an homeomorphism' ; where ' ; is the
identity outside a disk D; enclosing ri+; and rj+» (subscript modulo 5) and
" exdchangesris1 and ris» . According to J.S. Birman (see[3, Theorem 4.5,
p. 164 and Remark, p. 165]), this meansthat the set of geometric transformations
f 1; 2; 3; 40 isasetof generatorsfor .5 with the following full list of relations:

ip= i o> 2
PP+l 0T i+l 0 i+l
2 _ 4.
1234321=1

(1234)5:11

We remark without expandingthe computations that the following correspon-
dencebetweenthe ;'s andthe ;'s allowsoneto nd a full list of relations for
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0.5 With the minimal set of generatorsf ¢; 10:

_ 2 3,3 3.

1= 0(10) 0

— 2 3)3. — 2 .
2_(10)! 00— 4 3 2 1,

— 3 2 333 . — 1 1 2 1 .
3= o(19)° o 1= 27 37 47 27 4
—_ 2 3 .

4= 03290 1

4. The genus two coverings

4.1. The surface Sg. Given Q 2 Q, we construct a gerus 2 cover
So of the sphere So(Q) as shawn in Figure 3. In other words, we construct
a set of generatorsfor a Fuchsian group ¢ of signature (2;0), namely o =
h(ere3)?; eseze1; €1€38,; €364€1; €1€3641 , from the generators (e;; e;; e3; €4) of the
Fuchsian group (Q) of Sp(Q). Note that the Weierstrasspoints of the sur-
face Sq correspnd to the conjugacy classesin of the certers of the elliptic
transformations

€2, C1€4€1; €4, €166, €162636,; €26364€

(and to the middles of the sideslabelled 2, 3, 4, 5, 7, 8, 9, 10 and the vertices of
the polygon on Figure 3).

16, 2|4, 3|5, 7]9, 8|10

Figure 3.

Note also that Sg has two non-trivial involutions, the xed points of the
rst being the conjugacy classesof e;, and ese;e;, those of the secondbeing e3

and e;esze;.
By analogy with Lemma 2.2, we have:
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Prop osition 4.1. Let S be a surfaceof F, with a non-trivial involution '
and Sp = S=1; i. ChooseQ 2 Qs, sud that the imagesp and g of the xed
points of * and ' via p areonthe rst and the third sideof Q.

Then S is isometric to Sg .

Prop osition 4.2. The map Q 3 Q 7! Sg is an injection of Q into the
Teichmeller spaceof Riemann surfacesof gerus 2, T,.

Proof. We choose Qo = (€2;€3;€3;€?) 2 Q asa quadrilateral of reference.As
a quadrilateral is simply connected,for any Q 2 Q, there exists, up to isotopy, a
unique homeomorphism q: Qo ! Q sucthat o € =¢g.
This condition ensuresthat ¢ is extendableto a homeomorphism *g sud
that
Qs —— Qs

Sa, LISQ
is commutativ e.

The couple (Sg; "g) is then a marked Riemann surface.
The injectivit y follows from the construction of *g . o

We will denote
Fa(Q) = Sq;Q2 Qg  Ta:

Corollary 4.3. The inducedaction of Gg on F»(Q) is generically xed point
free.

Remark 4.4. While F, is a subspaceof the spaceof isometry classesof
Riemann surfacesof gerus 2, M ,, F,(Q) is a subspaceof the Teichmeller space
of gerus 2, T,. It is well known that the moduli spaceM ; is a quotient of T, by
the modular group, generatedby Dehn twists. We will be concernedby this point
of view in Section 5.

4.2. Equations for surfaces in F,(Q)|induced action on F,. The
classical normalization of the equations for the surfacesof F, under the form
y? = P(x) is the onegivenin Table 2. More precisely given a surfaceS 2 F,, we
choosethe involutions ' and ' sothat they lift x 7! X . We alsoimposethat
one of the Weierstrasspoints has coordinates (1;0).

This choice is equivalent to the choice of a (global) coordinate x on the
quotient S=; i suc that

(1) the imagesof the xed points of ' and

via p aremappedonto O and 1 ,

(2) the imageof a pair of the Weierstrasspoints exchangedby ' and' is mapped
via p onto 1.
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Given sud an x, the remaining two points of S=1; i are mapped upon a
and b and

(4:4) y2= (x2 a)(x? 1> b

is an equation of S.

Note that conditions (1) and (2) do not determine preciselythe choice of the
coordinate x, since x=a, x=b, 1=x, a=x, and b=x would alsofull them.

As we want to describe the action of Gg on F»(Q) in terms of equations, we
will, given a surface Sg, make the choice of x preciseby taking into accourt the
geometry of Q asfollows.

Let Q2 Q and let Sy = Sp(Q) the gerus 0 surface obtained by gluing the
sidesof Q. Wethen choosea coordinate xgo depending on the position of the cone

by the marking of Q (in other words, if Q = (e;;ez;€3;€4), thenrig, 1616 4
is the conjugacy classof & in  o(Q) = he;;ey;e3;e41, and rsq is the conjugacy
classof e;e;ezey).

s

\._/
€
ra Is
oel e3 L]
€4
/+\
\_/ r2 A\
€1€2€3€4 ra

Figure 4.
More precisely we choose xg sud that:
(4:5) Xo(ri,0) = 0 Xo(rsg)=1; Xo(rsg) = 1
We then call the couple
(&b = Xq(r2o); (Xe(raQ)

normalized equation parametersfor Sg .

Let now Q 2 Q, and 2 Gg. As $o(Q) and Sp (Q) are isometric, we
have
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This meansthat acts as a permutation on the set of the cone points of Sg.
More precisely we assaiate to  the permutation 2 Ss de ned for all Q 2 Q

i (@ =1 Q-
The map 7! is a group homeomorphismas we have for all Q 2 Q and

Mo @ =T oty @~ " 0% @~ "To7 ) (@)
The image is the subgroup of Ss generatedby the imagesof the generators g
and 1, for which we have

0:(r1:Q:r2QirsQir4q:rsq) = (r2qQirsqQiraq;riq:rsq); thus o= (43,2 1)
1:(r1:0:r2:Q: 7305149 r5:9) = (r3Q:r2:Q:rs:Q:r4q;ruQ); thus 1= (1,5 3):
The map is surjective, since (4;3;2;1) and (1;5;3) together generate Ss. Its
kernel is the subgroup Hqg of those transformations sud that for all Q 2 Q and

fQ = M (Q):

The normalized equation parameters for Sg depend only on the position
of the cone points on Q. Then, for 2 Ggqg, it is 2 Ss rather than
that acts on them. This action is as follows: the coordinates xq and x (g
on So(Q) = So( (Q)) are exchanged by the unique transformation A .o of P!
mapping Xq(ri. (o)) onto 0, Xg rs; (o) onto 1 and Xq ryi; (@) onto 1, i.e.,
A o isdened by:

Ao)= Z Xo(r @)  *a(rs; (@)  Xolrs (@)
’ z Xq(rs (@) Xolrs; (@) Xolry; (@)
_ 2 XQ(r @) Xolr 1g)i0) Xolr 13:Q)
z Xo(r 13:0) Xo(r 15:0) Xo(r 1):0)
and we have

X (Q) rz; (Q) ;x (Q) ra; (Q)
A @ Xo(rz; (@) 1A @ Xo(rs; (@)

: XQ(r2;Q);xq(rs; Q)

A XN 12) 1A @ Xo(r 14)Q)
For the generators o and 1 of Gg, and a couple (a;b) of normalized equa-
tion parameters,we have

0= (4:3,21); 1= (1,5;3);

z al b _ 1

A o(z) - z bl a.’ A 1(2) - ﬁ,
e 1 bal b a1 1
0'(a’b)_ 1 a’b(l a) y l'(aib)_ 1 aal b .

We have thus proved:
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Theorem 4.6. The action of Go on F2(Q) ( T32) inducesan action of
the symmetric group Ss on F, givenin terms of parametersof equations by the
generators

1 ba(l b . 1 1

o: (a;b) 7! 1 abl a) ' 1:(a;b 7!

According to Corollary 2.3, given a genericsurfaceof F», its quotient under
its automorphism group hasten di erent gerustwo coversin F,. A represetativ e
of eadh of theseisomorphy classeds givenin Table 3.

(a;b)
Id Id (a;b)
0 (4:3,2,1) (1 b=1 a)al b=H1 a)
1 (1;5;3) (1=1 a);1=1 b)
2 (1;3;5) (( 1+a)=a( 1+ b=h)
10 (L;4(2:53) | (( 1+ @)= b+ a);(( 1+ a)=( b+ a))
(10)? (2:3,5) (1=(1 a); bA b+ a)
(10)? 1;4) (b a=(b 1);bxb 1))
io (2;3)(1;4;5) (b a=b 1)(a b=(a(b 1))
2= 3IDE| W2 (afa 1i(a b=a 1)
3= (0 1)° (3:4) (a1 b=a b;1 b

Table 3.

Remarks 4.7. (1) While the action of Ggo on F»(Q) is generically xed
point free, the induced action of Ss on F, is sud that there exists a subgroup of
S5, namely Sii.33  Sro.4:5¢, that presenesisometry classes.

(2) Call Kq the group of transformations  sudh that 2 S;1.35  Stz.4:54-
It is neither normal in Go nor contains a normal subgroupof Go. Then Ss is the
smallest group whose action on the set of gerus two Riemann surfacesrami ed
over 5 points of P! is transitiv e.

Table 4 givesa represetiative in Kq for ead elemen of S1.;3  Sp.4:5.

(a;b) (a;b)

Id Id (&b 010 (1;3)(2;5) (a;a=h
2020 2 (2;4) (b;a) 0%o (1;3)(4;5) | (b=ab)
3 (1;3)(2:4) | (1=bj1=a) | 202 0" 20" 1 0 (2;5) (a=h;1=b
22020" 2 (1;3) (1=a;1=B | 2020 20" % 0 (4,5) (1=a;b=9
0o 10 (254) | (I=ba=b | 2020 2010 | (L3)(245)| (a=ba)
ot 2o (2;45) | (b=aj1=8) | 2020 2020 | (1;3)(254) | (bb=9

Table 4.
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Remark 4.8. In [6] the authors identify the spaceP , of pairs of pants hav-

ing the lengths of two boundary gealesicsequal, with the spaceM ng;3;°)(Z:ZZ
Z=27) of the real gerus 2 curveswith 3 real componerts and whosereal automor-
phisms group contains Z=2Z Z=2Z. More precisely given a pair of pants P of
P ,, they consideron the one hand the surface Sp obtained by gluing 2 copies
of P with twist 0 on eadh componert, and on the other hand the real algebraic
curve whosereal componerts correspond to the boundary componerts of P. The
surface Sp clearly belongto F, asthe isometry exdhanging the two boundary
componerts of samelengths on P can be extendedto anisometry ' of Sp. The
involution ' can be normalizedin (x;y) 7! ( x;y) and the algebraic curve has
equation y? = (x2 a)(x? 1)(x* b),0<a<1<b<1.

The authors then de ne (see[6, 5.17]) a Ds-action on P , both in terms of
the lengths (I1;12) (where a pair of pants has one boundary componert of length
211, and two of lengths 2I,) and of the parameters (a;b) of real equation above.
We will show that our Theorem 4.6 is in fact a generalization of this result.

Let P be the pair of pants given by length (I1;1,). We denote, asin [6], by
{1 the length of the common perpendicular to the two boundary componerts of
length 21,, and by f that of the common perpendicular arcsto the boundary of
length 21, and ead of those of length 21,. Thosearcscut P into two copiesof a
right-angled hyperbolic hexagongiven by the lengths (I1;1%; 12:f1;15:1%) in cyclic
order. Each copy of this hexagoncan be cut into two isometric mirror pentagons
along the common perpendicular to the sidesof length |, and f; (seeFigure 5).

The hyperbolic surface Sp is isometric to the surface Sq, where Qp is the
guadrilateral obtained from P ason Figure 5.

€4

o2

=

Figure 5.

It is easily shawvn, using, for example, trigonometric formulas in triangles and
trace relations (givenin [5]), that Qp is given by the following trace relations:
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2jtr(ez63)j = jtr(eres)jjtr(ere)j = 4 cosh(hy) cosh f; ;
2jtr(ez63)j = jtr(eres)jjtr(ere)j = 4 cosh(hy) cosh f; ;
2jtr (exe3e4)j = jtr(erer)jjtr(eseser)j = 4 cosh 1My cosh(ly);
2jtr (es€16,€1)] = jtr (eseqer)jjtr(eserer)j = 4 cosh(lz) cosh(y);
2jtr(ese16) ) = jtr(eses)jjtr(eserer)j = 4 cosh(fz) cosh 11y ;
2jtr(eres)j = jtr(eseq)jjtr(eses)j = 4 cosh 31y coshhy):
Conversely if a marked quadrilateral Q = (e1;e;€e;€4) veries relations

(4.8), one can build from Q the right-angled hexagon as in Figure 5 and thus
the pair of pants P . This pair of pants P is then given by the lengths

(4:8)

(I1;1,) = arccosh %j tr(eses)j> 1 ;arccoshjtr(eseser)j

From the algebraic point of view, the fact that the boundary componerts of
P correspond to the real componerts of the algebraic curve

y2= (x2 1((x* a(x® b); O<a<1l<b
ensuresthat the coordinate induced on the quotient Sp=h; i via (x;y) 7! x?is
in fact the coordinate xq, de ned by (4.5). In particular (a;b) are the normalized

equation parametersfor Sq, .
Let us now considerthe transformations of Gq :

% :(e1;€2;€3,€4) 7! (e203€4€1; €; €1; €163€1);
%= §:(er;exesey) 7! (esies e e):

Straightforward computations shav that % and % presene relations (4.8),
that % is of order 5, and that the subgroup h4; %i of Gq is isomorphic to the
dihedral group Ds.

Using the above correspndencebetweenthis description and that givenin [6],

and the expressionof % and % in terms of normalized equation parameters, we
get

b(1 b
%:(11;12) = (2hy;Ty); %:(a;b) = (b aa); b &’
%:(11;12) = (T4 1) %:(a:b) = %%

Theseare exactly the generatorsfor D5 asgivenin [6].

Finally, we note that in [6], ead orbit under Ds consistedof v e a priori
di erent isometry classes(i.e., complex isomorphy classes)while the actions of
Go and Ss involve 10 dierent surfaces. The remaining v e surfaceswere in
fact obtained by transporting the Ds-action from P , onto a spaceof Riemann
surfaceswith a half-twist. The next sectionis dewted to shawing that the action
of Gg canin fact be completely interpreted in term of half-twists.
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Examples 4.9. We give heresomeexactexamples. The rst two surfacesare
isometric, and thus complex isomorphic as algebraic curves, to surfacesthat can
be found in [6]. Howewer, for both examplesthe reduced automorphism groups
cortain at leasttwo di erent involutions. For eat of them, the involutions consid-
ered hereand in [6] are such that the gerus O quotient are not isometric. This in
particular implies that the gerus two curvesdescribed here are not real isomorphic
to thosein [6] and that the transformed surfacesare not isometric to those under
the Ds-action in [6].

| have never found Example 3 in the literature.

1. Let Qq be the totally regular quadrilateral, i.e., sud that ¢(Qp) = Qo,
de ned in terms of length of its sidesand rst diagonal by:

cosh(l;) = 3+ 2p§; cosr(l):4p§+5:
Then the pair (a;b) of normalized equation parametersfor Sg, must satisfy
—o:(a;b) = (a;b); ie., a= iandb=iora=iandb= i

and thus y? = (x2 1)(x* + 1) is an equation for Sq,. As an algebraic curve,
Sg, is complex (but not real) isomorphic to that of equation

p_ p_
y2=(x2 1) x? 3+2 2 x* 3 22

0

2. Let Q4 bethe quadrilateral sudh that Q; = 1(Q1), then the surface Sg,
must satisfy

—:(a;b) = (a;b) ie., fa;by= %(1+ip§;%1 ip§

3. Let Q. be the quadrilateral given by (in terms of hyperbolic cosine of
length of the sidesand of the rst diagonal)

3+ 2p§;3+ 2p§;3+ 2p§;3+ 2p§;3+ zpé :

Note that Q. is obtained by gluing two copiesof a triangle with interior angles
£ ;% ;& Wweobtain Q.. This impliesthat D4 Aut(Sg,) (and thus belongs
to the family F, of Table 2) and that the surface Sq,=D, has an automorphism

of order 3. We then have

Q|

Q|-
QD
+
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From easybut technical considerations(see[1] for more details) on real structures
and on the positiond)jthe unit circle on the quotient, one can also deducethat in
fact %(a+ 1=a) = i 3, and that the normalized equation parametersare:

1 . .
(a;b) = a;gl =i 3 2;i 3+2

As the surface belongsto F4, one can nd only six a priori non-isometric
transformed surfacesunder the actions of Gg and Ss. We give them in terms of
length of the quadrilaterals and in normalized equation parametersin Table 5.

Note that the two last surfaceshave the real structure inducedby x 7! 1=x.
Note alsothe two rst oneshavethe real structuresinducedby x ! i(x 1)=(x+1i)
(I wish to thank R. Silhol for this last remark). They are thus isomorphic asthey
are conjugated.

One can easily verify that the third and the fourth have no real structures.
Exact exampleswithout real structure are very rare in the literature.

cosh(l1) cosh(,) cosh(l3) | coshla) cosH(!)
Id 3+2° 3 3+2" 3 3+2°3|3+2°3] 3+2"3
0 3+2p§ 3+2p§ 3+2p§ 3+2p§ 11+6p§
1 7+4p§ 1+p§ 3+2p§ 5+3p§ 9+5p§
2, 3+ 2°3 1+ 73 7+4°3|5+3°3| 5+3°3
2 11+ 63 3+2°3 3+2°3 | 3+2°3| 3+2°3
(10)°%| 51+ 30p§ 3+ 2p§ 3+ 2p§ 3+ 2p§ 21+ 12p§
! b
Id i3 2 i( 3+ 2)
0 i(p§+ 2) i(pl_% 2)
1 1 i(_3+2) 1 i(_3 2
2o | 1+i(.3 2 1+i( 3+ 2)
2 1 i(3+2) | (@+i(.3+2) 1
(10°|1+i(3 2| (@ i(3 2)*

Table 5.

5. Twist and half-t wists

Recall that K is the subgroup of transformations in Gg sud that as
in Section4.2belongsto S;.3  Sy.4:5. As for any quadrilateral Q the surfacesSq
and S (q) are isometric but correspond to a priori dierent points in Teichmeller
spaceT,, they are linked by an elemen of the modular group.

On the other hand, Ko ( Gg, and the main result of this sectionis that Gq is
in fact generatedby half-twists in the following sense Let Q = (e1;er;e3;e4) 2 Q.
An oriented geadesicof the surface Sq is represened by aword m(e;; €; €3;€4) in
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the letters e;; ey; €3, and e4 up to conjugacyin o . The word m then represeits
a free homotopy classfor surfacesin fSq; Q 2 Qg.

Let 2 Gg. We will say that corresponds to a half-twist (or a Dehn
twist) along a geadesic m if givenany Q = (e;; e; e3;€4), one can go from Sg
to S (g) by a half-twist (or a Dehn twist) along the geadesic m(e;; e;; e3;€;) of
Sq . Of course,as on the one hand the elemerts of G presene F2(Q) and on
the other hand only the twists along the geadesicsstable under aut(S) presene
F2(Q), m(e) hasto be conjugated in the Fuchsian group ¢ to eim(e)e; or
eem(e) le;. We will also consider simultaneous Dehn twists along m(g) and
eim(g)ey, in the casewhere the two corresponding gealesicsare disjoint.

5.1. Half-t wists. We shaw that the generatorsfor Gg givenin Section 3.2
act on F(Q) as half-twists.

Theorem 5.1. The transformation i:(e;;e;€e3;€1) ! (€1;€3;€362€3;€4) IS
a half-twist alongthe geadesicrepresened by the word (e3e,)? = wl(e;; e;€s; €4).

The transformation 5: (e1;ex;€3;€4) | (e1;€r;€4;€4€3€4) IS a half-twist
along the geadesicrepreserted by the word (es€3)% = W?(er; €; €3; €4).
The transformation 3: (e1;e;e3;€1) ! (e1e4€1;€;€3;€1) IS a half-twist

along the geadesicrepreserted by the word (e1e4)? = w3(ey; e; €3; €4).

The transformation 4: (e1;er;e3;€4) | (exe3€4€1; €0 €3;€4) IS @ half-twist
along the geadesicrepreseited by the word (exe3€4)? = w(er; e €3;€4).

The group Gg = h1; 2; 3; 4l isthusgeneratedby half-twists.

Proof. We treat the four caseswith the sameargumert. Namely, for any Q,
we exhibit pants decompositions D; and D on Sq and S | (g, respectively, suc
that:

(1) The fou_r pairs_of pants obtained by cutting Sq along D; and S (g along
D? are isometric.

(2) The three gedalesicsof D; on S and that of D? on S .(Q) correspond to
the samedecomposition accordingto the marking: if Q = (e;;e; e3;€4) and
i(Q) = (€;€,;€,;¢€,), there exist three words in four letters w' = wi;w)

and wh sud that

Di = wi(g)iwy(g)iws(g) i DP= wi(g)wy(e);wa(q) -

Conditions (1) imply in particular that the length parts of the Fenchel{Nielsen
coordinates of Sq and S , o) assaiated to the pants decompositions D; and D?,
respectively, are the same. With condition (2), this meansthat the transformation

i corresponds to a change of these Fendhel{Nielsen parametersthat a ects only
their twist part. In other words, ; correspondsto a product of twist deformations
(not necessarilyDehn twists) along the geadesicsof the decomposition D; of the
marked Riemann surface Sg .
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It remainsto show that the valuesof the twist parametersare 0 for w), and
ws and 3 for wi.

The rst part is achieved by considering geadesicscrossingw), and wj and
observingthat their word expressionis unchangedby ;.

To shaw that the twist is % on wi, we usethe underlying algebraic curves
observingthat 2 belongsto Ko while ;| doesnot.

We take:

for 1: wi(e) = (e3e2)?, wi(e) = ereres, Wi(e) = exezer,

for 2: wi(e) = (es€3)?, Wi(e) = eseser, Wi(e) = ereses,
for 3: wi(e) = (eres)?, Wi(e) = eseres, Wi(E) = ereqes,
for 4: wi(e) = (exe3e4)?, Wi(e) = exe3e4€3, W3(€) = eseresey.

Now considerthe geadesicrepresened by the word (e,ese4)?. It crossesthe
geadesicsrepresenied by wi(e) and wi(e) (or wi(e) and w3(e)) but not the
one represented by wi(g) (or w?(e)) and its word expressionis invariant by
occurrencesof ; (or ). In particular, its length is unchanged. According to
A. Douady in [7, Expose 7], this meansthat the twist parameter alongthe gealesic
represetied by wi(e) and wi(e) whenapplying 1 (or w3(e) and w3(e) when
applying ) is zero.

The sameargumerts for the geadesicsrepresertied by (e.eie;)? for 3 and
(ex€2)? for 4 shawsthe nullity of the twist parameteron w3(e) and w3(e) when
applying 3 and on wj(g) and w3(e) when applying 4. o

Remark 5.2. Theorems4.6 and 5.1 together allow to seesome half-twists
and Dehn twists on the equation of the assaiated algebraic curve.

Remark 5.3. As working on groups with represertation by generatorsand
relations is not an easything, we do not have a preciseidea of what is possiblein
terms of twists with elemerns of Gg .

Note for example that simultaneous half-twists along disjoint geadesicsex-
changed by the non-trivial involutions of surfaces Sq do not correspond to el-
emerts of Gg in general. We give an example that illustrates this fact. Let
P 2 P,,and Sp the gerus two surfaceconstructed from P asin (4.8). Accord-
ing to [6], for a generic P, the transforms of Sp under Gqo either have a real
structure with 2 componerts or a real structure with 3 componerts. Now consider
the surface § obtained from Sp by making simultaneous half-twists along the
two real componerts excdhangedby the involution of Sp . Then, onecan show that
for a generic P, Sp has no real structure with more than one componert, and
thus doesnot belongto the transforms of Sp . See[1] for more details.

5.2. Dehn twists along the sides of the quadrilateral. There are
seweral motivations to not consideronly Dehn twists as double half-twists in our
situation. First, as mentionned in Remark 5.3, simultaneous half-twists are not
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allowedin generalwhile we will seebelow an exampleof a corresppndencebetween
an elemen of Go and simultaneous Dehn twists.

Another motivation to deal with Dehn twists separatelyis their di erence in
nature with half-twists: the Dehn twists are de ned on the topological surface T,
of gerus two, while half-twists only make senseon the (marked) Riemann surfaces.
In particular, the composition of di erent transformations corresponding to half-
twists can only be consideredas successie operations on successiely di erent
Riemann surfaces. On the other hand, it makes senseto compose Dehn twists
even along geadesicswhich are not disjoint on the topological surface T,.

We will show that in a way the group law in the mapping classgroup and in
the subgroup Ko and Gq are reversed.

Let Q = (e;e;€e3;€4) 2 Q, we choose Sg as a model for T,. As Sqg is a
hyperbolic surface,ead homotopy classof a closedpath ¢ on T, isrepresened by a
unique geadesicof Sq , i.e., the conjugacyclassof a word w in the letters e;; e;; €3
and e;. We will denoteby () the changeof the marking corresponding to the
twist along c on T».

We have then

Prop osition 5.4. Let = (e we ey and %= o) me_(er)
be two products of Dehn twists along geadesicsof Sq, for any Q = (e1; €; €3; €1)

2Q.

Assumethat there exist transformations and ©in Kq suc that for any
Q= (er;ez;637€4) 2 Q,

S (Q) = (SQ) and S Q) = O(SQ):

Then
(I) O(SQ) =So (Q) -
(II) For ~2 KQ, and "~ = wi(~(e)) Wi, (~(ei)) 1 we have

._(SQ) =S_ "(Q):

Proof. It is well known that if is an homeomorphismof a surface T,, and
c is a homotopy classof a simple closedpath on T, then () = ¢ 1 (seefor
example [3]).

Point (i) is a direct consequencef this fact. We have

ASo) = w(er) w,o(e)) (SQ)
= Y me) Yomogen  (SQ)
= (mYe) moy(er)  (SQ)
= (m%e)) (moo(e)) (S (@)

- 0 —_ .
= mi (e mo( (&) (S @)= " (S ()=S0 (g:
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(i) As ~ belongsto Kq, there exists ~2 , sud that «(Sg) = Sy and
~(wk(€)) = «(wk(~(&))) , and the result follows from (i). o

ca(e) = (e2e3e4)® (@) = (eseser)  C3(e) = eresey
ca(e) = (e4e182)? ca(e) = (ere2€3) ci(e) = (exesen)

Figure 6.

We end by showing in an example how, given a Dehn twist or a prod-
uct of Dehn twists along gealesics exdhanged by the involutions of Sg, Q =
(er1; €; €3; €4), Onecanrecover \by hand" the corresponding transformation of Gg, .

Consider the topological model on the right-hand side of Figure 6 for Sq .

Let 2 = (ejeser) (ereses) = (ereses)  (eseqer) - VWE ODtain the correspon-
dencebetween , andthe transformation = o » 3 § 1 o usingthe techniques
deweloped in Section 3 as follows. We rst determine the homotopy classesof the
images under » of the geadesicsof Sy correspnding to the sides of the dif-
ferert copiesof Q. The correspnding geadesicsare mapped, in the quotient
So(Q) = Sy (Q) , onto the sidesof the quadrilateral fundamertal domain (Q).

Then, if one cuts the quotient along the sidesof Q, the sidesof (Q) appear
as geaesicarcson Q (seeFigure 7).

Figure 7.



328 Aline Aigon-Dupuy

The transformation is then built using the technique indicated in the proof
of Proposition 3.8.

Using Theorem 5.1, the twist ; along (e;ese4)? corresponds to 7 and
Lemma 5.4(ii) we get the following correspondencesfor the Dehn twists along
gealesicscorresponding to the sidesof the dierent copiesof Q in Sg:

1= (eese,)? COMrespondsto
7 (e €2 63,€4) 7! ((€263€4)%; €2; €35 €4),

2 = (eseser) (erezes) — (ereses) (eseser)

correspondsto  : (e1;€p;€3;€4) 7! (€1; €384€1€2; €3] €4),

20,

35 (eserer)? 10(6') corresponds to

22 2 (e;enre3,€) 7! (e1;€2; (E46162)2%€3; €4),

20n

4" ferezps) (esere;) = (eserer)  (erezes) — 20(el) correspondsto

6 o-(er,ex€3;€4) 7! (€1;€2; €3, €1€2€36y).
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