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Abstract. In this paper we intro duce and develop properties of the chordal exponent of
convergencefor the Poincar�e seriesof a quasiconformal group acting discontinuously in R

n
so

that we can establish e�ectiv e bounds on the distortion of this exponent of convergenceunder
quasiconformal conjugacy. We also relate this exponent of convergenceto a geometric variant of
the standard exponent of convergence,and in doing so we are able to extend previous results to
the full classof discrete quasiconformalgroups.

1. In tro duction and main results

In our paper [BTT2] we analyzethe distortion of the exponent of convergence
of a discretequasiconformalgroup under quasiconformalconjugacyin dimension 2.
It is the purposeof this paper to generalizetheseresults to dimensionsn > 2, and
also to generalizethe classof discretequasiconformalgroups to which the analysis
applies.

Recall that a discrete K -quasiconformal group G acting on R
n

is a discrete
group of homeomorphismsof R

n
, endowed with the chordal metric, each of which

is a K -quasiconformal mapping. A discrete 1-quasiconformal group is called a
Kleinian group.

We have been investigating the relationship between the Hausdor� dimen-
sion of the limit set and the exponent of convergencefor the class of discrete
quasiconformal groups in [BTT1], [BTT2], [BTT3], and [ABT]. Central to our
considerations is that it is not known whether in dimensions n � 3 a discrete
quasiconformalgroup acting on R

n
possessesan extension to a group action pre-

serving H n +1 . Thus the standard de�nition of the exponent of convergence,as
used in the study of Kleinian groups, must be adapted to our uses.
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For discrete quasiconformalgroups acting on R
n

having regular set one may
de�ne an exponent of convergencesolely via the group's discontinuous action on
its regular set by

(1:1) � chord (G) = inf
�

s > 0
�
�
�

X

g2 G

distchord
�
g(z0); �( G)

� s
< 1

�

for any z0 2 
( G) (seeDe�nition 2.6). We will fully develop the properties of this
exponent of convergence.This is the optimal de�nition for the distortion problem.

If the limit set is all of R
n

this de�nition will no longer work. We show
that every discrete quasiconformal group acting on R

n
has an extension to a

quasiconformal hyperbolic action on H n +1 . The point is that this action does
not necessarilypossessa group structure. However, by exploiting the discreteness
of the underlying group on R

n
, we show that the extended action is in fact

geometrically tractable. In particular, it allows us to de�ne a variant of the usual
hyperbolic exponent of convergence � hyp (G) (see De�nition 2.4). We observe
that the properties known from the Kleinian casemainly remain unchanged (see
Lemma 2.5).

Both approaches to the exponent of convergenceare quite natural. In fact,
we show in Theorem 4.2 that for a non-elementary discrete quasiconformalgroup
with non-empty regular set the hyperbolic exponent of convergenceagreeswith
the chordal exponent:

Theorem. Let G be a discrete quasiconformal group acting on R
n

having
non-empty regular set 
( G) � R

n
and so that j�( G)j � 2. Then

� hyp (G) = � chord (G):

Note that this theorem has beenestablishedin the Kleinian group setting by
Bishop and Jones[BJ2].

Remark. The assumptionthat j�( G)j � 2 is necessaryin the above theorem
as for example the group hz 7! z + 1i , acting on H 2 , has hyperbolic exponent 1

2
and chordal exponent 1.

The relationship betweenthe conical limit setand the exponent of convergence
of a discrete quasiconformalgroup is more complicated than for a Kleinian group.
We show in [BTT1] that the Hausdor� dimension of the conical limit set of a
discrete quasiconformalgroup acting on H n +1 (and extendednaturally to R

n
) is

bounded above by its exponent of convergence,but the exponent of convergence
can be strictly larger than the Hausdor� dimension of the conical limit set (see
Example 4.1 in [BTT1].) We show that we can remove the assumption that the
group act on H n +1 and only considerdiscretequasiconformalgroupsacting on R

n

(seeTheorem 5.1):
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Theorem. Let G be a discrete quasiconformal group acting on R
n

. Then
� (G) � dim � c(G) . (Here, � (G) is to be properly interpreted accordingto context,
seethe discussionin the beginning of Section 5.)

This result drivesthe question that is the central motivation for undertaking
the project described in this paper: Is there an upper bound on the exponent of
convergencein terms of the Hausdor� dimension of the conical limit set and the
quasiconformal dilatation of the group? (See Conjecture 6.1 and in dimension
n = 2, [BTT2] and [BTT4].) In this paper we restrict our focus to the easier
analysis of the distortion of the exponent of convergenceunder quasiconformal
conjugacy. The central result in this paper is Theorem 5.3.

Main Theorem. For each n � 2 and each K � 1 there exits a constant
c > 0, depending only on n and K , such that the following holds: Let G be
a discrete non-elementary quasiconformal group acting on R

n
with non-empty

regular set. Let ' : R
n

! R
n

be a K -quasiconformal homeomorphism,and set
H = 'G' � 1 . Then

� chord (H ) �
(n + c)� chord (G)

c + � chord (G)
:

The constant c comesfrom a theorem of Gehring (Theorem 5.6) on the inte-
grabilit y of the Jacobian of a quasiconformal mapping. In dimension 2 Astala
proved [As] that c = 2=(K � 1) , in higher dimensions it is conjectured that
c = n=(K 1=(n � 1) � 1) . In dimension 2 we proved the above result [BTT2] un-
der the additional assumption that �( G) be uniformly perfect.

Finally , we consider discrete quasiconformal groups acting on R
n

having a
purely conical limit set and non-empty regular set. In our paper [ABT] we prove
that if the group has an extension to a group action preserving H n +1 then it has
the Sullivan{T ukia property, i.e. the exponent of convergenceand the Hausdor�
dimension of its limit set are both strictly lessthan n . We provide a new proof
that removesthe assumption that the group extend to H n +1 (seeTheorem 5.5):

Theorem. Let G be a discrete quasiconformal group acting on R
n

, hav-
ing non-empty regular set and having a purely conical limit set �( G) . Then
dim �( G) � � chord (G) < n .

2. Basic facts concerning discrete groups
and their exp onen ts of convergence

In this section we will compile a list of pertinent facts concerning discrete
group actions on R

n
. Recall that Gehring and Martin [GM] observed that discrete

K -quasiconformal groups are in fact a sub-classof a larger category of discrete
groupscalled discrete convergence groups. In particular, a discretequasiconformal
group G has the convergence property, i.e. for every sequencein G there exists
a subsequencef gj g and two (not necessarilydistinct) points a; b 2 R

n
so that
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f gj (x)g convergesto a locally uniformly in x 2 R
n

nf bg and f g� 1
j (y)g converges

to b locally uniformly in y 2 R
n

n f ag. Quasiconformal groups, and indeed the
more general classof convergencegroups, share many of the basic properties of
Kleinian groups, e.g. the notion of a limit set �( G) and a regular set 
( G) , the
dynamical classi�cation of group elements, etc. The conical limit set is the set of
all points of approximation of G, i.e. the set of all points x 2 R

n
for which there

exists a sequencef gk g in G and two distinct points a; b2 R
n

so that gk (x) ! a,
and gk (y) ! b for all y 2 R

n
n f xg: (Seealso Maskit [Mas].) For the basicson

the dynamical action of a convergencegroup see[GM]; for an intro duction to the
dynamic and geometric properties of Kleinian groups see[Mas].

Recall that it is not known whether every discretequasiconformalgroup acting
on R

n
extendsto a group action preserving H n +1 . It is, however, known that each

K -quasiconformalmapping of R
n

extends(non-uniquely) to a K 0-quasiconformal
mapping preserving H n +1 [TV], where K 0 = K 0(n; K ) only depends on the di-
mension n and the dilatation K .

De�nition 2.1. A K -quasiconformal hyperbolic action G0 on H n +1 is a
collection of K -quasiconformalhomeomorphismspreserving H n +1 so that:

(1) The collection of extensionsof the elements G0 to R
n

forms a discrete qua-
siconformal group G on R

n
.

(2) The elements of G0 and G correspond to each other in a one-to-onemanner.

Thus we have:

Lemma 2.2. A discrete quasiconformalgroup G acting on R
n

has an asso-
ciated quasiconformalhyperbolic action G0 on H n +1 .

In fact, G hasassociated to it many quasiconformalhyperbolic actions. How-
ever, each acts nicely on H n +1 :

Lemma 2.3. Each quasiconformal hyperbolic action acts discontinuously
on H n +1 .

Proof of Lemma 2.3. Let G0 be a quasiconformalhyperbolic action on H n +1

with associated boundary group G. The proof that G0 acts discontinuously every-
where on H n +1 is by contradiction: assumethat there exists a point x0 2 H n +1 ,
a small neighborhood U of x0 , and a sequenceof distinct elements f gj g 2 G0 so
that gj (U) \ U 6= ; for all j .

We considerthe corresponding sequencef gj g 2 G. Then by the convergence
property there exist points a; b 2 R

n
and a subsequencef gj k g � f gj g so that

gj k ( � ) ! a uniformly on compact subsets of R
n

n f bg. Choose a bi-in�nite
hyperbolic geodesic � 2 H n +1 through x0 , so that both of the endpoints f c;dg of
� do not lie in the collection f a; bg. Then gj k (c) ! a and gj k (d) ! a as k ! 1 .
Furthermore, since gj k is K -quasiconformal, we know that gj k (� ) is contained
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in a bounded hyperbolic neighborhood of the hyperbolic geodesicwith endpoints
gj k (c) and gj k (d) (seeLemma 3.4.2 in [E]). Thus we can conclude that for large
enough k the image gj k (� ) lies in an arbitrarily small (n + 1)-ball centered at a,
and this implies that gj k (U) \ U = ; for large enough k , a contradiction.

Thus we can de�ne a Poincar�e seriesand an exponent of convergence � hyp

that sharesmany of the properties that are known in the Kleinian case.

De�nition 2.4. Let G be a discretequasiconformalgroup acting on R
n

, ex-
tend G to a quasiconformalhyperbolic action G0 on H n +1 . Then the s-geometric
Poincar�e series is X

g2 G0

e� s%(x;g (y)) :

Furthermore, the hyperbolic exponent of convergence of G is

� hyp (G) = inf
�

s > 0
�
�
�

X

g2 G0

e� s%(x;g (y)) < 1
�

:

The following lemma validates the previous de�nition:

Lemma 2.5. Let G be a discretequasiconformalgroup acting on R
n

. Then
the value of � hyp (G) only depends on G, but not on the particular extension
action G0. Furthermore, � hyp (G) is also independent of the choice of basepoints
x and y , and 0 � � hyp (G) � n .

The proof of this lemma is a slight modi�cation of the proofs of Theorem 3.3
and Lemma 2.3 in [BTT1]. Under additional assumptions we will sharpen this
lemma in Theorem 5.5 and Corollary 5.2.

In consideringdistortion questionsour analysis involvesthe areadistortion of
sets in R

n
under quasiconformalmappings. The optimal bounds are achieved in

dimension n and sowe are obliged to ignore the possibleexistenceof an extension
to H n +1 and develop an exponent of convergencein terms of the chordal metric q.

De�nition 2.6. Let G be a discrete quasiconformal group acting on R
n

with non-empty regular set. Let z0 2 
( G) . Then

� chord (G) = inf
�

s > 0
�
�
�

X

g2 G

distchord
�
g(z0); �( G)

� s
< 1

�

is the chordal exponent of convergence of G.

The value of the chordal exponent of convergencedoes not depend on the
choice of z0 2 
( G) :
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Lemma 2.7. Let G be a discrete quasiconformalgroup acting on R
n

with
non-empty regular set, and let z0 , w0 be two points in 
( G) . Then there exists
a constant C such that

(2:1)
distchord

�
g(w0); �( G)

�

C
� distchord

�
g(z0); �( G)

�

� C distchord
�
g(w0); �( G)

�

holds for all g 2 G. The constant C does not depend on g 2 G (but it does
depend on z0; w0) .

An immediate corollary is the above-mentioned basepoint independencefor
� chord (G) .

Corollary 2.8. The chordal exponent of convergenceis independent of the
choice of the basepoint z0 2 
( G) .

Proof of Lemma 2.7. By conjugation with an isometry of the chordal metric
we can assumewithout loss of generality that 1 2 �( G) . Observe that each
g 2 G extends to a quasiconformal mapping of H n +1 , by re
ection we can then
extend g to a quasiconformalmapping g0 of R n +1 . By [TV] we can extend each
g 2 G in this way and keep the dilatation of all g0 bounded by, say, K . Note
that the collection f g0 j g 2 Gg may no longer have a group structure. Let
W = R n +1 n �( G) � R n +1 . Then each g0 keepsW invariant. (In this proof we
have to pass from 
( G) to W to ensure that we have a connected open set to
work with. If 
( G) is connectedthen the passageto W is not necessary.)

Let now z0 and w0 be two points in 
( G) . Let H be the subsetof all g 2 G
so that

distchord
�
g(z0); �( G)

�
� diamchord

�
�( G)

�
=10 and

distchord
�
g(w0); �( G)

�
� diamchord

�
�( G)

�
=10:

Then G n H is �nite. Let g 2 H . Let z� 2 �( G) be a point such that
distchord

�
g(z0); �( G)

�
= q

�
g(z0); z�

�
(recall that q denotes the chordal metric).

Let z�� 2 �( G) be a point that has chordal distance at least diamchord (�( G))=2
from z� . Using a chordal isometry ' we map z�� to 1 . Then

(2:2) distchord (' (z� ); 1 ) = distchord (z� ; z�� ) � diamchord
�
�( G)

�
=2;

and

(2:3)
distchord

�
'

�
g(z0)

�
; 1

�
� distchord

�
' (z� ); 1

�
� q

�
' (z� ); '

�
g(z0)

� �

�
�

1
2 � 1

10

�
diamchord

�
�( G)

�
:
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Observe that since ' is a M•obius transformation, it extendsto W . Furthermore,
W 0 = '

�
g0(W )

�
= ' (W ) � R n +1 since 1 2 ' (�( G)) . An application of Theo-

rem 11.30 in [Vu] (here we needthat W is a connectedopen subsetof R n +1 ) to
the mapping ' � g0: W ! W 0 yields that

�
� '

�
g(z0)

�
� '

�
g(w0)

� �
�

min
�

distEuc
�
' (g(z0)

�
; '

�
�( G)

��
; distEuc

�
'

�
g(w0)

�
; '

�
�( G)

� �	

� M n;K

�
jz0 � w0j

min
�

distEuc
�
z0; �( G)

�
; distEuc

�
w0; �( G)

� 	
�

=: M ;

where M n;K : [0; 1 ) ! [0; 1 ) is a homeomorphismthat only dependson n and K .
Hence

distEuc
�
'

�
g(w0)

�
; '

�
�( G)

��
� (M + 1) distEuc

�
'

�
g(z0)

�
; '

�
�( G)

��

and

distEuc
�
'

�
g(z0)

�
; '

�
�( G)

��
� (M + 1) distEuc

�
'

�
g(w0)

�
; '

�
�( G)

��
;

where M dependson n , K , z0 , w0 , �( G) , but not on the speci�c element g 2 G.
By our normalizations (2.2) and (2.3) we now have that the Euclidean and

chordal distancesare comparable,so that we obtain

distchord
�
'

�
g(w0)

�
; '

�
�( G)

� �
� ( eM + 1) distchord

�
'

�
g(z0)

�
; '

�
�( G)

� �

and

distchord
�
'

�
g(z0)

�
; '

�
�( G)

� �
� ( eM + 1) distchord

�
'

�
g(w0)

�
; '

�
�( G)

� �
;

where eM is independent of g. Since ' is a chordal isometry, this implies that

distchord
�
g(w0); �( G)

�
� ( eM + 1) distchord

�
g(z0); �( G)

�

and
distchord

�
g(z0); �( G)

�
� ( eM + 1) distchord

�
g(w0); �( G)

�
;

for all g 2 H .
Since G nH is �nite, we can term by term replace eM with a larger constant

(if necessary)so that the last two inequalities hold for all g 2 G. This provesthe
lemma.

Remark 2.9. We will observe that � chord (G) � n by establishing that
� chord (G) = � hyp (G) (seeTheorem 4.2).
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3. Geometric facts about quasiconformal mappings

In this section we provide somebasic facts concerning the distortion of the
hyperbolic and quasihyperbolic metrics under quasiconformalmappings.

Recall that the hyperbolic metric % on B n is derived from the di�eren tial
2jdzj=(1 � jzj2) . The �rst lemmadescribeshow the hyperbolic distanceis distorted
under quasiconformal mappings preserving B n . This lemma is a special caseof
the more generalTheorem 3.2 and Corollary 3.3 (seebelow).

Lemma 3.1. For each n 2 N and K � 1 there exists a homeomorphism
� K ;n : [0; 1 ) ! [0; 1 ) so that any K -quasiconformal mapping g preserving B n

satis�es
%
�
g(x); g(y)

�
� � K ;n

�
%(x; y)

�

for all x; y 2 B n . Furthermore, there exists a constant L K ;n depending only on
n and K , so that

1
L K ;n

%(x; y) � %
�
g(x); g(y)

�
� L K ;n %(x; y)

holds for all x; y 2 B n with %(x; y) � 1.

Next we record someresults concerningthe distortion of the quasihyperbolic
metric under quasiconformal mappings. For a proper subdomain D of R n we
de�ne the quasihyperbolic metric kD on D by

kD (x1; x2) = inf
C

Z

C

1
dist(x; @D)

ds;

wherethe in�m um is taken over all recti�able arcs C joining x1 and x2 in D , and
dist denotesthe Euclidean distance. Many of the basic properties of this metric
can be found in [GO]. In particular, (D ; kD ) is a complete geodesic space. The
following theorem is proved in [GO]:

Theorem 3.2 (Gehring{Osgood). For each n 2 N and K � 1 there exists
a constant c only depending on n and K with the following property : If D and
D 0 are proper subdomains of R n and if f is a K -quasiconformalmapping of D
onto D 0 then

kD 0

�
f (x1); f (x1)

�
� cmax

�
kD (x1; x2); kD (x1; x2) � �

; � = K 1=(1 � n ) ;

for all x1; x2 2 D .

In particular, this theorem implies that a quasiconformal mapping f as in
the theorem is bi-Lipschitz \in the large":
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Corollary 3.3. For each n 2 N , each K � 1 and each a > 0 there exists a
constant L > 1 with the following property : If D and D 0 are proper subdomains
of R n and if f is a K -quasiconformalmapping of D onto D 0 then

1
L

kD (x1; x2) � kD 0

�
f (x1); f (x2)

�
� Lk D (x1; x2)

for all x1; x2 2 D with kD (x1; x2) � a. Here, L ! 1 as a ! 0.

Recall �nally that a quasiconformal mapping of R
n

\quasi-preserves" the
crossratio

ja; b;c;dj =
ja � cj jb� dj
ja � dj jb� cj

;

where a, b, c, d are four distinct points in R
n

, and this quantit y is appropriately
interpreted if one of the four points is the point 1 . Seefor example [AVV].

Lemma 3.4. For each n 2 N ; n � 2 and each K � 1 there exists a ho-
meomorphism � K ;n : [0; 1 ) ! [0; 1 ) so that every K -quasiconformal mapping
f : R

n
! R

n
satis�es:

1
� K ;n (1=ja; b;c;dj)

� jf (a); f (b); f (c); f (d)j � � K ;n (ja; b;c;dj):

Note that � 1;n (t) = t , i.e. the crossratio is invariant under M•obius transfor-
mations.

Wearenow ready to present our �rst lemma. It quanti�es the relation between
balls in the Euclidean versusthe quasihyperbolic metric.

Lemma 3.5. Let D � R n be a proper subdomain, and let kD be the
quasihyperbolic metric in D . Then for each z0 2 D and each M � 2 we have
that

BkD

�
z0;

1
M + 1

�
� BEuc

�
z0;

dist(z0; @D)
M

�
� BkD

�
z0;

1
M � 1

�
:

Here, BkD (z0; r ) and BEuc (z0; r ) denote a ball with center z0 and radius r
in the quasihyperbolic and the Euclidean metric, respectively.

Proof of Lemma 3.5. Let M � 2 and let z0 2 D .

(1) To prove the �rst inclusion let

z 2 @BEuc

�
z0;

dist(z0; @D)
M

�
; i.e. jz � z0j =

dist(z0; @D)
M

:
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Then there exists a geodesic C in the quasihyperbolic metric so that

kD (z0; z) =
Z

C

1
dist(w; @D)

ds:

Since quasihyperbolic geodesicsare 1-convex with respect to balls ([Mar, Theo-
rem 2.2]) we know that

C � BEuc

�
z0;

dist(z0; @D)
M

�
:

Hence,for any w 2 C , we have that

dist(w; @D) � dist(z0; @D) + jw � z0j

� dist(z0; @D) +
dist(z0; @D)

M
=

M + 1
M

dist(z0; @D):

Thus

kD (z0; z) �
M

M + 1
1

dist(z0; @D)

Z

C
ds �

M
M + 1

jz � z0j
dist(z0; @D)

=
1

M + 1
:

Sincethe sphere @BEuc
�
z0; dist(z0; @D)=M )

�
separatesR n we concludethat

BkD

�
z0;

1
M + 1

�
� BEuc

�
z0;

dist(z0; @D)
M

�
:

(2) To prove the secondinclusion, let

z 2 BEuc

�
z0;

dist(z0; @D)
M

�
; i.e. jz � z0j �

dist(z0; @D)
M

:

Then for any w on the line segment [z0; z] that connects z0 to z we have that

dist(w; @D) � dist(z0; @D) � jz0 � wj

� dist(z0; @D) �
dist(z0; @D)

M
=

M � 1
M

dist(z0; @D):

Thus we have for the quasihyperbolic distance:

kD (z0; z) �
Z

[z0 ;z ]

1
dist(w; @D)

ds �
M

M � 1
1

dist(z0; @D)

Z

[z0 ;z ]
ds

=
M

M � 1
jz0 � zj

dist(z0; @D)
�

1
M � 1

:
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Hencewe have shown that

BEuc

�
z0;

dist(z0; @D)
M

�
� BkD

�
z0;

1
M � 1

�
:

Lemma 3.6 Let D � R n be a proper subdomain, and let ' : D ! R n

be a K -quasiconformal mapping, let D 0 = ' (D) . Denote by kD and kD 0 the
quasihyperbolic metrics in D , D 0, respectively. Then for each r 0 > 0 there exists
a constant L depending only on r 0 and K so that for all r � r 0 and all z0 2 D
we have that

BkD 0

�
' (z0);

r
L

�
� '

�
BkD (z0; r )

�
� BkD 0

�
' (z0); Lr

�
:

Proof. Let r 0 > 0. Then, following Corollary 3.3 there exists a constant L
depending only on r 0 and K so that

1
L

kD (v; w) � kD 0

�
' (v); ' (w)

�
� Lk D (v; w)

holds for all v; w 2 D with kD (v; w) � r 0 . Let now r � r 0 and let z0 2 D .

(1) To show the �rst inclusion let w 2 B kD 0

�
' (z0); r =L

�
and suppose that

w =2 '
�
BkD (z0; r )

�
. Then ' � 1(w) =2 BkD (z0; r ) and so kD

�
' � 1(w); z0

�
� r . But

since r � r 0 this implies that kD 0

�
w; ' (z0)

�
� r =L , and this is a contradiction.

(2) To show the secondinclusion let z 2 @B kD (z0; r ) , i.e. kD (z0; z) = r . Then
kD 0

�
' (z0); ' (z)

�
� Lr , i.e.

' (z) 2 BkD 0

�
' (z0); Lr

�
:

But this implies that

'
�
BkD (z0; r )

�
� BkD 0

�
' (z0); Lr

�
:

Remark 3.7. Setting 	 K ;n (t) = cK ;n max(t; t � ) , where � = K 1=(1 � n ) and
cK ;n is the constant from Theorem 3.2 one similarly obtains that under the hy-
pothesisof Lemma 3.6 we have that

'
�
BkD

�
z0;  � 1

K ;n (t)
� �

� BkD 0

�
' (z0); t

�
� '

�
BkD

�
z0;  K ;n (t)

� �

holds for all t > 0.
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4. The equalit y of the chordal and hyp erb olic exp onen ts

The spaceX = R
n

� R
n

� R
n

ndiagonalscanbe identi�ed with the collection
of mutually distinct triples of points in R

n
. For a point (a; b;c) 2 X , denote by

p the projection map
p: X ! H n +1

that maps c to the point � on the hyperbolic geodesic (a; b) 2 H n +1 so that the
hyperbolic geodesicdetermined by c and � meets (a; b) orthogonally.

The action of the M•obius group acting on R
n

extends via the diagonal ex-
tension to an action on R

n
� R

n
� R

n
n diagonals; observe that the action of a

M•obius transformation commutes with the projection map p, that is

(4:1) p
�

 (a); 
 (b); 
 (c)

�
= 


�
p(a; b;c)

�
:

(Of coursethe action of 
 on the right side of the above equation is that of the
isometric action of 
 on H n +1 .)

Equation (4.1) is no longer true for quasiconformal mappings, however it is
not too falseeither (seeLemma C2 in [T4] for example):

Lemma 4.1. For each n 2 N and for each K � 1 there exists a constant
CK ;n so that for any K -quasiconformal mapping g: H n +1 ! H n +1 (naturally
extended to R

n
) and any triple (a; b;c) of mutually distinct points in R

n
we

have that
%
�
g
�
p(a; b;c)

�
; p

� �
g(a); g(b); g(c)

� � �
� CK ;n :

The results in Section 3 and Lemma 4.1 now enable us to show that both
the chordal and the hyperbolic exponent of convergenceagreefor discrete quasi-
conformal groups with non-empty regular set and large enough limit set, acting
on R

n
. The analogousresult for Kleinian groupswasproved by Bishop and Jones

in [BJ2].

Theorem 4.2. Let G be a discretequasiconformalgroup acting on R
n

with
non-empty regular set 
( G) and so that j�( G)j � 2. Then

(4:2) � hyp (G) = � chord (G):

Proof. Suppose�rst that G is non-elementary. Let G0 be a quasiconformal
hyperbolic action on H n +1 associated with G. Let z0 2 
( G) . By conjugation
with a M•obius transformation we may assumethat 1 2 
( G) , and that the
orbit of z0 is bounded in R n , i.e. 1 =2 G(z0) . With these normalizations, we
can replace the chordal distance distchord with the Euclidean distance distEuc

in the de�nition of the chordal exponent of convergence(De�nition 2.6) without
a�ecting the convergencebehavior of the sum. Furthermore, in the de�nition
of the hyperbolic exponent of convergence(De�nition 2.4) we choose x = y =
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j = (0; : : : ; 0; 1) 2 H n +1 and then can replace %
�
j; g(j )

�
with

�
� log Im

�
g(j )

� �

without a�ecting the convergenceproperties. Here, for a point x 2 H n +1 , we
write Im( x) for the (n + 1)st coordinate of x . We often write x = z + tj , where
t = Im( x) , and z 2 R n . We also refer to the point z in R n given by the �rst n
coordinates of x as Re(x) . Thus (4.2) becomes
(4:3)

inf
�

s > 0
�
�
�

X

g2 G0

�
Im g(j )

� s
< 1

�
= inf

�
s > 0

�
�
�

X

g2 G

distEuc
�
g(z0); �( G)

� s
< 1

�
:

Clearly, j can be replacedby any other x 2 H n +1 .
Choose r > 0 small enough so that the Euclidean ball D = B (z0; r ) in R n

of radius r centered at z0 is contained in 
( G) and its orbit under G is bounded
in R n .

Let x = z0 + r j 2 H n +1 . Pick (and �x) a; b;c 2 �( G) mutually distinct,
and recall that C = p(a; b;c) 2 H n +1 is the projection of c onto the hyperbolic
geodesicwith endpoints a and b.

z0

g-1(v)

yyy g-1(w)

x p( )g-1(v),g-1(w),z0

v

wg( )z0

g(x)
~

g(y)
-1(w)

g

r

r

Figure 1.

Let v 2 @g(D) be a point with minimal Euclidean distance to g(z0) . Let w
be the closestpoint on @g(D) that lies on the ray emanating from v and passing
through g(z0) . De�ne � g(x) = p

�
v; w; g(z0)

�
, seeFigure 1. We will show that

� g(x) is hyperbolically closeto g(x) , where\close" is independent of the mapping
g 2 G. To do so, let y be the point on @B (z0; r ) that is diametrically opposite to
g� 1(v) . Then

jg� 1(v); z0; g� 1(w); yj =
jg� 1(v) � g� 1(w)j jz0 � yj
jg� 1(v) � yj jz0 � g� 1(w)j

= jg� 1(v) � g� 1(w)j
1
2r

:

On the other hand, using Lemma 3.4 we obtain that

jg� 1(v); z0; g� 1(w); yj �
1

� K ;n
�
1=jv; g(z0); w; g(y)j

� ;
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and

jv; g(z0); w; g(y)j =
jv � wj

jg(z0) � wj
jg(z0) � g(y)

jv � g(y)j

� 1 �
jg(z0) � g(y)j

jv � g(z0)j + jg(z0) � g(y)j

=
1

jv � g(z0)j
jg(z0) � g(y)j

+ 1
�

1
1 + 1

=
1
2

:

Hence jg� 1(v); z0; g� 1(w); yj � 1=� K ;n (2) and so jg� 1(v) � g� 1(w)j � 2r =� K ;n (2) .
Thus %

�
x; p(g� 1(v); g� 1(w); z0)

�
� DK ;n , where DK ;n is a constant that only

dependson K and n , but not on g or r . HenceLemma 3.1 implies that

%
�
g(x); g

�
p(g� 1(v); g� 1(w); z0)

� �
� � K ;n (DK ;n ):

Now, since gg(x) = p
�
v; w; g(z0)

�
= p

�
g
�
g� 1(v)

�
; g

�
g� 1(w)

�
; g(z0)

�
weobtain from

Lemma 4.1 that

%( gg(x) ; g
�
p
�
g� 1(v); g� 1(w); z0)

� �
� CK ;n ;

so that we can conclude:

%
�
g(x); gg(x)

�
� %

�
g(x); g

�
p
�
g� 1(v); g� 1(w); z0)

� �

+ %
�
g
�
p
�
g� 1(v); g� 1(w); z0

��
; gg(x)

�

� � K ;n (DK ;n ) + CK ;n :

Thus, in (4.3) we can replace Im g(j ) with Im gg(x) and hencehave to show
that
(4:4)

inf
�

s > 0
�
�
�

X

g2 G

�
Im gg(x)

� s
< 1

�
= inf

�
s > 0

�
�
�

X

g2 G

distEuc
�
g(z0); �( G)

� s
< 1

�
:

In order to prove (4.4) we compare
�
Im gg(x)

�
and distEuc

�
g(z0); �( G)

�
to

each other.

(1) We �rst show that \ � " holds in (4.4). Note that jg(z0) � vj � Im gg(x) �
2jg(z0) � vj . Sinceby choice of v we have that jg(z0) � vj � distEuc

�
g(z0); �( G)

�

this implies that
Im gg(x) � 2distEuc

�
g(z0); �( G)

�

for all g 2 G, and this provesthat

inf
�

s > 0
�
�
�

X

g2 G

�
Im gg(x)

� s
< 1

�
� inf

�
s > 0

�
�
�

X

g2 G

distEuc
�
g(z0); �( G)

� s
< 1

�
:
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(2) Next we show that \ � " holds in (4.4). First observe that Im gg(x) �
jv � g(z0)j �

�
�g(z0) � Re

� gg(x)
� �
� . Recall that C = p(a; b;c) , where a, b, c are

three mutually distinct points in �( G) . Let M = %(x; C) , and de�ne gg(C) =
p
�
g(a); g(b); g(c)

�
. Then %

�
g(C); gg(C)

�
� CK ;n by Lemma 4.1 and thus

%
� gg(C) ; gg(x)

�
� %

� gg(C) ; g(C)
�

+ %
�
g(C); g(x)

�
+ %

� gg(x) ; g(x)
�

� 2CK ;n + � K ;n (M ):

Hence there exists a constant A that only depends on M , n , K , so that the
Euclidean ball of radius A � Im gg(x) , centered at Re gg(x) , must contain at least
one of the points g(a) , g(b) , g(c) . This implies that distEuc

�
Re gg(x) ; �( G)

�
�

A � Im gg(x) . Hence

distEuc
�
g
�
z0); �( G)

� �
� jg(z0) � Re gg(x) j + distEuc

�
Re gg(x) ; �( G)

�

� Im gg(x) + A � Im gg(x) :

Thus

inf
�

s > 0
�
�
�

X

g2 G

�
Im gg(x)

� s
< 1

�
� inf

�
s > 0

�
�
�

X

g2 G

distEuc
�
g(z0); �( G)

� s
< 1

�
:

If G is elementary, then by our assumptionswe have that �( G) contains ex-
actly 2 points. Onecanmodify the aboveargument and still show that � chord (G) =
� hyp (G) .

5. The chordal exp onen t of convergence and its distortion

The results in the previous section show that we can de�ne the exponent of
convergenceof a non-elementary discrete quasiconformal group with non-empty
regular set, acting on R

n
, even if the group action does not extend to H n +1 ,

in two di�eren t ways that lead to the sameresult. In what follows, we will use
the symbol � (G) to refer to an appropriate choice of exponent of convergence,
i.e. � (G) = � hyp (G) if G is elementary or if 
( G) = ; , and otherwise, � (G) is
interpreted hyperbolically or chordally, in whichever way is most convenient.

We show in [BTT1] that the Hausdor� dimension of the conical limit set of a
discrete quasiconformalgroup acting on H n +1 (and extendednaturally to R

n
) is

bounded above by its exponent of convergence,but the exponent of convergence
can be strictly larger than the Hausdor� dimension of the conical limit set. In
fact, using a standard argument (see for example [BJ1], [N]) which generalizes
to quasiconformal hyperbolic actions (see De�nition 2.1) one can see that the
Hausdor� dimension of the conical limit set of a discrete quasiconformal group is
bounded above by its hyperbolic exponent of convergence. Thus we have:
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Theorem 5.1. Let G be a discrete quasiconformal group acting on R
n

.
Then � (G) � dim � c(G) .

Establishing this fact allows us to observe that � (G) sharesanother funda-
mental property with � (�) where � is Kleinian.

Corollary 5.2. Let G be a discrete non-elementary quasiconformal group.
Then � (G) > 0.

Proof of Corollary 5.2. For any such G wecan �nd a non-elementary subgroup
H � G so that H has purely conical limit set and non-empty regular set. It is
a result of Bonfert-Taylor and Martin [BTM] that �( H ) is uniformly perfect and
so dim

�
�( H )

�
> 0 (see[JV].) The conical limit set of the full group G contains

the conical limit set of H , and so dim
�
� c(G)

�
� dim

�
� c(H )

�
. The conclusion is

now immediate from Theorem 5.1.

As stated in the intro duction, our formulation of the exponent of convergence
in the chordal metric wasundertaken in order to establish the following distortion
theorem:

Theorem 5.3. Let G bea discretenon-elementary quasiconformalgroup act-
ing on R

n
with non-empty regular set. Let ' : R

n
! R

n
be a K -quasiconformal

homeomorphism,and set H = 'G' � 1 . Then

� (H ) �
(n + c)� (G)

c + � (G)
;

where c > 0 is the constant from Gehring's Theorem 5.5 (seebelow).

Remark 5.4. Astala showed that in dimension n = 2 the sharp bound for
c is c = 2=(K � 1) . Thus under the assumptionsof the theorem, in dimension 2
we obtain that

� (H ) �
2K � (G)

2 + (K � 1)� (G)
:

This was proved in [BTT2] under the additional assumption that �( G) be uni-
formly perfect.

Finally , we considerdiscretequasiconformalgroupsacting on R
n

with purely
conical limit set and non-empty regular set. In our paper [ABT] we prove that if
the group extends to a group acting on H n +1 then the exponent of convergence
of the group is strictly lessthan n , compare to Theorems 1.2 and 1.3 in [ABT].
Here we provide a new proof not requiring the assumption that the group extend
to H n +1 :

Theorem 5.5. Let G be a discrete non-elementary quasiconformal group
acting on R

n
with purely conical limit set and non-empty regular set. Then

� (G) < n .
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We now prove the results from this section.

In order to prove Theorem 5.3 we recall results of Gehring [G] and Astala [As]
concerningthe integrabilit y of the partial derivativesof a quasiconformalmapping.

Let D be a domain in R n and let f : D ! R n be a homeomorphism. Let

L f (x) = lim sup
y! x

jf (y) � f (x)j
jy � xj

and Jf (x) = lim sup
r ! 0

m
�

f
�
B (x; r )

�

m
�
B (x; r )

�
�

be the maximum stretching and the generalized Jacobian for f at x 2 D , respec-
tiv ely, where B (x; r ) denotesthe open n -ball of radius r about x and m denotes
Lebesguemeasurein R n . Thesefunctions are nonnegative and measurablein D ,
and Jf (x) � L f (x)n . Lebesgue'stheorem implies that

R
E Jf dm � m

�
f (E )

�
< 1

for each compact set E � D , and hence J f is locally L 1 -integrable in D . If f
is also K -quasiconformal in D , then L f (x)n � K Jf (x) almost everywhere in D ,
and thus L f is locally L n -integrable in D .

Gehring shows ([G, Theorem 1]):

Theorem 5.6. Let D � R n be a domain and let f : D ! R n be K -
quasiconformal. Then L f is locally L p -integrable in D for each p 2 [n; n + c) ,
where c is a positive constant which dependsonly on K and n .

Analyzing the radial stretch mapping near the origin one observes that nec-
essarily c � n=(K 1=(n � 1) � 1) , and it is conjectured that this upper bound for c
is sharp. In dimension n = 2 Astala shows in [As] that indeed c = 2=(K � 1) .

We will need a localized version of the exponent of convergence. In [BTT3]
we localize the de�nition of the hyperbolic exponent of convergence;here we will
do the samein terms of the chordal exponent of convergence(De�nition 2.6).

De�nition 5.7. Let G be a discrete non-elementary quasiconformal group
acting on R

n
with non-empty regular set. Let z0 2 
( G) . For x 2 R

n
and r > 0

de�ne

� r
x (G) := inf

�
s > 0

�
�
�

X

g2 G:g(z0 )2 B chord (x;r )

distchord
�
g(z0); �( G)

� s
< 1

�
:

Furthermore, de�ne the local exponent of convergence of G at x to be

� x (G) := lim
r ! 0

� r
x (G):

Remark 5.8. Note that for �xed x 2 R
n

the quantit y � r
x (G) is non-

increasingas r & 0, and hencethe above limit exists. Furthermore the de�nition
of the local exponent of convergenceis independent of the choice of z0 . (This can
be seenvia an argument similar to the proof of Lemma 2.7.)

It is easyto seethat � x (G) = 0 for x =2 �( G) and furthermore that � (G) =
maxx 2 �( G) � x (G) .
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Proof the Theorem 5.3. By composition with a M•obius transformation (which
doesnot e�ect the exponent of convergence)we may assumethat ' (1 ) = 1 , that
1 2 �( G) , and that there exists � 0 2 �( G) with � 0 6= 1 so that � � 0 (G) = � (G) ,
and � 0 2 �( H ) , � 0 6= 1 , with � � 0 (H ) = � (H ) . Choose R > 0 large enough so
that j� 0j < 1

2 R , j� 0j < 1
2 R , j' (� 0)j < 1

2 R , j' � 1(� 0)j < 1
2 R . Choose z0 2 
( H ) ,

and let w0 = ' � 1(z0) . Then, since � � 0 (H ) = � (H ) , we have that

� (H ) = inf
�

s > 0
�
�
�

X

h2 H :jh(z0 ) j<R

distEuc
�
h(z0); �( H )

� s
< 1

�
:

Note that we can useEuclidean distance instead of chordal distancesincewe only
consider those h 2 H for which jh(z0)j < R . In the following we shall write
A � B for two quantities A and B if there exists a constant C that only depends
on n and K and possibly the group G (but not on the particular element g 2 G
under consideration) so that A=C � B � CA .

In what follows, let M � 2 be a constant (whose exact value will be deter-
mined later) that depends on the group G. Let h 2 H with jh(z0)j < R , let
g = ' � 1h' 2 G. For an open set U � R n and z 2 U , r > 0, denoteby BkU (z; r )
the quasihyperbolic ball in the component of U that contains z that is centered
at z and has radius r . Then using Lemma 3.5 and Remark 3.7 we obtain:

distEuc (h(z0); �( H )) �
�

volEuc BEuc

�
h(z0);

distEuc
�
h(z0); �( H )

�

M

�� 1=n

�
�

volEuc Bk 
( H )

�
h(z0);

1
M

� � 1=n

=
�

volEuc Bk 
( H )

�
'g (w0);

1
M

�� 1=n

�
�

volEuc '
�

Bk 
( G )

�
g(w0); 	 k ;n

�
1

M

�� �� 1=n

:

Here, volEuc denotesEuclidean volume.
Enumerate f g 2 G j j'g (w0)j < Rg = f gi j i 2 N g, and write

B i = Bk 
( G )

�
gi (w0); 	 K ;n

�
1

M

� �
:

Then there is a constant C that only dependson n , K , M , so that
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X

h2 H :jh(z0 ) j<R

distEuc
�
h(z0); �( H )

� s
� Cs

X

i

�
volEuc ' (B i )

� s=n

= Cs
X

i

� Z

B i

J ' dm
� s=n

� Cs
X

i

� � Z

B i

J p0
' dm

� 1=p0

�
� Z

B i

1q0 dm
� 1=q0

� s=n

; where
1
p0

+
1
q0

= 1

= Cs
X

i

� � Z

B i

J p0
' dm

� s=(np 0 )

� (volEuc B i )s=(nq 0 )
�

� Cs
� X

i

Z

B i

J p0
' dm

� s=(np 0 )

�
� X

i

(volEuc B i )sp0 =(q0 (np 0 � s))
� (np 0 � s)=(np 0 )

:(5:1)

By discontinuit y of the action of G on 
( G) there exists a constant L > 0
so that k
( G)

�
g(w0); ~g(w0)

�
� L holds for all g; ~g 2 G distinct. (Otherwise

there are gj ; ~gj 2 G distinct so that k
( G)
�
gj (w0); ~gj (w0)

�
! 0 as j ! 1 , but

then k
( G)
�
w0; g� 1

j

�
~gj (w0)

� �
! 0 as well by Theorem 3.2, and this contradicts

discontinuit y of the action of G near w0 .)
By choosing M large enoughso that 	 K ;n (1=M ) < 1

2 L we thus obtain that
the balls f B i ; i 2 N g are all disjoint. Furthermore,

�
g(w0)

�
�

�
� '

�
g(w0)

� �
� < R

	

is contained in the compact (in R n ) set ' � 1(fj zj � Rg) , and so there exists a
compact set F � R n so that B i � F for all i 2 N . Hence

X

i

Z

B i

J p0
' dm �

Z

F
J p0

' dm;

and this last integral is �nite whenever p0 < (n + c)=n since J ' � L n
' , and L ' is

locally L p -integrable for p 2 [n; n + c) by Theorem 5.6. Hence

(5:2)
� X

i

Z

B i

J p0
' dm

� s=np 0

< 1

whenever p0 < (n + c)=n.
We can assumethat M was chosenlarge enough so that 	 K ;n (1=M ) � 1

3 .
Henceusing Lemma 3.5 we obtain:

volEuc B i � volEuc Bk 
( G )

�
gi (w0); 1

3

�

� volEuc BEuc
�
gi (w0); 1

2 dist
�
gi (w0); �( G)

� �
� dist

�
gi (w0); �( G)

� n
:
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Thus

(5:3)
X

i

(volEuc B i )sp0 =(q0 (np 0 � s)) .
X

i

dist
�
gi (w0); �( G)

� nsp 0 =(q0 (np 0 � s))
;

and this last sum is �nite if nsp0=(q0(np0 � s)) > � (G) . From (5.2) and (5.3) we
obtain that (5.1) is �nite if

p0 <
n + c

n
and

nsp0

q0(np0 � s)
> � (G):

Using that
1
p0

+
1
q0

= 1

we thus obtain that (5.1) is �nite if

s >
(n + c)� (G)

c + � (G)
:

This provesthat

� (H ) �
(n + c)� (G)

c + � (G)
:

Finally , for the proof of Theorem 5.5 we needthe following lemma, the proof
of which makesuseof the assumption that the limit set be purely conical:

Lemma 5.9 (Corollary 3.2 in [ABT]). Let G be a discrete non-elementary
quasiconformalgroup acting on R

n
with purely conical limit set and non-empty

regular set. Then �( G) is uniformly porousin the following sense. There existsan
" > 0 such that if B is a chordal ball in R

n
of chordal radius r then B contains

a chordal ball of chordal radius "r that doesnot intersect � .

Proof of Theorem 5.5. In this proof we work with the chordal exponent
of convergence,and thus omit the subscript chord . We can normalize so that
1 2 �( G) , and so that there exists x 2 �( G) , x 6= 1 , so that � x (G) = � (G) , see
De�nition 5.7. Let z0 2 
( G) and de�ne

eG = f g 2 G j g(z0) 2 Q1(x)g;

where Q1(x) is a n -cube of side length 1, centered at x . Then

� (G) = inf
�

s > 0
�
�
�

X

g2 eG

distEuc
�
g(z0); �( G)

� s
< 1

�
:

Let Ak =
�

z 2 Q1(x) j e� (k+1) � distEuc
�
z; �( G)

�
< e� k

	
, and let # Ak be the

number of elements g 2 G for which g(z0) 2 Ak .
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Claim 1. We have

lim sup
k !1

log# Ak

k
= � (G):

To prove Claim 1, let r = lim supk !1 log# Ak =k, and suppose �rst that
r < � (G) . Choose s, t so that r < s < t < � (G) . Then # A k � eks for all but
�nitely many k , and hencethere is a �nite constant C so that

X

g2 eG

distEuc
�
g(z0); �( G)

� t
=

X

k

X

g:g(z0 )2 A k

distEuc
�
g(z0); �( G)

� t

�
X

k

# Ak (e� k ) t �
X

k

ekse� k t + C < 1 :

This implies that � (G) � t < � (G) , a contradiction. Similarly, one obtains a
contradiction from the assumption that r > � (G) , and this provesClaim 1.

The proof of the Claim 2 below follows easily from Theorem 3.2 and the fact
that G acts discontinuously on 
( G) .

Claim 2. There exists a constant C > 0 so that

k
( G)
�
g(z0); h(z0)

�
� C

for all g; h 2 G with g 6= h. Here, we de�ne that k
( G) (z; w) = 1 , if z and w
are in distinct components of 
( G) .

Our goal is to use Claim 1 in order to estimate � (G) , and we thus need to
bound # Ak from above. Claim 2 implies that there exists a constant M > 0 so
that # Ak � M � volk 
( G ) (Ak ) , where volk 
( G ) denotes quasihyperbolic volume.
Furthermore,

volk 
( G ) (Ak ) =
Z

A k

�
1

dist( � ; �( G))

� n

dm

�
Z

A k

(ek+1 )n dm = en (k+1) � volEuc (Ak ):

Hence

(5:4) # Ak � M en (k+1) � volEuc (Ak ):

In order to estimate volEuc (Ak ) , we useLemma 5.9 to assert the existenceof an
integer q so that the following is true: If Q is a (Euclidean) cube contained in
Q1(x) , and we divide Q into qn sub-cubesof equal (Euclidean) side length, then
at least one of thesesub-cubesdoesnot intersect �( G) .
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For a cube Q in R n , denote by 3 � Q the cube that has three times the side
length of Q and is centered around Q. Then by replacing the integer q with 3q
we can assumethat the following holds: if Q is a cube contained in Q1(x) , and
we divide Q into qn sub-cubes of equal side length, then at least one of these
sub-cubes eQ has the property that 3 � eQ does not intersect �( G) . This implies
that if the side length of this particular cube eQ is at least e� k , then eQ cannot
meet Ak .

Inductiv ely weobtain that Q1(x) contains (qn � 1)i � 1 sub-cubesof sidelength
1=qi none of which meet Ak as long as q� i � e� k , and all these sub-cubes are
disjoint. Hence

volEuc (Ak ) � volEuc
�
Q1(x)

�
�

I kX

i =1

(q� i )n (qn � 1)i � 1;

where I k 2 N with (k=logq) � 1 < I k � k=logq. Thus

volEuc (Ak ) � 1 � q� n
I k � 1X

i =0

�
qn � 1

qn

� i

=
�

qn � 1
qn

� I k

�
�

qn � 1
qn

� (k=log q) � 1

:

This together with (5.4) implies that

# Ak � M en (k+1)
�

qn � 1
qn

� k=log q

:

Hence

log# Ak

k
�

logM
k

+ n +
n
k

+
1

logq
log

�
qn � 1

qn

�
�

1
k

log
qn � 1

qn ;

and since log
�
(qn � 1)=qn

�
< 0 and logq > 0 we obtain that

lim sup
k !1

log# Ak

k
� n +

1
logq

log
qn � 1

qn < n:

Claim 1 now implies that � (G) < n .

Remark 5.10 (1) Theorem 5.5 as well as Lemma 5.9 should be true in
the more general setting of discrete quasiconformal groups whoselimit sets con-
sist entirely of conical limit points and bounded parabolic points in the senseof
Bowditch [Bow] and Tukia [T5].

(2) One could prove Theorem 5.5 using the hyperbolic exponent of conver-
gence� hyp and quasiconformalhyperbolic actions. However, the proof givenabove
is considerably shorter.
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6. Conjecture

Given the relationship betweenthe exponent of convergenceand the Hausdor�
dimension of the conical limit set it is desirable to �nd an upper bound on the
exponent of convergencein terms of the Hausdor� dimension of the conical limit
set and the dilatation K of the group.

Conjecture 6.1. Let G be a discrete non-elementary quasiconformalgroup
acting on R

n
with non-empty regular set. Then

� chord (G) �
(n + c) dim � c(G)

c + dim � c(G)
;

where
c =

n
K 1=(n � 1) � 1

:

A variant of this inequality was established in dimension n = 2 in [BTT2]
using the 2-dimensional analog of Theorem 5.3. The approach usedin dimension
2 does not extend to higher dimensionsbecauseof the existenceof discrete qua-
siconformal groups that are not conjugate to M•obius groups ([FS], [T3], seealso
[S1], [T1]). Recent progresshas been made towards developing sharp bounds in
dimension 2 in [BTT4].
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