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Abstract.  In this paper we introduce and develop properties of the chordal exponert of

convergencefor the Poincare seriesof a quasiconformal group acting discortin uously in R" so
that we can establish e ectiv e bounds on the distortion of this exponent of convergenceunder
guasiconformal conjugacy We also relate this exponert of convergenceto a geometric variant of
the standard exponert of convergence,and in doing so we are able to extend previous results to
the full classof discrete quasiconformal groups.

1. Intro duction and main results

In our paper [BTT2] we analyzethe distortion of the exponert of convergence
of adiscretequasiconformalgroup under quasiconformalconjugacyin dimension 2.
It is the purposeof this paper to generalizetheseresults to dimensionsn > 2, and
alsoto generalizethe classof discrete quasiconformalgroupsto which the analysis
applies.

Recall that a discrete K -quasi@nformal group G acting on R" is a discrete
group of homeomorphismsof R", endaved with the chordal metric, eac of which
is a K -quasiconformal mapping. A discrete 1-quasiconformal group is called a
Kleinian group.

We have been investigating the relationship between the Hausdor dimen-
sion of the limit set and the exponert of cornvergencefor the class of discrete
quasiconformal groups in [BTT1], [BTTZ2], [BTT3], and [ABT]. Cerntral to our
considerationsis that it is not known whether in dimensionsn 3 a discrete
guasiconformalgroup acting on R" possessean extensionto a group action pre-
serving H"*! . Thus the standard de nition of the exponert of corvergence,as
usedin the study of Kleinian groups, must be adapted to our uses.
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For discrete quasiconformalgroups acting on R" having regular set one may
de ne an exponert of corvergencesolely via the group's discortin uous action on
its regular set by

X
(1:1) chord (G) = inf s> 0 disterors 9(20); ( G) < 1

026G

forany zp 2 ( G) (seeDe nition 2.6). We will fully develop the properties of this
exponert of convergence.This is the optimal de nition for the distortion problem.

If the limit setis all of R" this de nition will no longer work. We show
that ewvery discrete quasiconformal group acting on R" has an extension to a
quasionformal hyperbolic action on H"*! . The point is that this action does
not necessarilypossessa group structure. However, by exploiting the discreteness
of the underlying group on R", we show that the extended action is in fact
geometrically tractable. In particular, it allows usto de ne a variant of the usual
hyperbolic exponert of corvergence ny,(G) (see De nition 2.4). We obsene
that the properties known from the Kleinian casemainly remain unchanged (see
Lemma 2.5).

Both approadesto the exponert of convergenceare quite natural. In fact,
we shawv in Theorem 4.2 that for a non-elememary discrete quasiconformalgroup
with non-empty regular set the hyperbolic exponert of corvergenceagreeswith
the chordal exponert:

Theorem. Let G be a discrete quasiconformalgroup acting on R" having
non-empty regular set ( G) R" and sothat j( G)] 2. Then

hyp (G) = chord (G):

Note that this theorem has beenestablishedin the Kleinian group setting by
Bishop and Jones[BJ2].

Remark. The assumptionthat j ( G)j 2 is necessaryin the above theorem
as for examplethe group hz 7! z + 1i, acting on H?, has hyperbolic exponert %
and chordal exponert 1.

The relationship betweenthe conicallimit setand the exponert of corvergence
of a discrete quasiconformalgroup is more complicated than for a Kleinian group.
We show in [BTT1] that the Hausdor dimension of the conical limit set of a
discrete quasiconformalgroup acting on H"*! (and extendednaturally to ﬁn) is
bounded above by its exponert of corvergence,but the exponernt of corvergence
can be strictly larger than the Hausdor dimension of the conical limit set (see
Example 4.1in [BTT1].) We show that we can remove the assumption that the
group act on H"*! and only considerdiscrete quasiconformalgroupsacting on R"
(seeTheorem 5.1):
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Theorem. Let G be a discrete quasiconformal group acting on R". Then
(G) dim (G). (Here, (G) isto beproperly interpreted accordingto conext,
seethe discussionin the beginning of Section5.)

This result drivesthe question that is the certral motivation for undertaking
the project described in this paper: Is there an upper bound on the exponert of
convergencein terms of the Hausdor dimension of the conical limit set and the
guasiconformal dilatation of the group? (See Conjecture 6.1 and in dimension
n = 2, [BTT2] and [BTT4].) In this paper we restrict our focus to the easier
analysis of the distortion of the exponert of corvergenceunder quasiconformal
conjugacy The certral result in this paper is Theorem 5.3.

Main Theorem. Foreathh n 2 and ead K 1 there exits a constart
c > 0, depending only on n and K, sud that the following holds: Let G be
a discrete non-elemenary quasiconformal group acting on R" with non-empty
regular set. Let ' 'R"1 R" beak -quasiconformal homeomorphism, and set

H='G' ! Then

(n+ ©) chord (G) )
C+ chod (G)

The constart ¢ comesfrom a theorem of Gehring (Theorem 5.6) on the inte-
grability of the Jacobian of a quasiconformal mapping. In dimension 2 Astala
proved [As] that ¢ = 2=(K 1), in higher dimensionsit is conjectured that
c= n=(K¥" D 1), In dimension 2 we proved the above result [BTT2] un-
der the additional assumptionthat ( G) be uniformly perfect.

Finally, we consider discrete quasiconformal groups acting on R" having a
purely conical limit set and non-empty regular set. In our paper [ABT] we prove
that if the group has an extensionto a group action preserving H"*? then it has
the Sullivan{T ukia property, i.e. the exponernt of corvergenceand the Hausdor
dimension of its limit set are both strictly lessthan n. We provide a new proof
that removesthe assumptionthat the group extendto H"*! (seeTheorem 5.5):

chord ( H )

Theorem. Let G be a discrete quasiconformal group acting on R", hav-
ing non-empty regular set and having a purely conical limit set ( G). Then
dim ( G) chord (G) <n.

2. Basic facts concerning discrete groups
and their exponents of convergence

In this section we will compile a list of pertinent facts concerning discrete
group actionson R". Recallthat Gehring and Martin [GM] obsenedthat discrete
K -quasiconformal groups are in fact a sub-classof a larger category of discrete
groups called discrete convergene groups In particular, a discrete quasiconformal
group G hasthe convergene property, i.e. for every sequencein G there exists
a subsequencef g;g and two (not necessarilydistinct) points a;b 2 R" sothat
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f g (x)g corvergesto a locally uniformly in x 2 R" nf bg and f g 1(y)g corverges

to b locally uniformly in y 2 R" nfag. Quasiconformal groups, and indeed the
more general class of corvergencegroups, share many of the basic properties of
Kleinian groups, e.g.the notion of a limit set ( G) and a regular set ( G), the
dynamical classi cation of group elemers, etc. The conical limit set is the set of
all points of approximation of G, i.e. the setof all points x 2 R" for which there
exists a sequencef gcg in G and two distinct points a;b2 R" sothat oaw(x)! a,
and gk(y)! bforally?2 R" nfxg: (Seealso Maskit [Mas].) For the basicson
the dynamical action of a convergencegroup see[GM]; for an intro duction to the
dynamic and geometric properties of Kleinian groups see[Mas].

Recallthat it is not known whether every discrete quasiconformalgroup acting
onR" extendsto agroup action preservingH"*! . It is, however, known that eac
K -quasiconformalmapping of R" extends (non-uniquely) to a K %-quasiconformal
mapping preserving H"** [TV], where K%= Kn; K) only depends on the di-
mension n and the dilatation K .

De nition  2.1. A K -quasionformal hyperbolic action G° on H"*! is a
collection of K -quasiconformalhomeomorphismspreserving H"*! so that:

(1) The collection of extensionsof the elemerts G°to R" forms a discrete qua-
siconformal group G on R".

(2) The elemers of G® and G correspond to ead other in a one-to-onemanner.
Thus we have:

Lemma 2.2. A discrete quasiconformalgroup G acting on R" hasan asso-
ciated quasiconformal hyperbolic action G° on H"*! |

In fact, G hasassaiated to it many quasiconformalhyperbolic actions. How-
ever, eac acts nicely on H"*1 :

Lemma 2.3. Each quasiconformal hyperbolic action acts discortin uously
on H"*1 |

Proof of Lemma 2.3. Let G° be a quasiconformalhyperbolic action on H"*!
with assaiated boundary group G. The proof that G° acts discortin uously every-
whereon H"*! s by cortradiction: assumethat there exists a point xo 2 H"*! |
a small neighborhood U of Xq, and a sequenceof distinct elemerts fgjg2 G° so
that g (U)\ U6 ; forall j.

We considerthe correspnding sequencefg; g2 G. Then by the corvergence
property there exist points a;b 2 R" and a subsequencefg;, g fgjg sothat
g,( ) ! a uniformly on compact subsets of R" n fbg. Choose a bi-in nite
hyperbolic geadesic 2 H"*! through Xq, sothat both of the endpoints f c;dg of

do not lie in the collection fa;bg. Then g;, (c)! aandg,(d)! aask! 1.
Furthermore, since g;, is K -quasiconformal, we know that g, ( ) is cortained
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in a bounded hyperbolic neighborhood of the hyperbolic geadesicwith endpoints
g, (c) and g;, (d) (seeLemma 3.4.2in [E]). Thus we can concludethat for large
enoughk the image g;, ( ) liesin an arbitrarily small (n+ 1)-ball certered at a,
and this implies that g;, (U)\ U = ; for large enoughk, a cortradiction. o

Thus we can de ne a Poincare seriesand an exponert of corvergence ny,
that sharesmany of the properties that are known in the Kleinian case.

De nition 2.4. Let G beadiscrete quasiconformalgroup acting on R", ex-
tend G to a quasiconformalhyperbolic action G° on H"*! . Then the s-geometric
Poincare series is

e SUXg(y)) -

g2Go

Furthermore, the hyperbolic expnent of convergene of G is

X
hyp (G) = inf s> 0 e SUXI(Y) < 1
g2Go

The following lemma validates the previous de nition:

Lemma 2.5. Let G be adiscrete quasiconformalgroup acting on R". Then
the value of ny,(G) only dependson G, but not on the particular extension
action G°. Furthermore, nyp(G) is alsoindependert of the choice of basepoints
xandy,and 0 ,p(G) n.

The proof of this lemma is a slight modi cation of the proofs of Theorem 3.3
and Lemma 2.3 in [BTT1]. Under additional assumptionswe will sharpen this
lemmain Theorem 5.5 and Corollary 5.2.

In consideringdistortion questionsour analysisinvolvesthe areadistortion of
setsin R" under guasiconformalmappings. The optimal bounds are achieved in
dimension n and sowe are obliged to ignore the possibleexistenceof an extension
to H"*! and develop an exponert of corvergencein terms of the chordal metric q.

De niton  2.6. Let G be a discrete quasiconformal group acting on R"
with non-empty regular set. Let zo 2 ( G). Then

X
chord (G) = inf s> 0 distchors 9(20); ( G) < 1

926G

is the chordal exmpnent of convergene of G.

The value of the chordal exponernt of corvergencedoes not depend on the
choiceof zp 2 ( G):
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Lemma 2.7. Let G be a discrete quasiconformal group acting on R" with
non-empty regular set, and let zo, wp be two points in ( G). Then there exists
a constart C sud that

distchora 9(Wo); ( G)
(2:1) C

distchora 9(20); ( G)
C distchora 9(Wo); ( G)

holds for all g 2 G. The constart C does not depend on g 2 G (but it does
depend on zy; Wp) .

An immediate corollary is the above-mertioned basepoint independencefor
chord (G) .

Corollary 2.8. The chordal exponert of convergenceis independert of the
choice of the basepoint zo 2 ( G).

Proof of Lemma 2.7. By conjugation with an isometry of the chordal metric
we can assumewithout loss of generality that 1 2 ( G). Obsere that ead
g 2 G extendsto a quasiconformalmapping of H"*! | by re ection we can then
extend g to a quasiconformalmapping g° of R"*1 . By [TV] we can extend eadh
g 2 G in this way and keepthe dilatation of all g° bounded by, say, K. Note
that the collection fg°j g 2 Gg may no longer have a group structure. Let
W =R"l n(G) R"?. Then eah g° keepsW invariant. (In this proof we
have to passfrom ( G) to W to ensurethat we have a connected open set to
work with. If ( G) is connectedthen the passageto W is not necessary)

Let now zy and wp betwo pointsin ( G). Let H bethe subsetofall g2 G
so that

distchora 9(20); ( G) diamenora  ( G) =10 and

distehora 9(Wo); ( G) diamenora  ( G) =10

Then GnH is nite. Let g2 H. Let z 2 ( G) be a point sud that
distchora 9(20); ( G) = g g(z0);z (recall that g denotesthe chordal metric).
Let z 2 ( G) bea point that has chordal distance at least diamchorg (( G))=2
from z . Using a chordal isometry * wemap z to 1 . Then

(2:2) distehord (" (2 );1 ) = distenord (Z 52 ) diaMenord ( G) =2;
and

distchord " 9(20) ;1 distehord " (2 ) 1 q'(z);" 9(z0)

% % diamcnord (G) :

(2:3)
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Obsene that since' is a Mebius transformation, it extendsto W . Furthermore,
Wo=" gqw) ="' (W) R"! sincel 2" (( G)). An application of Theo-
rem 11.30in [Vu] (here we needthat W is a connectedopen subsetof R"*!) to
the mapping ' g% W ! W? yields that

9(z0) ' 9(wo)
min distewc " (9(20) ;* ( G) ;disteic * 9(wo) ;" ( G)
jZo  Woj
min disteyc Zo; ( G) ;distewc Wo; ( G)

M n;K

whereMk : [0;1)! [0;1 ) isahomeomorphismthat only dependson n and K .
Hence

distese ' 9g(wo) ;' ( G) (M + Ddisteye ' 9(20) ;' ( G)
and
disteue ' 9(20) ;' ( G) (M + 1)disteye " 9g(Wo) ;' (G) ;

where M dependson n, K, zp, wp, ( G), but not onthe specic elemen g2 G.
By our normalizations (2.2) and (2.3) we now have that the Euclidean and
chordal distancesare comparable, sothat we obtain

distchora * 9(Wo) ;' ( G) (M + 1)distehora ' 9(20) ;' ( G)
and

distchora " 9(20) ;* ( G) (M + 1)distehora ' 9(Wo) ;' ( G)
where M is independert of g. Since' is a chordal isometry, this implies that

diStchord g(WO)a ( G) (I\ﬁ + 1) diStChOI’d g(ZO)’ ( G)

and
distehord 9(20); ( G) (M + 1)distehora 9(Wo); ( G) ;

forall g2 H.

Since GnH is nite, we canterm by term replace M with a larger constart
(if necessary)sothat the last two inequalities hold for all g2 G. This provesthe
lemma. o

Remark 2.9. We will obsene that g (G) n by establishing that
chord (G) = nyp (G) (seeTheorem 4.2).
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3. Geometric facts about quasiconformal mappings

In this section we provide some basic facts concerning the distortion of the
hyperbolic and quasihyperbolic metrics under quasiconformal mappings.

Recall that the hyperbolic metric %on B" is derived from the di erential
2jdzj=(1 jzj?). The rst lemmadescribeshow the hyperbolic distanceis distorted
under quasiconformal mappings preserving B" . This lemma is a special caseof
the more general Theorem 3.2 and Corollary 3.3 (seebelow).

Lemma 3.1. Foreach n 2 N and K 1 there exists a homeomorphism
kn:[0;1)! [0;1) sothat any K -quasiconformal mapping g preserving B"
satis es
%9(x); 9(y) Kin %X Y)

for all x;y 2 B". Furthermore, there exists a constart L., depending only on
n and K, sothat

1

I—K;n

WNx;y)  %9(x);9(Y)  Lkan%Xy)

holds for all x;y 2 B" with %x;y) 1.

Next we record someresults concerningthe distortion of the quasihyperbolic
metric under quasiconformal mappings. For a proper subdomain D of R" we
de ne the quasihygerbolic metric kp on D by

Z

o (x11x2) = inf !

. dsite @)

wherethe in m um is taken over all recti able arcs C joining x; and X, in D, and
dist denotesthe Euclidean distance. Many of the basic properties of this metric
can be found in [GO]. In particular, (D;kp) is a complete gealesic space. The
following theorem is proved in [GOJ:

Theorem 3.2 (Gehring{Osgood). For eadh n 2 N and K 1 there exists
a constart c only dependingon n and K with the following property: If D and
D9 are proper subdomains of R" and if f is a K -quasiconformal mapping of D
onto D° then

kpo f(x1);f(x1) cmax kp(Xx1;X2);kp (X1;X2) ; = K= ).

forall x1:x>2D.

In particular, this theorem implies that a quasiconformal mapping f asin
the theorem is bi-Lipschitz \in the large™:
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Corollary 3.3. Foreaci n2 N, eadh K 1 and ead a> O there existsa
constart L > 1 with the following property: If D and D° are proper subdomains
of R" and if f is a K -quasiconformalmapping of D onto D? then

1
ka (X1;%2)  kpo f(X1);f(X2) LKp (X1;X2)

for all x3;x2 2 D with kp(x1;x2) a. Here,L! 1 asa! O.

Recall nally that a quasiconformal mapping of R" \quasi-presenes" the
crossratio _ T
SR Y ) B
ja;b;c;dj = j—a diib g
where a, b, ¢, d are four distinct points in R", and this quartit y is appropriately

interpreted if one of the four points is the point 1 . Seefor example [AVV].

Lemma 3.4. Foreach n 2 N;n 2 and ead K 1 there exists a ho-
meomorphism n:[0;1) ! [0;1) sothat every K -quasiconformal mapping
f:R"! R" satises:

1
k:n (15a; b;c;dj)

jf(@);f(B;f(0;f(d)i  «kin(iasb;c;d):

Note that 1.,(t) = t, i.e. the crossratio is invariant under Mebius transfor-
mations.

We are now readyto preser our rst lemma. It quanti es the relation between
balls in the Euclidean versusthe quasihyperbolic metric.

Lemma 3.5. Let D R" be a proper subdomain, and let kp be the
quasihyperbolic metric in D. Then for ead z, 2 D and eathh M 2 we have
that

1 dist(zo; @) 1
B Zp, ————= B Zo;
Euc 0> M kp 0 M 1

Bk, Zo;

b M+ 1

Here, By, (zo;r) and Bgy:(zo;r) denote a ball with certer z; and radius r
in the quasihyperbolic and the Euclidean metric, respectively.

Proof of Lemma3.5. Let M 2 andlet z5 2 D.
(1) To prove the rst inclusion let

dist(zo; . dist(zg;
22 @euc 20;—(,\2 @) . 75 = LH2I D),

ie. j
i jz M
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Then there exists a geadesic C in the quasihyperbolic metric so that
Z

1
ko (20;2) =

- dist(w; @) %

Since quasihyperbolic geadesicsare 1-corvex with respect to balls ([Mar, Theo-
rem 2.2]) we know that

dist(zy; @
C Beu Zm%

Hence,for any w 2 C, we have that

dist(w; @) dist(zo; @) + jwW  Zo]

dist(zo: @) + M2 @) _ M+ 1 0 @):
M M
Thus
M 1 z M iz Zo] 1
. O - .
ko (20:2) G Tdstz @) o O M+ ldstz @) M+l

Sincethe sphere @ gy zo;dist(zo; @)=M) separatesR" we concludethat

1 _dist(zp; @)

Bk, Zo; Beuc Zo; M

P M+ 1

(2) To prove the secondinclusion, let

. dist(zp; @)

dist(zo;
z 2 BEUC 20, M M:

;e jz Y

Then for any w on the line segmen [zp; z] that connectszy to z we have that

dist(w; @) dist(zo; @) jzo W]

dist(zo; @) dis“iz;@) = MM L dist(zo: @):
Thus we have for the quasihyperbolic distance:
kp (2o; 2) ‘ ;ds M - ! ’ ds
[20:2] dist(w; @) M 1dist(zo; @) [z,:7]

M 1zo  Zj 1
- M 1dist(zg;@) M 1
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Hencewe have shown that

dist(zq; @D) 1
B ————= B ; :
Euc Zo0; M ko Z0; M 1 o
Lemma 3.6 Let D R" be a proper subdomain, and let ' : D ! R"
be a K -quasiconformal mapping, let D% = ' (D). Denote by kp and kpo the

quasihyperbolic metrics in D, DO, respectively. Then for eat ro > 0 there exists
a constart L dependingonly on ro and K sothat forall r rg andall zg 2 D
we have that

r
BkDo I(ZO);E I BkD (Zo;r) BkDo I (ZO);Lr :

Proof. Let ro > 0. Then, following Corollary 3.3 there exists a constart L
depending only on ro and K sothat

%kD (viw)  kpo ' (V);" (W)  Lkp(v;w)

holds for all v;w 2 D with kp(v;w) ro. Letnowr ro andlet zg2D.

(1) To show the rst inclusion let w 2 By_, ' (20);r=L and suppose that
w2' By, (20;r) . Then' (w) 2By, (2;r) andsokp ' (w);zg r. But
sincer rq this implies that kpo w;" (2p) r=L, and this is a cortradiction.

(2) Toshow the secondinclusionlet z 2 @B, (zo;r),i.e. kp(zo;2) = r. Then
kpo ' (20);" (2) Lr, ie.

' (2) 2 Bk,o ' (20);Lr :
But this implies that
Bk, (2o;1) Bkyo ' (20);Lr o
Remark 3.7. Setting k. (t) = ck.n max(t;t ), where = K= M and

Ck :n IS the constart from Theorem 3.2 one similarly obtains that under the hy-
pothesisof Lemma 3.6 we have that

Bio Zo; k(1) Bkyo ' (20);t " Bky 207 kin(t)

holds for all t > 0.
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4. The equalit y of the chordal and hyp erb olic exponents

The spaceX = R" R" R"ndiagonalscanbeidenti ed with the collection

of mutually distinct triples of points in R". Fora point (a;b;c) 2 X , denote by
p the projection map
p: X 1 HM

that maps c to the point  on the hyperbolic geadesic (a;b) 2 H"*! sothat the
hyperbolic geadesicdetermined by ¢ and meets (a;b) orthogonally.

The action of the MObIUS group actlng on R" extendsvia the diagonal ex-
tensionto an actonon R" R" R" ndlagonals obsene that the action of a

Meobius transformation commutes with the projection map p, that is

(4:1) p (a@); (B; (9 = p(ab;c) :

(Of coursethe action of  on the right side of the above equation is that of the
isometric action of on H"*1 )

Equation (4.1) is no longer true for quasiconformal mappings, howewer it is
not too falseeither (seeLemma C2 in [T4] for example):

Lemma 4.1. For each n 2 N and for eadh K 1 there exists a constart
Ck:n SO that_for any K -quasiconformal mapping g: H"*1 1 H"*1 (npaturally

extended to ) and any triple (a;b;c) of mutually distinct points in R" we
have that

%g p(a;b;c) ;p g(a);g(b); g(c) Ckin:

The results in Section 3 and Lemma 4.1 now enable us to shawv that both
the chordal and the hyperbolic exponert of convergenceagreefor discrete quasi-
conformal groups with non-empty regular set and large enough limit set, acting
onR". The analogousresult for Kleinian groupswas proved by Bishop and Jones
in [BJ2].

Theorem 4.2. Let G be a discrete quasiconformalgroup acting on R" with
non-empty regular set ( G) and sothat j( G)j] 2. Then

(4:2) hyp (G) = chord (G):

Proof. Suppose rst that G is non-elememary. Let G° be a quasiconformal
hyperbolic action on H"*! asswiated with G. Let zo 2 ( G). By conjugation
with a Meobius transformation we may assumethat 1 2 ( G), and that the
orbit of zy is boundedin R", i.e. 1 2 G(zp). With these normalizations, we
can replace the chordal distance distchorg With the Euclidean distance distgyc
in the de nition of the chordal exponert of corvergence(De nition 2.6) without
a ecting the corvergencebehavior of the sum. Furthermore, in the de nition
of the hyperbolic exponert of corvergence(De nition 2.4) we choose X = y =
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j = (0;:::;0;1) 2 H"*! and then can replace %j; g(j) with logim g(j)
without a ecting the corvergenceproperties. Here, for a point x 2 H"* | we
write Im(x) for the (n + 1)st coordinate of x. We often write x = z + tj , where
t = Im(x), and z2 R". We alsorefer to the point z in R" given by the rst n
coordinates of x as Re(x). Thus (4.2) becomes

(4:3) X

inf s>0 Img(j) <1 =inf s>0 distewe 9(z0); (G) "< 1
g2Go 092G

Clearly, j canbe replacedby any other x 2 H"*1 |

Chooser > 0 small enoughso that the Euclidean ball D = B(zg;r) in R"
of radius r certered at z; is contained in ( G) and its orbit under G is bounded
in R".

Let x = zo+ rj 2 H"™ . Pick (and x) a;b;c2 ( G) mutually distinct,
and recall that C = p(a;b;c) 2 H"*! is the projection of ¢ onto the hyperbolic
geadesicwith endpoints a and b.

¥ ‘p(g”(v‘.,g'l(W),zo)

Figure 1.

Let v2 @(D) be a point with minimal Euclidean distanceto g(zp). Let w
be the closestpoint on @(D) that lies on the ray emanating from v and passing
through g(zo). Dene g(x) = p v;w;0g(zo) , seeFigure 1. We will show that

g(x) is hyperbolically closeto g(x), where\close" is independert of the mapping
g2 G. Todoso,let y bethe point on @ (zo;r) that is diametrically opposite to
g *(v). Then

ig '(v) g *Wijzo i
j9 '(v) viizo 9 Y(w)j
On the other hand, using Lemma 3.4 we obtain that
1

kon 15V;9(zo);w;g(y)j

jg '(v);zo;0 Y(w);yj= =jg Y(v) ¢ l(W)J'%:

g *(v);z0:9 t(w);yj
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and . o
v wj jg(zo) ga(y)
i9(zo) wj jv 9y
19(z0)  9(y)i
v 9(z0)j * j9(z0)  9(Y)]
1 1 1
v 9@, 1+1 2
j9(z0) 9]
Hencejg *(v);z0;9 *(W);yj 1=k n(2) andsojg *(v) g *(W)j 2r=kn(2).
Thus %x; p(g (v);g 1(w);z) Dk n, Where Dy, is a constart that only
dependson K and n, but not on g or r. HenceLemma 3.1 implies that

Vi 9(zo); w; g(y)j =

%g(x);9 p(g *(v);g (w);zo) kn(Din):

Now, sinced{x) = p v;w;9(z0) = pgg *v) ;99 (w) ;g(z0) weobtain from
Lemma 4.1 that

%dHx);apg t(v);g '(W);z0)  Ckon;

sothat we can conclude:

%g(x);f@x)  %g(x);gp g *(v);g H(w);z0)
+9%gpg t(v);g H(w);zo ;dx)
K;n(DK;n)"' Ckn:

Thus, in (4.3) we can replace Im g(j) with Im ¢g{x) and hencehave to show
that
(4:4) X
inf s> 0 Imdx) <1 =inf s>0 distewe 9(z0); ( G) "< 1
92G g92G

In order to prove (4.4) we compare Imd{x) and distey,e g(20); ( G) to
ead other.

(1) We rst shaw that \ " holdsin (4.4). Note that jg(zo) Vvj Imdix)
2j9(zo) vj. Sinceby choice of v we have that jg(zp) Vvj distewe 9(20); ( G)
this implies that

Im Gﬂx) 2disteye 9(20); ( G)
for all g2 G, and this provesthat

X S X S
inf s> 0 Imdix) <1 inf s> 0 distewe 9(z0); (G) "< 1

92G g92G
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(2) Next we showv that \ " holds in (4.4). First obsene that Im ¢{x)
v 0(z0)] 9(zo) Re dx) . Recallthat C = p(a;b;c), where a, b, c are
three mutually distinct points in ( G). Let M = %x; C), and de ne ddC) =
p g(a); g(b);g(c) . Then %g(C); fC) Ck.n by Lemma 4.1 and thus

%dC);dlx)  %fC);g(C) + %g(C);g(x) + %dlx);q(x)
ZCK;n + K;n(M):

Hence there exists a constart A that only dependson M, n, K, sothat the
Euclidean ball of radius A Im ¢{x) , certered at Red{x) , must cortain at least
one of the points g(a), g(b), g(c). This implies that diste,c Red{x); ( G)

A Imdix) . Hence

disteuc 9 20); ( G) jo(zo) Redlx)j+ diste,c Redlx); ( G)
Imdx) + A Imdix):
Thus

X S X S
inf s>0 Imd{x) <1 inf s> 0 disteye 9(20); (G) "< 1
92G g92G

If G is elemenary, then by our assumptionswe have that ( G) corntains ex-
actly 2 points. Onecanmaodify the aboveargumert and still show that o (G) =

hyp (G) . ©

5. The chordal exponent of convergence and its distortion

The results in the previous section showv that we can de ne the exponert of
cornvergenceof a non-elemenary discrete quasiconformal group with non-empty
regular set, acting on R", ewen if the group action does not extend to H"*!
in two di erent ways that lead to the sameresult. In what follows, we will use
the symbol (G) to refer to an appropriate choice of exponert of cornvergence,
ie. (G) = nyp(G) if G is elemertary or if ( G) = ;, and otherwise, (G) is
interpreted hyperbolically or chordally, in whichever way is most corveniert.

We shaw in [BTT1] that the Hausdor dimension of the conical limit set of a
discrete quasiconformalgroup acting on H"*! (and extendednaturally to ﬁn) is
bounded above by its exponert of corvergence,but the exponert of corvergence
can be strictly larger than the Hausdor dimension of the conical limit set. In
fact, using a standard argument (see for example [BJ1], [N]) which generalizes
to quasiconformal hyperbolic actions (see De nition 2.1) one can seethat the
Hausdor dimension of the conical limit set of a discrete quasionformal group is
boundel alove by its hyperbolic exponent of convergene. Thus we have:
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Theorem 5.1. Let G be a discrete quasiconformal group acting on R".
Then (G) dim ((G).

Establishing this fact allows us to obsene that (G) sharesanother funda-
mental property with () where is Kleinian.

Corollary 5.2. Let G be a discrete non-elememary quasiconformal group.
Then (G)> 0.

Proof of Corollary 5.2. For any sudh G wecan nd anon-elemenary subgroup
H G sothat H has purely conical limit set and non-empty regular set. It is
a result of Bonfert-Taylor and Martin [BTM] that ( H) is uniformly perfect and
sodim ( H) > 0 (see[JV].) The conical limit set of the full group G contains
the conical limit setof H, and sodim ((G) dim (H) . The conclusionis
now immediate from Theorem 5.1. o

As stated in the introduction, our formulation of the exponert of corvergence
in the chordal metric was undertaken in order to establishthe following distortion
theorem:

Theorem 5.3. Let G beadiscretenon-elemenary quasiconformalgroup act-
ing on R" with non-empty regular set. Let ' : R"! R" beak -quasiconformal
homeomorphism,and set H = 'G' 1. Then

(n+ 0 (G).

H) G)

where ¢ > 0 is the constart from Gehring's Theorem 5.5 (seebelow).

Remark 5.4. Astala showed that in dimension n = 2 the sharp bound for
cisc= 25K 1). Thusunder the assumptionsof the theorem, in dimension 2

we obtain that
2K (G)

M) & 1©

This was proved in [BTT2] under the additional assumptionthat ( G) be uni-
formly perfect.

Finally, we considerdiscrete quasiconformalgroupsacting on R" with purely
conical limit set and non-empty regular set. In our paper [ABT] we prove that if
the group extendsto a group acting on H"*! then the exponert of corvergence
of the group is strictly lessthan n, compareto Theorems 1.2 and 1.3 in [ABT].
Here we provide a new proof not requiring the assumption that the group extend
to H"* .

Theorem 5.5. Let G be a discrete non-elemetary quasiconformal group
acting on R" with purely conical limit set and non-empty regular set. Then
(G) < n.
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We now prove the results from this section.

In order to prove Theorem 5.3 we recall results of Gehring [G] and Astala [As]
concerningthe integrability of the partial derivativesof a quasiconformalmapping.

Let D beadomainin R" andlet f: D! R" beahomeomorphism. Let

Lt (x) = lim supw and J; (x) = lim supm M

yl x 1y X o m B(x;r)

be the maximum stretching and the genearlized Jacobian for f at x 2 D, respec-
tively, where B (x; r) denotesthe open n-ball of radius r about x and m denotes
Lebesguemeasurein R". Thesefunctions are nonnegaive and measurablein D,
and Js (x) Lf(x)". Lebesgue'sheoremimpliesthat _ Jsdm m f(E) <1
for eath compactset E D, and hence J; is locally L!-integrablein D. If f
is also K -quasiconformalin D, then L; (x)" K J; (x) almost everywherein D,
and thus L¢ islocally L" -integrablein D.

Gehring shows ([G, Theorem 1)):

Theorem 5.6. Let D R" be a domainandlet f:D ! R" be K-
quasiconformal. Then L¢ is locally LP-integrablein D for eadh p 2 [n;n + C),
where c is a positive constart which dependsonly on K and n.

Analyzing the radial stretch mapping near the origin one obsenesthat nec-
essarilyc n=(K ¥ 1 1) andit is conjectured that this upper bound for ¢
is sharp. In dimension n = 2 Astala shavs in [As] that indeed c= 2=K 1).

We will needa localized version of the exponert of corvergence. In [BTT3]
we localize the de nition of the hyperbolic exponert of corvergence;here we will
do the samein terms of the chordal exponert of corvergence(De nition 2.6).

Denition 5.7. Let G be a discrete non-elemettary quasiconformal group
acting on R" with non-empty regular set. Let zo 2 ( G). For x 2 R"andr >0
de ne

X
"(G):=inf s> 0 distenora 9(20); ( G) ° < 1
92 G:9(z0)2Bchord (Xi1)

Furthermore, de ne the local exmpnent of convergene of G at x to be

«(G) = lim (G):

Remark 5.8. Note that for xed x 2 R" the quantity 1 (G) is non-
increasingasr & 0, and hencethe above limit exists. Furthermore the de nition
of the local exponert of corvergenceis independert of the choice of zy. (This can
be seenvia an argumert similar to the proof of Lemma 2.7.)

It is easyto seethat (G) = 0 for x 2 ( G) and furthermore that (G) =
maXys ( ¢y x(G).
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Proof the Theorem 5.3. By composition with a Mebius transformation (which
doesnot e ect the exponert of corvergence)we may assumethat ' (1 ) = 1 , that
1 2 ( G), and that there exists o2 ( G) with (6 1 sothat [(G)= (G),
and o2 (H), 061 ,with (H)= (H). ChooseR > 0 large enoughso

that j oj < 3R, j ol < 3R, ' (0)i< 3R, | (0)j< 3R. Choosezo 2 ( H),
andlet wo ="' (zp). Then, since ,(H)= (H), we have that
X S
(H) = inf s> 0 distewe h(zo): ( H) S< 1

h2H :jh(zo)j<R

Note that we can useEuclidean distance instead of chordal distance sincewe only
consider those h 2 H for which jh(zp)j < R. In the following we shall write
A B for two quantities A and B if there existsa constart C that only depends
on n and K and possibly the group G (but not on the particular elemenn g2 G
under consideration) sothat A=C B CA.

In what follows, let M 2 be a constart (whose exact value will be deter-
mined later) that dependson the group G. Let h 2 H with jh(zy)] < R, let
g="' ' 2G. ForanopensetU R"™andz2 U, r > 0, denoteby By, (z;r)
the quasihyperbolic ball in the componert of U that corntains z that is certered
at z and hasradius r. Then using Lemma 3.5 and Remark 3.7 we obtain:

distesc h(z0); (H) "

disteyc (h(zo); ( H)) VOlgyc Beuwe N(20);

M
1 1=n
1 1=n
= VOlgye Bk, '9 (Wo); M
1 1=n

VOlgyc ' Bk(G) g(Wo); kn M

Here, volg,. denotesEuclidean volume.
Enumerate fg2 Gjj'g (wp)j < Rg= fg ji 2 Ng, and write

1

Then there is a constart C that only dependson n, K, M, sothat
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X . ) s SX , s=n
disteyc h(z0); ( H) C VOlgyc ' (Bj)

h2 H :jh(zo)j<R i

X Z sS=n
=CS3 J. dm
i B
X Z 1=po Z 1=qp s=n 1 1
Cs JPo dm 1% dm - where —+ — =1
i Bi Bi Po
x Z s=(npo)
= CS JPodm (vOlgye Bj)S=(hao)
i Bi
X £ s=(npo) X (npo $)=(npo)
(5:1) C° JPodm (VOlgye Bj)SPo(@(mPo s) ;
Bi ;

i i
By discortinuity of the action of G on ( G) there exists a constart L > 0
so that k¢ gy 9(wWo); &(Wo) L holds for all g;g 2 G distinct. (Otherwise
there are g;; g 2 G distinct sothat k( gy g (wo);g(wo) ! Oasj! 1, but
then k( ) Wo; g 1 g (Wo) ! O aswell by Theorem 3.2, and this corntradicts
discortinuity of the action of G near wp.)
By choosing M large enoughsothat «.n(1=M) < IL we thus obtain that
the balls fB;; i 2 Ng are all disjoint. Furthermore, g(wp) ' g(wo) < R
is cortained in the compact (in R") set' 1(fizi Rg), and so there exists a
compactset F  R" sothat B; F forall i 2 N. Hence
x Z Z
JPodm JPodm;
i Bi F
and this last integral is nite whenewer py < (n + ¢)=n since J: L",and L. is
locally LP-integrable for p2 [n;n+ ¢) by Theorem 5.6. Hence

X Z S=npo
(5:2) JPodm <1
i Bi
whenewer pp < (n+ ¢)=n.
We can assumethat M was chosenlarge enoughsothat ., (1=M)
Henceusing Lemma 3.5 we obtain:

W[~

VOleye Bi VOleue B o, Gi(Wo); 3
Voleye Beue Gi(Wo); Adist gi(wo); ( G)  dist gi(wo); ( G) "
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Thus
X _ X nspo=(do(nPo  s))
(5:3) (VOlgye Bj)SPo=(G(npo s) dist gi(wo); ( G) ;

and this last sumis nite if nspo=(gp(Npo S)) > (G). From (5.2) and (5.3) we
obtain that (5.1) is nite if

n+c NSPo
< and ———> (G):
Po ope 9 &
Using that
1 1
_ = 1
Po G
we thus obtain that (5.1) is nite if
. (n+9 (6).
c+ (G) -
This provesthat
(n+0o (G),
(H) c+ (G)

Finally, for the proof of Theorem 5.5 we needthe following lemma, the proof
of which makesuse of the assumption that the limit set be purely conical:

Lemma 5.9 (Corollary 3.2 |n [ABT]). Let G be a discrete non-elemenary
quasiconformalgroup acting on R" with purely conical limit set and non-empty
regular set. Then ( G) is uniformly porousin the following sense There existsan
" > 0 such that if B is a chordal ball in R" of chordal radius r then B cortains
a chordal ball of chordal radius "r that doesnot intersect

Proof of Theorem 5.5. In this proof we work with the chordal exponert
of cornvergence,and thus omit the subscript ¢org . We can normalize so that
1 2 ( G), and sothat thereexistsx 2 ( G), x6 1 ,sothat «(G)= (G), see
De nition 5.7. Let zp 2 ( G) and de ne

6 =fg2 Gjog(zo) 2 Qi(X)g:

where Q1(x) is a n-cube of side length 1, certered at x. Then

X
(G)=inf s>0 distewe 9(z0); (G) °< 1

g2 €

Let Ay = z2 Qi(x)je D distge z; (G) < e kX | andlet # A, bethe
number of elemerts g 2 G for which g(zp) 2 Ax.



Distortion of the exponert of corvergencein space 403

Claim 1. We have
. |Og# Ay
limsup———— =
k11 k

(G):

To prove Claim 1, let r = limsup,,; log# Ax=k, and suppose rst that
r < (G). Chooses, t sothat r < s<t< (G). Then #A, €S for all but
nitely many k, and hencethere is a nite constart C sothat

. t X X . t
disteye 9(20); ( G) = disteye 9(20); ( G)
g2 € k g:9(z0)2Ax
X X
# Ax(e ) e Kty C<1:
k k

This implies that (G) t < (G), a cortradiction. Similarly, one obtains a
contradiction from the assumptionthat r > (G), and this provesClaim 1.

The proof of the Claim 2 below follows easily from Theorem 3.2 and the fact
that G acts discortinuously on ( G).

Claim 2. There exists a constart C > 0 sothat

K(e) 9(z0)ih(z0) C

for all g;h 2 G with g 6 h. Here, we de ne that k( ¢)(z;w) = 1 ,if z and w
are in distinct componerts of ( G).

Our goal is to useClaim 1 in order to estimate (G), and we thus needto
bound # Ax from above. Claim 2 implies that there exists a constart M > 0 so
that # Ag M volg ., (Ak), where voly ., denotesquasihyperbolic volume.
Furthermore,

Z
1 n

VOl 6, (Ak) = A dist( ; ( G)) am

()" dm = "D volgye (A):
Ay

Hence
(5:4) #Ac M volg, (Ay):

In order to estimate volg, (Ak), we useLemma 5.9 to assertthe existenceof an
integer q so that the following is true: If Q is a (Euclidean) cube contained in
Q1(x), and we divide Q into q" sub-cubesof equal (Euclidean) side length, then
at least one of these sub-cubes doesnot intersect ( G).
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For a cube Q in R", denoteby 3 Q the cube that hasthree times the side
length of Q and is certered around Q. Then by replacing the integer g with 3q
we can assumethat the following holds: if Q is a cube contained in Qi(x), and
we divide Q into " sub-cubes of equal side length, then at least one of these
sub-cubes ® hasthe property that 3 @ doesnot intersect ( G). This implies
that if the side length of this particular cube @ is at least e ¥, then @ cannot
meet Ay .

Inductiv ely we obtain that Q4(x) cortains (q" 1) ! sub-cubesof sidelength
1=d none of which meet A, aslongasq ' e ¥, and all these sub-cubes are
disjoint. Hence

X« . .
VOlgye (Ax)  Volgye Qi1(x) (g ")"(d" 1) 1;
i=1

where Iy 2 N with (k=logg) 1< Iy k=logq. Thus

X 1 _n [ n Ik n (k=logq) 1
g 1 _ g 1 q 1 :
VOlEUC (Ak) 1 q " - qn - qn qn
This together with (5.4) implies that
n k=log g
# Ak M en(k+1) q - 1 .
q
Hence
log# Ay  logM n 1 q 1 1 q 1
+n+ —+ —| =1 ;
k k "k logq od q k09 g’

and sincelog (" 1)=d" < 0 and logg> 0 we obtain that

. log# Ak 1 g 1
lim su n+ lo
k11 Pk logq J q

Claim 1 now implies that (G) < n. o

Remark 5.10 (1) Theorem 5.5 as well as Lemma 5.9 should be true in
the more general setting of discrete quasiconformal groups whoselimit sets con-
sist ertirely of conical limit points and bounded parabolic points in the senseof
Bowditch [Bow] and Tukia [T5].

(2) One could prove Theorem 5.5 using the hyperbolic exponert of conver-
gence nyp and quasiconformalhyperbolic actions. Howewer, the proof givenabove
is considerably shorter.



Distortion of the exponert of corvergencein space 405

6. Conjecture

Giventhe relationship betweenthe exponert of corvergenceand the Hausdor
dimension of the conical limit set it is desirableto nd an upper bound on the
exponert of corvergencein terms of the Hausdor dimension of the conical limit
set and the dilatation K of the group.

Conjecture 6.1. Let G be a discrete non-elemettary quasiconformalgroup
acting on R" with non-empty regular set. Then

(n+ cdim (G).
c+ dim (G)

chord (G)

where
n

K 1=(n 1) 1:

A variant of this inequality was establishedin dimension n = 2 in [BTTZ2]
using the 2-dimensional analog of Theorem 5.3. The approac usedin dimension
2 doesnot extend to higher dimensionsbecauseof the existenceof discrete qua-
siconformal groups that are not conjugate to Mebius groups ([FS], [T3], seealso
[S1],[T1]). Recen progresshas been made towards developing sharp boundsin
dimension 2 in [BTT4].

c=
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