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Abstract. In this paper we study composition operators betweenweighted spacesof holo-
morphic functions de ned on the open unit ball of a Banach space. Necessaryand su cien t
conditions are given for composition operators to be compact. We show that new phenomena
appear in the in nite-dimensional setting di erent from the onesof the nite-dimensional one.

1. Weights. Weighted spaces

The starting idea of composition operators is a simple and very natural ques-
tion. Consider D the open unit disc of C and a holomorphicmap :D ! D.
If f:D ! C isaholomorphic function, we can compose f and try to ana-
lyze what happenswhen we let the f vary; in other words we de ne an operator
between spacesof holomorphic functions and we want to study what properties
does this operator have (continuity, compactness,:::). This obviously depends
on which are the spacesconsidered. First candidates are the Hardy spacesand
a full study of the situation in this casecan be found in [18]. In the last few
yearsa lot of researt has beendone studying the behavior of operators between
weighted spacesof holomorphic functions H,,(B) whenewer B is the unit disk
of C or, more in general, an open subsetof C" (seebelow for de nitions and
notation). Among the operators between these spacesparticular attention has
beenpaid to composition operators. We refer to [4], [5], [7], [8], [9], [10], [15], [19]
and patrticularly to the recent surveys [3], [6] for information about the subject.
But also some interest has been given to the more general casewhere X is a
Banad spaceand By is its open unit ball (seee.qg. [1], [2], [13], [14], [17]). In
this paper, strongly in uenced by the work of Bonet, Domanski, Lindstrom and
Taskinen[8], we study composition operators betweenH,,(Bx ) and H,(By) and
we nd that new phenomenaappear in the in nite-dimensional setting di erent
from the onesof the nite-dimensional one. In Section2 we make an intro ductory
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study of composition operators. In Section 3 we study the compactnessof a com-
position operator giving necessaryand su cien t conditions for such an operator
to be compact. Finally, in Section 4 we show that Hilb ert spacesare a natural
setting to extend [8, Theorem 2.3], a result that givesconditions on the weight v
sud that all composition operators from H, (Bx ) into itself are continuous.

We x the notation to be usedin the rest of the article. Let X be a complex
Banadh spaceand Byx its open unit ball. Any cortinuous bounded mapping
v: Bx ! ]0;1 [ is called a weight

We denote by H(Byx ) the spaceof all holomorphic functions f: By ! C.
A set A Bx is said to be By -bounded if there exists 0 < r < 1 sud that
A rByx . The subspaceof H(Bx ) of those functions that are bounded on the
Bx -bounded setsis denotedby Hy(Bx ).

Following [8] and [17] we consider

n (6]
Hy(Bx) = f 2 H(Bx):kfk, = sup v(x)jf (x)j < 1

XZBX

With the norm k k,, the spaceH,(Bx) is a Banadch space. We denote B,
the closedunit ball of H,(Bx ). It is well known that in H,(Bx) the , (norm)
topology is ner than the o (compact-open) topology ([17, Section 3]) and that
B, is o-compact ([17, p. 349]).

Following [4], [6], we say that a weight is radial if v(x ) = v(x) for ewvery

2C with j j=1andewvery x 2 By .

A weight v satis es Condition | if infyorg, V(X) > O forevery 0<r < 1
([24]). If v satis es Condition I, then H,(Bx) Hp(Bx) ([14, Proposition 2]).
If X is nite-dimensional, then all weights on By satisfy Condition I. From now
on, unlessotherwise stated, every weight is assumedto satisfy Condition 1.

Givenany weight v, following [5], we consideran assaiated growth condition
u:Bx ! ]0;+1 [ dened by u(x) = 1=v(x). With this new function we can
rewrite

By= f2H,Bx):jfj u:

From this, . Bx ! ]0;+1 [ is de ned by
t(x) = sup jf (x)]
f2B,

and a new assaiated weight v = 1=t. All thesefunctions were de ned by Bier-
stedt, Bonet and Taskinenfor open subsetsof C" in [5]. In [5, Proposition 1.2],
the following relations betweenweights for open setson C" are proved. The same
argumerts work for the unit ball of a Banach space.

Prop osition 1.1 Let X be a Banach spaceand v a weight de ned on By .
The following hold:
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() O0<v wand v is boundedand continuous, i.e., ¥ is a weight.

(i) & (respectively v) is radial and decreasingor increasingwheneer u (re-
spectively v) is so.

(i) kfk, 1, kfky, 1.

(iv) For eah x 2 Bx there exists fy 2 B, sud that &(x) = jfy(X)].

As an immediate consequencef (iii) we have

Corollary 1.2 ([5, Obsenation 1.12]). If X is a Banadc spaceand v is any
weight de ned on By , then H,(Bx ) = Hy(Bx ) holds isometrically.

Sincethe constart function 1 belongsto H,(Bx ) we have

sup v(x) = kik, = klky = sup w¥(X):
XZBX XZBX

De nition 1.3 ([19]). A weight v is saidto be essentialif there exists C > 0
sud that v(x) wXx) Cv(x) forall x2 By .

We say that a weight v is norm-radial if v(x) = v(y) for every x, y sud
that kxk = kyk. If v is norm-radial and non-increasing(with respect to the norm)
then v is alsonorm-radial. Indeed,if v issudh aweight and T: X ! X isalinear
mapping, T 6 0, with KTk 1, then for any f 2 H,(Bx) we can consider
fr=f T. Then

kftky = sup v(z) f T(2) supv T(z) f T(2) kf Ky :
ZZBX ZZBX

Hence, for any x 2 Bx we have supy, 1Jf(X)]  supgy, 1f (T(X))j. Now
if y 2 Bx with kxk = kyk we can take T sud that T(x) = y to get that
¥w(X) wy). The corverseinequality is proved in the sameway.

Note that given a Banach space X suc that for any two x;y 2 By with
kxk = kyk there exists a holomorphic isometry T: Bx ! Bx with T(x) = vy
then any norm-radial weight v satis es that v is also norm-radial. This happens
if X is a Hilbert space.

2. Comp osition operators

Let X, Y beBanad spaces.Wedenoteby By , By their openunit balls. Let
:Bx ! By beaholomorphic mapping. The composition operator assaiated to
is de ned by

C:H(By) ! HBx), f C@#)=f

C s clearly linear and ( o; o)-cortinuous. Given any two weights v, w we
considerthe restriction C : H,(By)! Hy(Bx) whenewr this is well de ned. If
h: Bx ! Y isboundedwe denote asusual khk; = sup kh(x)k: kxk< 1 .
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Remark 2.1. Let H, E be two Banad spacesof holomorphic func-
tions whosetopologiesare stronger than the pointwise corvergencetopology. If
C :H! E iswell de ned then, by the closedgraph theorem, C is cortinuous.
As a consguen®, to nd out if the composition operator C is continuous it is
enoughto nd outif C is wel de ned.

Prop osition 2.2. If thereissomeO<r < 1 sudhthat (Bx) rBy, then
C :Hy(By)! Hy(Bx) iswell de ned (and then corntinuous) for any two weights
v with Condition | and w.

Proof. Since (Bx) By, thenforeadh f 2 H,(By) thereis K > 0 suc
that sup,, g,)if(Y)i K. Hence

sup w(x)jC (f)(x)j= sup w(x) f (x) sup w(x) sup f (x) < 1:
2By X

X x2B X2 Bx X2 B x

Therefore C (f) 2 Hy(Bx) and C is well de ned. o
The following proposition extends someof the results in [8, Proposition 2.1]
(seealso[7, Theorem 4]).

Prop osition 2.3. Let v, w be two weights satisfying Condition | and
:Bx ! By holomorphic. Then the following are equivalert:
i) C :Hy(By) ! Hy(Bx) iswell de ned and continuous.

(i) supos, W)=H (x) < 1.

(ii)) Supos, €)= (x) <1 .

(V) sup (xyksr o W(X)=H (X)) < 1 for someO< ro< 1.

Proof. The implication (iii) ) (ii) is trivial, sincew w. Let us assume
now (ii). Let f 2 H\(By); we have

_ o w(x)
v (x)

w(x) f (x) (x) f (x)  MKkfke= MKfky

for all x. Hence C is cortinuous.
Supposenow that C is cortinuous. If (iii) doesnot hold there exists (Xn)n2 N
Bx sud that

im )
n'l v (Xp)
For eah n 2 N we cantake f, 2 B, sothat f, (Xp) =t (Xp) =
1=+ (X,) . Hence
w (X
fn (Xn) ®(Xp) = ﬂ
v (Xn)

which is a corntradiction with the fact that C (B,) is bounded.
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Clearly (ii) implies (iv). Conversely if (iv) holds, let

M= sup w(x) :
kK ()ksr o ¥ (X)

Wetake x 2 By ; if kK (X)k> rg then

w(x)

w(x) f (x) :v )

(x) f (x) MKkfky:

If kK (x)k rg, sincef isboundedin roBy , we have

w(x) £ (x) sup w(x)  sup jf(y)j :

X2Bx y2roBy

Joining both caseswe have sup,,5, W(x) f (x) <1 and C (f) 2 Hy(Bx)
forall f 2 H,(By). By Remark 2.1, C is cortinuous. o

Note that (i), (i) and (iii) above are equivalent even if Condition | does not
hold. On the other hand, as Example 2.4 below shows, Condition | is necessary
to prove that (iv) implies (i).

Example 2.4. Let X be any in nite-dimensional Banacd spaceand let
(x) = x for every x 2 Bx . By the Josefson{Nissenzwig theorem [11, Chap-
ter XI'] we canchoose{x,)n X with kx,k = 2 and weak-starcorvergingto 0.
— 1 in — 11—
Wedene a(x) = 1+ . _; jX,(x)]" and v(x) = 1=a(x).
Forevery b> 1, sup,,-pa(x) = +1 ;indeed,sincekx, k= 2,foreahin 2
thereis x, 2 X sud that kx,k= 1 and jx,,(x,)j > 2 1=n. Let y, = bx,. Then

. . . . 1 "
a(yn) > Xu (yn)i" = bixa(xn)j "> b 2

S

forall n 2. Therefore sup-pa(x) = 1 forevery b> Z; henceinfyyy=p V(x) =
0 and v doesnot satisfy Condition I. We x 2 < c< d < 2 and we consider
continuous mappings ' , :[0;1]! [0;1] sudc that
8 . 8 -
<1 if jtj <0 if jtj d,
‘()= >0 ife<jti< g, )= >0 ifd<ijtj< 3,
-0 if 3 jtj; 1 if 2 jtj.

We de ne now L
w(x) = (kxk)@ + " (kxKk):
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Clearly, if kxk ¢, then w(x) = 1 and if kxk % then w(x) = 1=a(x). Hence,

for eahh b 2 we have

w(x) _

w(X) w(X)
sup =
Kk ksb ¥ (X)  k x)ksb V(X)) kxksb V(X)

et usseethat C : H,(Bx)! Hy(Bx) isnot well de ned. We havethat f (x) =
i:l X, (X)" is an ertire function on X (see([12, p. 157]) and

P 1 n: P 1 ; in
| o= Xa(X)") p=1 JXn (X)]

=1
a=1 X ()]

kf ky, = sup < 1

X2 Bx 1+I izl an(X)jn X2 Bx 1+

Hencef 2 H,(Bx). But, by the maximum modulus theorem and the Caudy
inequality, if 3 < b< c then

%

sup w(x)jf (x)j = sup jf (x)j = sup jf(x)] sup X, ()" =1 :
kxk=b kxk b

kxk=b kxk b —q

This obviously implies C f = f 2H,(Bx) and C is not well de ned.

3. Compactness

We now study conditions for the operators C to be compact. The proof of
the next result is easily adapted from those of [18, Section2.4] and [8, Lemma 3.1]
and will be usedse\eral times.

Lemma 3.1. Let C : H,(By) ! Hw(Bx) be continuous. Then the fol-
lowing are equivalert:

(i) C is compact.

(i) Each boundedsequence(f,), Hy(By) sud that f, P O satis es that
kC fanky ! O.

Many authors, when working in the nite-dimensional setting, consider
weights with the property that limyg, 1 w(x) = 0 (e.g. w(x) = g(kxk) with
0:[0;1] ! [0;+1 [ continuous and non-increasing sud that g(0) = 1 and
g(1) = 0, [15], [10]). This kind of weights are also consideredin [8]. A char-
acterization of compactnesss givenin [8, Theorem 3.3]. Strongly inspired by that
we have the following.

Prop osition 3.2. Let v, w be weights with lim., 1 w(x) = 0 and
:Bx ! By.Then, C :Hy(By)! Huw(Bx) iscompactif and only if

w(x)
kxkl 1w (X)

(1)
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and
(2) (rBx) is relatively compact for every 0< r < 1:

Proof. Let us begin by assumingthat C is compact. Supposethat there is
ro sud that (roByx) is not relatively compact, then thereis (x,)n roBx and
"> 0 with k (x,) (Xm)k > " for every n 6 m. For each pair (n;m), n6 m,
we choosey,, 2 Y with ky,, k= 1 sud that

Yom  (Xn) Yom  (Xm)

We have (y,n,) Hv(By) and ky,,ky kvk; forall n6& m.

The adjoint operator of C , C': H,(Bx) ! Hy(By) is alsocompact. For
eahh X 2 Bx we denoteby  the ewaluation functional. We denote by k Kk,
the dual norm in Hy (Bx ) ; that is k k,, = supy, 1) (f)j for 2 Hw(Bx) .
Clearly k xk, = 1=®(x). Since w satis es Condition | sodoesw and f 4 : x 2
roBx g isboundedin Hy(Bx) . Then fC'( x) :x 2 rgBxg=f (x):x2roBxg
is relatively compactin H,(By) . On the other hand,

(Xn)(ynm ) (Xm )(ynm ) k (Xn) (Xm )kvkynm ky

for every n 6 m. Hence,for all n 6 m, k (4 ) xm)Ky  "=kvky . This is a
cortradiction.

Let us supposethat w(x)=¥ (x)) doesnot corvergeto O when kxk! 1 .
Then there is a sequence(Xp)n Bx with lim, kxpk = 1 and ¢ > 0 sud that
w(x,) ¢ (x,) forall n2 N. Using Proposition 1.1, for eadch n 2 N we can
choosef, 2 B, suchthat f, (x,) = 1=+ (Xp) .

Supposethat there exists 0 < ro < 1 sud that k (x,)k rgo for every n.
Since v satis es Condition |, sodoesv and M = infy,,,8, Wy) > 0. Then

w(xn) o (Xn) cM > O:

But this cortradicts the fact that lim, w(x,) = 0. Hencewe can extract a subse-
guenceof (x,)n (that we denotethe s%me)sothat lim, k (xp)k= 1.

We can assumethat k (x,)k > 1 1=p for every n. We choosey, 2
Y with ky,k = 1 sucdhthat y, (Xp) > "1 1=n and wedene g,(y) =
Yo(Y)"fn(y), forall y2 By . We have

sup vIY)iyaWIiMifn(y)i  sup v(y)kyk"jfn(y)] kfnky L
yZBy YZBY

Hence(g,)n Hy(By) andit is bounded. Since B, is ¢-bounded ([17]), given
any compactset K By there exists M > 0 sudh that sup,, jfn(y)] M for
all n2 N. SinceK iscompact, K rBy forsomeO< r < 1; hence

supjon ()i = supjy,(M)i"ifn(y)i M supkyk” M r":
y2K y2K y2K
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Thus, (gh)n Hv(By) is boundedand , convergernt to 0. By Lemma 3.1, the
sequencekC (gn)kw musttendto 0. On the other hand we have, for every n 2 N,
n n 1

_ W(Xp)
= m)’n (Xn) ~>cC n

KC (Gn)kw  W(Xn) Gn  (Xn)

This givesa cortradiction and implies (1).

Assume now that (1) holds and (rByx) is relatively compact for every r.
We begin by shaving that C is corntinuous. By hypothesisthereis 0< ro < 1
suc that

w(X)
sup
kxk>r o V¥ (x)

Since (roBx) isrelatively compactthereis M > 0 sucththat 0O< M v (X)
for all kxk rg. Therefore

w(X) 1
su — sup w(x)<1:
kxk '?0 v (X) M xk eo ()
This gives
sup w(x) <1

x2Bx ¥ (X)
and C is cortinuous.

Let us supposethat C is not compact. From Lemma 3.1, thereisa o-null
sequence(fn)n By sudh that kC (fn)ky , doesnot corvergeto 0. Going to
a subsequencef necessarywe can assumethat thereis > 0 such that

sup w(x) fn, (x) =kC (fh)ky > >0

X2 B x
for all n 2 N. We choose (x,)n Bx with w(x,) fn (Xn) for all n and
let us supposethat (x,), hasa subsequence(x,, )k sud that limy kx, k = 1.
Givenany " > 0 there is k; sud that

wW(Xn, ) "¥ (Xn,)
for all k k;. Hence

W(Xn,) fn,  (Xn,) "v (Xn.) fno (Xn,) "kfn ky <"
This contradicts the fact that > 0. Therefore there exists 0 < s < 1 sud that
kxpnk s for every n. Since (Xn)n (sBx ) which is relatively compact,

given" > 0 and M = sup,,5, W(X), there exists n, sud that, for n  n;

su if i <
) (SSX)J n(Y)] v

Therefore f,, (x,) < "=M forall n n, and
W(xn) fn (Xp) <™

This again givesa cortradiction and nally showsthat C is compact. o
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Nevertheless many weights do not satisfy this condition on the limit (see
[5], [8]). We are now interested in the study of the compactnessof C with
generalweights. So far, two di erent situations have been considered. First, the
nite-dimensional casewith general weights was studied in [8]. In this casethe
condition that (rByx ) is compactand contained in By istrivial. For the in nite-
dimensional case, only composition operators between H* (By) and H! (By)
(i.,e. v(x) = w(x) = 1) have been studied in [1] and [13]. There, it is proved
that C : H! (By)! H?! (Bx) is compactif andonly if (Bx) sBy for some
O<s< 1and (Byx) isrelatively compact.

In [8, Theorem 3.3] a characterization of the compactnessof a composition
operator is obtained for generalweights when X = Y = C. This characterization
is givenin terms of an analytical condition (see(3) below). Proposition 3.2 shavs
that sometopological condition is alsoneededif we want to have a characterization
whenewer X and Y are generalBanad spaces.

Theorem 3.3. Let v, w be weights with Condition  and :Bx ! By a
holomorphic mapping. Then the following hold.

@If C :Hy(By)! Huw(Bx) iscompactthen (rBy) isrelatively compact
forevery O< r < 1.

(b) Supposethat k k; < 1. If (Byx) isrelatively compact,then C : H,(By)
I Hy(Bx) is compact.

(c) Supposethat k ky = 1. (i) If C : H,(By)! Hu(Bx) is compact, then

. w(X)
3 lim su
( ) rt 1 g (X)IE)>I’ ' (X)

(i) If (Bx)\ rBy isrelatively compactfor every 0< r < 1 and

lim  sup w(x) =0
r‘' 1 g (x)ksr ¥ (X)

then C : H,(By)! Hu(Bx) is compact.

Proof. (a) Note that in Proposition 3.2 whenwe provedthat if C is compact
then (rBy) isrelatively compactfor every 0 < r < 1 wedid not usethe fact that
limea 1 W(X) = 0. Therefore, this implication remainstrue for any weight w.

(b) By assumptionthereis 0< s< 1 suchthat (Bx) sBy.If (Bx) is
relatively compact then

su 1:

1
Su —0 <
2 ¥ () ey )

Hence

W(x)
om ¥ (X)

<1
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By Proposition 2.3, C is cortinuous.

Let (f,)n Hy(By) be boundedand g-corvergent to 0. We take " > 0.
Let us write M = sup,,, W(Xx) < 1 . We choosenp 2 N sud that for all
n nNo,

sup jfn(y)i< 7
y2 (Bx) M
Hence,for n  ng, kC foky = sup,g, W(X) fn () M supy, gy )ifn(Y)i
<". By Lemma3.1, C is compact.

(c) Let ussupposenow that k k; = 1. Let C be compactand assumethat

lim  sup w(x)

6 O:
rt 1 g (x)k>r \vd (X)

Sowecan nd (rn)n ]0;1[ with lim,r, = 1 and c> 0 sothat, forall n2 N,

w(x)
sup
kK 0Oksr n ¥ (X)

> C

From this we get a sequence(Xn)n Bx with k (xh)k > r, and w(xy)
(xn) for all n 2 N. Without loss of generality we can assumethat r, >

1 1=n. Applying Proposition 1.1, for eadh n 2 N, we can choosef, 2 B,
satisfying f, (xn,) = 1=+ (X,) . Wetakey, 2 Y sud that ky,k = 1
and y, (Xn) > r, and we dene gy(y) = y,(¥Y)"fn(y). Proceeding now
as in Proposition 3.2 we obtain the cortradiction we are looking for. Hence
Iimr! 1 SUp (x)k>r W(X):V' (X) = 0.

Now we assumethat (3) holdsand (Bx)\ rBy is relatively compact for
every 0< r < 1. By (3), given" > 0, there is ro suc that, for every ro<r < 1,

w(x)
@) K (le;|5)>r v (X)

< II:

By Proposition 2.3(iv), C is cortinuous. From (4), w(x) < "wv (x) for all
k (x)k > ro. Supposethat C is not compact. By Lemma 3.1 there exists
(fn)n By o-convergert to 0 suc that (kC f,ky), doesnot corvergeto O.
Going to a subsequencef necessarywe can nd > 0 sud that kC fpky >

for all n. Let (Xxn)n Bx with w(xy) fn  (Xn) forall n. If (x,), hasa
subsequencgx,, )k sud that limy k (xn, )k = 1, then there exists k; 2 N with
kK (Xn )k>rp forall k ki. So,for kK ki, w(Xp,) < "v (Xn,) . Therefore

W(Xn, ) fn, (Xn) <"v (Xn) oo Xn,) "kfn ke = "kfp ky

Hence " for every " > 0. This leadsto a cortradiction.
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Thusthere exists 0 < s < 1 satisfying k (xn)k < s forall n. So, (xn)
(Bx )\ sBy which is relatively compact. Let M = sup,g, W(X), given any
"> 0 thereis n, 2 N suc that forall n n»

su if < —:
) (BstBYJ n(Y)] M

Hence, if n n,, then f, (x,) < "=M. As a consequencejf n n, we
have w(xn) fn (Xp) < ". Thus " for all " > 0. This leadsto a
contradiction that shawvsthat C is compact. o

If we want to get better results for part (b) of above theorem we needto add
conditions on the weight w.

Prop osition 3.4. Let v beaweight on By and :Bx ! By aholomorphic
mapping. Then C : Hy(By) ! H?! (Bx) is compactif and only if (Bx) is
relatively compactand k k; < 1.

Proof. If C is compact, we take the canonical injection i: H! (By) !
H,(By). Composingi C wegetacompactcomposition operator from H? (By)
into HY (Bx ). By [1, Proposition 3], (Bx) is relatively compactand k k; < 1.
The other implication is a particular caseof Theorem 3.3(b). o

Corollary 3.5 Let v, w beweights sucd that w is norm-radial and : By !
By a holomorphic mapping.

(@) If w(x) corvergesto O as kxk! 1 then C :H,(By)! Hw(Bx) is
compact if and only if (rByx) is relatively compact for every 0 < r < 1 and
limyye 1 wx)=+ (x) =0.

(b) If w(x) does not corvergeto 0 as kxk ! 1 then C : H,(By) !
Hw(Byx ) is compactif and only if (Bx) is relatively compactand k k; < 1.

Proof. Part (a) is a particular caseof Proposition 3.2.

If w(x) doesnot corvergeto O as kxk! 1 then there exist " > 0 and a
sequence(rp) (0;1) corvergert to 1 sud that w(x) > " for all x 2 X with
kxk =r, andall n 2 N. Given x 2 Bx we consider n such that kxk < r,, by
the maximum modulus theorem, we have

}kf K :

F00i max Jf (x)j = max w(x)if (X))
J 1=Tn ] J=Tn

Then kfk;  (1=")kfky, (1=")kwk; kfk; forall f 2 Hy(Bx). ThusHy(Bx)
and H! (Bx ) coincide algebraically and topologically. Now Proposition 3.4 gives
the conclusion. o

Let uspoint out that if Y is nite-dimensional then, trivially , (Bx ) is always
relatively compact and hencewe have the following corollary, which is exactly [8,
Theorem 3.3]whenewer X =Y = C.
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Corollary 3.6. Let Y bea nite-dimensional Banad spaceand X acomplex
Banacd space.Let v, w beweights and : Bx ! By a holomorphic mapping.

@ If k ky <1,thenC :Hy(By)! Hy(Bx) is compact.

(b) If K k; =1,then C : H,(By)! Hu(Bx) is compactif and only if

. w(X)
lim  sup
1 g (xksr ¥ (X)

After thesecorollariesit is natural to askif the corverseof (a), (b) and (c)(i)
or (c)(i)) in Theorem 3.3 hold in general. The following two examplesshow that
the answer is in the negative in all cases.

Example 3.7. There is a holomorphic mapping : B, ! B, and weights
v, won B, sothat k k; =1, satises condition (3) and (rB, ) is relatively
compactfor 0O< r < 1, but C isnot compactH(B;,)! Hw(By,). In addition,
here (B;,)\ rB,, is not relatively compactfor any 0 < r < 1. This shows that
the corverseof (c)(i) in Theorem 3.3 doeshold in general. Take X =Y = |, with
1<p<1l anddene :B;,! B, by (Xn)n = (Xj)n. This is a holomorphic
mapping sudh that (B, ) is not relatively compact but (rB,,) is so for every
O0<r< 1 Take (Xn)n lp sudthat kx,k, r forevery n2 N. A standard
diagonal method allows us to obtain a subsequence(xn,, )m Of (Xn)n Sud that
Xn, (K) ., corvergesfor every K.

The sequence (xn,) ., corvergesin |,. Indeed,as (Xn,) = Xn, (K)X "
and jx,, (k)Xj r* for every k and m, given" > 0, we can chooseky sud that

X ) 1=p "
r<pP < -
4

k=ko+1

We denote, for eah m, ypm = Xn, (K)* |  @nd Zm = X, (k)X ok, - Wehave
a pointwise corvergert sequence(ym)m in C*o, thusit corvergesin the k Kkp-
norm of Cko. Let my be sud that KYm, ymzklk0 < % for every my;m,  mg.
P
Thus
k (Xnn,) (Xnmz)klop = Kym, ym2k|pk0 + Kzm, Zmzklop
P
n p
k= ko

Hence (xn,) ., iscorvergert and (rB,,) is relatively compact.

Wedene v(x) =1 kxk and w(x) = 1 k (x)k ? . We have k kp, =1
and
w(x) w(x)

v (X) v (X) =1 k0K
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hencelim,, 1 sup xksr W(X)=¢ (x) = 0. We denoteby (e,)n the canonical
basis of I5. The sequence(e,), is clearly boundedin H(B, ). On the other
hand, for every n 6 m,

kC e, C e kw sup w(x)e, (X) e, ()

XZB|p
1 1 1
w ﬁ—éen €, Jﬁ)—éen €m =6
— 1 2 1 1 _ 1.
=1 5€n €, 5€n €n 36n) = 3

Hence (C e,), doesnot have any corvergert subsequencend the operator is not
compact. Now, asa consequenc®f Theorem 3.3(c)(ii), thereexists0< r < 1 sud
that (Bj,)\ rB,, isnotrelatively compact. Actually (B )\ rB,, és not relatively

compactforany 0<r < 1. Indeed, x O0<r< landlet x, = " r=2e,. Then
k (xp)k= 3re, = 3rand (xn) , (By,)\ rBj, . On the other hand, for
every né m,
K (Xn)  (Xm)k= Zren Iren, =20 P
Example 3.8. Let 1 < p< 1. We give now a holomorphic mapping
1B, ! By, with k k; = 1 and weights v, w on B, satisfying condition (3)
sucdh that C : Hy(B),)! Hw(B,,) iscompactbut (Bx)\ rByx isnot relatively
compactforany O<r < 1. Let :B; ! By, bedened by (Xn)n = (Xp)n-
By Example 3.7 we have that  is a holomorphic mapping sud that (rByx) is
relatively compact for every 0 < r < 1 but (Bx)\ rBx is not. We take the
weights v(x) = 1 kxk and w(x) = (1 kxk) 1 k (x)k . Clearly both v and
w satisfy Condition | and
w(x)

=1 kxk:
v (x) X

This tendsto 0 askxk! 1 . Applying Proposition3.2,C : H,(Bx)! Hw(Bx)
IS compact.

There is a holomorphic mapping : B, ! B, with k k; < 1 and weights
v, won By, sothat C : Hy(B;,)! Hw(B),) is compacteventhough (B,)) is
not relatively compact. Indeed,wedene :Bj ! Bj by (Xn)n =2 (X})n,
we have that k k; = 2 1, (Byx) is not relatively compact and, for the weights
v(x) =1 kxkandw(x) = (1 kxk) 1 k (x)k , C iscompact. Hence,whene\er
k k; < 1, the hypothesisof being (Bx) relatively compactis a su cien t but
not necessarycondition for C to be compact.

Remark 3.9. If :Bx ! By isholomorphicandsatis esthat (Bx )\ rBx
is relatively compact for every 0 < r < 1 then (rBy) is relatively compact
for every 0 < r < 1. Indeed, if k k; < 1 then our assumption implies that
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(Bx ) is relatively compact. If k k; = 1 then we de ne the weights v(x) = 1
kxk and w(x) = 1 k (x)k 2, Clearly, lim;y 1 supc ksr W(X)=v (x) = 0.
Applying Theorem 3.3(c)(ii) we havethat C : H,(Bx) ! Hy(Bx) is compact.
By Theorem 3.3(a) we obtain the claim.

An open problem is the following. If we assumethe analytical condition
(3), doesthere exist an intermediate topological condition between the onesin
Theorem 3.3(c)(i) and (ii) that give a characterization of the compactnessof C ?

Finally, the next exampleshowsthat to assume (Bx )\ rByx to berelatively
compactfor every 0< r < 1 is a strictly weaker condition than to assume (Bx)
to be relatively compact.

Example 3.10. Wegivenow an exampleof a holomorphicmapping : B, !
B, suchthat (B, )\ rB,, isrelatively compactfor every 0<r < 1 but (By,)
is not. Takel, with 1 p< 1 anddene by  (Xn)n = X1;(X!Xp)n 2 -
Clearly (B,,) is not relatively compact. On the other hand, (B;))\ rB is
relatively compact for every 0< r < 1. Its proof is analogousto the one givenin
Example 3.7 since (x1xn) 2 (By,)\ rBy, implies that jx;j < r and, from this,
jx§Xxnj<r" forevery n 2 N .

In Remark 3.9 we have obtained a purely topological result by using weights
and composition operatorsin the casek k; = 1. A strengthening of this topolog-
ical result can neverthelessbe obtained directly simply by adapting to our setting
someknown results for ertire mappingsdue to Aron and Sdottenlocher ([2]). We
presern herethose adapted results.

De nition  3.11. A holomorphic mapping f: Bx ! Y is called compact in
x 2 By if there is a neighborhood of x, Vi, sud that f (V) is relatively compact
in Y. A mapping f is saidto be compactif it is compactin x for every x 2 By .

FJf f is a holomorphic mapping in an open set U and x 2 U, we denote
by i:o P"f (x) the Taylor seriesexpansionof f at x. The next lemma was
obtained for ertire functions by Aron and Sdottenlocher in [2]. Their proof,
except for trivial natural changes,works also for holomorphic functions on any

balancedand cornvex open set U.

Lemma 3.12 ([2, Proposition 3.4]). Let f: U! Y be a holomorphic func-
tion. The following conditions are equivalert.

(i) f is compact.

(i) Forall x2 U andall n2 N, P"f (x) is compact.

(i) Forall n2 N, P"f (0) is compact.

(iv) Thereis a 0-neighborhood Vy in U sud that f (Vy) is relatively compact.

Prop osition 3.13. Let X be aBanad spaceand f: Bx ! By a compact
holomorphic mapping. Then f (rByx ) is relatively compact for every 0< r < 1.
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Proof. Given r, we choose 1=r > s> 1. By the maximum modulus principle
we have, for eadh y 2 rBy ,

1
kP"f (0)(y)k S—nkf Krsgy :

P
This implies that LO P"f (0) convergesuniformly and absolutely on rBy .
Given " > 0 let kg be sud that

X
Sn 3kf krsBx

n=Kkgo+1

P
Let gk = ﬁ:o P"f (0); we have

X X
kf(y) O (YK kP"f (0)(y)k g Kfkisey < 3

n=Kkgo+1 n=ko+1

for every y 2 rBx . Now, as g, is a compact polynomial, gy, (rBx ) is relatively

yj, satisfying kg, (y) Gk, (¥j,)k < 3"; hence

KE(Y)  Go(Viodk  KF(Y)  Geo(Y)K+ KGo(Y)  Gko (Yi)k < ™

i.e. f (rBx) is a precompactset. o

4. A result for Hilb ert spaces

The result in [8, Theorem 2.3] gives conditions on a weight v suc that all
composition operators from H, (D) into itself are cortinuous. The proof of this
is basedon the Schwarz lemma and on the decomgosition of every holomorphic
mapping from D into D as = p, Wwhere 2 H(D;D) with (0) = 0
and |, is a Mebius transform. This cannot be repeated for functions de ned on
the unit ball of an arbitrary Banacd space.Howewer, Renaud shoved in [16] that
a very closesituation holds for Hilb ert spaces.

Let By be the open unit ball of a Hilbert spaceH with a scalar product
() ). Foreahh a2 By alinear mapping (a): By ! By isdened by

(a)(x) =

1 . _
i dat @x

where (a) = P 1 kak2? . Usingthis mapping an automorphismof By, a: By !
By is dened as
X a

a(x)= (9 m
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These are the Mobius transforms for Hilb ert spacesde ned by Renaud in [16],
where a deepstudy can be found. Each one of them is holomorphic, and satis es
a(@ =0, a(0)= a, ,'= ..
The following version of the Schwarz lemma for Banad spacess well known.
It is proved by applying the classical Schwarz lemma to the family of functions
7"x f(x=kxk) :x 2X ; kx k 1; 0< kxk< 1 .

Let X, Y be two Banach spaces and Bx , By their open unit halls. Let
f:Bx ! By beholomorphic suchthat f (0) = 0. Then for all x 2 Byx

kf (X)ky  kxky :

Let h:[0;1] ! ]O;1 [ be continuous and non-increasing. Given any Banach
spaceX aweight v canbe de ned on Bx by putting v(x) = h(kxk). Note that
a weight de ned in this way is clearly norm-radial. With sud weights we have the
following result.

Theorem 4.1. Let X be any Banacd spaceand H a Hilbert space. Let
h: [0;1]! ]0; 1 [ becortinuousand non-increasingand considerthe weights de ned
by h on Bx and By, both denotedby v. Then the following are equivalent:

() C :Hy(By) ! Hy(Bx) iscontinuousfor all holomorphic :Bx ! Bpy.

(i) Each (Xn)nan By sudthat kxpnk=1 2 " satises

o WH(Xp+1)
®) A0 o)

Proof. We will follow the pattern of the proof givenin [8, Theorem 2.3] with
the natural modi cations using now Renaud's Mobius mappings and a suitable
version of Schwarz' lemma. We presen the details for the sake of completeness.

First of all if (0) = 0O, by the general version of the Scwarz lemma, we
have k (x)ky kxkx and C is cortinuous. Now for ead a 2 By we have

a:Bu ! By. If every C _ is cortinuousthen all C are cortinuous. Indeed,
given ,leta= (0) anddene = 5, .Then (0 =0andC =C C
is cortinuous. Therefore it is enoughto prove that C _: Hy(Bny) ! Hy(Bn) is
cortinuousfor all a2 By if and only if v satis es (5).

Let us beginby assumingthat all C _ arecortinuous. By Proposition 2.3, for
eahh a2 By wecan nd M, > 0 sudh that ¥(x) Maw 4(x) forall x2 By .
We also know that

> 0

kak + r
kill:frk a0k = T Tkak

and it is attained at
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(see[16, (99)]). Sincev is norm-radial and non-increasingsois also v and

r
V(X) M av' a @a

for every x 2 By with kxk = r. We de ne a new function by I(r) = wx) with

kxk=1 r.Letnows=1 r,thenfor s< % we have

1 kak kak+ (1 ) | 1 kak

©) L ST kak 1+ (I s)kak 1+ Ikak
Taking kak = % and using the secondinequality in (6) wecan nd M, and s> 0
such that I(s) Mal 3s for 0< s< sq. This implies (5).

Let us assumenow that (5) holds. We de ne a function | exactly in the
sameway as we did before. Then there are M > 0 and 0 < tg % sud that
I(t) M1 3t forall t<to. Givenany c> O wecanchoosen 2 N with c< 2".
If t < tp,then I(t) MP"I(t=c). Take c= (1+ kak)=(1 kak) and usethe rst
inequality in (6) to get that for eadh a2 By there exists K5 > 0 such that

kak+ (1 t)

®) Kal 1 1+ (1 t)kak

for t < tg. With this, for any xed a2 By, we can nd aconstart M, > 0 sucth
that for 0O<r < 1 and kxk = r,

kak + r

wx)  Mal 1+ rkak

Mav  a(X) :

Applying Proposition 2.3, C , is cortinuous. o

The authors wish to thank Richard Aron, Jose Bonet and Sean Dineen for
fruitful corversationsand helpful commeris. We alsothank the refereefor her/his
many corrections.
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