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Abstract. In this paper we prove that the concept of Lebesgue points generalizes naturally
to the setting of variable exponent Lebesgue and Sobolev spaces. We assume that the variable
exponent is log-Holder continuous, which, although restrictive, is a common assumption in variable
exponent spaces.

1. Introduction

In recert yearsthere has been a great upswing of interest and researt in
variable exponert Lebesgueand Sololev spaces.Due to thesee orts many classical
guestions are now understood quite well also in the variable exponert case,for
instance potential and maximal operators and Sobolev and Poincare inequalities
cf. [7], 18], [9], [10], [13],[14], [15],[19], [26]. In parallel with the study of the spaces
there has also been increasing interest in studying related di erential equations
under generalizedregularity conditions cf. [1], [2], [3], [11]. Both of these issues
are alsorelated to the modeling of electro-rheological uids, cf. [24].

Despite impressive advances, some classical questions have remained com-
pletely unstudied in variable exponert spaces,escapingwithout even a mertion.
The topic of this paper, Lebesguepoints, belongsto this category. Lebesguepoints
are important sincethey allow us to move beyond averageestimatesto pointwise
estimates of Lebesgueand Sobolev functions.

Lebesguepoints in Lebesguespaces,the topic of Section 3, are quite sim-
ple to handle and require no in-depth knowledge of variable exponert spaces.
We shaw that if the exponert is bounded then almost every point is a Lebesgue
point. In Section 4 we study Lebesguepoints in Sobolev spaces.In order to say
anything useful about thesewe needsomesort of capacity. A suitable variable ex-
ponert Sobolev type capacity was intro duced only recertly by Harjulehto, Heste,
Koskenga and Varonen [15]. This is one of the reasonsthat Lebesguepoints
have not beenpreviously studied in variable exponert spaces.Another important
reasonis the lack of tools for approading this question in a local manner. In
this paper we will adapt methods from a likewisevery recert paper by Kinnunen
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and Latvala, [18]. We prove in Theorems4.6 and 4.12 that Soholev functions be-
have pointwise as we would expect from classicaltheory, provided the exponert is
log-Helder cortinuous, i.e. we show that

im [ Ju() — u @) P dy = 0
r—0 B(xz.r)

quasieverywhere,where u* is the quasicortin uousrepresetativ e of uw € W )(R"™)
and p* is the pointwise Sobolev conjugate exponert of p. We start by giving the
necessaryde nitions in Section 2.

2. Notation and definitions

We denote by R"™ the Euclidean spaceof dimension n > 2. For x € R"
and r > 0 we denote by B(x,r) the open ball with certer = and radius r. For
u € LY(R™) and E C R™ of positive measurewe denote

ug = ][E\u(x)\da:= |fl|/E|7,L(:1:)|d:r;

We will next introduce variable exponert Lebesgueand Sololev spacesin R";
note that we newverthelessuse the standard de nitions of the spacesL?() and
Wtr() for xed exponert p > 1 andopen C R".

Let p: R™ — [1,00) be a measurablefunction (called the variable exponent
on R™). Throughout this paper the function p always denotesa variable exponert;
also, we de ne p™ = esssup,cr~ p(x) and p~ = esdnf, cr~ p(z). We de ne the
variable exponent Lebesque space LPC)(R™) to consistof all measurablefunctions
u: R" — R sudh that g,y (M) = [g. [Au(@)[P®) dz < co for some A > 0. The
function o,(.): LP()(R™) — [0, o0) is called the modular of the space LP(-)(R™).
We de ne a norm, the so-called Luzemburg norm, on this spaceby the formula

ullpc.y = infF{X > 0: 0,y (u/N) < 1}.

The wvariable exponent Sobolev space WP()(R™) is the subspaceof functions
u € LPC)(R™) whosedistributional gradient existsalmost everywhereand satis es
|Vu| € LPCI(R™). The function gq,¢.y: WHPC)(R") — [0,00) is de ned by
01,p() (1) = op(y(u) + 05 )(IVu]). The norm [lufly ) = fullpc) + [Vl
makes W1»(:)(R") a Banach space. For more details on the variable exponert
spacessee[20].

In [15] Harjulehto, Heste, Koskenga and Varonen introduced a Sobolev ca-
pacity in the variable exponert Sobolev space,which is de ned asfollows. Suppose
that FE is an arbitrary subsetof R™. We denote

Sp(y(E) = {u € WHPC)(R™) :w > 1in an open set cortaining E}.
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The Sobolev p( ) -capacity of E is de ned by

= H p(x) + p(x)
Cor@y= it (@) + [Fu)) de

In case S,(.\(E) = 0, we set Cp,(.y(E) = co. If 1 < p <p" < oo, then the
Soholev p( -)-capacity is an outer measureand Choquet capacity [15, Corollar-
ies3.3and 3.4]. As in the xed exponert casethe capacity isa ner measurethan
the n-dimensionalLebesguemeasure,cf. [15, Section4]. We say that a claim holds
quasieverywhere if it holds exceptin a set of capacity zero. A function u: — R
is said to be quasicontinuous if for every ¢ > 0 there exists an open set U C
with C),(.)(U) < € sudch that wu is continuousin  \ U.

3. Lebesgue spaces

Although functions in L? are not in generalcorninuous, they do possesshe
following mean-cortinuity property: for v € L} (R") we have

r—0

im [ Ju(s) ~ uta)dy = 0
B(z,r)

for almost every x. The points = at which this property holds are called Lebesgue
points.

The next theorem generalizesthe concept of Lebesguepoints to the variable
exponernt Lebesguespaces. Our proof is standard and is basedon the following
fact: in L' almost every point is a Lebesguepoint.

3.1. Theorem. Let pt < co. If v € LP()(R™), then
im [ Juts) — ut2) P dy = 0
r—0 B(z,r)

for almost every x € R".

Proof. Let {r;}3°, be a countable densesubsetof R. Since p™ < oo, we
concludethat |u(-) —r;|P(") € LL (R™). Thus for every i there exists E; C R"
of measurezero sud that

(3.2) im [ ut) = P dy = o)~ i
r—0 B(z,r)

for every z € R"\ E;. Denote E = (J;°, E; and note that |E| = 0. Then (3.2)
holds for every z € R™ \ E and ewery .
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Let 0<e<1andzecR"\ E. Wechooser; sothat |u(z) — r;| < e/2¢ +1
and obtain

lim sup u(y) — u(z)[PY) dy
r—0 B(z,r)
gzﬁ@mam ulg) ~ P dy + f m-mmﬂ”@)
r—0 B(z,r) B(z,r)

< 2" (Ju(z) — 7@ + Ju(z) — 4]
< 2p++1\u(a:) —ri| <e,
and so x is a Lebesguepoint. o

3.3. Remark. Sincebeing a Lebesguepoint is a local property, it su ces

to assumethat u € L{’O(C') and that esssup, . x p(x) < oo for compact K C R™ in
the previous theorem.

4. Sobolev spaces

In this sectionwe considerLebesguepoints of functions in Sobolev spaces.We
proceedasfollows: First we note, using a result of Kinnunen [17], that the Hardy{
Littlew ood maximal function of a Sobolev function is a Sobolev function. This
yields a capacity weak type estimate of the Hardy{Littlew ood maximal function.
Using theseresults we prove that

r—0

lim ]][B(:”) u(y) dy = u*(x)

exists quasieverywhereand u* is the quasicortin uous represetativ e of «. Finally
we shaw that

r—0

im [ Ju(s) — u @) P dy = 0
B(z.r)

quasiewerywhere in {z € R" : p(x) < n}. Here p* is the pointwise Soholev
conjugate exponert. To usethesemethods we needto make someassumptionson
the exponert and therefore we start by de ning someconditions.

4.1. Definition. We sa that the variable exponert p is log-Hélder contin-
uous If there exists a constart C' > 0 such that

Note that log-Helder corntinuous functions are sometimescalled weak Lip-
sdhitz or Dini{Lipsc hitz cortinuous functions. Howewer, this terminology obscures
the clear relationship to Helder cortinuity and will not be usedin this paper.

x—y|§%.
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4.2. Definition. We say that p satis es condition M if 1 <p- <p™ < 0,
p is log-Helder corntinuous and there exists a constart C' > 0 sud that

C
Ip(x) — p(y)| < m

for every z,y € R™, |y| > |z]|.

Condition M and log-Helder contin uity have appearedin seweral placesin the
study of variable exponert spaces.Cruz-Urib e, Fiorenze and Neugebauershowved,
following the work of Diening [6] and Nekvinda [21], that the condition M is su -
ciert for the Hardy{Littlew ood maximal operator to be bounded from L?(")(R™)
to itself [4, Theorem 1.5] (seealso[5]). log-Helder continuity is somehav crucial
for the boundednessof the Hardy{Littlew ood maximal operator, as was showvn
by Pick and Ruzicka [23], whereasNekvinda gave an example shawing that the
deca condition is not necessary[22]. Samko [25, Theorem 3] and Fan and Zhao
[11, Theorem 3.2] proved, independertly, that Cg°(R™) is densein W1 »(-)(R")
provided p is log-Helder cortin uous.

For G C R™" wede ne p. = esdnf,cqp(r) and p = esssup, . p(z). Using
thesequartities, Diening gave the following geometricinterpretation of log-Helder
corntin uity:

4.3. Lemma ([6, Lemma3.2]). Let p: R™ — [1, c0). The following conditions
are equivalen:

(1) p is log-Helder cortinuous.
(2) There exists a constart ¢ sudc that |B|P5—p§ < ¢ for all open balls B.

The following proposition is an adaptation to the variable exponert caseof
results of J. Kinnunen from [17]. The proof follows easily from the xed exponert
case.

4.4. Proposition. Suppose p satis es condition M . If v € W1r()(R"),
then M « € WHPC)(R™) and |[VM u(z)| < M |Vu(z)| for almost every = € R™.

Proof. Sinceu € W' (R"), it follows from [17]that |[VM u(z)| <M |Vu(z)|
for almost every = € R™. Since |Vu| € LP()(R™), it follows by [4, Theorem 1.5]
that M |Vu| € LP®)(R"). Since [VM u| < M |Vu| pointwise a.e., this implies
that |VM u| € LP(®)(R™), aswell. It follows from [4, Theorem 1.5]that M u ¢
LP@)(R™) and thus M w € WhPE)(R™). o

In the remaining part of this article we will adapt the proof of [18, Theo-
rem 4.5] by J. Kinnunen and V. Latvala to variable exponert spaces.For simplic-
ity of exposition, we split their result into two parts, Theorems4.6 and 4.12. The
proof of the rst of theseis nearly the sameasin the xed exponert case.
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4.5. Proposition. Suppose p satis es condition M . Then for every A > 0
and every u € WhP(-)(R™) we have
pt }
17p( )

Proof. Since M w is lower semi-coriinuous, the set {x € R : M u(z) > A}
is open for every \ > 0. By Proposition 4.4we canuseM u/A = M u/\ asa test
function for the capacity. This yields, by [12, Theorem 1.3],

u

Cp(.)({xGR”:Mu(x)>)\})§cmax{ Y 3

5

)

17p( )

Cpy({z € R" 1M w(z) > A}) < 01 (M %)

MY

u
< max< ||[M —
<max [ 5] g

p+

4.6. Theorem. Suppose p satis es condition M and let v € W1?()(R").
Then there existsa set £ C R™ of zero p( -)-capacity sud that

17p( )

Now the claim follows by Proposition 4.4 and [4, Theorem 1.5]. o

u*(z) = Iim0 ][( )u(y) dy
r— B(x,r

exists for every x € R™ \ E. The function «* is the p(-)-quasicorinuousrepre-
serativ e of u.

Proof. Sincesmooth functions are densein W1-»(")(R™) [25, Theorem 3], we
can choose a sequence{u;} of cortinuous functions in WP )(R"™) with |lu —
uil|p(.y <272, For i = 1,2,... denote

A= {eeR":M (u-u)(x) >2}, Bi=U4; and E= (] B;.
Jj=ti =1

J

Proposition 4.5 implies that C,.)(A;) < c2-*, the subadditivity of Cp(.) implies
that C,.y(B;) < ¢2'~" and [15, Theorem 3.2(vi)] implies that C,,.,(E) = 0.

We next considerthe relationship between v and wu; outside these sets. We
have

hM@—m@W@+f i) — u(y)| dy.

B(z,r)

[ui(x) — Up(z,rm| < ][

B(z,r)

Since u; is cortinuous, the rst term in the upper bound goesto zerowith r and
so we get
lim sup|u;(z) — up(z,rn)| <M (u; —u)(z).

T —
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Thus we have lim sup, . [ui(z) — up(s,n| < 27° for z € R™\ A;. It follows that
{u;} corvergesuniformly on R" \ B, for every j > 0. Denote the limit function,
which is cortinuousin every B;, by u*. Then

lim Soup|u*(a;) — Uz, < [u*(x) — ui(z)] + im Séjp|ui(x) — UB(z,r) |-
As i — oo the right-hand side of the previousequationtendsto 0 for x € R™\ By
Sincethe left-hand side doesnot depend on ¢, this meansthat it equalsO, sothat
u*(z) = lim,_oup,) forall z € R"\ B. Sincethis holds in the complemer
of every By, it holdsin the complemen of £ aswell. Since E has capacity zero,
we are donewith the existencepart. Since v* is continuousin every R"™\ By, the
claim regarding quasiconin uity is clear. o

To prove the other part of Theorem 4.5 from [18] we need some auxiliary
lemmata. The idea of these lemmata is that the log-Helder continuity implies
that we can treat p as a constart locally, and this incurs a penalty of only a
multiplicativ e constart.

4.7. Lemma. Supposethat p is log-Helder cortinuous. For » < 1 we have
Cp(.)(B(:c,r)) < c/ rPW) gy,
B(x,r/5)
where ¢ dependson p and n.

Proof. Let u be a function which equals 1 on B(z,r), 2 — |y — x|/r on
B(z,2r) \ B(z,r) and 0 otherwise. Then u is a suitable test function for the
capacity of B(xz,r). Using Lemma 4.3 for the last inequality, we nd that

Co ) (B(,7)) < 01.p()(u) < | B, 2r)| + /( )r—pw) ay
B(x,2r

R R
< 2/ r P2 dy = 2r PBG20 | B(x, 2r)|
B(z,2r)

S 2 . 10”/]01);(1',27') _pg(oc,Qr) / /r'_pl_i’(oc,Qr) dy
B(z,r/5)
< C’(p)lO”/ r~PW) dy. o
B(z,r/5)

4.8. Lemma. Supposethat p is log-Helder cortinuous. Then there exists a
constart ¢ > 1 sud that

(R :
= < lim inf rP(®) ][ r~PW) dy < lim supr?® ][ rPW) dy < ¢
B(a,r) B(z,r)

C r—0 r—0

for every z € R".
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Proof. We have

lim supr?®) ][ rPW dy <limsup sup rP@PW <
r—0 B(z,r) r—0 yeB(z,r)

where the secondinequality follows from Lemma 4.3. The lower bound is derived
similarly. o

The following lemma corresponds to Lemma 4.3 of [18]. The proof is also
quite similar, although someextra work is neededto take care of the variabilit y
of the exponert.

4.9. Lemma. Supposethat p is log-Helder cortinuousandlet w € W?()(R").
Then

Cp( ) ({:z: € R™ : lim supr?® ][B( ) IVu(y)|PY) dy > O}) = 0.

r—0

Proof. Let § € (0,1), ¢ > 0 and

E.= {:z: e R" : lim supr?® ][ IVu(y) [PV dy > e}.
B(z,r)

r—0

For every z € E. there exists an arbitrarily small r, € (0,4) sud that
i) ][ Vu(y)[P¥) dy > .
B(z,ry)

By choosing smaller r, if necessarywe may, on accourt of Lemma 4.8 and the
previous inequality, assumethat

(4.10) [ vuwrdysS [,
B(z,rz) c B(z,rs)

where ¢ doesnot dependon z or r,.
By the Vitali covering theorem there exists a countable subfamily of pair-wise
disjoint balls B(z;,r;,) sud that

E. c U B(x;,5rs,).
i=1

Denote r; = r,, and B; = B(x;,r;). By subadditivity and Lemma4.7 we conclude

that
Cy(. )(E)<Z () B(CCZ,57“Z) <CZ/ —r() g
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It follows from this and (4.10) that

Ay (PO gy = ©
410 GyED <Y [ Ivul ey 5/U°°

i=1

[Vu(y)|P® dy.
B;

As in [18] we then nd, by the disjointnessof the balls B;, that

oo p(
r

0o x;) 5P~
=SBl <Y [ Vu@ Py < T [ u) dy
i=1 -1 © Bi € Jrn

Hence |UJ;2, Bi| — 0 as § — 0, which by (4.11) implies that C,.,(E.)
O for every ¢ > 0. Therefore it follows by subadditivity that C.)(Eo)
Cp()(Usen E17i) = 0, which wasto be shown. o

U B
=1

In the next theorem we denote by p* the pointwise Sobolev conjugate of p,
i.e. p*(x) = np(m)/(n —p(m)), for p(z) < n.

4.12. Theorem. Supposep satis es condition M and let v € W )(R").
Then there existsa set £ C R", Cp(.\(E) = 0, suc that

im [ Ju() — u @) P dy = 0
B(z,r)

r—0

for every 2 € {x € R" : p(z) <n} \ E.
Proof. De ne

E= {x e R™: lim supr?® ][ \Vu(y)|PY) dy > o}.
B(z,r)

r—0

Then C),.y(E) = 0 by Lemma 4.9. We shaw that

lim suprP(®) ][ \Vu(y)|P¥ dy = 0
B(z,r)

r—0

=

lim sup u(y) — up(em P @ dy=0
r—0 B(z,r)
when p(z) < n, from which the claim clearly follows by Theorem 4.6.

Diening [7, Theorem 5.2] has shavn that condition M implies the Sobolev
inequality. Harjulehto and Heaste [14, Corollary 2.10] showved that condition M
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implies the Poincare inequality. Combining these we get the Sobolev{Poincare
inequality

lu— UBHLP*(')(B) < cllu— UBHWLP(')(B) < CHVUHLP(')(B)a
wherewe denoted B = B(x,r). From this and [12, Theorem 1.3] we concludethat

Op((u — uB)l/p*B_ < cgp(.)(Vu)l/pE
(where the modulars are takenin B only). Hence

][B u(y) — upl?” @ dy = cr "o,y (u — up)

<cr "op. )(Vu)p*B_ /P

e (rpu) ][ Tuly) P dy)
B

We seethat it suces to show that r(*—P@)rs /PE—" < ¢ asr — 0. Since

*—

pp = (pp)* we seethat this is equivalert to
n(mp—f — l) logr <c

n—pp Pp

Py /)

at the samelimit. We have

J— _ _— + _
nop@) Py g MTPEPE o M ey
n—pp Pp n—ppPp pB(n_pB)
Thus
. — 2
lim supn<”7p(f")p—f - ) logr < n lim sup(p; — p) logr < ¢,
r—0 n—pp P p(z)(n—p(x)) -0

where the last inequality is just Diening's condition from Lemma4.3. o

4.13. Remark. It again su ces to assumethat u € Wlf)’f(')(R”). It seems
likely that we can also replacethe assumptionson p by corresponding local ones,
using the techniques of [16], but we will not get into that here.

4.14. Remark. If p(z) > n then there exists r, > 0 sud that
Wl’p(')(B(x,rw)) s Wint(p(e)—n)/2 (B(er))
and hence v is continuousin a neighborhood of x, sothat

ess sup |u(y) —u*(x)| —0
yEB(z,r)

asr — 0. For p(z) = n the theorem gives
im [ Ju(s) — u(@)]7dy = 0
B(z,r)

r—0

outside the set £ for any nite ¢. In this casewe do not have zero suprenum
norm evenin the xed exponert case.
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