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Abstract. In this paper we prove that the concept of Lebesgue points generalizes naturally
to the setting of variable exponent Lebesgue and Sobolev spaces. We assume that the variable
exponent is log -Hölder continuous, which, although restrictive, is a common assumption in variable
exponent spaces.

1. Introduction

In recent years there has been a great upswing of interest and research in
variable exponent Lebesgueand Sobolev spaces.Due to thesee�orts many classical
questions are now understood quite well also in the variable exponent case, for
instance potential and maximal operators and Sobolev and Poincar�e inequalities
cf. [7], [8], [9], [10], [13], [14], [15], [19], [26]. In parallel with the study of the spaces
there has also been increasing interest in studying related di�eren tial equations
under generalizedregularity conditions cf. [1], [2], [3], [11]. Both of these issues
are also related to the modeling of electro-rheological
uids, cf. [24].

Despite impressive advances, some classical questions have remained com-
pletely unstudied in variable exponent spaces,escapingwithout even a mention.
The topic of this paper, Lebesguepoints, belongsto this category. Lebesguepoints
are important sincethey allow us to move beyond averageestimates to pointwise
estimatesof Lebesgueand Sobolev functions.

Lebesguepoints in Lebesguespaces,the topic of Section 3, are quite sim-
ple to handle and require no in-depth knowledge of variable exponent spaces.
We show that if the exponent is bounded then almost every point is a Lebesgue
point. In Section 4 we study Lebesguepoints in Sobolev spaces. In order to say
anything useful about thesewe needsomesort of capacity. A suitable variable ex-
ponent Sobolev type capacity was intro duced only recently by Harjulehto, H•ast•o,
Koskenoja and Varonen [15]. This is one of the reasonsthat Lebesguepoints
have not beenpreviously studied in variable exponent spaces.Another important
reason is the lack of tools for approaching this question in a local manner. In
this paper we will adapt methods from a likewisevery recent paper by Kinnunen
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and Latvala, [18]. We prove in Theorems4.6 and 4.12 that Sobolev functions be-
have pointwise as we would expect from classicaltheory, provided the exponent is
log-H•older continuous, i.e. we show that

lim
r→0

∫

−
B(x.r)

|u(y) − u∗(x)|p
∗(y) dy = 0

quasieverywhere,where u∗ is the quasicontinuousrepresentativ eof u ∈ W 1,p( · )(Rn)
and p∗ is the pointwise Sobolev conjugate exponent of p . We start by giving the
necessaryde�nitions in Section 2.

2. Notation and definitions

We denote by Rn the Euclidean spaceof dimension n > 2. For x ∈ Rn

and r > 0 we denote by B(x, r) the open ball with center x and radius r . For
u ∈ L1(Rn) and E ⊂ Rn of positive measurewe denote

uE =
∫

−
E

|u(x)| dx =
1
|E|

∫

E

|u(x)| dx.

We will next intro duce variable exponent Lebesgueand Sobolev spacesin Rn ;
note that we neverthelessuse the standard de�nitions of the spacesLp(
) and
W 1,p(
) for �xed exponent p > 1 and open 
 ⊂ Rn .

Let p: Rn → [1,∞) be a measurablefunction (called the variable exponent

on Rn ). Throughout this paper the function p always denotesa variable exponent;
also, we de�ne p+ = esssupx∈Rn p(x) and p− = essinf x∈Rn p(x) . We de�ne the
variable exponent Lebesgue space Lp( · )(Rn) to consist of all measurablefunctions
u: Rn → R such that %p( · )(λu) =

∫

Rn |λu(x)|p(x) dx < ∞ for some λ > 0. The
function %p( · ): Lp( · )(Rn) → [0,∞) is called the modular of the spaceLp( · )(Rn) .
We de�ne a norm, the so-calledLuxemburg norm, on this spaceby the formula

‖u‖p( · ) = inf
{

λ > 0 : %p( · )(u/λ) 6 1
}

.

The variable exponent Sobolev space W 1,p( · )(Rn) is the subspaceof functions
u ∈ Lp( · )(Rn) whosedistributional gradient existsalmost everywhereand satis�es
|∇u| ∈ Lp( · )(Rn) . The function %1,p( · ): W 1,p( · )(Rn) → [0,∞) is de�ned by
%1,p( · )(u) = %p( · )(u) + %p( · )(|∇u|) . The norm ‖u‖1,p( · ) = ‖u‖p( · ) + ‖∇u‖p( · )

makes W 1,p( · )(Rn) a Banach space. For more details on the variable exponent
spacessee[20].

In [15] Harjulehto, H•ast•o, Koskenoja and Varonen intro duced a Sobolev ca-
pacity in the variable exponent Sobolev space,which is de�ned asfollows. Suppose
that E is an arbitrary subsetof Rn . We denote

Sp( · )(E) =
{

u ∈ W 1,p( · )(Rn) : u > 1 in an open set containing E
}

.
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The Sobolev p( · ) -capacity of E is de�ned by

Cp( · )(E) = inf
u∈Sp( · )(E)

∫

Rn

(

|u(x)|p(x) + |∇u(x)|p(x)
)

dx.

In case Sp( · )(E) = ∅ , we set Cp( · )(E) = ∞ . If 1 < p− ≤ p+ < ∞ , then the
Sobolev p( · ) -capacity is an outer measureand Choquet capacity [15, Corollar-
ies3.3 and 3.4]. As in the �xed exponent casethe capacity is a �ner measurethan
the n -dimensionalLebesguemeasure,cf. [15, Section4]. We say that a claim holds
quasieverywhere if it holds except in a set of capacity zero. A function u: 
 → R

is said to be quasicontinuous if for every ε > 0 there exists an open set U ⊂ 

with Cp( · )(U ) < ε such that u is continuous in 
 \ U .

3. Lebesgue spaces

Although functions in Lp are not in generalcontinuous, they do possessthe
following mean-continuit y property: for u ∈ Lp

loc(R
n) we have

lim
r→0

∫

−
B(x,r)

|u(y) − u(x)|p dy = 0

for almost every x . The points x at which this property holds are called Lebesgue

points.
The next theorem generalizesthe concept of Lebesguepoints to the variable

exponent Lebesguespaces. Our proof is standard and is basedon the following
fact: in L1 almost every point is a Lebesguepoint.

3.1. Theorem. Let p+ < ∞ . If u ∈ Lp( · )(Rn) , then

lim
r→0

∫

−
B(x,r)

|u(y) − u(x)|p(y) dy = 0

for almost every x ∈ Rn .

Proof. Let {ri}
∞

i=1 be a countable densesubset of R . Since p+ < ∞ , we
concludethat |u( · ) − ri|

p( · ) ∈ L1
loc(R

n) . Thus for every i there exists Ei ⊂ Rn

of measurezero such that

(3.2) lim
r→0

∫

−
B(x,r)

|u(y) − ri|
p(y) dy = |u(x) − ri|

p(x)

for every x ∈ Rn \ Ei . Denote E =
⋃

∞

i=1 Ei and note that |E| = 0. Then (3.2)
holds for every x ∈ Rn \ E and every i .
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Let 0 < ε < 1 and x ∈ Rn \ E . We choose ri so that |u(x) − ri| < ε/2p++1

and obtain

lim sup
r→0

∫

−
B(x,r)

|u(y) − u(x)|p(y) dy

≤ 2p+

(

lim sup
r→0

∫

−
B(x,r)

|u(y) − ri|
p(y) dy +

∫

−
B(x,r)

|ri − u(x)|p(y) dy

)

≤ 2p+(

|u(x) − ri|
p(x) + |u(x) − ri|

)

≤ 2p++1|u(x) − ri| < ε,

and so x is a Lebesguepoint.

3.3. Remark. Since being a Lebesguepoint is a local property, it su�ces
to assumethat u ∈ L

p( · )
loc and that esssupx∈K p(x) < ∞ for compact K ⊂ Rn in

the previous theorem.

4. Sobolev spaces

In this sectionwe considerLebesguepoints of functions in Sobolev spaces.We
proceedasfollows: First we note, using a result of Kinnunen [17], that the Hardy{
Littlew ood maximal function of a Sobolev function is a Sobolev function. This
yields a capacity weak type estimate of the Hardy{Littlew ood maximal function.
Using theseresults we prove that

lim
r→0

∫

−
B(x.r)

u(y) dy = u∗(x)

exists quasieverywhereand u∗ is the quasicontinuous representativ e of u . Finally
we show that

lim
r→0

∫

−
B(x.r)

|u(y) − u∗(x)|p
∗(y) dy = 0

quasieverywhere in {x ∈ Rn : p(x) < n} . Here p∗ is the pointwise Sobolev
conjugate exponent. To usethesemethods we needto make someassumptionson
the exponent and therefore we start by de�ning someconditions.

4.1. Definition. We say that the variable exponent p is log-Hölder contin-

uous if there exists a constant C > 0 such that

|p(x) − p(y)| ≤
C

− log |x − y|

for every x, y ∈ Rn , |x − y| ≤ 1
2 .

Note that log-H•older continuous functions are sometimescalled weak Lip-
schitz or Dini{Lipsc hitz continuous functions. However, this terminology obscures
the clear relationship to H•older continuit y and will not be used in this paper.
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4.2. Definition. We say that p satis�es condition M if 1 < p− ≤ p+ < ∞ ,
p is log-H•older continuous and there exists a constant C > 0 such that

|p(x) − p(y)| ≤
C

log(e + |x|)

for every x, y ∈ Rn , |y| ≥ |x| .

Condition M and log-H•older continuit y haveappearedin several placesin the
study of variable exponent spaces.Cruz-Urib e, Fiorenzeand Neugebauershowed,
following the work of Diening [6] and Nekvinda [21], that the condition M is su�-
cient for the Hardy{Littlew ood maximal operator to be bounded from Lp( · )(Rn)
to itself [4, Theorem 1.5] (seealso [5]). log-H•older continuit y is somehow crucial
for the boundednessof the Hardy{Littlew ood maximal operator, as was shown
by Pick and R�u�zi�cka [23], whereasNekvinda gave an example showing that the
decay condition is not necessary[22]. Samko [25, Theorem 3] and Fan and Zhao
[11, Theorem 3.2] proved, independently , that C∞

0 (Rn) is densein W 1,p( · )(Rn)
provided p is log-H•older continuous.

For G ⊂ Rn we de�ne p−

G = essinf x∈G p(x) and p+

G = esssupx∈G p(x) . Using
thesequantities, Diening gave the following geometric interpretation of log-H•older
continuit y:

4.3. Lemma ([6, Lemma3.2]). Let p: Rn → [1,∞) . The following conditions
are equivalent :

(1) p is log-H•older continuous.

(2) There exists a constant c such that |B|p
−

B
−p+

B ≤ c for all open balls B .

The following proposition is an adaptation to the variable exponent caseof
results of J. Kinnunen from [17]. The proof follows easily from the �xed exponent
case.

4.4. Proposition. Suppose p satis�es condition M . If u ∈ W 1,p( · )(Rn) ,
then M u ∈ W 1,p( · )(Rn) and |∇M u(x)| ≤ M |∇u(x)| for almost every x ∈ Rn .

Proof. Since u ∈ W 1,1
loc (Rn) , it follows from [17] that |∇M u(x)| ≤ M |∇u(x)|

for almost every x ∈ Rn . Since |∇u| ∈ Lp( · )(Rn) , it follows by [4, Theorem 1.5]
that M |∇u| ∈ Lp(x)(Rn) . Since |∇M u| ≤ M |∇u| pointwise a.e., this implies
that |∇M u| ∈ Lp(x)(Rn) , as well. It follows from [4, Theorem 1.5] that M u ∈
Lp(x)(Rn) and thus M u ∈ W 1,p(x)(Rn) .

In the remaining part of this article we will adapt the proof of [18, Theo-
rem 4.5] by J. Kinnunen and V. Latvala to variable exponent spaces.For simplic-
it y of exposition, we split their result into two parts, Theorems4.6 and 4.12. The
proof of the �rst of theseis nearly the sameas in the �xed exponent case.
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4.5. Proposition. Suppose p satis�es condition M . Then for every λ > 0
and every u ∈ W 1,p( · )(Rn) we have

Cp( · )

(

{x ∈ Rn : M u(x) > λ}
)

≤ c max
{

∥

∥

∥

∥

u

λ

∥

∥

∥

∥

1,p( · )

,

∥

∥

∥

∥

u

λ

∥

∥

∥

∥

p+

1,p( · )

}

.

Proof. Since M u is lower semi-continuous, the set {x ∈ Rn : M u(x) > λ}
is open for every λ > 0. By Proposition 4.4 we can use M u/λ = M u/λ as a test
function for the capacity. This yields, by [12, Theorem 1.3],

Cp( · )

(

{x ∈ Rn : M u(x) > λ}
)

≤ %1,p( · )

(

M
u

λ

)

≤ max
{

∥

∥

∥

∥

M
u

λ

∥

∥

∥

∥

1,p( · )

,

∥

∥

∥

∥

M
u

λ

∥

∥

∥

∥

p+

1,p( · )

}

.

Now the claim follows by Proposition 4.4 and [4, Theorem 1.5].

4.6. Theorem. Suppose p satis�es condition M and let u ∈ W 1,p( · )(Rn) .
Then there exists a set E ⊂ Rn of zero p( · ) -capacity such that

u∗(x) = lim
r→0

∫

−
B(x,r)

u(y) dy

exists for every x ∈ Rn \ E . The function u∗ is the p( · ) -quasicontinuous repre-
sentativ e of u .

Proof. Sincesmooth functions are densein W 1,p( · )(Rn) [25, Theorem 3], we
can choose a sequence{ui} of continuous functions in W 1,p( · )(Rn) with ‖u −
ui‖p( · ) ≤ 2−2i . For i = 1, 2, . . . denote

Ai =
{

x ∈ Rn : M (u − ui)(x) > 2−i
}

, Bi =
∞
⋃

j=i
Aj and E =

∞
⋂

j=1
Bj.

Proposition 4.5 implies that Cp( · )(Ai) ≤ c2−i , the subadditivit y of Cp( · ) implies
that Cp( · )(Bi) ≤ c21−i and [15, Theorem 3.2(vi)] implies that Cp( · )(E) = 0.

We next consider the relationship between u and ui outside these sets. We
have

|ui(x) − uB(x,r)| ≤

∫

−
B(x,r)

|ui(x) − ui(y)| dy +
∫

−
B(x,r)

|ui(y) − u(y)| dy.

Since ui is continuous, the �rst term in the upper bound goesto zero with r and
so we get

lim sup
r→0

|ui(x) − uB(x,r)| ≤ M (ui − u)(x).
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Thus we have lim supr→0 |ui(x) − uB(x,r)| ≤ 2−i for x ∈ Rn \ Ai . It follows that
{ui} convergesuniformly on Rn \ Bj for every j > 0. Denote the limit function,
which is continuous in every Bj , by u∗ . Then

lim sup
r→0

|u∗(x) − uB(x,r)| ≤ |u∗(x) − ui(x)| + lim sup
r→0

|ui(x) − uB(x,r)|.

As i → ∞ the right-hand sideof the previousequation tends to 0 for x ∈ Rn\Bk .
Sincethe left-hand sidedoesnot depend on i , this meansthat it equals 0, so that
u∗(x) = lim r→0 uB(x,r) for all x ∈ Rn \ Bk . Since this holds in the complement
of every Bk , it holds in the complement of E as well. Since E has capacity zero,
we are donewith the existencepart. Since u∗ is continuous in every Rn \Bk , the
claim regarding quasicontinuit y is clear.

To prove the other part of Theorem 4.5 from [18] we need some auxiliary
lemmata. The idea of these lemmata is that the log-H•older continuit y implies
that we can treat p as a constant locally, and this incurs a penalty of only a
multiplicativ e constant.

4.7. Lemma. Supposethat p is log-H•older continuous. For r ≤ 1 we have

Cp( · )

(

B(x, r)
)

≤ c

∫

B(x,r/5)

r−p(y) dy,

where c dependson p and n .

Proof. Let u be a function which equals 1 on B(x, r) , 2 − |y − x|/r on
B(x, 2r) \ B(x, r) and 0 otherwise. Then u is a suitable test function for the
capacity of B(x, r) . Using Lemma 4.3 for the last inequality, we �nd that

Cp( · )

(

B(x, r)
)

≤ %1,p( · )(u) ≤ |B(x, 2r)| +
∫

B(x,2r)

r−p(y) dy

≤ 2
∫

B(x,2r)

r
−p+

B(x,2r) dy = 2r
−p+

B(x,2r) |B(x, 2r)|

≤ 2 · 10nr
p−

B(x,2r)
−p+

B(x,2r)

∫

B(x,r/5)

r
−p−

B(x,2r) dy

≤ C(p)10n

∫

B(x,r/5)

r−p(y) dy.

4.8. Lemma. Supposethat p is log-H•older continuous. Then there exists a
constant c ≥ 1 such that

1
c
≤ lim inf

r→0
rp(x)

∫

−
B(x,r)

r−p(y) dy ≤ lim sup
r→0

rp(x)

∫

−
B(x,r)

r−p(y) dy ≤ c

for every x ∈ Rn .
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Proof. We have

lim sup
r→0

rp(x)

∫

−
B(x,r)

r−p(y) dy ≤ lim sup
r→0

sup
y∈B(x,r)

rp(x)−p(y) ≤ c,

where the secondinequality follows from Lemma 4.3. The lower bound is derived
similarly.

The following lemma corresponds to Lemma 4.3 of [18]. The proof is also
quite similar, although someextra work is neededto take care of the variabilit y
of the exponent.

4.9. Lemma. Supposethat p is log-H•older continuousand let u ∈ W 1,p( · )(Rn) .
Then

Cp( · )

({

x ∈ Rn : lim sup
r→0

rp(x)

∫

−
B(x,r)

|∇u(y)|p(y) dy > 0
})

= 0.

Proof. Let δ ∈ (0, 1), ε > 0 and

Eε =
{

x ∈ Rn : lim sup
r→0

rp(x)

∫

−
B(x,r)

|∇u(y)|p(y) dy > ε

}

.

For every x ∈ Eε there exists an arbitrarily small rx ∈ (0, δ) such that

rp(x)
x

∫

−
B(x,rx)

|∇u(y)|p(y) dy > ε.

By choosing smaller rx if necessary, we may, on account of Lemma 4.8 and the
previous inequality, assumethat

(4.10)
∫

B(x,rx)

|∇u(y)|p(y) dy >
ε

c

∫

B(x,rx)

r−p(y) dy,

where c doesnot depend on x or rx .
By the Vitali covering theorem there exists a countable subfamily of pair-wise

disjoint balls B(xi, rxi
) such that

Eε ⊂
∞
⋃

i=1

B(xi, 5rxi
).

Denote ri = rxi
and Bi = B(xi, ri) . By subadditivit y and Lemma 4.7weconclude

that

Cp( · )(Eε) ≤
∞
∑

i=1

Cp( · )

(

B(xi, 5ri)
)

≤ c

∞
∑

i=1

∫

Bi

r
−p(y)
i dy.
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It follows from this and (4.10) that

(4.11) Cp( · )(Eε) ≤
c

ε

∞
∑

i=1

∫

Bi

|∇u(y)|p(y) dy =
c

ε

∫

⋃

∞

i=1
Bi

|∇u(y)|p(y) dy.

As in [18] we then �nd, by the disjointnessof the balls Bi , that

∣

∣

∣

∞
⋃

i=1
Bi

∣

∣

∣
=

∞
∑

i=1

|Bi| <

∞
∑

i=1

r
p(xi)
i

ε

∫

Bi

|∇u(y)|p(y) dy ≤
δp−

ε

∫

Rn

|∇u(y)|p(y) dy.

Hence
∣

∣

⋃

∞

i=1 Bi

∣

∣ → 0 as δ → 0, which by (4.11) implies that Cp( · )(Eε) =
0 for every ε > 0. Therefore it follows by subadditivit y that Cp( · )(E0) =
Cp( · )

(
⋃

i∈N
E1/i

)

= 0, which was to be shown.

In the next theorem we denote by p∗ the pointwise Sobolev conjugate of p ,
i.e. p∗(x) = np(x)/

(

n − p(x)
)

, for p(x) < n .

4.12. Theorem. Supposep satis�es condition M and let u ∈ W 1,p( · )(Rn) .
Then there exists a set E ⊂ Rn , Cp( · )(E) = 0, such that

lim
r→0

∫

−
B(x,r)

|u(y) − u∗(x)|p
∗(y) dy = 0

for every x ∈
{

x ∈ Rn : p(x) < n
}

\ E .

Proof. De�ne

E =
{

x ∈ Rn: lim sup
r→0

rp(x)

∫

−
B(x,r)

|∇u(y)|p(y) dy > 0
}

.

Then Cp( · )(E) = 0 by Lemma 4.9. We show that

lim sup
r→0

rp(x)

∫

−
B(x,r)

|∇u(y)|p(y) dy = 0

⇒

lim sup
r→0

∫

−
B(x,r)

|u(y) − uB(x,r)|
p∗(y) dy = 0

when p(x) < n , from which the claim clearly follows by Theorem 4.6.
Diening [7, Theorem 5.2] has shown that condition M implies the Sobolev

inequality. Harjulehto and H•ast•o [14, Corollary 2.10] showed that condition M
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implies the Poincar�e inequality. Combining these we get the Sobolev{Poincar�e
inequality

‖u − uB‖Lp∗( · )(B) ≤ c‖u − uB‖W 1,p( · )(B) ≤ c‖∇u‖Lp( · )(B),

wherewe denoted B = B(x, r) . From this and [12, Theorem 1.3] we concludethat

%p∗( · )(u − uB)1/p∗−

B ≤ c%p( · )(∇u)1/p+
B

(where the modulars are taken in B only). Hence
∫

−
B

|u(y) − uB |p
∗(y) dy = cr−n%p∗( · )(u − uB)

≤ cr−n%p( · )(∇u)p∗−

B
/p+

B

= cr(n−p(x))p∗−

B
/p+

B
−n

(

rp(x)

∫

−
B

|∇u(y)|p(y) dy

)p∗−

B
/p+

B

.

We see that it su�ces to show that r(n−p(x))p∗−

B
/p+

B
−n ≤ c as r → 0. Since

p∗−B = (p−

B)∗ we seethat this is equivalent to

n

(

n − p(x)
n − p−

B

p−

B

p+

B

− 1
)

logr ≤ c

at the samelimit. We have
n − p(x)
n − p−

B

p−

B

p+

B

− 1 ≥
n − p+

B

n − p−

B

p−

B

p+

B

− 1 =
n

p+

B(n − p−

B)
(p−

B − p+

B).

Thus

lim sup
r→0

n

(

n − p(x)
n − p−

B

p−

B

p+

B

− 1
)

logr ≤
n2

p(x)
(

n − p(x)
) lim sup

r→0
(p−

B − p+

B) logr ≤ c,

where the last inequality is just Diening's condition from Lemma 4.3.

4.13. Remark. It again su�ces to assumethat u ∈ W
1,p( · )
loc (Rn) . It seems

likely that we can also replacethe assumptionson p by corresponding local ones,
using the techniques of [16], but we will not get into that here.

4.14. Remark. If p(x) > n then there exists rx > 0 such that

W 1,p( · )
(

B(x, rx)
)

↪→ W 1,n+(p(x)−n)/2
(

B(x, rx)
)

and hence u is continuous in a neighborhood of x , so that

ess sup
y∈B(x,r)

|u(y) − u∗(x)| → 0

as r → 0. For p(x) = n the theorem gives

lim
r→0

∫

−
B(x,r)

|u(y) − u∗(x)|q dy = 0

outside the set E for any �nite q . In this casewe do not have zero supremum
norm even in the �xed exponent case.
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