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Abstract. A conformal automorphism :S! S of a closedRiemann surface S of gerus
p 2 is said to be of Scottky type if there is a Scottky uniformization of S for which
lifts. In the casethat is of Schottky type, we have assa@iated a geometrically nite Kleinian
group K , generatedby the uniformizing Schottky group G and any of the liftings of . We have
that K contains G as a normal subgroup and K=G is cyclic. In this note we describe, up to
topological equivalence,all possiblegroups K obtained in this way. Equivalertly, if we are given
a handlebody M3 of gerus p 2 and an orientation preserving homeomorphismof nite order
, then we proceedto describe, up to topological equivalence, the hyperbolic structures of the
orbifold M 3= having bounded by below injectivit y radius.

1. Intro duction

Notions asKleinian groups, region of discortin uity, limit set, function groups,
geometrically nite Kleinian groups, Riemann surfaces,Riemann orbifolds, signa-
tures, etc., can be found in the excellert book of B. Maskit [18] and the references
in there.

A Schottky group of genuszer is just the trivial group. A Sdottky group of
positive gerus is de ned as follows. Assumewe have a collection of 2p (p > 0)

ities on Sdottky groupscan be found, for instance, in [3] and 16]. Each Scottky
group of gerus p > 0 de nes a geometrically nite complete hyperbolic structure
on a handlebody of gerus p with injectivit y radii bounded below. Reciprocally,
every geometrically nite complete hyperbolic structure on a handlebody of gerus
p with injectivit y radii boundedbelow is given by a Sdottky group of gerus p > 0.
If we denoteby  the region of discortinuity of a Scottky group G of gerus p,
then the quotient S= =G turns out to be a closedRiemann surfaceof gerus p.
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The reciprocal is valid by the retrosection theorem [14] (see[2] for a modern proof
using quasiconformal deformation theory). A triple ( ;G;P: ! S) iscalleda
Schottky uniformization of a closedRiemann surface S if G is a Schottky group
with as its region of discortinuity and P: ! S is a holomorphic regular
covering with G as covering group.

Let us assumewe have a closed Riemann surface S and a group H of au-
tomorphisms of it. We say that H is of Schottky type if there is a Sdottky
uniformization of S for which every elemen of H lifts.

As already obsened, eath Schottky group of gerus p > 0 correspnds to a
geometrically nite complete hyperbolic structure on a handlebody of gerus p.
In this way, we may interpret the notion of a Sdottky type automorphism as
follows. Assume we have a pair (S; ), where S is a closed orientable surface
of gerus p and :S ! S is an orientation preserving homeomorphismof S,
homotopically of nite order. As consequencef Nielsen'srealization problem [13],
we may just consider S asa closedRiemann surfaceof gerus p and a nite-order
conformal automorphism of S. We havethat S is the boundary of in nitely many
handlebodiesof gerus p. We may askfor the existenceof oneof thesehandlebodies
for which the homeomorphism extends continuously. The existenceof suc a
handlebody is equivalent to the existenceof a Scdottky uniformization of S for
which lifts. In [20], [19] and [22] can be found someresults in this direction
using three-dimensionaltechniques.

The problem of decidingwhen H is of Schottky type hasbeendiscussedn [5],
[7], [8], [9], [10], [11] and [12] for di erent classof conformal groups and certain
cyclic anticonformal groups. In fact, we have the following results.

Theorem 1.1 ([7]). Let S be a closedRiemann surfaceof gerus p 1 and
H be a group of conformal automorphism of S. If H is of Scottky type, then it
must satisfy condition (A).

Theorem 1.2 ([7]). Let S be a closedRiemann surfaceof gerusp 1 and
: S! S beaconformal automorphism. The cyclic group H = h i is of Schottky
typeif and only if H satis es condition (A) .

Condition (A). Let S be a closed Riemann surfaceand :S! S bea
conformal automorphism. Let H = hi. If a2 S is a xed point of some
h2H flg, then we denote by R(h;a) 2 ( ; ] the rotation number of h
about a, and we denote by H (a) the stabilizer subgroupof a in H. We say that
H satis es the condition (A) if all xed points of the non-trivial elemens of H
can be put into pairs satisfying the following properties.

(A1) If fa;bg is such a pair, then a6 b, H(a) = H(b) and R(h;a) = R(h;b),
for eadh h 2 H(a) = H(b) of order greater than two.

(A2) If fa;bg and fr;tg are two sudch pairs, then either fa;bg\ fr;tg = ; or
fa;bg= fr;tg.
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(A3) If fa;bg is a pair, then there is no element t 2 H sothat t(a) = b.
(A4) If ais xed point of somenon-trivial elemert of H, then there is another
xed point b sothat fa;bg is one of the above pairs.

A pairing of the non-trivial elemers of H satisfying (A1){(A4) will called a
Schottky pairing. In Section 2 we recall a short argumertation of the necessary
part of Theorem 1.2.

Corollary 1.1. Let S be a closedRiemann surfaceand :S! S bea
conformal automorphism. If either (i) no non-trivial power X has xed points;
or (i) hasorder 2,then H = h i is of Scottky type.

Let us consider a closed Riemann surface S of gerus p and a group H of
conformal automorphism of S of Scottky type. In this casethere is a Schottky
uniformization ( ;G;P: | S) satisfying the property that for every h 2 H
there is some conformal automorphism fi: ! for which h P =P fi. As
the region of discortinuity  of a Schottky group is known to be a domain of
type Oap [1], we have that the conformal automorphism fi is the restriction of a
Mebius transformation. Let K be the group generatedby the liftings i, h2 H,
and the Schottky group G. We havethat K contains G asanormal subgroupand
that K=G isisomorphicto H . It followsthat is alsothe region of discortinuity
of K and, if H is nite, then G will be of nite indexin K, in particular, K will
be a geometrically nite function group. In the particular caseH is a cyclic group
of Schottky type, say generatedby a conformal automorphism :S! S, we have
that K=G is a cyclic group. In the casethat has nite order, the casewhen the
gerus of S is at least 2, we have that G has nite index in K and, in particular,
K is geometrically nite. In any case,we have S= = =K, obtaining in this
way a uniformization ( ;K;Q: ! S=) sothat Q=L P,whereL:S! S=
is the branched covering induced by the action of on S. We may have many
di erent Sdottky uniformizations of S for which  lifts. In particular, we may
get many di erent geometrically nite groups K and respective uniformizations.
The purposeof this note is to describe all such possiblegroups K we obtain by
the above process(seeSection 3) up to topological conjugacy

As noted before, the above can be also described in terms of handlebodies. If
we are given a handlebody M3 and a nite order orientation preserving homeo-
morphism :M31 M2, then we have the orbifold O = M 3= . Each hyperbolic
structure on M 2, of boundedby below injectivit y radius (i.e. a Schottky group G),
for which  actsasa hyperbolic isometry (i.e. of Sthottky typefor suc a Schottky
uniformization), we get a hyperbolic orbifold structure on O, of boundedby below
injectivit y radius (i.e. a geometrically nite Kleinian group K corntaining G asa
nite index normal subgroup). In this way, to give a description, up to topolog-
ical equivalence, of the geometrically nite groups K as above is the sameasto
describe, up to topological equivalence,the hyperbolic orbifold structure on O, of
bounded by below injectivit y radius.
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2. Automorphisms of Schottky type

2.1. Low genus.

2.1.1. Gerus zero. If p= 0, then by the classicaluniformization theorem, we
have that S is conformally equivalent to the Riemann sphere. The only Sdottky
uniformization in this caseis given by the trivial group. In particular, all auto-
morphisms are trivially of Sdottky type.

2.1.2. Gerusone. If p= 1, then we have that the casesf (i) automorphism of
order 6 with xed points and (ii) the automorphism of order 4 with xed points,
do not satisfy the condition (A). Moreover, all other typesof automorphisms keep
homotopically invariant some non-dividing simple closedcurve on the respective
tori. It follows that these automorphisms are of Schottky type. In this case
the groups K we obtain are of one of the following types: (i) a Scottky group
of gerus 1, say generatedby A, where G is generatedby A", some positive
integer n; or (i) a group generatedby a loxodromic transformation A and an
elliptic transformation L, of nite order, sothat L A = A L; or (iii) agroup
freely generatedby two elliptic transformations of order 2, say E; and E».

2.2. Hyp erbolic situation. Let usassumep 2, which is the casewe will
considerfrom now on in this note. In this casewe havethat  has nite order.

We proceed rst to give a short argumertation of the necessiy part of Theo-
rem1.2. Let S be aclosedRiemann surfaceof gerus p 2 and a conformal auto-
morphism :S! S, of order n, which is of Sthottky type. Let ( ;G;P: ! S)
be a Schottky uniformization of S for which  lifts. As already obsened, we have
a geometrically nite function group K, generatedby G and any lifting of
The group K contains G as a normal subgroup of index n and K=G is a cyclic
group of order n. As K is a nite extensionof G and G cortains no parabolic
transformations, then neither K does. This obsenation together the resultsin [6]
assertsthat: if i 2 K is an elliptic transformation, then both xed points of fi
belongto  or there is a loxodromic transformation in G commuting with fi. For
ead elliptic transformation in K, with both xed points in , we considerthe
pair obtained as the projections of its two xed points. In this way, we produce
a collection of pairs, on the surface S, on which every xed point of non-trivial
powers of  appears. The non-existenceof parabolic transformations in K as-
serts that these pairs satisfy the conditions (A1), (A2) and (A4). We proceedto
ched condition (A3). Assumewe have i 2 K, an elliptic transformation with
Fix (R) = fa; by . If there is sometransformation {2 K sothat f(a) = b, then
the non-existenceof parabolicsin K ensuresthat f(b) = a. It followsthat 2 = |
and, in particular, f de nes an automorphism t of order 2 in H = h i which
permutes the projected points a = P(a) and b° = P(b). The points a2 S
are xed points of the automorphism in H induced by f, sy h= k. If h has
order two, then we have that the cyclic group H cortains two di erent elemers
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of order 2, a cortradiction. If the order of h is at least 3, then we have that
R(h;a% = R(h;) 2 ( ; ). But ast is conformal and commutes with h, we
also have that

R(h:a% = R(t h t %;a% = R(h;);

a cortradiction. It follows that our pairs also satisfy condition (A3). In this way
we have obtained a Schottky pairing for  asdesired.

Remark 2.1. As before,let S be a closedRiemann surfaceof gerus p 2
and :S! S bea conformal automorphism, say of nite order n. SetH = h i.

(1) It isnot dicult to seethat givena Sdcottky pairing for a group H , there is
a new Sdottky pairing with the extra property that: if fp;qg is a pair, then
for every h 2 H we havethat fh(p); h(g)g is also one of our pairs.

(2) If isaconformalautomorphism of Schottky type,then X is alsoof Schottky
type,forall k= 1;:::;n 1.

(3) If H satis es condition (A), then it is clearthat S=H cannot have signature
of type (0; 3;m; n; t). For example, let us considerKlein's surface S of gerus
p = 3, the only, up to biholomorphisms, closedRiemann surfaceof gerus three
admitting a group of conformal automorphisms of maximal order 84(p 1) =
168. We have that S admits a conformal automorphism  of order 7. The
quotient S= hassignature (0;3;7;7;7), in particular, is not of Scottky
type.

Let S beaclosedRiemannsurfaceofgerusp 2and :S! S aconformal
automorphism of order n. We know from [21] that n  2(2p+ 1). The obser-
vation (3), in the above remark, and Riemann{Hurwitz's formula permits us to
obtain the following fact with respect to the order of a Scottky-t ype conformal
automorphism.

Prop osition 2.1. Let S be a closedRiemann surfaceof gerus p 2 and
: S!S a Sdottky-t ype conformal automorphism of order n. If g 0 denotes
the gerus of the quotient S= , then:
i Ifg 2,thenn (p 1).
(i) If g=1,thenn 2(p 1).
(i) If gq=0,then n 6(p 1). Moreover, if the quotient has at least 6 branch
values,then n  2(p 1).

Proof. SetR = S= , the quotient Riemann orbifold, and g O its gerus. We
denoteby :S! R the regular branched covering induced by the action of

As we are assuming of Sdottky type, we have from Theorem 1.2 the exis-
tence of a Schottky pairing for H = h i, which we may write as:
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sothat (a;)=x; and (b;) =1y ,forj=1::5;randi= 1;:::;s5. In this
way, the branch locusof :S! R isgivenby

1;::1;r. If nj denotesthe order of Hj , then we alsoset |j = n=n; 2 1;:::;1n

Riemann{Hurwitz's formula [4] reads,in this case,as:

X
() p=n(g+r 1)+1 lj :
j=1
If g 2,asl; %n, then ( ) assertsthat
s D (D

If g= 1, then ( ) assertsthat r > 0 and

n 2o o 2 1)

If g= 0, then ( ) assertsthat r 2. In the casethat r 3 we have that

2
r

5P 1) 2(p 1)

In the caser = 2, we have
() p l+li+1l,=n:

As p 2,wecannothavel; =1, = %n. We may assumethat 1, |,. If we
have that |, = %n, then we must have |, %n. In this case,( ) assertsthat
n p 1+ in+ in,from which we obtain

n 6(p 1)2 O

~Example 2.1. Let usconsiderK = bA;B : A® = B? = |i, where A(z) =
e =3z and B is an elliptic elemen of order two that keepsinvariant a simple
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closedcurve L  C, corntained in the interior of the sectorArg (z) 2 3 ;+% :
and permutes both topological discsbounded by it. The subgroup

G=hU=B A B Atv=B A ! B Ai

is a normal subgroup of K, in fact, the commutator subgroup of K. We have
that G is a Scottky group of gerus p = 2; afundamenal systemof loopsis given
by W(L), B W(L) , W (L) and B W (L) , with respect to the Schottky
generatorsU and V. Let usdenoteby the region of discortinuity of K , which
is the sameas for G. The closedRiemann surface S = =G hasgerus p = 2
and admits a Sdottky type conformal automorphism :S'! S, induced by the
transformation A B 2 K, of order 6(p 1) = 6. Thesesurfacesare given by the
algebraic curves
y?= (x> D) > 1

and the automorphism is represerted by
X 7! € =3x;
y7! vy

3. Topological classication

Consider a closedRiemann surface S, of gerus p 2, and a Scottky type
conformal automorphism :S! S,sayofordern 2. SetH = hi = Z=nZ.
As seenbefore, ead Schottky uniformization ( ;G;P: ! S) for which
lifts producesa geometrically nite function group K, containing the Sdottky
group G as a normal subgroup of index n. In this way we get a uniformization
( ;K;Q: ! R) ofthe quotient orbifold R = S= . In this sectionwe proceedto
describe, up to topological equivalence,all such uniformizations of R we obtain in
this way.

In the rst part we proceedto seethat K belongsto a certain family of groups
constructed as a free product of certain basic groups in terms of Klein{Maskit's
combination theorems. Next, we give a simple condition to decide which of the
groups on sud a family are the possibleones.

Notation. We keepthe following notation. The quotient Riemann orbifold
R = S= hasgerusq 0 and we denoteby :S ! R the branched regular
covering induced by the action of . As we are assuming of Scottky type, we
have from Theorem 1.2 the existenceof a Sdottky pairing for H = h i:

sothat (a;) = x; and (b;) =y, forj = L:::5;randi = 1;:::;s. The
branch locusof :S! R isthen givenby
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Let Hj = H(a;1) = H(.1) = hXi be the stabilizer in H of a4, for

j = L,::5r. If nj denotesthe order of H; , then weset|l; = n=n; 2 1;:::;%n

Wemay assumethat % is a geometricgenerator,that is, the rotation number
of % at a;; isgivenas
R( ki ;aj;l) =2 =n;:

3.1. A family of geometrically nite groups. Assumewe havea Scottky
uniformization ( ;G;P: ! S) of the surface S for which  lifts. Let K be
the group generatedby G and any lifting of . We have noted that K is a geo-
metrically nite Kleinian group, cortaining G asa nite-index normal subgroup,

with  asregion of discortinuity and =K = R. Let usdenoteby Q: ! R the
branched regular covering induced by K sothat Q = P.

Let S be a simple closedgealesicof minimal hyperbolic length that lifts
to aloopon by P. We have that either:
@M ()= ;or

i (H)\v =;.

The reasonof thisisthat if ( )\ 6 ; and ( ) 6 , then asboth
and ( ) lift to loopson , we may nd a simple closedloop (homotopically
non-trivial) that alsolifts to aloop on  of smaller hyperbolic length than of
a cortradiction.

It follows that the translates of under H de ne a collection of pairwise
disjoint simple closed geadesics. Let S° be the surface obtained from S after
cutting along sud a collection of simple closedgealesics. By the construction, we
have that H permutes the connectedcomponerts of S°.

If SO still has a connectedcomponert of positive gerus, we proceedto nd
a simple closedgeadesic  of minimal length inside S° that lifts to a loop on
via P . This is possiblesincethe Sdcottky uniformization is a lowestregular planar
covering of S. We have that s disjoint from any of the translates of  under
H and that either:

@ ()= ;or
i )y =;.

Let S%be the surfaceobtained from SP° after cutting along sud a collection
of simple closed geadesics. By the construction, we have that H permutes the
connectedcomponerts of S If someof the connectedcomponets of S%still have
positive gerus, then we proceedin a similar fashion. As S has nite gerus, the
above procedureendsafter a nite number of steps.

At the end, we end with a collection
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of pairwise disjoint simple closedgeadesicsso that:

@ Cj)= jor (Vv j=3,
@ ')\ Yw=;.foralll, tandj 6 k;

(i) ea(hgecﬂesmloop j lifts to aloopon by P: ! S;
(iv) S =1 ] has no cmgponert of positive gerus; and
(v) the componerts of S jm:1 j are permuted by the cyclic group H .

Let us obsene that we may replace eat of the above gealesicloops by ho-
motopic simple loops (not longer geadesic ones) with the property that none of
them corntains a xed point of a non-trivial power of . From now on we assume
this assumption and we forget about gealesicstatus.

Let usdenoteby 1;:::; s R the projection of the simpleloops 1;:::; m
under :S! R. Clearly, s m. The above assertsthat eadr ; is asimpleloop
and that

(vi) 1;:::; ¢ are pairwise disjoint;
(vii) ead gf the loops ; is disjoint from the branch locusof :S! R; and
(vii) R =1 has no componen of positive gerus.

It followsin particular that g s andthat wemay nd a gubcollection of loops
(reordering indicesif necessary) 1;:::; ¢ R sothat R jqzl j Is connected
and planar. Let us considerthe correspnding simple closedloops 1;:::; ¢ S
(and their translatesunder H ) sothat ( j) = ; (up to apermutation of indices
of the original collection if necessary).

Each loop ; ,for j = 1;:::;q, lifts to aloopon under Q: ! R. If
" is any one of such Iiftlngs of ;,then ” isalsoallifing of ;. We have
two possibilities for *

@ k(%)\ N =;, forall k2K flg;or

(b) there is a geometrical elliptic transformation ; 2 K sothat:
N

(b.1) k(%)= " for k2 hji;and
(b.2) k()\ N =; foral k2K hji.

Choosea basepoint x 2 ; and a basepoint y 2 j sothat Q(y) = x. In
case(a) we have that the lifting of starting at y de nes a closedloop, and in
case(b) we have that the lifting of starting at y de nes a simple arc ending
at j(y). As j descendsby P: ! S to apowerof ,we havethat the order
m; of ; isadivisor of n. Also, asthe covering Q: ! R is regular, the above
is independert of the choice of the lifting loop. We assaiate to the loop ; the
weight m; .

Next, we proceedto construct a collection of pairwise disjoint simple arcs
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sothat § connectsx; with y; and is disjoint from the other branch values.

of simple arcs. There are permutations j 2 S, (the symmetric group on I;
letters) so that ead padkage F j; consistsof exactly n; simple arcs, ead one
connecting the points a;; with b, (), which are cyclically permuted by K
The padagesare cyclically permuted by

We may give an orientation of § in order that the starting point of an arc in
the family Fj; starts at a; andendsat by, | (.

We may reorder the points b; sothat the lifted arc correspondingto § that
starts at a;; endsat by; , that is, ; is the trivial permutation. Sud a change
givesus another Schottky pairing for the automorphism

sothat X (1) = ;.. Recall that we have assumed X to be a geometrical
generatorof H; .

The simpleloop ; = ;1[ j 2 hastwo possibletypesof liftings under the
Sdottky uniformization P: ! S.

(P1) ; lifts to aloop; or
(P2) ; lifts to an arc, connectingtwo limit points of G.

If nj > 2, then (P2) is not possible. This is just a consequencef the fact that
no simple arc is invariant under an elliptic transformation of order bigger than 2.
It follows that situation (P2) only may happenif n; = 2. In sud a case,we must
have the existenceof a pair of elliptic transformations of order 2, say 1; 22 K,
sothat ; > 2 G. Each of the elemerts of order 2 above must have both of its
xed pointsin . In fact, ; hasoneofits xed pointsin  sinceit projects to
the point a;; 1 or b, 1. As consequencef the results in [6], we have that the other
xed point also belongsto

In this way, we may change our Scottky pairing by a new one so that both
xed points of ead elliptic elemen of order 2 in K project to a pair.

Now, in situation (P1) we have the existenceof an elliptic transformation
"2 K of order n; with both xed points projecting to the pair fa;; 1;b; 19.

All the above argumerts assertthat we may assumethat our Sdottky pairing
is such that ead pair comesfrom the projection of both xed points of an elliptic
transformation in K (of courseassumingthey belongto  [6]).

Since K is a geometrically nite function group, we have as a consequencef
the classi cation of function groupsin [17], that the above information describes K
up to topological equivalence. More precisely the group K can be geometrically
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constructed asfollows. Fix integers

8 n2f23::0;
% a;b;c;d210;1;2;:::0;

nj and m; divisors of n;

so that:
() q= a+ b;
(i) c+d=r;

(i) 2c is the number of branch valueson R of order 2;
(iv) 2d is the number of branch valueson R of orders greater than 2.

Let us considerloxodromic transformations

L e 1 o i e 2 K
so that
(v) the orderof ; is m;;
(vi) the order of ; is 2 (they only appear in the casen is even);
(vii) the order of “j is n;; and
(vii) 5 ;=5 ; commute.
We assumethe existenceof a collection simple loops as shown in Figure 1.

S1 51 1,1 L

SO
Sa Sla L4,b
(3
5 @’g’ - 1,b L3k
1 C
DC

L1

-

Gl d

" e

Figure 1.



340 Ruben A. Hidalgo

In this way,

K=2 r 2 fz Z=m2) iz (z Z:mbzi

a b
=27 =2 =mZ Z=nyqZ .
P2 25 2, 2

The Sdottky group G is a normal subgroup of K, of index n, so that
S= = =K, wherethe cyclic group generatedby is givenby K=G. It follows
from Riemann{Hurwitz's formula that the following equality should be true:

xd
() p=na+b+ic+trd 1+1 n 1=n:
=1

The above tells us how to construct the geometrically nite Kleinian group
K in terms of certain parametersgiven by integers.

3.1.1. The family F . Let us denoteby F the family of groups constructed
as above, from Maskit{Klein's combination theorems, using integers as in ( )
restricted to the equality ( ).

As consequence®f the argumerts above, we have that the groups we are
looking for are members of the family F , but it may happen that some of the
groupsin F are not. We will say that a group K 2 F is admissibleif K hasa
Scottky subgroup G asnormal subgroup sothat K=G is a nite cyclic group.

Before going into the problem of deciding which groupsin F are admissible,
we must obsene that Maskit{Klein's combination theorems together with the
above argumerts permit usto seethe following.

Theorem 3.1. (1) The algebraic structure of any group in F is uniquely
determined by the data:

8

> n2f23::.09;
a;b;c;d210;1;:::;0;

>3 ng;:ii;ng  nodivisors of n (up to permutation);
2 mgq;:iii;mp nodivisors of n (up to permutation):

(2) All groupsin F with the samealgebraicstructure are quasiconformally equiv-
alent.
(3) If K 2 F hasdata asin (1), then the signature of =K s

q= a+ b;2(c+ d); F; ok N1, N1, N2 N2, 000 NG Ny
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3.2. Admissible groups in F : Now we proceedto decidewhich groupsin
the family F are admissible. Assumewe have givenintegersp;n 2, a;b;c;d 2

them satisfying the conditions ( ) and equality ( ). By Klein{Maskit's combina-
tion theorem we construct a geometrically nite function group K 2 F asabove.
The signature of =K ( is the region of discortinuity of K ) is given by

q=a+ b;2(c+ d); F; (72§ M N1 N2 N30 N3 Ng.

Lemma 3.1. Let K 2 F be constructed as above from Klein{Maskit's
combination theorems. If we have a surjective homomorphism

K! Z=nZ=hJ:U" = Ili;
with torsion-free kernel G, then G is necessarilya Sdottky group of gerus

xd
p=na+b+Zc+rd 1+1 n 1=n;:
=1

In particular, the closedRiemann surface S = =G admits a Scottky type
conformal automorphism :S! S, oforder n, inducedby K=G. In other words,
the group K is admissible.

Proof. By Klein{Maskit's combination theorems, all elemers di erent from
the identity are either: (i) loxodromic; or (ii) conjugatesof non-trivial powers of
some ;, or conjugates of some ;, or (iii) conjugates of non-trivial powers of
some”; .

If the kernel G of s torsion free, then we have that G is a purely loxo-
dromic, geometrically nite function group with its limit seta Cantor set. By the
classi cation of function groups[17], we must have that G is in fact a Schottky
group. Riemann{Hurwitz's formula assertsthat the gerus of G isin fact p. o

As a consequenceof Lemma 3.1, in order for our group K to be admissible,
we needto have the existenceof a surjective homomorphism

K! Z=nZ=hJ:U" = Ii;

with a torsion-free kernel.

3.2.1. First case.If we have a> 0 or b> 0, then the existenceof is clear.
In fact, we only needto de ne  asfollows:
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(1) if nisevenand c6 0, then ( ;)= U"?;

(2) if b6 0, thenset ( ;)= U"Mi;

(3) if d6 0, thenset ( "j) = U"™"i;

(4) if a> 0, thenset ( ;) = U and sendthe rest of generatorsto the identity
elemer;

(5) if a= 0,thenset ( 1) = U andwe sendthe rest of generatorsto the identit y
elemen.

3.2.2. Secondcase. If we have a = b= 0, then the existenceof is not in
generaltrue. In this casewe needto have that:

(1) If c> 0,then nisevenand hU : U" = |i = hU"2;U"N1;:::;U""dj which
is equivalent to having GCD (n=2;n=n4;:::;n=nq) = 1.
2 If c=0,thend> 0and hU : U" = i = hU™"1;:::;U"™"di, which is

equivalent to having GCD (n=nq;:::;n=ng) = 1.
As a consequencef all the above, we have the following conditions to deter-
mine those groupsin F we are looking for.

Theorem 3.2. Assumewe havegivenintegersp;n 2, a;b;c;d2 f0;1;2;:::qg,

isfying the conditions ( ) and equality ( ). Let K be the geometrically nite
group constructed from Klein{Maskit's combination theorem as above. If either
() a+ b>0; or (i) a= b= 0, c> 0 and GCD(n=2;n=ny;:::;n=ng) = 1; or
(i) a= b= c= 0 and GCD(n=n1;:::;n=ng) = 1, then K is admissible.

Now, Theorems3.1 and 3.2 give us the classi cation of all admissiblegeomet-
rically nite Kleinian groups we are looking for.

Example 3.1. We assumewe have a closedRiemann surfaceof gerus p= 2
and a conformal automorphism :S! S of order n of Scottky type. As con-
sequenceof Proposition 2.1, we have that n 2 f2;3;4;5;6g. On the other hand,
a conformal automorphism of order n = 5 of a closed Riemann surface has ex-
actly 3 xed points, this situation is not possibleby condition (A). In particular,
n2f2;3;4;69.

(1) n= 2. In this casewe have d = 0 and m; = 2. Equation ( ) then givesus
the following possiblesolutions:

(2.1) a= b= 0, c = 3; in which casethe group K is generatedby the
involutions ;; » and 3. The Sdottky group G is generatedby ;

and 1 3.
(2.2) a= 0, b= c = 1; in which casethe group K is generatedby the
transformations 1; 1 and ;. The Scottky group is generatedby ;

and 1 1-
(1.3) a=1, b= 0, c= 1; in which casethe group K is generatedby the
transformations ; and ;. The Sdottky group is generatedby ; and

1 1 1
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(2) n= 3. In this casewe have c= 0 and n; = m; = 3. Equation ( ) then
gives us as unique solution a= b= 0, d = 2. In this casethe group K is
generated by the transformations of order three "; and ",. The Sdottky

group G is generatedby "; ", and "; ' ",?t.
(3 n = 4. In this casewe have b = by + b, where n; = = ng = 4,
m; = =mp = 2 and Mp,+ = = mp = 4. Equation ( ) then gives

us as unique solution a= b= 0, c= d = 1. In this casethe group K is
generatedby the transformation of order four "; and the involution ;. The
Schottky group G is generatedby "2 ; and ";* 1 "t
(4) n = 6. In this casewe have d = d; + do, b= b + b, + bz, sothat n;
:nd1:3, Ng,+1 = :nd:6, mp; = :mb1:2, Mp,+1 = =
Mp, = 3, and My,+1 = = mp = 6. Equation ( ) then givesus

7=6a+b+ jc +5d di

We cannot have a= b= c= 0, since(as d; d) in that case7=5d d;
4d, from which we may obtain a cortradiction. It follows that

1 1.
a+ b+ 3c 3

Again using the fact that 5d d; 4d, we obtain that the unique solutions
area=b=0,c=d=d; = 1. In this casethe group K is generatedby the
transformation of order three "1 and the involution 1, and the Sdottky group
G isgeneratedby ; "; 1 ";tand 1 "' 1 "1 (seeExample 2.1).

Remark 3.1. The argumerts done above permit us to describe all topolog-
ical classesof geometrically nite groups K . Assumewe have xed one of these
admissiblegroups K . A homeomorphismof the Riemann spherethat conjugates
K into itself is called a geometrical normalizer of K . We say that two Sdottky
subgroups G; and G, of K are equivalent if there is a geometrical normalizer of
K,say f,sothat f G; f = G,. Adicult problem, at leastfor the author,
is to give a classi cation of the equivalenceclassesof Sdottky subgroupsof K .
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