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Abstract. We study mappingsof nite distortion betweenRiemannian manifolds. We estab-
lish Veisala's inequality for moduli of path families and as an application we prove a version of the
so-calledglobal homeomorphismtheorem for mappings of nite distortion under a subexponertial
integrability condition on the distortion.

1. Intro duction

Zorich's theorem for quasiregular mappings statesthat every quasiregularlo-
cal homeomorphismfrom R" into R" is a homeomorphismif n  3; see[18]. A
geometric version of this theorem, known asthe Global homeomorphismtheorem,
statesthat every quasiregularlocal homeomorphismfrom an n-parabolic Rieman-
nian n-manifold into a simply connectedRiemannian n-manifold is an embedding
if n 3;see[19]and [1, 6.30].

Proofs of these results are based on geometrical properties of quasiregular
mappings and especially on path family techniques like Poletsky's inequality.
In [10] Koskelaand Onninen provedthat substitutes of the Poletsky inequality and
its generalization, Veaisala's inequality, hold for mappings of (sub)exponertially
integrable distortion. Thus these mappings have similar geometrical properties
as quasiregular mappings in this sense. Using the Euclidean results of Koskela
and Onninen we rst generalizethese inequalities for mappings of nite distor-
tion betweenRiemannian manifolds. Then we combine Poletsky's inequality with
methods intro duced by Zorich to extend the Global homeomorphismtheorem for
mappings of nite distortion.

Let 1, bethe family of all paths in a Riemannian manifold M whoselocus
] ] is not contained in any compact subsetof M . We say that M is ! -paralolic,
where! :M ! [0;1 ] is measurable,if the ! -weighted n-modulus of 1, is zero;
seeSection 3 for details.
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Theorem 1 (Global homeomorphismtheorem). Let M be a K" ( )-
parabolic Riemannian n-manifold, N asimply connectedRiemannian n-manifold,
both of dimensionn 3, andlet f:M ! N be alocal homeomorphismof nite
distortion K ( ) satisfying the condition (A). Then f is a homeomorphismonto
its image and the set N nf M has zero n-capacity.

See Section 2 for the de nition of a mapping of nite distortion between
Riemannian manifolds.
The proof of the global homeomorphismtheorem depends on the following
two propositions.
We say that a point g2 N is an asymptotic limit of f if there exists a path
:[a;0! M belongingto i, sucthat (f )(t)! gast! b. Wedenoteby
E(f) the set of all asymptotic limits of f .

Prop osition 2. Let M be a K( )" !-parabolic Riemannian n-manifold,
N a Riemannian n-manifold, with n 3,and let f:M ! N be a local ho-
meomorphismof nite distortion K ( ) satisfying (A). Then E(f) is -compact,
cap,E(f)=0,and N nfM E(f).

The following proposition extendsthe well-known simply connectednessesult
[13,Lemma3.3]and its generalization[12, Theorem 6.13]to the caseof -compact
setson Riemannian manifolds.

Prop osition 3. Let N be a connectedRiemannian manifold of dimension

n 2andlet E bea -compactsubsetof N suc that H " K(E) = 0 for some

integer k 2 f1;:::;ng. Then the inclusion N nE ! N inducesan isomorphism
m(NnE)! L(N)foral 0 m k 1.

2. Mappings of nite distortion on Riemannian manifolds

We assumethroughout the paper that M and N are C! | oriented Rieman-
nian n-manifolds without boundary. We denote by ( X) the set of measurable
vector elds on M andby k(M) the setof CK-smooth vector elds on M . The
measureon M given by the Riemannian volume form will be denotedby my, .

A locally integrable vector eld X 2 ( M) is called a weak gradient of a
function u2 LE (M) if

Z Z
X;Yidmy = udivY dmy
M M
holds for every compactly supported vector eld Y 2 (M). We denoteby r u
the weak gradiert of u. The Sobolev spaceWP(M), 1 p< 1 , consistsof all

loc
functions u 2 L .(M) whoseweak gradiert r u belongsto L} .(M).

loc
Let us recall the de nition of a mapping of nite distortion of an open set
G R".Wesathat f:G! R" isamappingof nite distortion if the following

conditions are satis ed:
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@) f 2 Wi H(G;R").

(b) The Jacobiandeterminant J( ;f) of f is locally integrable.

(c) There exists a measurablefunction K:G! [1;1 ], nite almost everywhere,
sud that

kDf (x)k" K (x)J(x;f) a.e.

Here Df (x) is the formal derivative of f at x, that is, the linear map R" ! R"
de ned by the partial derivatives Dif (x) as Df (x)e = D;f (x). Furthermore,
kDf (x)k = maxfj Df (x)vj:v 2 R"; jvj = 1g and J(x;f) = detDf (x). If K 2
L (G), the condition (b) implies that f 2 chljg (G) and we recover the classof
mappings of bounded distortion, also called quasiregular mappings It is a deep
result of Reshetryak that a non-constart quasiregular mapping is locally Helder
continuous, discrete, and open; see[14]. Recerly these topological properties
have beenestablishedfor mappingsof nite distortion under minimal integrability
assumptionson the distortion function K ; seee.qg.[4], [6], and [8].

In this paper we are mainly interested in locally homeomorphic mappings of
nite distortion between Riemannian manifolds. In particular, we assumethat
mappings in question are a priori continuous. Therefore we may use local repre-
serations to de ne mappings of nite distortion on Riemannian manifolds.

De nition 4. We sa that a continuous mapping f:M ! N has nite
distortion if, for eadh x 2 M, there exist orientation-preserving charts (U;' ) at
x and (V; ) at f(x) suchthat fU V and that f ' LU ! R"isa
mapping of nite distortion in ‘U R".

If f:M ! N is a mapping of nite distortion, we de ne for a.e.x 2 M a
linear map Df (x): TxM ! T; )N by

Df(x)=D 'f(x) D f ' x D' X);

where' and are any orientation-preserving chart mappingsat x and at f (x),
respectively. Obsenwe that the de nition of Df (x) is independert of the choice of

and . Now there exists a measurable(distortion) function K:M ! [1;+1 ],
nite almost everywhere, suc that

(1) kDf (x)k" K (x)J(x;f) a.e;

where KDf (x)k = maxfj Df (x)vj:v2 TyM; jvj= 1g and J(x; f) = detDf (x). If
we want to emphasizethe role of the function K in (1), we call f a mapping of
nite distortion K.

Our main objective in this section is to extend the basic topological and
metric properties of mappings of nite distortion from the Euclidean caseto the
Riemannian setting. The results we considerare valid only under someadditional
assumptions on the distortion function K. To describe these assumptions, we
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consider in nitely di erentiable and strictly increasing functions, called Orlicz-
functions, A: 0;1 [' [0;1 , with A(0) = 0and limgy A(s)= 1. We s&y
that a mapping f of nite distortion K satis es the condition (A) if

(A-0) exp A (K) 2 Lj(M),

where A is an Orlicz-function sud that

Z
LAY
1

(A-2) tA qt) increasesto 1 for suciently large t.

For the next lemma we recall that, foreach L > 1 and x 2 M , the Rieman-
nian normal coordinates at x when restricted to a su cien t small neighborhood
U of x provide an L -bilipschitz chart * :U! R".

(A-1) dt=1 ,and

Lemma 5. Let f:M ! N be a continuous mapping of nite distortion K .
Supposethat (U;" ) and (V; ) are orientation-preserving L -bilipschitz charts on

M and on N, respectively, sucd that fU V. Then h = f ' 'y ! R"
is a mapping of nite distortion L*"K ' 1. Furthermore, if f satis es (A), then
sodoes h.

Proof. The mapping h has nite distortion by our de nition. Since' and
are L -bilipschitz, they satisfy kD ( )k L, kD' *( )k L,J(; ) L ",
andJ( ;' ) L ". Forx2'U,wewrite y= f ' 1(x) . Then by the
chain rule, h satis es a distortion inequality

kDh(x)k"= D (y) Df ' *(x) D' *x)"
kD (Y)k™ Df ' *(x) "kD' 1(x)K"
LK Hx) I(ys )IC H:f)Ist b
= L*K ' Y(x) J(x;h)

fora.e.x2'U .

Supposethat f satis es (A) with an Orlicz-function A . Then h satis es the
condition (A) with an Orlicz-function AYt) = A (t=L*") sinceJ( ;' 1) L "
in'U .o

Using Lemma 5 we obtain the results of [8, Theorem 1.3]and [9, Theorem 1.1]
in our setting.

Theorem 6. Let f:M ! N be a continuous mapping of nite distortion
satisfying (A). Then f is either constart or both open and discrete. Moreover,
if f isnon-constart, J(x;f) > 0 forae.x2 M, my(Bf) = 0, and f satis es
Lusin conditions (N) and (N 1), that is, for every measurableE M,

mu(E)=0 ifandonlyif my(fE)=0:

Here B; is the branch set of f, that is, the set of points x 2 M where f
fails to be a local homeomorphism.
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3. Vaisala's inequalit y

For the statemert and proof of Veisala's inequality we x someterminology.
Let I and J beintervalson R. If :J! M isasubpathof :I! M, that is,
J 1l and = jJ,wedenote

Let f:M ! N beaconinuous,discrete,and openmapping, andlet :[a;H!
N be a path, where b2 [a;1 ]. A maximal f -lifting of starting at a point
x2f 1 (a) isapath :[a;]! M,a ¢ b, sud that
i (a=x,
@iy f = j[a;d, and
(i) if ¢ < c® b, then there does not exists a path  %[a;cY! M sud that

= O[adandf %= jla;Y.

Moreover, a maximal f -lifting is total, if f = . Weusethe sameterminology
for paths de ned on compact intervals.

Let be a path family in M, 1 p< 1 ,andlet!:M ! [0;+1] be
measurable. The weightel p-modulus of S with the weight ! , is de ned by

(2) Mps () = inf 98! dmyy ;
% M

where the in m um is taken over all admissiblefunctions %for the path-family
that is, over all Borel functions %M ! [0;1 ] sud that
Z

%ds 1

for every locally rectiable 2 , see[10]. If ! 1, (2) de nes the usual p-
modulus of  which we denoteby M,() .

Theorem 7 (Veaisala's inequality). Let f:M ! N be a continuous, non-
constart mapping of nite distortion K satisfying the condition (A). Let bea
path family in M, 9beapath family in N, and m be a positive integer sud that

the following is true: For every path :1 ! N in ©there are paths 1;:::; m
in  sucdhthat f for all j and suc that for every x 2 M andt 2 | the
equality ;(t) = x holds for at most i(x; f) indicesj . Then

M Ko ; ()
3) Mn( ) =

Here i(x; f) is the local topological index of f at x; see,for example, [16]
or [15]. The weight K, ( ;f) on the right-hand side of (3) is the inner distortion
function of f de nec{i3 by

kD# f (x)k" .
iﬁ if J(x;f) 6 0,
21 if J(x;f)= 0and kD* f (x)k = 0,
1; if J(x;f)= 0and kD*f (x)k 6 0,

Ki(x;f) =
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where D# f (x) is the matrix of cofactorsof Df (x). The function K, ( ;f) satis es
a point-wise inequality K, (x;f) K" (x), [5, Section 6].

We needthe following version of the change of variable formula; see[2] for a
more general Euclidean version.

Lemma 8. Let f:M ! N be a continuous mapping of nite distortion
satisfying the condition (N). Let E M beameasurablesetand u:fE ! [0;1 ]

a measurablefuznction. Then .

ufx) Jxf)dmy = u(y)N(y;f;E)dmy:
E N
Proof. Let (U;') and (V; ) be orientation-preserving charts on M and
N, respectively, sud that fU V. Let F E \ U be a measurable set,
vi fF)! R,v(y)=u y) ,and h= f ' Lt'u ! V.Then
Z Z

uf(x) Jxf)dmy
F

. uf ' Yx) 3 ) f It Hdx
Z

v h(x) J h(x); 1 J(x;h)dx:
F

Furthermore, by the (Euclidean) change of variables formula [2], we obtain
Z Z

vh(x) 3 h(x); tIechydx=  v(y)Iy;  HN(y:h'F ) dy
. .

v (y) N (y);h;'F  dmy
ZV
VU(y)N(y;f;F)dmN:

Let f(Ui;' i)g and f(V,; j)g beatlasesof M and N, respectively, consisting
of orientation-preserving mappings suc that for ewvery i there exists j;, with
fU V,,.Let Ei=E\ Uy and E; = (E\ Uj)nE; 1 fori 2. Then the sets
E; aredisjoint and E = [ E;. The claim follows by applying the equations above
to the setsE; . o

Let us recall the de nition of the absolutely precortinuity of a continuous,
discrete,and openmapping f :M ! N on a path (see[10, p. 18] and [15, p. 40]).
Let :lp! N be a closedrectiable path, andlet :1' ! M be a path sud
that f . Let s :lg ! [O;I( )] be the length function of . If s s
constart on someinterval J |, is alsoconstart on J, and the discreteness
of f implies that also is constart on J. It follows that there exists a unique
path :s (I)! M sud that = (s j1). Wesay that f is absolutely
precortinuouson if is absolutely continuous.

We have the following version of Poletsky's lemma.
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Lemma 9. Let f:M ! N be a continuous mapping of nite distortion
satisfying (A). Let  be a family of paths in M suc that f is locally
recti able and there exists a closed subpath of  on which f is not absolutely
precortinuous. Then M, (f ) = 0.

Proof. Let f(U;;"' i)g and f(V,; ;)g be smooth atlasesof M and N, re-
spectively, such that eadr ' ; and ; is an orientation-preserving L -bilipschitz
mapping, and that for ewvery i there exists j; satisfying f U; Vj,. Sincethe
modulus of a path family depends only on locally recti able paths, we may as-
sumethat there are only locally recti able pathsin f . Let € be the setof paths

in M sud that is a closedsubpath of some 2 and f is not absolutely
precortinuous on . Every path 2 € hasa subpath  suc that f is not
absolutely precortinuouson andj j U; for somei. Let € be a set of those
subpaths of paths 2 €. Then the path family  is minorized by [ €;, that
is, every path in  hasa subpathin [ €;.

Sincemappings ' ; and ; are smooth L -bilipschitz mappings, we have that

f ' 1 is not absolutely precortinuous on paths ' 2 ' ;% , and furthermore

f ! is not absolutely precortinuous on paths ' ;€;. Thus, by Lemma5

Ji
and [10, Lemma 4.3], we have
Mo (5 )8 =0

Sincemappings j, are L -bilipschitz, we have
X X
Mn (f ) Mn (f €) L2"Mn( j,f €)= 00

Now Veisala's inequality can be proved exactly asin the Euclidean case,see
[15, Theorem 11.9.1]. For the reader's corveniencewe sketch the main steps.

Proof of Vaisala's inequality. Let C M besud that my (C)=0,Bs C
and f isdierentiable in M nC. The di erentiabilit y of f a.e.in M follows from
[15, VI Lemma 4.4], Condition (A), and Lemmab5. As J(x;f) > 0 a.e.in M, we
may assumethat J(x;f) > 0 for every x 2 M nC. Sincef satis es the condition
(N), we nd aBorel set B of measurezerocorntaining f (C). Thus By f 1(B)
and f is di erentiable at every x 2 M nf 1(B) with J(x;f) > O.

We may assumethat every 2 9islocally recti able and sincemy (B) = 0,
we may also assumethat 7

BdS:0

forevery 2 °. By Lemma9, we may assumethat if isapath in sud that
f 2 Othen f is locally absolutely precortinuous on
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Let %be a non-negative Borel function M ! R sud that

Z
% 1

forevery 2 .Dene :M! R by

8
< %Xx)

(X) = . minjyj= Df (X)Vvj’
"0 if x2f (B).

if x2 M nf 1(B),

Let 98N ! R be the function

X
fm (y)sup (x);
A

X2A

Ay) =

1
m

where A runs through over all subsetsA f (y) sudthat #A m.

To seethat 98 is a non-negative Borel function, we apply the argumert in the
proof of [15, Theorem 11.9.1]. Moreover, by the sameargumert asin the proofs of
[15, Theorem 11.9.1, Theorem 11.8.1], we have that

Z
Bds 1

forall 2 ©O. Poletsky's Lemma 9 is employed also at this point.
Let ( i) be an exhaustion of M by relatively compact sets ; sud that

_i i+1 . We set
°/p=%—i2|\/|! R:
P = —i:M! R;
and
1 X
(4) BM! R; Bly) = o ¢ = (Y)sup i():
A xon
Supposeyp 2 f inf( i\ Bf) andlet k=# f (yo)\ ; . Thenthereis a

connectedneighborhood V of yo and k inversemappingsg :V! D with
_ 1 S _
iVf *'v= f ;\D:1 kg:

Foreahhy 2 V wedene Ly J = f1;:::;kg as follows. If k m, then
Ly=J.If k>m,then #Ly = m, andforeadr 2Ly and 2 JnLy either
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i g(y) > ig(y) or ig(y) = ig(y and > . Thusthe sum over
the set L, givesthe supremum in the formula (4). Then
1 X
RBy)=— -~ Osup ()= — (=) g ()
A m
X2 A 2Ly
1 X
“m i g (y)
2Ly

for y 2 V. Furthermore, for L J, thesetsV, = fy2 V : Ly = Lg are pairwise
disjoint Borel sets. By Helder's inequality,

X
By =~ g™

m

2L,y
Now Z 1 X Z
%(y)" dmy (y) m (i g)"dmy:
Vi oL WL
By Lemma§ we have the inequality Z
1 X
B(y)" dmn (y)  — i (x)"JI(x; f) dmy (x):
Vi M ov oW
SinceJ(x;f)> 0forae.x2g (W),
kD# f (x)k" J(x; f
Ki(x;f)= -()1: - (. ) —,
J(x;f)n min;yj=1 jDF (X)vj"
fora.e.x2g (M.). Thus
? X 2
By)"dmy (y) = %(x)"K (x; f) dmuy (x):
Vi M L gw

As in [15, pp. %{52], we concludethatZ

BT dma () 900K, 06 1) dimu ():
N M

Since (%) and (%) are increasingsequencesending to %and 98, respectively, we
have z VA

N %(y)" dmp (y)
Thus My, ( 0) Mn;K|( ;f)() =m. o

As a direct consequenceof Veaisala's inequality we obtain a version of Po-
letsky's inequality.

m %x)"K, (x; f ) dmp (x):

Corollary 10 (Poletsky's inequality). Let f:M ! N be a cortinuous map-
ping of nite distortion K satisfying the condition (A). Let  be a path family
on M. Then

Mn(f ) Ivln;K noI( )() :
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4. Parab olic manifolds and Global homeomorphism theorem

Let X and Y be topological spaces.As in the introduction we denote by
Y =f :jj6 Cforany compactC Xg

the family of all paths in X tendingtoinnity. If A X andf:A! Y, wesay
that a point y 2 Y is an asymptotic limit of f at the in nity of X if there exists
apath :[a;hf! A belongingto the family % suc that limy pf t) =vy.
We denote by E (f ; X) the set of asymptotic limits of f at the innit y of X . If
A = X, we omit the phrase\at the innit y of X", and write E(f) = E(f; X).

As an application of Poletsky's inequality we prove the Global homeomor-
phism theorem (Theorem 1). In the proof we employ Propositions 2 and 3 that
wereannouncedin the introduction. The proofsof thesepropositions are preseried
in the following Subsections4.1 and 4.2.

4.1. The pro of of Prop osition 2. The proof of Proposition 2 is basedon
the Euclideanlocalization method presened in [19]. We formulate this localization
asfollows.

Prop osition 11. Let M, N,andf:M ! N beasin Proposition 2. Suppose
that g 2 fM and (U;' ) isachart at gy such that 'U corntains the closedunit
ball B" and ' (¢p) = 0. Then for every pg 2 f 1(qp) thesetE(" f jV;M)\ B"
has zero n-capacity, where V is the pp-componert of the set (" ) B".

The proof of Proposition 11 is divided into the following lemmata. For any
sets C; and C; in atopological spaceD we denoteby ( C;;Cy;D) the family
of all paths in D suchthat j j\ C;6 ;,i=1; 2.

Lemma 12 ([19, Lemma?2]). Let n 3, T R bemeasurable,r:T! R
be a positive bounded measurablefunction, and x; 2 S" 2 0;r(t) ftg for every
t2 T. Then, for every R > 0,

H (Tr).

S
Mn ( f(O;t)g;fx;g:B" T O;r(t) ftg ¢
t2T R

where TR = r ! ]0;R] and c, is a constart depending only on n.

Proof. Let us denote = f(0;t)g;fx¢g;B" 1(0;r(t)) ftg for every
t2E and °= fOg;fe;g;B" t fOg . It is well known that M,, %R" !
fOg > 0, wherethe n-modulus is taken with respect to the (n  1)-dimensional
Lebesguemeasureof R" 1 f0g R". Using the rotational symmetry and the
dilatation

(X1;::0:%Xpn 1) 7! il X (X1;:::7%n 1) 2 R" 1.
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we obtain
M, %R"™ 1 fOg

r(t)

foreveryt2 T. Wesetc, =M, %R" ! f0Og.
Let %be an admissiblefunction for the path family ., . Then

Z Z 7 Z

C H 1(TR)
98 dx o8 dy dt "dt ¢ ———2:o
R" T R0 1 7 r(t) " R
For the proof of Proposition 11 let us introduce some notation. We denote
h=" fjVv:V! 'U.Foreweryy2S" ! dene ,:[0;1]! B" by (t)=ty,

and let ~, be the maximal h-liting of  starting at po. For eath y 2 S" 1,
let (y) be the length of the maximal interval where ~, is de ned, that is, the
maximal interval is either [0; (y)[ or [0; (y)]. Furthermore, we denote

E=fy2S" 1: (y)< 1g;

C=1f (y)y2B":y2Eg,
F=fty2B": (y) t 1, y2Eg;
G=B"nF;

and
=f y:y2Eg

Finally, we denote by G° the po-componert of h 1G.
Lemma 13. The set G is star-shaped and open,and E ~ S" ! is closed.

Proof. Clearly G is star-shaped since
G=fty2B":0 t< (y);y2SsS" g

The opennessof G follows from the fact that h is a local homeomorphismand
therefore homeomorphicin a neighborhood of ~, [0;c] , wherec< (y) for every
y; see[18, Remark 1]. The samereasoningshowvsthat S" 'nE isopenin S" 1,
and henceE is closed.o

The following lemmata are discussedin [19, Section 3]; seealso[13]. We s&
that a subset A of a topological space X is relatively locally connected at x 2 A
if every neighborhood U of x contains a neighborhood W of x sud that W\ A
is connected.

Lemma 14. (a) The mapping hj G%G°! G is a homeomorphism.

(b) Let x 2 (@Y% \ V be sud that G is relatively locally connected at
h(x) 2 @. Then there are arbitrary small neighborhoods W of x sud that
h(W\ GY=hw\ Gand hjwW:W ! hW is a homeomorphism.
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(c) If G is relatively locally connectedat q2 B" \ @5, then for every pair

of paths ; :[a;b]! GJ[ fqg sud that [a;bf G, [aH G, (a) =

(a) = 0,andthat (b) = (b) = g, the path  hasatotal h-lifting starting at

po if and only if the path  hasa total h-lifting starting at py. Moreover, if ~
and ~ arethe total h-liftings of and , respectively, then ~(b) = ~(b).

d) If g2 C and :[a;bj! G fqg is a path such that [a;0f G,

(a) = 0, and (b) = g, then the maximal h-lifting of starting at p, belongs

to the path family 3§, .

Proof. (a) The formula x 7! ~/(t), where x = ty 2 G, with t 0 and
y 2 S" 1, givesthe inverse mapping. Since h is a local homeomorphism, the
continuity of the inversemapping follows.

(b) It follows from the assumptions that there exists a neighborhood W
of x such that h j W:W ! hW is a homeomorphismand hW \ G is con-
nected. Furthermore, W can be chosento be arbitrarily small. Since x 2 @3°,
the set W \ G° is non-empty, and therefore G°\ (h j W) Y(hw \ G) 6 ;.
Now (hjW) Y(hwWw\ G) GO since G° is the pg-componert of h 'G and
(hjw) (hw\ G) is connected. Thus hW\ G = h (hjw) (hw\ G)\ W
h(W\ G9. The inclusion h(W\ G% hw \ G holds trivially .

(c) It issucient to shawv that if hasthe total h-lifting ~ starting at po,
then the maximal h-lifting of , say ~, starting at pg is total and ~(b) = ~(b).

First we obsene that ~is givenon [a;bf by ~j a;b=(hjGY * j[a;b
sinceh j G G®! G is a homeomorphism. By (b), there exists a neighborhood
W of ~(b) such that h(W\ G®% = hw \ G. Thus there exists c 2]a; b sud that

[c;H hW\ G = h(w\ G9 since hW is a neighborhood of q. It follows that
e | W\ G° Since W can be chosento be arbitrarily small, ~(t) ! ~(b)
ast! b. Hence ~istotal and ~(b) = ~(b).

(d) Let :[a;b]! GJ[ fgg beasin the claim andlet ~ bethe maximal h-lifting
~of starting at pp. Supposethat ~2 1, . Then ~ istotal and ~(b) 2 @°. Let
Z = 99 . We may assumethat a= 0 and b= (z). Let W be a neighborhood
of ~(b) such that hjW:W ! hW is a homeomorphismand hW is an open ball
around g. Then there exists ¢ 2]0; sud that , [c;H hW \ G. Since G
is open, there exists, for every t 2 [c;b[, an open ball B ,(t);r; hw\ G.
Furthermore, since G is star-shaped with respect to 0, there exists by 2]0; i sud
that the ray between 0 and (t9 intersectsthe ball B ,(t);r; forall t°2 [b; .
Thus we can connect the points (t% and ,(t) by a path in hw \ G. Since
W can be chosento be an arbitrarily small neighborhood of ~(b), we conclude
that limy p~(t) = ~(b). This leadsto a cortradiction since ~, 2 3, . Hence
~2 l%/l =

Lemma 15. The topological dimension of E is zeroand H " (E) = 0.
Furthermore,

5) G hv G=8g"
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and
(6) G v G°
Proof. Supposethat E corntains a non-degeneratecortinuum K . By apply-
ing an additional rotation, we may assumethat there exists a 2]0; 1] sudc that

K\ (R" ! ftg)6; foreveryt2[ a;al.Let 2]0;1[ besud that B"(0; )
G, let

Dene r:[ a; a]! [;1] by
r(t)= sup s:B" 1(0;s) ftg ¢g(G\ D) :

By the opennessf G, r islower semi-cortinuous. Thus r is a measurablefunction
and for every t 2 [ a; a] there exists x; 2 S" 2 0;r(t) ftg sud that x; 2
gD\ C).

We set

— S . . .pn 1/n. .
= f(O;t)g;fxig;B" *(0;r(t)) ftg:
t2[ a; aj

By Lemma 12,
Mn() 200 &

where ¢, is a positive constart depending only on n. On the other hand,
Ma()  Mn (g h) §
since (g h) 1, by Lemma 14. Furthermore, since g is L -bilipschitz, we have
Mo (g h) w  L*"Ma(h ):
Finally, applying Poletsky's inequality (Corollary 10) we obtain
Ma(h &) Mpgn 1(y( ) =0

sinceM is K" 1( )-parabolic. Hence M,() = 0 which is a cortradiction. Thus
the componerts of E are singletons.
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Toprovethat H " (E) = 0, considerthe path family = f ,j[;1]:z2 Eg.
Then by [17, 7.5] and Poletsky's inequality,

1 n 1 1 n 1
H"™ *(E)= log=  Ms()  log=  Mykn 1( y)=0

Clearly G hv  B" and G  B". Thus (5) follows if we shav that
B" G. Supposethat there exists a point g2 B" nG. Then there is an open
ball B"(q;r) R"nG. In particular, B"(gHqj;r)\ S" ¥ E, which is a
contradiction since E is totally disconnected.

The inclusion G° V in (6) is clear, soit remainsto show that V = G°©.
Supposethat there is a point x 2 V nGP°. Then x hasa neighborhood U  V nG?°.
Since h is an open mapping, hU  B" is open. Therefore hU\ G 6 ; since
G = B". This is a contradiction. o

Proof of Proposition 11. Here we use the notation introduced before Lem-
ma 13. By Lemma 15, the topological dimension of E is zero, and therefore E
does not locally separatethe sphere S™ !, see[3, Corollary IV.4]. Henceewery
point x 2 S" ! hasarbitrary small neighborhoods U S" ! of x sud that eah
(S" 'nE)\ U is path-connected. Recall that E is closed. Thus G is relatively
locally connectedat ewvery point q 2 B". Furthermore, for every g2 B", there
existsapath :[0;1]! G[ fggsuchthat [0;1] G; (0)=0,and (1)=q.
Sucth a path can be constructed piece-wiseby connecting points g 2 W; \ G
and g+ 2 Wi+1 \ G by apath in W;\ G, where (W;) is a nested sequenceof
neighborhoods of q shrinking to q sud that each W; \ G is connected.
Let B" be the set of all points y 2 B" sud that, for every path
([0;1]!' G fyg, with  [0; 1] G, (0) =0, and (1) = vy, the unique
maximal h-lifting ~ starting at po is total. In particular, ~(1) 2 V is de ned,
and thereforey = h ~«(1) 2 hV. Weclaimthat = hV. It suces to prove
that hV nG . Fix y2 hvnG andlet :[0;1]! G|[ fyg be a path sut
that [0; 1] G, (0)=0,and (1) = vy. Asin the proof of Lemma 14(c),
the maximal h-lifting of , say ~, starting at pp is givenon [0;1] by ~j [0; 1[=
(hjGY 1 j[0;1[. Let x 2 h %(y). Then x 2 @&° since h is an open mapping.
Let W beaneighborhood of x givenby Lemmal14(b). Then [c;1] hW\ G=
h(W\ G9 for somec 2]0; 1[. As in the proof of Lemma 14(c), we concludethat

~ is atotal h-lifting of starting at po. Hencey 2  and therefore = hV.
Next we shov that E(h;M)\ B" = B" nhV which then implies that

E(h;M)\ B" is -compact. Since hV = | the inclusion E(h;M)\ B"

B" nhV follows immediately from the de nition of . On the other hand, for

every point y2 B"n , there existsa path :[0;1]! G[ fyg,with [0;1] G,
(0)=0,and (1) =y, whosemaximal h-lifting ~ starting at po is not total. If
~2 1, there is an increasing sequenceof positive numbers t; suc that t; ! 1
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and ~(tj) ! x 2 M. Sincef isalocalhomeomorphismat x and (tj)! y2B",
there is a connectedneighborhood U of x sudhthat (* f)U B". Hencex 2V
and, furthermore, y 2 hV = . We concludethat ~2 1, ,andsoy 2 E(h;M).
We have proved that E(h;M)\ B" is -compact.

To shaw that E(h;M)\ B" haszero n-capacity, we study the family  of
all paths sudc that j j\ E(h;M)\ B" 6 ;. Since E(h;M)\ B" F and
the set F has zero measureby Fubini's theorem and Lemma 15, it is su cien t
to consideronly paths satisfyingj j\ G6 ;. Let 2 . We may assume
that is de ned on the unit interval and (1) 2 E(h;M). We show that 2
h . Ifjj\F=f (1)g, wehave by Lemma 14(c) that 2 h }, . Assume
that j j\ F 6 f (1)g. If 2 h },, it hasa total h-lifting, say ~, starting
at h * (0) . Let fW;g be a nite open cover of j~j sud that h j W; is a
homeomorphism,and hW;\ G is conréected.Then thereis a path :[0;1]! B"
such that (0) = (0), [O;1] hW; \ G, and (1) = (1). Then
has a total h-lifting starting at h * (0) . This cortradicts Lemma 14(c), since

1) = (1) 2 E(h;M)\ B". Thus the maximal h-lifting of is not total and
2 h 1}, . By Poletsky's inequality, M,( o) = 0, and so E(h;M)\ B" has zero
n-capacity. o

In the proof of Proposition 2 we apply the following lemma.

Lemma 16 ([11, 2.3]). Let M be a Riemannian manifold, C M compact
and L > 1. Then there exists R = R(C;L) > 0 suc that for every x 2 C there
exist a neighborhood V of x and an L -bilipschitz di eomorphism :V! B"(R)
with  (x) = 0.

Proof of Proposition 2. Let ( i) be an increasingsequenceof relatively com-
pact open subsetsof N and, for ewvery i, let fq; g be a courtable densesubset
of . Sincef isalocal homeomorphism,f (fg; g) isacourtable densesubset
of M.

For every i, let R; > 0 be sud that there exists a 2-bilipschitz di eomor-
phism i :V;; ! B"(R;), whereV;; is aneighborhood of g; asin Lemma 16.

Suppose that ~:[a;b! M belongsto the family 1 and that the limit
limy o(f ~)(t) = g2 N exists. Let = f ~. Then, by the density of fg; g,
there exists ¢ 2]a; f sud that  [c; [ Vij for somei and j. Thus, for some
i,j,andp2f q;), wehave ~ [c;if &;, where &; isthe p-componert
of f (V). It followsthat g2 E(f j &;;M).

Since i;jl E(iy fj%i;M)\ B"(R) E(f), we have

E(f) = S i;j1 ECiy Fi% ;M)\ B"(R):
M|
Therefore E(f) is -compactand haszero n-capacity sinceit is a countable union
of -compact setsof zero n-capacity by Proposition 11.
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It remainsto provethat N nfM E(f). We rst show that @N nf M)
E(f). Let g2 @N nfM). Sincef is an open mapping, g 2 f M. Choose i
and j sucdthat q2 Vij . Fix p2 f (g;) andlet ¥; bethe p-componert of
f vij andhy = (5 f)j% . Let :[0;1]! B"(R;) bea path sud that

(0)=0and (1)= (9. Then the maximal h;; -lifting of is not total since

ij () 2hij ¥ . Thus (9 2 E(hij ;M),andsoq2 E(f). Since E(f) has
zero n-capacity, the topological dimensionof @N nf M) is zero. Thus N nf M
has no interior points and N nfM = @GN nfM) E(f).o

4.2. The pro of of Prop osition 3. Let X be a compact topological space.
We de ne the distance of continuous mappings F: X ! R" and H:X ! R" hy

d(FiH) = maxjF () H (0j;

In the proof of Proposition 3 we usethe method introducedin [13]. In order
to obtain the necessaryapproximation results, we prove a quartitativ e version of
[13, Lemma 3.3] for all homotopy groupsin question. The closedunit interval is
denoted by | in this section.

Prop osition 17. Let n, k, and m beintegerssuchthat 1 m Kk n.

Let R" beadomain, E be a compact set such that H " ¥(E) = 0 and
let F:1™M1 and f:@™m! nE be continuous mappings satisfying
(7 tt (x)+ (1 t)F(x)2

forevery x 2 @™, andewvery t2 1.
Then, for every " > 0, there exists a corntinuous mapping H: 1™ ! nE
satisfying H j@™ = f and

d(F;H) < d(f:F j@™) + "

The proof of Proposition 17 is basedon the following lemma.

Lemma 18. Let A R" besudthat H " X(A)=0andlet P R" bea
setthat hasa countable covering by k-dimensional hyperplanes. Then (P + y)\
A=, forae.y2R".

Proof. The proof is almost verbatim to the proof in the 2-dimensional case
preserted in [13, Lemma 3.2] and is omitted. o

Proof of Proposition 17. We proceedusing the proof of [13, Lemma 3.3] as
our guideline. To avoid technical di culties we prove the claim for corntinuous
mappings F:J™M | and f:@™ ! nE , satisfying the condition (7) for every
y2@™ andt21,whered =[ 1;1].
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Let us simplify the notation by intro ducing following auxiliary functions. Let
%be a metric in J™ given by the I; -norm in R™, that is,

%x;y) = maxfi Xy yij;ii5 ) Xm YmiQ

for every x = (X1;::5;Xm) and y = (yz;:::;Ym) in JM.
For every r 2]0;1[, wedene :J™! JM by
8
< ;1 %x;0) r,
r(X) =, X ok
" %% 0) Ax; 0) > r.

Then | mapsthe set rJ™ homeomorphically onto J™ and the set J™ nrJ™
onto the boundary @™ keepingthe boundary xed.

Let " > 0. By cortinuity, there existsr > 0 sudc that the mapping Fg:J™ !
R",

8
<F (x); %x;0) r,
Fa(x) = Oy Ay
o(X) : %% 0) 1 fo(x) + 1 %x0) F . (x); %x0)>r,
1 1
is well-de ned and satis es conditions Fo j @™ = f and
(8) d(Fo;F) < d(f;Fj@™) + 3"

Moreover, Fo(J™) by (7).

Let =dist f(@M);E[ @ > 0. Then there exist a triangulation of J™
and a simplicial approximation of Fp, say F;, with respect to the triangulation
sud that

9) d(F1;Fo) < min ;%" :

By Lemma 18, there exists y 2 R" such that F{(J™) +y nE and
(10) jyj < min d(F1;Fo); 3" :
Dene F:JM | NE by Fa(X) = F1(X)+ y. Then

tf(x)+ (1 t)F2(x)2 nE

forevery x 2 @™ and t 2 | . Thusthere exists r°2]0; 1[ sud that the cortinuous
mapping H:J™M ! nE,

8
< F2 ro(x) ; %x;0) rf
H(x) = 06X 0\
0= WO T g LD e g w0)>
1 1
is well-de ned and satis es conditions Hj@™ = f and
(11) d(H;F2) < "

The claim follows now from estimates(8), (9), (10), and (11). o
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Prop osition 19. Let n, k, and m beintegerssuchthat 1 m Kk n.
Let R" be adomain, E bea -compactsetsudthat H " K(E) = 0,
andlet F: 1™ ! and f:@™ ! nE be continuous mappings satisfying (7)
forevery x2 @™ andt2 1.

Then for every " > 0 there exists a continuous mapping H: 1™ ! nE sudh
that Hj @™ =f and dH;F)< d(f;Fj@™) + ".

Proof. Let "> O andlet E,, E; ::: E bean increasing sequenceof
compact subsetsexhausting E . Thus, using Proposition 17 iterativ ely, there exist
mappings Fi: 1™ ! nNEj, i=0;1;:::,sudh that F; j @™ = f and

d(Fi+1;Fi) < min o;:::; ol =2i;

where ; = dist Fi(I™);E;i [ (R" n) > 0. Moreover, we may assumethat
d(F;Fo) < d(f;Fj@™) + 3".

Since (Fj) is a uniformly cornvergert sequenceof corntinuous mappings, the
limit mapping H:1™ ! R", H(x) = limj;; F;j(x), is continuous. SinceH j @™
=f anddH;F)<d(f;Fj@™)+ ", it suces to show that H(I™) nE.

For this it is sucient to show that dist H(I™);Ex[ @) > O for ewery k.
Fix k 0. By the triangle inequality, we have

k = dist F(I™);Ex [ @ d(Fi;Fi) + dist Fi(I™);Ex[ @
for every i k. Sinced(Fx;Fi) 3 «,
dist Fi(IM);Ex[ @ k>0

foreveryi k. Thusdist H(I™);Ex[ @ > O for every k. o

Prop osition 20. Let N be a Riemannian n-manifold and E N a -

compact subsetof N such that H " K(E) = 0 for someinteger k 2 f1;:::;ng.
Let 1 m KkandF:I™! N bea continuous mapping sud that F(@ )
N nE. Then there exists a continuous mapping H:1™ ! N nE sud that

Hj@™=F j@™. Moreover, given " > 0, the mapping H can be chosensud
that d(H;F) < ".

Proof. Let usintroduce somenotation. For giveninteger| 1, let
1 m 1_m
Vi= =(viiiiivm) 2 1M v 2€0;:::; g for all i I—Z ;

We sa that verticesv and w of V, are neighborsin V; if jv wj= 1=I. If v and
w are neighborsin V,, we de ne

[viw]=ftv+ (1 t)w:t2]0;1]g:



Global homeomorphismtheorem 77

If wi;:::;w; areneighborsof v in V, for somej 2, we de ne
(12) [Vviwag;ionwi] = [vswy] [v;w;]:
For completenesswe de ne [v] = fvg for every v 2 V,. The sets [v;wy;:::;w;]

de ned in (12) are called j -faces. We denote by Cj' the set of all j -facesin I™ .
The set S| = [f v:v 2 C/g is called the j -skeleton of I ™. The boundary of an
| -face v with respect to the j -skeleton Sj' is denoted by @v.

We construct a sequenceFg;:::; Fyn of mappingssud that F,(I™) N nE
and Fp, j @™ = F j @™. By the compactnessof F(1™) there exists a nite
collection f (U ;' )g of L -bilipschitz charts covering F (1 ™). Fix aninteger| > 0
such that for every v 2 C|. thereis sudithat F(v) U . Let > 0 besud
that dist F(v);NnU > ifv2 CJ-' is contained in U . Sincethe collection of
all facesis nite sudh exists. If " > 0O is given, we assumethat < "

Let us construct the mapping Fo:@™ [ S)! N nE. SinceH "(E) = 0,
there exists x, 2 B F(v); nE for every vertex v2 U\ ]0;1[". We de ne Fq
usingformulas Fo j @™ = F j@™ and Fq(v) = x, for every v2 V|\ ]0;1]™.

Supposethat for somej m 1 we have constructed contin uous mappings
Fo;:::;Fj satisfying properties: Fi:@™[ S/! NnE,Fj(@™[S ,)=Fi 1,
and d(F jv;Fijv) < for ewery i-facev.

Next we construct the mapping Fj.; . Wedene Fj,1 j@™ =F j@™. For
every v 2 Cj' .1 nhot cortained in @™ we do the following construction. Let
be the -neighborhood of F(v), that is,

v= Q2N :dist gF(v) <

Then U for every U containing F(v). Fix one sudh . Then, by
Lemma 19, there exists a continuous mapping E,:v! ' ( , nE) sud that

B j@v=" Fij@v

and
d(e,;’ Fjv<d' Fij@v;' Fij@v
+ =L d' Fj@v;' Fj@v)

Wedene Fj, jv=" 1 & . The mapping Fj+1: @™ [ Sj'+1 ' N nE iswell-
de ned and cortinuous. Moreover, Fj+1 j @™ [ Sj' = Fj,and d(F j v;Fj+1 j V)
< foreweryv?2 Cj' +1 - This concludesthe induction step and the proof. o
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Proof of Proposition 3. Let us rst consider the injectivit y of the induced
mapping m(NngE)! ,(N). Let f and h becontinuousmappings!™ ! N nE
such that f(@™) = h(@™) = fqg for someq 2 N nE and that there exists a
homotopy F:I™ | ! N sucdhthat F : f ' hrel@™. Sincem+ 1 Kk,
there exists by Proposition 20 a cortinuous mapping H:1™*1 I N nE sud that
Hji@™! =Fj@™". ThusH isahomotopy f ' hrel@™ in N nE. Hence
the induced mapping (N nE)! (N) isinjective.

Let us show the surjectivity of the induced mapping. Let f:1™ ! N bea
represetativ e of somehomotopy classof ,,(N). We may assumethat f (@™) =
fqgg, where g2 N nE. We have to show that there exists h:I™ I N nE suc
that h' frel@™ in N.

Let f(U ;' )g bea nite collection of L -bilipschitz charts covering f(1™).
Let Cj' and Sj' be asin the proof of Proposition 20foreveryl 1and0 | m.
We x | and choose > 0 asin the proof of Proposition 20 asfollows. Let | 1
be suc that for every v 2 C! there exists sudithat f(v) U . Let >0
besuch that forall 0 j m andv?2 Cj' , and for all  such that f(v) U,

we have d f (vV);N nU > =L2. By Proposition 20, there exists a cortinuous
mapping h:1™ ! N nE suchthat hj@™ =f j@™ and d(h;f) < =L2.

Forewery0O | mandeweryv?2 CJ-' , Wwe constructamapping Fy:v I N
asfollows. Let besud that f(v) U . It follows from d(f;h) < =L? that
h(v) U andthe mapping F,:v 1! N,

7t (he)+ @) (F(x)

is well-de ned and cortinuous. Moreover, it is a homotopy f jv' hjvin U .

By construction, F, jv f0,1g= F, jw fO0;1g for every v 2 Cj' and
w2 Cj' 1 Sud that w  @v. Moreover, since d(F, j w;Fy) < for such v and
w, we may assumethat F, jw= F,,. Indeed,sinceF,(v 1) and F,(w 1) are
contained in the samechart U for some , we may usethe sametechnique as
in the proof of Proposition 17 to modify the boundary values of the mapping F, .
Sincethe mappings F, and F,o agreeon the set v\ v° for every v 2 C!, we may
de ne a cortinuousmapping H:1™ |I!' N by Hj(v 1)=F,. The mapping
H isahomotopy f ' hrel@™ in N. o

4.3. The pro of of the Global homeomorphism theorem. The last ob-
senation usedin the proof of the Global homeomorphismtheorem is the following
homotopy lifting lemma.

Lemma 21. Let X, Y, and Z betopological spacesand let f:X ! Y be
a local homeomorphism. Then for every pair of cortinuous functions h:Z ! X
and F:Z 1! Y nE(f) satisfying
1) (f h)Zz YnE(f), and
(2) Fj(z fog=f h
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there exists a continuous function H:Z | 1 X sulhthat f H = F and
Hj(Z f0g)=h.

Proof. For every z 2 Z there exists a unique total f -lifting of the path
t 7! F(z;t) starting at h(z), say .. Thuswecandene H(z;t) = ,(t) for every
(z;t) 2 Z 1. Sincef isalocal homeomorphism,the mapping H is continuous. o

Proof of the Global homeomorphismtheorem. By Proposition 2, the set
N nf M haszero n-capacity. Thusit is su cien t to consideronly the injectivit y
of f . We construct a certain mapping g:fM nE(f) ! M by using Lemma 21
and show that it is the inverseof f .
By Propositions2 and 3, fM nE(f) = N nE(f) is non-empty and simply
connected. Fix q2 fM nE(f) and p2 f %(g). Let :1'! fM nE(f) and
1! fM nE(f) beany paths such that (0) = (0) = qgand (1) = (1).
Both paths have total f -liftings, denoted by ~ and ~, starting at p. Since
f M nE(f) is simply connected,there exists a homotopy F:12! fM nE(f) such

that F: ' relf0;1g. By Lemma 21, there exists a homotopy H:12 ! M
suththat HjI fOg= ~andf H = F. By the uniquenessof path lifting,
H:~" ~. Thepathl! M,t7! H(1;t), isaconstart path sinceit isan f -lifting
of the constart path I ! N, t7! (1), and f is alocal homeomorphism. Thus
1) = ~(1). Wedene gofMnE(f)! M by g(y) = ~(1), where ~1' ! M
is an f -lifting starting at p of somepath :I ! fM nE(f), with  (0) = ¢

and (1) = y. By the argumernt above, the mapping g is well-de ned. Let us
denote X = g fM nE(f) . Clearly g is the inverseof f j X . Thus g is a local
homeomorphismand f j X is injective.

We show that X is both open and closed. Fix a point x 2 X . Let U be
a connectedneighborhood of x such that f j U is a homeomorphism. We show
that U X . Since E(f) haszero n-capacity and f is an open mapping, the set
f 1E(f) hasno interior points. Thusit is sucient to shov that Unf 1E(f)

X . By Proposition 3, fU nE(f) is path-connected. Since U\ X 6 ;, there
exists a point x°2 U\ X. Let x®°2 Unf E(f). Then there exists a path

11 fUNE(f) sud that (0) = f(x9 and (1) = f(x°. Obsene that
f(x)2fUNE(f), sincex°2 U\ X. Thus ~= (f jU) ! is an f -lifting of

starting at x°. Sincethe f -lifting of s total, there exists a path connecting
g and f (x% sud that it hasa total f -lifting from p to x°© Therefore x%°2 X .
Thus Unf 'E(f) X. Hencethe set X is both open and closed. Since M is
connected,M = X .

We show that f is injective on M . Supposethat there exist two points x
and x%in M sud that f(x) = f(x9. Let U and U° be disjoint neighborhoods
of x and x° Then there exist points z 2 U\ X and z°2 U°\ X sud that
f(z) = f(29. This is a contradiction with the injectivity of f j X . Thus the
mapping f is injective. o
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