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Abstract. Let  be a complex measureon the real line. We denoteby P and Q the
Poissonand the conjugate Poissonintegrals of  in the upper half-plane. In this note we study
the relative asymptotic growth of P and Q nearthe support of . In particular, we show that
on almost every vertical line Q grows no slowerthan P . We alsodiscussapplications to the
theory of Cauchy transform in the plane and related questionson Riesztransformsin R".

1. Intro duction
Let M (R) be the spaceof all complex measures on the real line satisfying
40 ;.
R 1+t
We will denoteby P and Q the Poissonand the conjugate Poissonintegrals of
2 M (R) in the upper half-plane C, respectively:

7
N y
P (x+iy)= Rmd (1)
and Z
Q (x+iy)=  —>_L _d
R (X t)2+y?2 .

The Poissonkernelis an example of the so-calledapproximate unity, whereas
the conjugate Poisson kernel is a typical singular kernel. Hence the boundary
behavior of the Poissonand the conjugate Poissonintegrals re ects di erent prop-
erties of the measure. The growth of P (z) asz ! x 2 R dependson the
concerration of the massnear x. The behavior of Q dependson the \symme-
try" of around x.

Nonetheless,as we will nd out, the growth of P and Q must be almost
the samenear \most" points on the boundary. Roughly speaking, we show that
the fast growth of massneara point \usually” implies the lack of symmetry around
it.

More precisely we prove the following result. If 2 M (R) we denoteby ¢
its singular part with respect to the Lebesguemeasure.
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Theorem 1.1. Let 2 M(R) andlet be a Borel subsetof R. Then the
following conditions are equivalen:

1) Q (x+iy)=oP (x+1iy) asy! O+ for s-ae.x2 ;

(2) the restriction of ¢ on is discrete.

Note that if a singular measure is suc that

P (x+1ly)=0Q (x+1iy)

asy! O+ for -almostall x 2 E then (E) = 0, see[7]. Hence,if is singular
continuous, neither P nor Q can dominate its counterpart except near a zero
set of points.

In Section 3 we considerthe Riesz transform in R". Let M (R" 1) be the
spaceof all measuresin the hyperplane R" ! satisfying

z
1

o Tr a0 L

Foreahh 2 M(R" 1) the Riesztransform R (x) is de ned on the half-space

Z
Xi i .
Ri (x) = . —d 0= L2
= Sed )

It is well known, that Riesz transforms can be viewed as generalizations of the
Poissonintegral (the nth transform Rp) and the conjugate Poissonintegral (all

The natural question that arisesafter Theorem 1.1 is whether an analogous
statement holds for Riesztransformsin R". Howewer, if onelets bethe (n 2)-
dimensional Lebesguemeasureon an (n  2)-dimensionalcubein R" ! and con-
sidersits Riesztransform in R", one obtains an example of a singular cortin uous
measuresatisfying

asxp, ! O+ for -a.e.(Xy;:::;%n 1;0)2 R" 1,
Nonethelessan analogueof Theorem 1.1 for Riesztransforms exists. One just
has to replace the \radial" corvergencewith non-tangertial. If x 2 R" ! and
1

0< < 5 wedenoteby , the truncated cone:

«= Y=ty yn >2RYj yagy  xjisingg yn <1

As usualwe write y! x if y! x andthere exists = (x) sudthat y2 ,.
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Theorem 1.2. Let 2 M(R" 1) and let R" ! besud that

(1) jhR1 (¥);::5iRn 1 (V)i = 0 Rn (y)
asy! xfor -a.e.x2 . Thentherestriction of on isabsolutelycortinuous
with respect to the Lebesguemeasurein R" 1.

For 2 M(R) we denote by H (x;") its Hilbert transform: The kernel
Hy (t) isdened asOon x 2"/x+ 1" andasl=x t) elsewhereand
H (X, ”) = Hx;" (t) dt
R

The standard argumert shavs (seeLemma?2.1) that the relation (1) in Theorem1.1
is equivalert to

) H (xy)=0oP (x+ly)

asy! 0Ofor -a.e.Xx.
An analog of Theorem 1.1 can be applied in the theory of the Caudhy trans-
form in the plane. If 2 M (R?) wedenoteby C the corvolution of  with 1=z

in the senseof principal value: denote
Z

C ()= 1

d ()

and put
C (2= '!ilmOC (z;"):

It is a well-known phenomenonthat under various conditions on the Caudy trans-
form a large part of the measurelies on a collection of smooth curves, seefor
instance [3], [4], [5] or [9]. The Caudy transform of the restriction of the measure
to one of sudh curvesis similar to the Hilbert transform on the line. This may
allow oneto apply an analog of Theorem 1.1 and concludethat the measuredoes
not have a singular continuous part on any of those curves.

To shav an exampleof such an application, let us considerthe following result
by P. Mattila. We denote by B(a;r) the ball of radius r certered at a. We say
that D (a)> O if

lim inf
ri 0+

Theorem 1.3 ([3]). Let 2 M (C) beanon-negative measure.If D (z) > 0
and C (z) existsfor -a.e.z 2 C then is concerrated on a countable set of
Cl-curves,i.e. there exist Cl-curves 1: »:::: suc that

(Cn[ =0

(B@r) |
r

For this particular situation one can prove the following version of Theo-
rem 1.1, seeSection4. We denoteby H?! the one-dimensionalHausdor measure.
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Theorem 14. Let 2 M(C), 0 and let bea Cl-curvein C.
Supposethat C exists -a.e.on . Then the restriction of on isthe sum
of a discrete measureand a measureabsolutely cortinuous with respectto H?!.

(Instead of the existenceof C on onecanactually require aslightly weaker
condition, likeC- ()=o0 (B( ;")=" as"! 0+ fora.e. with respectto the
singular part of on , seeSection4.)

Together Theorems 1.4 and 1.3 give the following result:

Corollary 15. If 2 M(C), O issuchthat D (z) > 0 and C (2)
existsfor -a.e.z, then isthe sum of a discrete measureand a measureabso-
lutely cortinuous with respect to H!, concerrated on a courtable union of C?!
curves.

In particular, note that the continuous part of  will automatically satisfy
the so-calledlinear growth condition:
¢ B(x;")

lim sup <1

"o

for .-a.e.X.

Another application of Theorem 1.1 concernsinner functions in the unit disk.
It is well known that certain geometric properties of a conformal mapping may
imply the existenceof its derivative on the boundary of the domain. Our next
theorem shaws a similar property in a non-conformal situation.

Let beasubsetof T. We say that an inner function in the unit disk D
is radial near if it maps almost every radius that endsat  into a curve that
is tangent to aradius. More precisely is radial near if for a.e. 2

Im (r)()=01 j(r)j
asr! 1 . Here () standsfor the non-tangertial limit of at
Theorem 1.6. An inner function in the unit disk is radial near if and only
if it hasnon-tangertial (angular) derivativesalmost everywhere on
l.e. an inner function is radial near if and only if its zeros a, and the
singular measure correspnding to its singular factor satisfy
X 1 janj? d
% <1 and . (Z).Z
, Jan ) TlZ2 )
We say that aninner function hasan angularderivativeat 2 T if j ( )] =
1 and there exists a nite limit lim_; ( (z) ())=z ). (Note that the

AN

<1 fora.e. 2

condition j ( )j = 1 is redundart in the situation of Theorem 1.6.) There are
seeral other equivalert de nitions of the angular derivative related to eat other
by the Caratheodory theorem, see[8] for a detailed discussion.

Acknowledgemen. The authors are grateful to the administration and sta
of Institut Mittag-Le er for their hospitality.
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2. The growth of Cauchy integrals in the upp er half-plane

We begin this section with the lemma, which illustrates the well-known fact
that the conjugate Poissonintegral is \close" to the Hilb ert transform. For con-
veniencewe will often write H (x + iy) instead of H (x;y) (thus stressingthe
fact that H (x;y) iscloseto Q (x + iy)). The notation Hy.; will be usedfor
the corresponding Hilb ert kernel Hy.y, . We will alsousenotations P, and Q, for
the Poissonand conjugate Poissonkernels.

Lemma 2.1. Let 2 M(R) be a positive measure.
(1) Supposethat jQ (iy)j< (y)P (iy) for somepositive function : R, !
R., (y)! Oasy! 0. ThenjH (iy)j< (y)P (iy) for somepositive function
R, ! R,, (y)! Oasy! O dependingonly on ;
(2) Conversely if jH (iy)j< (y)P (iy) for somepositive function : R, !
R,, (y)! Oasy! 0then jQ (iy)j< (y)P (iy) for somepositive function
R, ! R,, (y)! Oasy! 0 dependingonly on
. Ry » _ “o
Proof. (1) Denote H (x+iy) = ((11+ ..))yly H (x+is)ds. Then H isan
integral transform of  with the cortin uous kernel H;Hy = ((;'.."))yly Hy+is ds.
Linear combinations of functions
Qy Qi
== (" DQy ()
|
are densein the spaceof odd cortin uous functions on R . Therefore for any "> 0
one can chooseconstarts ¢, and points iyx sothat
H;'P Q M Qv Q _.
i

1 Pi

on R. Then
. Xt
H; CQiy, < "Pi
P 1
on R wherec,+1 = 1 E=l Ck, Yn+1 = 1. From the properties of Poisson,
conjugate Poissonand Hilb ert kernelsthis implies that for any 0< s< 1
i X
Hi CQisy . < "Pis on R.
1
Therefore, jH" (iy)j < "(y)P (iy) for some positive function ": R, !
R,, (y)! Oasy! 0, dependingonly on
To passfrom H" to H notice that

@-I@(iy) < C1P ;iY)
Hence,jH (iy)j C, H' (iy)+ "P (iy) .
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(2) In a similar way, one can notice that Q; can be approximated by linear
combinations of Hj, (such an approximation can actually be constructed much
easierthan in part (1)). o

Note: the lemma shows that the conjugate Poissontransform can be replaced
with the Hilb ert transform in the statemert of Theorem 1.1 in the casewhen the
measureis positive. To passto the generalcaseone can represeit the measureas
a linear combination of mutually singular positive measuresand use Theorem 2.4
below.

Now we can proceedwith the proof of Theorem 1.1. We start with the de ni-
tion of a porous set. After that we prove a lemma, shaving that any set E, such
that the condition jH (x;y)j= o P (x+iy) asy! O+ is satised uniformly
for x 2 E, hasto be porous. The proof of Theorem 1.1 will then be completed by
showing that a singular continuous measure , satisfying Q = o(P ) on -a.e.
vertical line, cannot seea porous set, thus obtaining a cortradiction.

De nition  2.2. We say that aset K R is porousif for any x 2 K and
any "> 0 thereexists0< < " sucdhthat (x ;x =100)[ (x+ =10Gx+ )
doesnot intersect K .

Note that by the density theorem a porous set has to have zero Lebesgue
measure.

Lemma 2.3. Let 2 M (R) bea positive measureand let E be a closedset
sud that
(1 (E)>0,
(2) d=dm(x) = 1 forany x 2 E and
(3) JH (x+iy)j< (y)P (x+ iy) for somepositive function : R, ! R.,,
(y)! Oasy! O,atany x2 E.

Then E is porous.

Here d =dm denotesthe Radon derivative of  with respect to the Lebesgue
measurem.

Proof. By the last lemma, we can assumethat Q grows uniformly slower
than P with somefunction replacing in the correspnding estimate. By
Theorem 1.2 (seenext section for the proof), for -a.e.x 2 E for any sector .,

> 0,

0:

, iQ (2)j
lim sup >
z! X; 22 P (Z)

Hence,for -a.e. x 2 E one can considerthe balls B, = B x + i"n;%"n such
that

@3) lim inf 2
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Let , bethe \rescaling” maps: ,(z) = (x+ ",i) + %"nz. Then
3 1
maxg, P :

is a sequenceof functions in the unit disk whosereal part is boundedby 1. The
derivative of Q in B, is bounded by C"an . Thus the derivatives of the
imaginary parts of u, are uniformly bounded in the unit disc. Also, by the
de nition of the set E

Q (x+i"n)

Im up (0) CP T )

0:

Thus the imaginary parts of u, are also uniformly bounded. By the normal
families argumert, one can choose a subsequenceu,, corverging to an analytic
function u pointvise in the disk. Let u = p+ iq. By Harnak's lemma, the
real parts of u, are bounded away from zero, and so p is non-zero. By (3)
jlmunj > ¢ > 0 on a subdisk of a xed hyperbolic radius and hence g is non
zero. By the de nition of the set E, q= 0 on the vertical diameter d = ( i;1i).
Hencethe partial derivative g, is 0 on d. If g¢ = 0 on d then by the Caudy{
Riemann equations g 0 and we have a cortradiction. Therefore, for k large
enoughin ead ball B,, there is at least one point zx = x + iy, on the vertical
diameter whereyyj(Q )xj > cmaxg, P for somepositive c. Then the inequality

VeJ(Q )« > %cmaxBnk P must hold in the ball Dy = B(z;"yx) for some" > 0

and for k= 1;2;:::. SinceQ is continuous, WLOG we can assumethat
(4) yk(Q )x > 3CP in Dy:

Now if we choosen large, sothat
) (yn) "

then (4) implies that for any
X12 (X "yn;x "yn=100)[ (x + "y,=100x + "y,)

we have

. . . "C .
jQ (X1 + iyn)j> 1—OOP (X1 + iyn):

Togetherwith (5) the last inequality implies that x; ZE . o
We will also needthe following

Theorem 2.4 ([6]). Let ; 2M(R), =f + wheref 2 L%(j j) and

? . Then the limit
im K (x)
z !|A X K (X)

exists -a.e. It isequalto f(x) s-a.e.
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Lemma 2.5. Let and E bethe sameasin Lemma 2.3. Denote by the
restriction of on E. For -a.e.x andany " > 0 thereexists , 0< < " sud
that

(1) (x ;x =100)[ (x+ =100 x + ) doesnot intersect E;

(2) for any xg + iyp sudh that xp 2 (X =100 x + =100)\ E, jx Xpoj <
Yo < 2]X  Xpj,

jH (Xo+ iyo)j + JH (Xo+ iyo)j < mp (Xo + yo):
(Note: the condition jx Xp] < Yo < 2JX Xp] meansthat xg + iyg 2
x:4n x:6-)
Proof. The constart  satisfying (1) exists by the last lemma.
Since X + iyg 2 M by Theorem 2.4 (note that is a singular measure)

i K (xo+iyo) _ P (xo+iyo)+iQ (xo+ iyo) _
roK (Xo+iyp) 1o P (Xo+ 1yg)+1Q (Xo + iyo)

for -a.e.x. Sincexp 2 E, for small enough

| | .
JQ (Xo+ 1yg)j < mp (Xo + 1yo);

and therefore

. ) ) 1 . 1 )
JQ (Xo+ iyo)j < mp (Xo *+ iyo) mp (Xo + 1yo):

Now one canuseLemma?2.1l. o

Proof of Theorem 1.1. (2) ) (1). The implication is easyto verify if ¢ has
just one point mass. If ¢ has more than one point mass, Theorem 2.4 implies
that near ead of those point massesthe cortribution of other point massesis
negligeably small.

(1) ) (2). By Theorem 2.4, one can reducethe statemern to the casewhen

IS positive.

Let us denote by <. the singular continuous part of . We needto showv

that () = 0. Supposeit is not so. Then one can choose a subset E ,
sc(E) > 0 sud that
H (x5y)i< (P (x+1iy)

for somepositive function R, ! R,, (y)! Oasy! O,atany x 2 E.
Let " be such that (") < 1=1000. By Lemma 2.5 for any x 2 E there exists

< " satisfying conditions (1) and (2) from the statemert of the lemma. Let
us cover E with sudh -neighborhoods. Let | be one of the intervals of this



Asymptotic growth of Caudhy transforms 107

covering: | = (x ;x+ ) forsomex2E, = (x)<".Denotea= minE\ I,
b= maxE\ | (note: a;b2 (x =100 x+ =100)). Let =b a,z;=a+2 i,
Z,= b+ 2 i. Then

jH (z1) H ()] JH (z1) H ()j+jH (z1) H (z)j+]H (z2) H ()i

The rst summandis small relativeto P becausea; b2 E and the other two are
small becauseof part (2) of the last lemma. Altogether we get

jH (z1) H (z2)] P (z1):

1000
On the other hand, the di erence of kernelsH,, H,, is 0 on (a;b) (both kernels
are O there) and satises H,, H,, < 1=2P,, outsideof (x 100;x + 100).
Since isabsert on (x 100;x+ 100)n(x ;x+ ),

Z
. A
jH (z1) H (22)j > P, d:
Rnl
Therefore 7
> P (z1) 1 P;, d
1000 Y2 L0 @
and
Z
(a;b) 1
6 — P P,,d > =P :
(6) - (@)  Pnd>3ZP @)
To obtain the nal cortradiction considerpoints w; = a+ i, wo, = b+ i. Note

that, in the sameway as before, the choice of | (part (2) of Lemma 2.5) and the
fact that a;b2 E imply

jJH (w1) H (wy)] P (wy):

1000
On the other hand, (Hw, Hw,)> 1=2(b a) on (a;b) and jHy, Hy,j < 2P,
on R nl. Henceby (6),

Z Z

jH (w1) H (w2)j (Hw, Hw,)d (Hw, Huw,)d
(a;b) RNl

1 ((ajb) 10
2 b a 1000

P () 1P (1) gogP ()i
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3. Non-tangen tial growth of Riesz transforms in the half-space

In this section we prove Teorem1.2. We start with the following lemmas.
For 2 M(R" 1) wedenoteby ¢ the part of that is singular with respect
to the (n  1)-dimensional Lebesguemeasureon R" 1.

Lemma 3.1. Let 2 M(R" !),0< < 31 andletE R"!bea
setoézero (n 1)-dimensional Lebesguemeasuresatisfying j sj(E) > 0. Denote
= e x- Then

Z
(7 jR jds=1:
@

(In the last integral and throughout this section ds correspondsto the stan-
dard integration with respect to the surfacearea.)

Proof. Herewe only givethe proof for the caseof the upper half-plane (n = 2).
For this casethe proof seemsespecially natural. The sameideascould be modi ed
to obtain the general proof.

Let 2M(R)and =, ,wherejEj=0, ] sj(E)> 0. Supposethat
K is summableon @ with respect to the arclength. De ne the function f on
R in the following way:

f(x) = "iK (x+iy)j ifx+iy2 @ for some0<y< 1,
0 otherwise.

Then f 2 L1(R). Considerthe Poissonintegral Pf of f in the upper half-plane.
One can show that then

(8) JK j< CiPf

a.e.on @ with respect to the arclength. Indeed,let x+ iy 2 @ for somey < 1.
Then at leastononehalf of the interval x 2y;x+1y wehavef > C3jK (x+iy)j
becauseof the Lipschitz properties of K in B x + iy; %y . Since the Poisson
kernel Py+jy is larger than C4 on X %y;x + %y), we get (8) at x + iy.

Since K is a function of the Smirnov classin  and Pf is harmonic, (8)
holdsinside aswell. Sincef dx ? s, we obtain a cortradiction with Lemma 3.2
below (just put fdx= ). o

Lemma 3.2 ([6]). Let ; 2M(R)and ? . Then
. P j
lim J—J =1 for s-a.e.Xx.
z: X JP ]
Proof. The statemert presers a version of the Lebesguetheorem saying that
for a summable function almost every point is its Lebesguepoint. The classical
proof can be easily modi ed to work in our case.o
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Lemma 3.3. Let u be a harmonic function in a domaln |5\ Denote by
Ui;::1;Up its partial derivatives. Then the function u2 C, ., u2 IS super-
harmonic in the samedomain forany C, n 1.

P
Proof. Note that since ', ui = 0,

X X X0 X0
4 (u))* = @@(u;)* = 2(@u)*+ 20,  @up =2 (uj)*

i=1 i=1 i=1 i=1
Therefore
2 X . 2 X 2 X 2 X 2
4 u; G uf =2 (Uni)> Cn (Uin 1)) Cn  (upn)
i=1 i=1 i=1 i=1
X 1 X 1
=2 (Unn )2 Cn (Ui(n 1))2 o Cn (uil)2
i=1 i=1
2 (Unn )2 Cn(u(n 1)(n 1))2 Cn (ull)2
P
Now using again the fact that un, = I” 11 Ui one can concludethat the last

expressionis negative. o

Proof of Theorem 1.2. Let (1) be satised for -a.e.x2 butj sj() > 0.

Denote by u the harmonic function in R? suchthat ru= R ,ie. Rx = u.
Let 2 < < 1 . Then there exists a closedset E :jEj = 0;j j(E)> 0 and
"> 0 sud that

9) jhug; i un ) < —pﬁl nj

on

= (Yuiiniyn) 2 > x\; 0<yn<
X2 E

By Lemma 3.3 the function uz  (n 1}3 1 k< UZ is superharmonicon and
by (9) it is positive. Henceu? (n 1) , .., UZ, and therefore (by (9)) u2 is
summable on the boundary of  with respect to the harmonic measurethere.

Notice that Is a Lipschitz domain. The harmonic measureon @ can be
written as wds for somepositive w. Sincethe angle is greater than , the
density w satis es 7

1
2

w lds< 1:
@
(One will needto \smooth-out" the upper part of the boundary to make the
integral over the whole @ nite; we are actually only interestedin the lower part
of the boundary.) But now, by the Caudy{Schwarz inequality,
Z Z 1=2 Z 1=2
junjds uzwds w lds <1:
@ @ @
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R
By (9) this implies that @ jujds< 1 which cortradicts Lemma 3.1.
Let now satisfy 0< 1 Supposethat for somex = (X1;:::;Xn 1) 2

R" 1 we have !

(10) jhug;::iun 1) = o(un)
asz! x,z2 , but

(12) jhug; i un 10) 6 o(up)

in 3 =° (the latter holds -a.e.by the rst part of the proof). Supposealsothat

Upy! 1 in 378 (this holds a.e. with respect to the positive componert of ).
Then there exist points zx = hXq;:::;Xn 1;Yki, Yk ! 0+ sud that in ead ball
Bk = B z; vk sing (B is the maximal ball certered at zx that liesin 3 =8)

there is a point wx where

for some xed ¢ > 0. We can choose By and wy sothat wy 2 (1 ")Bg =
B z;(1 ")yk sin% for somesmall " > 0. Consider the rescaling maps from
the unit ball B = B(0; 1) to By:

.3
k(z) = z¢ + zyk sin §:

Put
(ru) «

Vg = —————

maxg, jr uj
Then fvkg is a sequenceof gradients of harmonic functions in the unit ball B
whose magnitude is bounded by 1. By the normal families argumert, one can
choose a subsequencev,,, cornverging to a gradiert v, jvj < 1 pointwise in the
disk. Sinceat the origin the last coordinates of v are bounded away from zero,

the last coordinate of v is bounded away from zero at the origin. Sincethe last

coordinates of vy are positive (recall that we assumedu, ! 1 in 3 =8) the last

coordinate is bounded away from zero at the origin and positive in B. Henceit
is bounded away from zeroin (1 ")B. By the choice of wy, for ead k there
isapointin B 0;(1 ") wherethe magnitude of the rst n 1 coordinates of
Vi is large in comparisonto the last coordinate. Thusthe rst n 1 coordinates
of v cannot be all zero. But since jhus;:::;uy 1) = o(up) in ,,the rst n 1
coordinates of v are zeroon a large part of the ball (a set of nonzerovolume) and
we have a cortradiction. It is left to notice that by the rst part of the proof (11)
holdsin 3 =® for <-a.e.x and therefore (10) may not hold in , exceptfor a
zero set of x with respect to the positive part of . Other parts of ¢ can be
treated similarly. o
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4. Applications

4.1. Measures in the plane. The goal of this subsectionis to prove
Theorem 1.4.
Let bea nite positive measurein C andlet bea C?! curve.

WLOG is a graph of a C! function f onthe interval [ 1;1]: = fx+
if (x)g. Denote by the open domains above and below ,ie. , = fx+iyj
iXj 1, y>f(x)gand =fx+iyjjxj 1, y<f(x)g.

First, we will \move" the whole under the graph to be able to consider
the holomorphic function C in , . This will allow usto apply complex methods
like in Sections3 and 4.

Todothis, considerthemap : ., 7! , (X+iy)=x+i f(x) y f(x)
that maps points in . into points in symmetric with respectto . Denote
by the restriction of on . Let = and denote by the restrictions
of on . Considerthe measure ( .) on () @B)= . YB) for
any Borel B .Denote = + (.,)and = + .

Now C is a holomorphic function in , . If z2 denoteby , the arct-
anger of the slope of the tangert line at z. Then the point z+ ie 2" approades
z alongthe normal line from . .

Throughout this section,if 2 M (C) is supported on a recti able curve,
we denoteby 5., s and s the absolutely continuous, singular and singular
cortinuous parts of  with respectto H' on the curve.

Wewant to proceedasfollows. Supposethat C is nite -a.e.on . First we
will shavthat Ree :C. (z+ie 2"), the analogofthe conjugate Poissonintegral
from the line caseconsideredin Section 2, grows slover than Ime :C- (z +
ie z"), the analog of the Poissonintegral, as" ! 0+ on g-a.e.normal line, see
Claims 4.1{4.6 below. Then, using methods similar to those from Sections2 and 3,
we will show that this is possibleonly if ¢ is discrete.

Claim 4.1. For every z 2 there existsa nite constart C sud that for
ar‘y n > o
Ime 2C- (z2) Ime 2C. (2)+ C:

Proof. Let z= 02 andassumethat the tangert lineto at O is horisortal.
Thene z =1 Forany > 0, liesinside fjyj< jxjg near 0. WLOG we can
assumethat the whole lies there. Note that

Imw Im

ImC (w) = W

d ()

The kernel of Im C-(0) is negative in the upper half-plane and positive in the
lower half-plane. The part of . that liesabove y = 3 jxj wasmappedby from
the upper to the lower half-plane, and therefore after replacing that part with its
\image" under the integral could only increase. WLOG the part of , under
y = 3 jXj is pure point. Notice that ead point massmovesdown under . If
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is small enough, for any point massthat lies inside fjyj < 3 jxjg sud a motion
increasesits integral. o
If 2 M(C) wewill denoteby P (z;") the integral
Z

P ()= d ():

I

Let be the map from Clos to the closed lower half-plane de ned as

f(x) iy = iy foreveryy O (recall that isthe graph of f). The map
projects on the real line and sendsewery curve ly into the horisontal
segmen [ 1 iy;1 iy] below the real line. Denote by |, the measure ( ),
ie. ,(B) = Y(B) . Similarly, let ,, p Stand for the images of the

correspnding measures.
Claim 4.2. We have

ImC ,( (2)+i")=0P (z") for s-ae.zas"! O+,
Proof. The function ImC  is a positive harmonic function in the upper

half-plane. Thereforeit is equalto P for somepositive measure on R. The
measure is absolutely continuous. Indeed, denote by - the restriction of

onflmz< "gandlet - bethe corresppnding measureon R: ImC - = P
Then ! in norm. Sinceall - are absolutely cortinuous,sois . Therefore
by Lemma 4.8

ImC ,(x+i")=P (x+i")=0P p(x+i") for ( p)s-ae.xas"! O+.

It is left to notice that for any z 2  there exists C > 0 such that P (z;") >
CP p(x+1"). o

Let 2 and > 0. Near , liesin =e ffim(z )j< jRe(z )jg.
Our next claim showsthat the part of  that liesoutside of haslittle in uence
on the asymptotics of e Im C-

Claim 4.3. Forany > 0and 2 denoteby the restriction of on
Cn . Thenfor s-a.e.

e ImcC. =oP (;"):
Proof. By comparing the kernelsone can notice that
je ImC. j<CImC , ()+i":

Now the statemert follows from the previous claim. o
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Now we shawv that Ime 2zC (w) grows fast as w approadces z non-tan-
gentially from , for g¢-a.e. z. For the rest of this subsectionfor any 2
0< < % we denoteby () the non-tangertial sectorflme (z )z >
sin g. Note that near the sector () liesenrtrely in .

- 1
Claim 4.4. Forany 0< < 3

1
EP ©0;Y+C Ime 2C (w) LP (0;"+C
asw! z, w2 (2),jw zj=" for somepositive L for s-a.e.z?2

Proof. Again we can assumethat z = 02 , the tangert lineto at O is
horisontal and liesin fjyj < jxjg, where issosmallthat doesnot intersect
the sector (0). Let D be a large positive constart. Simple calculations show
that forall 2 fjyj< jxjg,j j> D" we have

Im Imw Im Im

g temegE Twop e @

forsomeCy;C, > 0 (if issmalland D is large enough). The part of the measure
outside of fjyj < jxjg can beignored by the previous claim. Therefore

Z i
mc )= MTld i)+ S Tld (i)
jie0 W jjor W]
z Imw Im Z "
—_—d Xi)+ "7d xi) + Im Cn - 0):
jj D" Jw 12 ( ) ij D 2+J JZ ( ) D ()

Since s concenrated under y = X
z z

Imw Im "
—d Xi + uid Xi P 0;":
o w G d () (0:")

Now recall that C (0) is nite -a.e.and apply Claim 4.3. o

Next we estimate the \conjugate Poissonpart”, Ree ::C (z).
Claim 4.5. We have

Ree ?C. (z)= Ree :C. (2)+o P (0;") (z) as"! O+ for -a.e.z2

Proof. Again we can assumethat z = 02 , the tangert lineto at O is
horisontal and liesin fjyj < jxjg. Note that

Rew Re
ReC: (w) = ——d :
W= e O
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To prove the statemernt we needto comparekernelsof ReC- ., (0) and ReC- , (0)
at the points x+i f(x)+y and x+ i f(x) y corresppndingly. Simple calcu-
lations show that, since jf (X)]j < jx]j,

X X <CL-
XHIE () +iyj2  Jx+if (x) iy]2 X2+ dy?’

Sincethe right-hand side is the kernel for the Poissonintegral of the \pro jected"
measureP ( ) at the point x+1i f(x) y = x iy, this inequality and
Claim 4.2 imply

jReC- (0) ReC- (0)j=jReC- ,(0) ReC. ,(0)j
<CImC ( )x+iy)=0oP (0;") :o

Claim 4.6. Supposethat z2 and C (z) is nite. Then
Ree *C (z+ie*")=o0oP (z;") as"! O+ for . -a.e.z2

Proof. Again we can assumethat z = 0, the tangent line to at 0 is
horisontal and liesin fjyj < jxjg.

Denote 8
< Rez on fi zi >
h @)= jz2 2047 9
"0 on fj zj g.
Notice that there exists a linear combination of suc functions
X X
anh _; a, = 1; n 10"

which approximates the kernelof ReC (i") on B(0;10")\ fjyj < jxjg:

Re
TR

anh n( ) < C:
fgr someabsolute constart C. Outside of B(0;10")\ fjyj < jxjg the condition
a, = 1 will automatically imply

Re X
it

forany 2 fjyj< jxjg and

Re X
it
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for other 2 B(0;10"). Integrating the last three estimates with respect to
= +  weoobtain

X

ReC (i") anC (0 <C P (0:)+P (0;"):

n

Moreover, by the properties of both kernels,for any 0 < s < 1 we will have the
estimate

X
ReC (is") aCs . (0 <C P (0;8)+P (0;8")

CP (©O;s)+0P (0;s
CP (0;s")+o0P (0;8")

by Lemma 4.8. The statemert now follows from the fact that Cs , (0) =
oP (0;s") bythelastclaimandthat canbechosenarbitrarily smallnear 0. o

Let us summarizethe above claims: We obtained the measure = + |
where is supported onthe Cl-graph and liesunderthe graph (in ). We
know that for s-a.e. 2 ,Ree:C (z2)=olIlme :C (z) asz approades
along the normal line from above. We have to show that then ¢ must be discrete.

Following the algorithm of Section 3, we rst choose a large  and as-
sume that there exists a set E sud that s(E) > 0 and Ree zC (2) =
olme:C (z) asz! ,z2 () forewery 2E.WLOG all for 2 E
aresmallerthan a xed . Thenthereexists"o> 0andE® E, s(E% > 0 sudch
that ReC (z) < %ImC (z) forany z2 (), 2E%jz j<"o. Consider
a positive sequencef " gi_, monotonously decreasingto zero, "o > "1 > ", >
De ne

S
k= 2jz22 (), "k<Ime (z )<"p
2E©
and =[ «.SinceReC (2)< ImC (2)in «,
Re C (z)2= ReC (z)2 ImC (z)2

is a negative harmonic function in . Thereforeit is summablewith respect to
the harmonic measureon @ . Since ReC (z) < %Im C (2, mC (2 ?is
summablewith respect to the harmonic measureon @ . Each  is a Lipschitz
domain. Let 2 4. 1If > % + 10 the Lipschitz constart for the boundary of
@ ¢ is large enoughsothat the density wy of the harmonic measureon @ ¢ with
respectto  satis es 7

w tds< C<1
@ «
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for all k. (Again, one needsto make the \upp er" part of @ smooth to have this,
which can always be done; but on the lower part, which we are mostly interested
in, the integral corvergesasit is.) Then by the Cauchy{Schwarz inequality

Z z 1=2 Z 1=2
iimC  (2) ImC  (z)wy ds w, tds <1
@ « @ « @ «

and therefore Im C (z) is summableon @ x with respect to the arclength. De-
note by hg;k = 0;1;2;::: the summablefunction on [ 1;1] obtained by \pro jec-
tion" of the valuesof I mC from @ :

hy (X) = " MaXx+iy2  jIMC (x+1iy)j if x+iy 2 @ for somey ,
0 otherwise

Sincethe domains ¢ \converge"to o, onecan show that

Z

jimC (2)jds! 0
@ «n@

> +1> Re (C (2 2) the function

C (2 ? is an H 1(wds)-function in . In particular we have

ask! 1. Indeed,since Im (C (2)

Z
Im (C )2 wgds=Im C ()°:
@ «
Let us x k. If I > k is large enough
Z
Im (C )% w ds
@\ @«
is closeto Z
Im (C )% wds
@\ @«

which, in its turn, for large enoughk iscloseto Im C () ? . This meansthat
z
Im (C )% w ds
@ n@

is closeto O for large |. Therefore
z zZ 1=2 Z 1=2

iimC  (2)j ImC  (z)w ds w, tds
@ n@ @ n@ @
Z 1=2
C ImC (2)w, ds o
@ n@ o
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Therefore the sequenceh, corvergesin L[ 1;1]. This meansthat there
existsa subsequencé,, that hasasummablemajorant H 2 L[ 1;1]: jhpj< H
for all k.

Let again , = () bethe projection of on[ 1;1]: ,(B)= (fx+iy]
x 2 Bg. By Claim 4.4for -a.e.

Im e *C (2) Pox+e #(z )

asz! ,z2 (),wherex = (). Using this relation one can shaw, that
PH(z) CP p(z) forz2 (x), Imz=",, k= 1,2::: for ( p)s-a.e. X 2
(E9. But this cortradicts Lemma 3.2 since H dx ? ( p)s.
Therefore, the setof sudh 2  for which

(22) Ree C (z22=olme C (2

asz! ,z2 () forlarge hasto bea zero-setwith respectto .
Using the normal families argumert like in Section 3 one can passfrom large
to arbitrary sectorsand show that there is only a zero set of points  with
respectto s sud that forsome = ()> 0, (12) holdsasz! ,z2 ().
Now we have to make the last step from sectorsto normal lines. Again our
argument will be analogousto Section 2.

De nition  4.7. We will call E porous if for any 2 E and for any
"> 0 thereexists <" sucdhthat E\ B( ;100)nB(; )= ;.
Now, like in Lemma 2.3, supposethat there is a set E , sc(E) > 0 such

that P (z;")! 1 and
JRee 2C (z+1"e 2)j< h(™)jlme 2C (z+i"e ?)j

with someuniform function h> 0, h(")! Oas"! 0+ forewery z2 E.

We can repeat the proof of Lemma 2.3 almost word by word to show that
E is porous. Indeed, basedon the fact that (12) cannot hold in a non-zero set
of sectorswith respectto ¢, for s-a.e.z2 E andany " > 0 wecan nd a
ball B certered on the normal line at z+ 11000 e = of the radius 200 , where
2000 < ", sud that the directional derivative of Ree 2C  in the direction
perpendicular to the normal line is large in B in comparisonto Ime :C
Similarly to the proof of Lemma 2.3, this meansthat those points on  for which
the corresponding normal lines hit B nﬁB cannot belongto E (note that !

;as | zsince isa C*! curve). But all normal lines going through the points

from B z;100 o) nB z +o0 ) \ wil hit BnyB.

Yet another version of the Lebesguetheorem that we will useis preseried in
the following statemernt:
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Lemma 4.8. Let ; 2M(R?, =f wheref 2 L] j). Then
im P ) ¢y
"ToP (z;")
as"! O+ for -a.e.z. In particular the limit is 0 -a.e.if andonlyif ?
Now supposethat (12) holds as z ! along a normal line from , for -
a.e. 2 . Then we can choosea set E, non-zerowith respect to s, where

that relation holds with a uniform \0" on the right-hand side. As we established
above, E hasto be porous. By approximating kernels, like in Claim 4.6, we can
show that onecanreplace Ree C (z2),z= +ie " with Ree C- ().
The new relation

(13) jrRee  C- ()j<g(Milme C ( +i® ?)j

will still hold with someuniform function g> 0, g(")! Oas"! 0+ for ¢-a.e.
Denoteby E the restriction of on E. Then by Lemma 4.8

(14) P(  F);M=0P (")

for -a.e. 2 E. Let 2 E beapoint where(13) and (14) hold. WLOG = 0,

the tangert line at O is horizontal and fiyj < ¢jxjg for somesmall 0< c< 1.
Since E is porous we can choosea small sud that E\ B(0;100) n

B(O; ) = ;. Let z; and z, be the pointsin \ B(0 ) with the smallestand

the biggestreal parts correspondingly for which (13) holds. Denote = jz; zj.
(Note, that we canassumethat > 0, i.e. z; 6 z,. If that wasnot true, 0 would
be an isolated point of E ; but ¢ -a.e.point of E is not isolated.)

We can estimate the di erence betweenthe kernelsof Ree 1 Cpy  (z1)
and Ree 22Cp) (z) asfollows: It is lessthan C; =(jzj*+ 2) on n
B(0;100). Its absolute value is boundedby C, =(jzj>+ 2) on CnB(0; ) for
some Cjy., > 0. Finally, it is 0 on B(0; ). Therefore

Ree ZlC(%) (z1) Ree =22 C(Z) (z2) Z

< C
Z
+ Cy

-d (2)+ Cp >d (2)

nB (0;100 ) jzj2 + \ (B (0;100 )nB (0; )) jzj? +

(2):

Cn ij2+ 2

Note that the left-hand side is small by the absolute value in comparison to
P (0;) because(13) holds at z; and z,. By Lemma 48 P ( ;)

P j(;) at s-ae. . WLOG our point 0 is one of sudh 's. Then the
third summand in the right-hand side is small in comparisonto P  (0; ) as
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well. The secondsummandis small in comparisonto P (0; ) becauseof (14).
Therefore Z

;d (2

nB (0:100 ) JZJ% +

is small in comparisonto P (0; ) . Then
z z

P (0) ;d (2)+ ;d (2

98 (01100 ) jzj2 + \ (B(0:100 )nB (0: )) JZI% +

+ ——d (Z):
\ B(0;100 ) jzj2+ 2
As we have just shown, the rst integral on the right-hand sideis small. Sois the
secondintegral by (14). Therefore
Z

Cs (B (0; ):

P (0;) zd (2

\B(0:100 ) JZJ% +
At the sametime, looking at kernelsof Ree :C (z1) and Ree 22C (z2),
we get

Ree zC (z21) Ree =2C (z2)

(B(0; )+0P

Ree *1Cp) (z1) Ree 2Cp) (22)+ C4 ©;)

CsP (0;) :

This contradicts the fact that eadh Ree *«C (z«), k= 1;2 is small in com-
parisonto Ime =:C (z1), which in its turn is larger than CgP  (0; ) by
Claim 4.4.

This nishes the proof of Theorem 1.4.

Note that instead of the existenceof C a.e.on we only used the fact
that the relation C- ()=o0o P ( ;") holds s-a.e.on . This givesa slightly
strongerversionof Theorem 1.4asmertioned in the intro duction. The requiremert
that is positive is not crucial aswell.

4.2. Radial inner functions. If 2 M(T) wedenoteby P (z) and Q (2)
its Poissonand conjugate Poissonintegrals in the unit disk:

Z
1 jzj? 2imz
. —d and Q (2= . —d :
Tiz 2 () (2) Tz 2 ()

P (2=

Proof of Theorem 1.6. If  is an inner function in the unit disk, considerthe
family of Clark measures,.e. positive singular measuresf g >t on T uniquely
de ned by the equation

P (z) = Re
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(see,for instance, [2], [8] or [6] for more information on such families of measures).
One of the basic properties of is the formula

Z
(15) (E)dm( ) = m(E);

where E is any Borel subsetof T and m is the normalized Lebesguemeasureon
T, see[l]. In particular, a set of Lebesguemeasurezeroon T will have measure
zerowith respect to fora.e. 2 T. Henceif isradial near T, then for
ae. 2T, -ae.radiusthat endsin is mappedby into a curve, tangen
to aradius. The de nition of together with elemenary calculations show that
this property can be translated into the relation

Q (r)=obkP (r)

asr! 1 for -a.e. 2 . Hence,by Theoreml.1lalmostall are pure point
on . Another well-known property of the Clark measuressaysthat (f g) > 0
if and only if () = and has a non-tangertial derivative at  (see, for

instance, [8]). Utilizing again (15), onecan seethat hasangular derivativesa.e.
onT.o
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