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Abstract. Triangulations of closedsets F in R" with certain properties, here called regular
sequence®f triangulations, appear in a natural way when studing basesin function spaceson F .
In this paper a characterization of setspermitting a regular sequenceof triangulations is givenin
the one-dimensionalcase. Interpolating basesin spacesof functions on suc setsare alsodiscussed.

1. Intro duction

In the paper [2] basesin dierent spacesof functions de ned on compact
subsetsF of R" were constructed. It turned out that such basescould be con-
structed if the set F permits what was called a regular sequenceof triangulations.
Examples of fractal setspermitting sud triangulations were given, but in general
it is not easyto seefor which setssud triangulations exist. Howewer, it wasshown
that if a regular sequenceof triangulations exists, then the set presenesMarkov's
inequality.

In this paper we considerthe one-dimensionalcaseonly, which of coursesim-
plies things. We show in Section 3 in our main theorem that the existenceof a
regular sequenceof triangulations is then in fact equivalent to the condition that
the set presenesMarkov's inequality. We also exhibit, in Section 5, for sud sets
an interpolating basisin the the Lipschitz spaces (F), > 0, noninteger,
thereby extending a result from [2] givenfor 0< < 1, bene tting from working
in one dimension only.

2. Regular triangulations and sets preserving Mark ov's inequalit y

Let F be a compact subsetof R". A nite set T of n-dimensional closed,
non-degeneratedsimplicesis called a triangulation of F if the following conditions
hold.

Al. For eah pair ,; 2 T ,theintersection ;\ 5 isempty or a common
face of lower dimension.

A2. Everysvertex ofasimplex 2T isin F.
A3. F 2T
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For a triangulation T , let = max .7 diam() be the diameter of the
triangulation. When consideringa sequencef T;gl,, = fT;g of triangulations, we
denote by ; the diameter of the triangulation T;. In the sequel,we deal with
sequenced T; g of triangulations satisfying the following conditions:

Bl. Foreachhi O, Ti+1 isarenement of T;, i.e.,,foreach 2 T+ thereis
~ 2 T; sud that -,
B2. ;! O,i! 1.

It is easyto seethat if a triangulation satis es B1 and B2, then the following
condition holds. We denoteby U; the set of verticesof T; .

B3. For i 0, U, Ui .

We now de ne the classof triangulations which we will use. It is takenfrom [2]
(see also the referencesgiven there), but similar classeshave been considered
elsewhere,for example in connection with the nite elemer method. Sincethe
de nition of this classsimplies in one dimension, we will only give it for this
case,but presene the notation from [2]. In the n-dimensional case,there is also
a condition T3 guaranteeing that simplicesare not too at, and the condition T4
is more involved.

Denition 1. Let F R, and let fTig be a sequenceof triangulations
satisfying B1. Then fT;g is a regular sequene of triangulations if the following
conditions hold.

T1. Thereis a constart ¢, > 0, independert of i, suc that, forall 1; 22 T;,
c,'diam( ;) diam( 1) cydiam( 2):
T2. There are constarts 0< ¢z < ¢4 < 1 such that, foralli 0,
C3 | P+1 Cq i

T4. There exist a constart a > 0, independert of i, sud that if 2 T; and
02 T, and the distance betweentheseintervals is lessthan or equalto a ;, then
the intervals intersect.

The following conceptwasintro ducedin connectionwith the study of function
spaceson fractals, seee.g. [3], where the conceptis discussedin detail. It can be
seenas a generalization of the classicalMarkov inequality, which statesthat if P
is a polynomial in one variable of degreeat most m, then maxy»[o.1) jdP=dxj
2n% maxy2 1011 JP (X)j -

De nition 2. Denote by P, the set of all polynomials in n variables of
total degreelessthan or equalto m. A closedset F R" preservesMarkov's
inequality if for every xed positive integer m there exists a constart ¢, suc that
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for all polynomials P 2 P,, and all closedballs B = B(xq;r), Xxo2 F, 0<r 1,
holds
.. C L
maxjr Pj —maxjPj;
F\ B r F\ B

where r denotesthe gradiert.

Examples of sets preserving Markov's inequality are e.g. selfsimilar fractals
not contained in an n  1-dimensional subspaceof R", and d-sets, as de ned
in [3], with d> n 1. There are seeral di erent geometric characterizations of
sud sets. We will usethe onegivenin [3, Section2.2], stating it in onedimension,
only. If F R, then asetpresenesMarkov's inequality if and only if the following
condition holds.

(G) Thereisan " > 0 such that for any r with O< r 1 and any xg 2 F, the
setF\ fx:"r X XgJ rg isnonempty.

The concept of sets preserving Markov's inequality has appearedalso in dif-
ferert contexts, then in generalin a geometrical form, seefor example [4], where
they are called n-thick setsand their invariance properties under di erent classes
of maps are studied.

3. The main theorem

In [2]it isshown that if F R"™ admits a regular sequenceof triangulations,
then F presenesMarkov's inequality. The conversedoesnot hold, asis seenby
the trivial exampleof the unit ball in R", n > 1. Here we shall prove that in one
dimension the converseholds, and thus we have the following theorem.

Theorem 1. Let F be a compact subsetof R. Then there exists a regular
triangulation of F if and only if F presenesMarkov's inequality.

As a preparation for the proof of the theorem we give one more charactariza-
tion of sets preserving Markov's inequality, valid in one dimension. For a given
compactset F R, the complemen of F is a numerable union of disjoint open
intervals which we denoteby O , = 1;2;3;:::. Let 0< c< 1, and let, for a
given constart ¢, and for n 1,

A,=fO ;diamO " g and A, =[f O 2 A,q:

Then At = R" nA, consistsof a nite union of nite closedintervals which we
denote, ordered from left to right, by By, , m = 1;2;3;:::; m,. Note that we
then have that

(i) the distance betweentwo consecutie intervals B, is at least ¢c" 1,

We shall usethe fact that if F presenesMarkov's inequality, then the length
of eah B, is at least c", where ¢ can be taken as any constart " admissible
in the geometric characterization of sets preserving Markov's inequality. This
property can, in fact, be usedto characterize suc sets.
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Prop osition 1. Let F R be a compactset. Then F presenesMarkov's
inequality if and only if thereis aconstart ¢ with 0 < ¢ < 1, suc that constructing
Bnm with this constart asthe given constart c, one has that
(i) the length of eadh interval B,y , n 1, m= 1;2;:::;m,, is at least c".

Proof. Assumethat F presenes Markov's inequality, and let ¢ be equal to
an admissible constart " in the geometric characterization (G) of sud sets. Let
[a;b] be one of intervals B,,, and denote by | its length. Assumel < ¢", and
take 19 with 1 < 1< ¢". Thenthe setfx;I1° jx aj |%oy contains no points
from F becauseof the statemert (i) above, sincel®=c< c¢" 1. On the other hand,
since F presenes Markov's inequality, the set contains points from F (use the
geometric characterization (G) with r = 1°c). Thus,| c".

Conversely let ¢ be a constart suc that (i) holds. Take xo 2 F andr 1,
and assumethat  x; %r < jX Xpj < r contains no points from F ; otherwise,
the condition in (G) holds for these xo and r with " = 2. Take ng so that
¢ 1< Ir ¢ 2. Then eat oneof the two intervals forming the set x; 3r <
JX  Xoj < r s asubsetof aninterval in A,,, which meansthat, with m sud
that Xo 2 Bn,m, the endpoints of B,,m arein the interval xo 3r;Xo+ 3r .
By (ii), sincethe endpoints are in F, this meansthat there is an x 2 F with
jX Xoj ar sudithat jx xoj 3c" zcr,so(G) isfullled with "= 1c?.

Proof of Theorem 1. Assumethat F presenes Markov's inequality, and let
c< % be a constart asin Proposition 1. Taking c < % is allowed, since ¢ can be
taken asthe constart " in (G), which, clearly, can be taken arbitrarily small. We
prove the theoreminductiv ely in steps,choosingin the n'" stepaset P , of points
from F, sud that the distance betweentwo consecutive points in the same B
is comparableto c", andin such away that P; P, . A triangulation T,

is then chosenwith the points in P ,, asvertices.

Assumptions on the set P , ;. Assumethat we have already chosenthe set
P, 1 of points from F, with P o meaningthe empty set ; .

Let Brm = [anm ;bm ] be as before. Every point x 2 F belongsto exactly
oneinterval Bgy, for eath s 1; we denotethe corresppnding m by m(s;x) and
sothe interval is Bs.m (sx)- If X is an endpoint of an interval By, , then it is, for
t > s, an endpoint of someBy,, , and we denoteby s, the smallest s, if any, such
that x is an endpoint of someBgy, . If X is not an endpoint of any interval Bgn
with s 1,thenweput s, =1 .

Foragivenn 1, wenow assumethe following about the setP , 1, denoting
it the assumption A(n 1). (If n = 1 the interpretation is that nothing is
assumed.) It describes how points z 2 P, ; are positioned with respect to
the endpoints of the sets Bg,, with s n and to ead other, in terms of points
z% which will appear naturally in the construction. If z2 P, ; and's, > n (so
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Z is not an endpoint of someB,, ), then we assumethat to z there is assaiated
apoint z°2 F, sud that the following conditions hold.

2)jz 29 Zcs.
3) If z isapoint in P, ; closestto z satisfying z< z < by (nz), Which

in particular meansthat s, > n, then z° z°> 1c".

4) All endpoints of the intervals By, 1m, 1 m my 1,arein P, ;.
Note that 1) implies that for z 2 int B,,, we alsohave z°2 int B, .

Choiceof points in P . Let, for someB,,, 2Bm\Fand 2B, \F
be points satisfying > 2c". Weclaim that the set  + 3c"; +c" 1+
%c” \ (; ]\ F isnonempty. Since 2 F and > + %c”,this is of course
the caseif +c" 1+ %c”. Otherwise the condition is the sameas saying
that + %c”; +c" 1+ %c” \ F is nonempty. This follows from the fact that
any interval | of length > ¢" ! and satisfying | Bnm must intersect F, as
otherwise | FC¢ and jlj> c" ! implies! O forsomeO 2 A, andthus
| Apand!l\ By = ;.

Now we de ne a point w2 B,, \ F (dependingon , ,and n) by

(1) w?=max x;x2 +ic"; +c" T+ I\ (; ]\ Fg

If for some n the distance from w®to the boundary of B ., (. o is less
than or equalto %c ,let (W% denotethe rst  for which this occurs, otherwise
put (W% = 1 . In other words, (W% is the smallest n, if any, suc that
the interval w Zc ;w®% 1c isnot \strictly inside" but contains an endpoint
of B ‘m (;w 9

We next selecta point w assaiated to w° and consequetly it will depend
on , ,and n, too. When doing this we assumemore about . The point
is either the point y° assaiated to a point y2 P, 1\ Bpm Wwith Sy > n by the
assumption A(n 1), or the right endpoint b,,, of B, . We make the following
choices.

(@) If = byn andthe interval w® Zc";w% 1c" cortains by , then we
put w= by, .

(b) If = yO andthe interval w® Zc";w0% Ic" cortains y°, then we put
W=y,

(c) If the interval w® Zc";w®+ Ic" doesnot cortain byn or YO, re-
spectively, i.e. , which implies, as we shall seebelow, that (w°) > n, then, if
W9 =+1 welet w=w" andif n< (W% < 1 welet w be an endpoint of

B (woo:m( (woowoy Which is closestto w®
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Before cortin uing the construction of P ,, , we make someobsenations related
to this choice of w. In the cases(a) and (b) we obviously have, respectively,

(2) bm W 1" and y° w® ic";
while in case(c) we have
(3) jw w0 L™ L1t

The inequality (w° > n in case(c) follows by the following remarks. The point
am doesnot belongto w 2c";w%+ Zc" | since,by (1), w®> + 1c", and

anm . This meansthat bym 2 W% 2c";w% Zc" if and only if (W% = n.
If = y®asabove,then by 2 W% Ic";w% 1c" | sincebn, y°> ic" by 1)in
A(n 1),and w® yO0 Thus,in case(c), wehavethat by 2 w% 2c";wo% 2c" |
so (w% > n. Wealsoremark that in case(c), if = y° then w < vy, since,from
2)in A(n 1) and3),y w=y y%y? wol w0 w T+ 2" 2ot =
¢ 2 ¢ >0,sincec< 1.

Now we use the above construction to divide an interval B,m = [@nm ; b |
into subintervals whose endpoints will be the points in By, \ P ,. This shall
be done in such a way that the points in B, \ P, 1 are included. We will
temporarily denotethe points in the new division of B, by Xo;X1;:::.

The interval B, isin a natural way divided by P , 1\ Bny, into intervals
which are of the form [anm Y], [V;y¥ 1, [Y:bBm ], Of [@nm ;Bim ], Wherey and y
are consecutiwe points in P , ; which are not endpoints of B, . The last case
appears if there are no points from P ,, i strictly inside B,, , which is always
the caseif n = 1. We start by subdividing an interval of the form [anm ;bim ] Or
[anm ; Y], and take a,, asthe rst division point, denoting it by xo. Let = amm
and = by, or = yO respectively, where y° is the point assaiated to y in
the assumption A(n  1). If = by, , then by (i) in Proposition 1, we have

> amm + 3¢", and if = y° then > a,m + 3c" holds by the assumption
1) usedwith s = n and z° = y% Thus we can use the construction above,
and assaiate to and  points w% and w, which we denote by x%° and x,
respectively. If x; equalshb,, or vy, i.e., in case(a) or (b), then the subdivision
of the interval [anm ;bm] OF [anm ;Y], respectively, is completed (without giving
new points, except possibly anm or by, ), otherwise we put = x%° but let
be as before. By our construction we have > x99+ %c”, for if the interval
xP  2c";x%+ 1" had cortained |, then x; would have beenequal to by
or y. Thus, we can again usethe construction to give us new points w% and w,
which we denote by x3°and x,. We cortinue in this way until we reach by, or
y, say in the k" step, so Xk = bym OF X = V.
Note that in the j™ step,if x; 16 by, ory, wealwayshave x> + 2¢" =

x2, + 2¢" by (1) and the choice of x[%:= w%x; ;n). Thus after a nite
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number of stepsthe construction endsup with a selectionof b,, or y, respectively.

of this for the momert; the calculations leading to it are given when estimating
Z» z1 at the end of this section.

If Xk = by the division of B, is completed, otherwisewe continueto divide
the next subinterval in B, , which is of the form [Xx;b.m] or [Xk;y ]. In these
caseswe put = x? and let be by, or the point y°, respectively. Here the
points x? and y° are the points ass@iatedto xx 2 P, ;andy 2 P, 1, in
the assumption A(n  1). Then, by the assumptions1) and 3), respectively, we
again have > + %c” , and we can use our construction again to give us new
points w°and w which we denote by x(k’cjl and Xg+1 . Unlesswe already reached
bhm Ory ,wetake = x, andlet be asbefore,and cortinue asabove until
the presen interval is divided and then until all subintervals of B, have been
divided, the last chosenpoint in B, being b, .

Dividing all intervals By, in this way we get the set P ,, letting it consist
of all the chosenpoints x;. To complete the construction, we state how points
z° are asswiated to points z 2 P ,. We do this for points z which are not
endpoints of some B, . If sudh a z belongsto P, 1, there is already a point
z0 asswiated to it by our assumption, and we take it as the point assaiated to
z alsoin P, . Otherwise,if z2 P, nP , 1, we take z° asthe point z% (in the
notation above w°) usedin the construction of z.

We remark that we have, with z; and z, being consecuti\e points with z; <
z, from P, in By, With 20 2 P, 1 or zo = by, replacing 22 by aym Iif
Z1 = anm , that

(4) 29 29> ic"; 2,6 b and z 29> 1c"; zp= bum:

Theseestimatescan be found above in the description of the subdivision of B, ,
taking into accoun that z9 = z°if zz 2 P, nP, 1, 1 6 amm .

The set P , satises A(n). To complete the induction step we must chedk
that this subdivision ful lls the condition A(n). Let us make someobsenations
rst. Assumethat w2 P, nP, 1, W6 am;bm. Then w is chosenin step
n, and emanates, by means of case(c) in the construction, from a point w®
with (W% > n, in suc a way that w is an endpoint of the interval By, with
s = (W% which cortains w®if n< (W% < 1 ,and w= w%if (w% =1 .
Becauseof 4) in A(n 1), w is not an endpoint of some Bs,, with s< n, and
since by our construction the intervals w® 1c%;w%+ 1¢® do not cortain an
endpoint of any Bgy, for all s with n  s< (w% but corntain w, it follows that
s= (w% isthe rst s sud that w is an endpoint of someBgp, , i.€. sy = (W%.
Note alsothat, if (W%} < 1 , w and w®areboth in the sameB (y09.m , SO, since
the intervals are nesting, they are also in the sameinterval Bgy, if s < (w9,
which meansthat for s (W% we have e.9. asm (sw = asm (sw) -
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Tochek A(n),letz2 P, with s, >n+1. If z2 P, ., thenthe conditions
1), and 2), in A(n) hold by assumption and the choice of z°. If instead w 2
P nnP , 1;sy > n+1, then aswesav abovethe interval w® 1c%;w% 2c° does
not contain asm (swo = asm(sw) OF Bsmswo = Bumsw) for n s < (w9,
but doesfor s= (W% = s,,. Thus, recalling that w®= w°if w2 P, nP, 1,
Sw > n, we seethat we have have 1) evenfor n s< sy, and 2) (with z in 1)
and 2) equalto w). Let z and z beasin 3) in A(n). Then the point in the
construction of z is takenas z°, andif z 2 P, nP, 1, soz® = z% then (1)
givesz® z°> Ic" > 1c"*  andif z 2 P, 1, then we have the sameestimate
by (4). Condition 4) is immediate from the construction.

A regular triangulation from the constructed points. Having de ned the point
setsP 1, P ,, P 3;:::, wede ne the triangulation T,, asconsistingof the inter-
vals connecting consecutiwe points of P , \ B,n , and then the triangulation T,
asthe union of Ty, over1 m m,. We must chek that the triangulation
obtained in this way is regular; it will turn out that to assurethat the condition
T2 is ful lled, onehasto choosea subsequencef T .

Recallthat if z2 P, 1\ Bym;Z6 anm, Or Z = by , then z%is the point
which in the construction step above (there denoted w®) leadsto the incorporation
ofzin P,,andif z2 (P,nP,s 1)\ Bam, S, > n, then z%is the point w®
which leadsto a new point z and then z%= z° Note alsothat if z2 P ,\ By ,
s, > n, then

(5) jz 23 ¢ it

holdsby 2)in A(n 1) if z2 P, ; and by (3) otherwise.

Suppose z; and z, are consecutiwe points with z; < z, from P , in the same
Bnm = [@m ;bhm]. Then z, was constructed with the aid of the point z3° chosen
asthe point w% obtained from (1), with = 22 in (1) if z; 6 a,, and = amm
if zz = anm . Thus we have, respectively,

6 "<z 2 I+t and "<z awm I+

Assumenow, furthermore, that z; and z, are not endpoints of By, . Then
we have the following estimates.

@) If zz2 P, 1,then, from (5) and (4),
Z =2z 29+z9 +z z M+ i Lt
=1
(i) If 2P ,nP, 1,s02)= 28 then, from (5) and (6), we have,
72, z11=2 29+29 22+ 7

1.n+1 1 1n+1 1 n+1 .
¢+ ¢ SC =zc" '
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(i) If zz2 P, 1, then, from (5), (2), and (6),

o z1=20 z29+2) 2% 2° A+ =z
1.+l 1.n 1 n 1 1.n+1
57+ 3N+ 3"+ ¢ T+ 5

e+ L

(iv) If 22 P ,nP, 1, then, from (5) and (6),

2 z1=2 2%4+2° 22+ z
1 n+1 1 n 1 1~n+1
5+ 3N+ " T+ Sc

=c" b+ I+

If instead z, = b,y , then we make the same estimates as in (i) and (iii),
exceptthat we now do not add and subtract z9, and if z; = a,, we do not add
and subtract z? in the various cases. In any casethis clearly leadsto slightly
better estimates. Thus, in generalwe have

n+1

c" C

N[
(@)
I

N[

1
z zz Aty + = E+1+c;

from which T1, and alsothe left inequality in T2, clearly follows since c < % Con-

dition T4 is easily chedked. Concerningthe right inequality in T2, the construc-

tion gives i1 i, only. The inequality .1 C4 i Is obtaind by considering
a subsequenceof the triangulations fT,g, consideringthe sequencef T %9 where
TL= T, n=1,2:::, for a positive integer k big enough. This concludesthe

proof of the theorem.

4. The spaces CX(F) and  (F)

The spacesCK(F) of k times di erentiable functions on F and the Lipschitz
spaces (F) canbede ned on arbitrary closedsubsetsof R", but the de nitions
simplify if F is a setin one dimension preserving Markov's inequality, and we
de ne them here on sudh setsonly, referring to e.g.[3] for the generalcase.

Let F be a compact subset of R preserving Markov's inequality and f a
function de ned on F . Then, since F is perfect, derivativescan be de ned in the
usualway by Df (Xxo) = limyi x,x2F f(X) f(Xo) =(X Xo), Xo 2 F. Foragiven
k 0, assumingthat derivatives of orders  k exist, denote by R; the Taylor
remaindersgiven by

KO
DIf(x)= (x y)'DI*'f(y)=I'+ Rj(x;y); 0 j k
1=0
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A function f belongsto the space CX(F) if for every " > 0 thereisa > 0
sudh that jRj(x;y)j < "jx yjkx 1 for0 j kandjx yj< . The Whitney
extension theorem given in [5] givesthat there is a linear extension operator E
from CK(F) to CK(R). It should be noted that in the presen setting derivatives
are uniquely determined by f , which meansthat elemers in C¥(F) are functions
rather than families of functions asin the generalWhitney extensiontheorem.

For k< < k+ 1, afunction f isin the Lipschitz space  (F) if jDf (x)j
M and jR;(X;y)] Mjx yj I for ;y2F and 0 j k. The normof f in

(F) is the in m um of the possibleconstarts M . If F = R, we will in general
work with the equivalent norm given by the in m um of the constarts M sud that
iDIf(x)j M, 0 | kandjDKf(x) DKf(y)j Mijx vyj K, jx vyj 1.
For this casethe Whitney extensiontheorem givesthat there is a bounded linear
operator E from (F) to (R), seee.g.[3].

If instead = k> 0, we say, following [3, p. 62],that f 2  (F) if there is
a sequenceff,gl_, of functions in (F) where k < < k+ 1, such that, for
n 1, kDI(f fkig M2 "&K D for0 j<k, kD (fhe1 fo)kig M
forj = k,andkf,k () M2 "k ) (herek k; . denotesthe maximum norm
on F). The norm in (F) is again the in m um of the possibleconstarts M .
The version of the Whitney extensiontheorem given by Theorem 2 in Chapter 3
in [3] givesthe sameconclusionasin the noninteger case.

We will needthe following lemma on Hermite interpolation. We give it for
functions de ned on R, but becauseof the Whitney extensiontheorem we will
be able to apply it for functions de ned on setspreserving Markov's inequality as
well. For f 2 C(R), let ! (f;t) = supfjf(x) f(y):jx vyj tg.

Lemma 1. Let k 0, f 2 CK¥(R), a2 R, h> 0, and let P be the
polynomial of degreeat most 2k + 1 with D P(a)= D f(a) and D P(a+ h) =
D f(a+ h) for =0;1;:::;k. Then

jD P(x) D f(gj ch 1(D*f:h);  x2[aa+h] =01k

where c is a constart depending on k, only.

Proof. Assume rst that a= Oand h=1,let 0 x 1, andlet T denote
the Taylor polynomial of f around O of degreek. Then, for < k,

kx 1
D f(x) D T(x)=D f(x) x'D *'f)=I' x* DKfO)=(k )
1=0
=x* DKf() DK =k )

for some between0 and x, sowegetjD f(x) D T(x)j 1=k )1 (Df;1).
For = k, the sameestimate is immediate since D¥T(x) = DKf (0).
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Consider R = P T. Then R is a polynomial of degreeat most 2k + 1

such that D R(0) = 0 and jD R(1)] 1=k I (DKf;1) for k. Let
P* be the polynomial Igf degree 2k + 1 de ned in the beginning of Section 5.
Then we have R(x) = “_, D R(O)( 1) P (1 %)+ D R(P (x). With ¢; =

MaX, 200 s 21 JPE(X)] this givesjR(x)j o ., jD R(0)j +jD R(1)j
ci(k+ 1)! (D¥f;1) for 0 x 1. By using the classicalMarkov inequality (see
Section 2) repeatedly one obtains jD R(x)j 2 (2k + 1)? maxy2 0:11 JR(X)j and
SO

iD P(x) D f(x)j jD P(x) D T(X)j+jD T(x) D f(x)
c12 (2k + 1)? (k+ 1)! (D*f; 1)+ 1=(k  )I! (D*f: 1)
= c! (D*f;1):

If instead f is de ned on the interval [a;a + h], then a linear change of
variables gives, with g(x) = hf (hx + a), that ! (D g;1) = h ! (D f;h), from
which the lemma follows.

5. Interp olation bases in CX(F) and
the characterization of Lipsc hitz spaces

Now we de ne the functions which will give a basisin CK(F). Let a sequence
fTigl, of regular triangulations of F be given, and let as beforg U; be the set
of verticesof T;. Let Vi = U;nU; 1,i>0, Vo= Ug,and V = ilzo Vi, and let

be a linear order on V satisfying the following condition: if 2 V; and 2V,
with i < j, then

Let k 0, andlet, for s= 0;1;:::;k, P® bethe polynomial of degree2k + 1
which satises D P5(0)=0for =0;1;:::;k, D P5(1)=0for =0;1;:::;k,

6 s,and D P5(1)=1if =s. Let 2V;. Then isthe endpoint of oneor
two intervalsin T;. If isthe right endpoint of 2 T; oflength I, dene { on

by © (x)=1°P® (x +1)=I ,andif isthe left endpoint of 92 T; oflength
19dene § on %by ? (x)=I1%( 1)°PS ( x+19=I° . If isanendpoint of
both and 9, this meansthat » isaspline function de ned on [ 9 which
is k times di erentiable, equalsa polynomial of degreeat most 2k + 1 on ead of
the intervals and ©, and whosederivativesof orderslessthan or equalto k are

equalto zeroat the endpoints of theseintervals, exceptthat D° * () = 1. Note

that for x2 wehave D } (x)=1° (D P®) (x + )=l and consequetly
for x 2  we have, with a constart ¢ dependingon

(7) jiD () ci 0;
an estimate which clearly alsoholds if x 2 °, with | replacedby I°.

For 2 Vi,let = 2 ontheoneortwointervalsin T; which have asan

endpoint, and put =0 elsewhereon fl ; 2 Tig. Note that * is de ned
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with respect to the triangulation T; in which  rst appearsasa vertex. We let
CK(F) be normed by maxq ¢ kD fky ., although CX(F) is, in general, not
completein this norm, seee.g.[1]. Then the functions Sjr form abasisin CK(F)
which interpolatesto f and its derivatives of degreeat most k as explained by
Proposition 2 below. Here f jr denotesthe restriction of f to F.

Givenf 2 CK(F), let S;(f) denotethe splinefunction de ned on f[ ; 2Tig
which coincideswith a polynomial of degreeat most 2k + 1 on ead interval in
T, and interpolatesto f and all its derivativesof orders lessthan or equalto k
at ead point in U;.

Prop osition 2. Let F R beacompactsetwith aregularsequence T;gl,
of triangulations of F, and let k be a nonnegative integer. Then the system of
functions f Sjg; 2 V; s= 0;,1,:::;kg, ordered by , is an interpolating
Sdauder basisin CX(F).

More precisely every f 2 CK(F) has a unique represeation

XX X
- s s;

(8) f C JE

i=0 2V, s=0
in CK(F), wherec® = DSf( ) DSS; 1(f)( ) for 2V;,i>0,and ¢ = DSf()
for 2 Vo= Ug. In addition, for N 0,

XX X

D f()= cD  °()

i=0 2V; s=0

for O kand 2 Uy.
Py P Py

Proof. Assumethat f 2 CK(F). Considerthe sum 2, ,, ¢ C °.
Using induction over N it is easyto seethat this sum coincideswith the function
Sn (f), which, in particular, givesthe interpolation property. Denote by Ef the
Whitney extension of f belonging to CK(R) satisfying D f(x) = D (Ef)(x),
x2F, k. We take, aswe may, E sothat Ef hascompact support. Note
that Sy (f) = Sy (Ef) onf[ 2 Ty g. By Lemmalwethen have the estimate
jD Ef (x) D Sy(Ef)(x)j c(diam ) * | DK(Ef);diam forx2 2Ty,
o]

(9) D f(x) D su(f)x)j cf ! D*Ef)in; x2F
which shaws that the partial sumsof the sumin (8) corresponding to summation
over all terms with i N corvergeto f in CX(F) asN ! 1 . The estimate

(9) alsogivesjcj c¢ K St DX(Ef); v for 2 Vyu1, and from (7) it follows,
using T1, that jD  S(X)j C .1, 2 Vn+1. Thuswe getwith the aid of T2
that jcD ) ¢ ! DX(Ef); n , 2 Vns+1,from which it follows that we

have corvergenceto f in CK(F) for the sequenceof all partial sums. Uniqueness
follows from the fact that if we have a represettation of f in CX(F) asin (8), then
it is easyto realizethat the coe cien ts must be the onesgivenin the proposition.
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Remark. If k = 0, then the theorem holds under the much weaker condition
that the triangulations f T; g satisfy the conditions B1 and B2, only. This is not true
for k > 0, evenif F = [0;1]. To seethis, let for i > O T; denote a subdivision
of [0,1] into equal intervals of length ; = 2 2. Dene f; on lp=[i;2i] by
fix) = , 2(x §)2(x 2;)% andlet f; = 0 elsevere. Put f =, f;. Then
f 2 C[0;1]. Let = % i. Then 2 V.1 ,andit is easyto seethat the derivative

of ® 9 is at least % at somepoint, from which it followsthat f can not have a

represemation in C(F) asin the proposition.

Theorem 2. Let F R be a compact set with a regular sequenceof
triangulations fTigilz0 of F,andlet k< < k+ 1, k 0. Assumethat f has
the represenation in CX(F)

X X
- s s;

(10) f a °r

i=0 2V; s=0

Then f belongsto (F) if and only if the coe cien ts a® satisfy

(11) ja% ¢, % i 0 2V;;0 s k;
and the norm of f in  (F) is equivalent to the in mim um of the possiblecon-
stants c in (11).

In addition, convergenceof (10) in CX(F) follows from (11) assumingpoint-
wise cornvergenceof the sumin (10), only.

Proof. If f 2  (F) with the represetation (10) in CX(F), then a% = ¢

by the uniquenessof the represenation in CK(F), and (11) follows immediately
from the de nition of the coe cien ts ¢ and the estimate (9), with E in (9) being
a boundedoperator from  (F) to  (R) asin the Whitney extensiontheorem.
In fact, for 2 Vi, i> 0, (9) givesjc’j] ¢ ," ;! DX(Ef); i 1 which gives(11),
using the boundednessof E, the de nition of (R), and T2.
To prove the converse,assumethat (11) holds. We rst extend the functions
° to functions dened on R. If is the endpoint of just oneinterval 2 T;,
say the right endpoint, denote by 1 the interval of length %a i sudh that is
the left endpoint of the interval, where a is the constart in T4. Dene ° on
in the sameway asit was previously de ned on °when wasthe left endpoint
of 0. After this, whether is the endpoint of one or two intervals in T;, put
° = 0 everywherewhere ° is not already de ned. We considerthe sumin (10)
with theseextendedfunctions * in the placeof 3jg, denotingit againby f , and
show that it is in (R) using the classicalde nition of (R) asin Section 4,
and that the convergenceof the sumis in CK(R). Sincethe extension does not
changethe the sumon F we clearly then have the desiredresult. We remark that
this can be usedto extend a function f 2 (F) to afunction in  (R).
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By (7) and T1 we have,for 2 V;,jD 5 c¢? ,andthus

(12) jaD % ¢,
For aIE}/ poiBt X, PS(X) is nonzerofor at mosttwo 2 V;, sofor 0 k we
have [y .y, soi@D % ¢ i c o (c o) c, where
c4 is the constart in T2. This shavsthat f 2 C¥(R) and that corvergenceto f
isin C*(R).
Consider next
X1 X X X
DXf(x) DXf(y)= + a® DX S(x) DK S(y) = I+l I;
i=0  iz=ig 2V s=0

and chooseig sothat j,+1 < X Yj i, (@assumejx yj 0, andinterpret | as
vanishingif ip = 0). The sumtakenoveri i isestimatedin an analoguousway
asin the estimate above, using jDX S(x) DX S(y)j jDk S(x)j+ jD* s(y)j,
and givesthe estimate

X x o
L N C A
izio izio
=, * ok ax vk
Let next i < ig andlet x2 2 T; andy2 92 T;;the casewhen x or vy
is in an interval of the type 1 is treated in the sameway. If = 9 then, by
the mean value theorem, (7), and T1, for 2 V;,
(13) jD* *(x) D¥ ()i ¢ tix i

If 6 Cand and OYintersectatthe point 2 V;, wegetthe sameestimate by
inserting DK s().If 6 Cand and Cdonotintersect,thenjx yj a;,
soby (7) we have jDX S(x) DX S(y)j c®¥=c®*a c¢?Kx yj=;=
c is‘ 1jX. yj, SO we again hgve (13). In caseone of th_e points X or y, sa&
y, is not in some 2 T;, or in some 1, then we use,if DX $(x) 6 0, that
Dk S(x) DK S(y)= DK s(x)= D¥ S(x) DK S(y ) wherey isthe endpoint
of the interval , or 1, containing x not equal to

Notethat D S(x) D 3(y) is nonzerofor at most four vertices 2 V; and

that, by T2, | ¢, ° ", if i <ig. Usingthis, (11), and (13), we get
X 1k
I c IS k li ij y]
i=0 s=0
X1
c C4(|0 i) k 1) s k 1jX yj

i=0

ox yj *
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Thuswe have jDXf (x) DKf(y)j dx yj X,jx yj o, andsincethe desired
norm estimatesare implicit in the proof, this concludesthe proof of the theorem.

The construction above can be usedto give a characterization of  (F) also
if = k, where k is a positive integer, although the represemation is not unique
and somewhat less straightforward. We suggesta way to nd a kind of atomic
decomposition which in spirit is similar to the non-integer case.

Given a sequence ; ! 0 satisfying T2, a de nition of ((F) equivalert to
the one givenin Section4 is givenby f 2 (F) if and only if there is a sequence
ffigl, of functions in (F) where k < < k+ 1, sud that, for i 0,
kDi(f f)kee M & D foro j<k, kDi(fiy fidkie M forj =Kk,
and kfik )y M i(k ) with the norm in k(F) equal to the in m um of the
possibleconstarts M . We omit the straightforward veri cation.

Letf 2 «(F), let T; bearegulartriangulation of F with diameters ;, and
let ffigL, beasequencasseiatedto f and f ;g asin the above characterization
of «(F). Dene, inductively for i 0, g asthe spline function which coincides
with a polynomial of degreeat most 2k+ 1 on ead interval in T, and interpolates
tofi S 1(fi 1) (to fj if i = 0) andall its qgrivativesof orderslessthan or equal
to k at ead point in U;. Then wewill have ;g = S,(fn) onf[ ; 2 Thg.
The function g has a represeration

X X
g = G 7

2U; s=0

Wherecﬁ = DSfi() DS°S 1(fi 1)() for 2 U;. Writing f Sn(fn) as
f fn+f, Sn(fnh) and estimating with the aid of (9), one obtains that on F
the function f hasthe represenation, in Ck 1(F),

S

XX X .
= CI i;:

(14) f
i=0 2U; s=0

Prop osition 3. Let F R be a compact set with a regular sequence
of triangulations fT;gl, of F, and let k > 0. Then, if f 2 (F), in the
represemation (14) we have

(15) € e ®:

Conversely if f has a represemation (14) with somecoe cien ts ¢} satisfying
(15), then f 2 (F).

The proof is similar to, but more involved than, the proof of Theorem 2.
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