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Abstract. In this work we first generalize the projection result by K. Falconer and J. How-
royd concerning packing dimensions of projected measures on R™ to parametrized families of
transversal mappings between smooth manifolds and measures on them. After this we compute
the packing dimension of the natural projection of a probability measure which is invariant under
the geodesic flow on the unit tangent bundle of a two-dimensional Riemannian manifold.

1. Introduction

The behavior of the Hausdorftf dimension, dimy, under projection-type map-
pings is well known. In the 1950’s Marstrand [Mar| proved that the Hausdorff
dimension of a planar set is preserved under typical orthogonal projections. In [K]
Kaufman verified the same result using potential theoretic methods, and in [Mat1]
Mattila generalized it to higher dimensions. For measures the analogous principle,
discovered by Kaufman [K|, Mattila [Mat2], Hu and Taylor [HT|, and Falconer
and Mattila [FM], can be formulated in the following way: If u is a compactly
supported Radon measure on R"™, then for almost all V' € G(n,m)

dimy Pyp = dimy g provided that dimg p < m.
On the other hand, if dimyg x> m, then
Pypu < ™|y
for almost all V' € G(n,m). In addition, if the m-energy of pu is finite, then
Pyu < ™|y with the Radon-Nikodym derivative in L?(V, 2™|y)

for almost all V' € G(n,m). Here G(n,m) is the Grassmann manifold of all m-
dimensional linear subspaces of R", Py:R"™ — V is the orthogonal projection
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onto V € G(n,m), and Pyp is the image of p under Py defined by the formula
Pyu(A) = u(Py;tA) for A C V. Moreover, by u < v we denote the absolute
continuity of a measure p with respect to a measure v, and p|4 is the restriction
of a measure p to a set A, thatis ula(B) = u(ANB).

In [FH], Falconer and Howroyd proved an analogous result for the packing
dimension, dim,,, of projected measures. They showed that if ;1 is a finite Borel
measure on R”, then

(1.1) dimy, Py p = dim,, @

for almost all V' € G(n, m), where dim,,,  is a packing-type dimension defined by
using a certain m-dimensional kernel. This result tells that the packing dimension
is the same for almost all projections, but it may happen that dim,, ¢ < dimg p.

The above results are “almost all”’-results giving no information about any
specific projection. However, as discovered by Ledrappier and Lindenstrauss [LL],
similar methods work for one particular projection. In [LL] they studied mea-
sures on the unit tangent bundle SM of a compact two-dimensional Riemannian
manifold M. They showed that, if u is a probability measure on SM and p is
invariant under the geodesic flow, then

(1) dimg Iy = dimg p, if dimg p <2, and
(2) Ou < 72|y, if dimg p > 2.

Here 1I: SM — M is the natural projection. Ledrappier and Lindenstrauss proved
also that the Radon—Nikodym derivative of Iy is an L2-function, if p has finite
a-energy for some o > 2.

Inspired by the results in [LL], in [JJLe| we reproved the above theorem and
showed that if the a-energy of pu is finite for some o > 2, then Iy has fractional
derivatives of order v in L? for all v < %(a — 2). To achieve this new proof we
used the generalized projection formalism introduced by Peres and Schlag in [PS].
Our proof also explains why this kind of projection result fails when the dimension
of the base manifold is greater than two.

In this paper we consider the natural question of how the packing dimension
of an invariant measure behaves under the natural projection. To achieve this, in
Section 3 we first generalize (1.1) to parametrized families of transversal mappings
between manifolds (Theorem 3.6). The methods of Falconer and Howroyd do not
directly work in our setting, but circumventing some technical problems eventually
leads to a bit easier proof. After this, in Section 4 we compute the packing di-
mension of Iy, when the setting is similar to that in [LL] (Theorem 4.2). Finally,
in Section 5 we show that, unlike the Hausdorff dimension, the packing dimension
of a (locally) invariant measure may decrease under the projection even in the
two-dimensional case.
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2. Preliminaries and definitions

In the following definitions (X, dx) is a metric space, and B(x,r) is the open
ball with center at x € X and radius r > 0.

Definition 2.1. Let p be a finite Borel measure on X . The (lower) packing
dimension of p is

dimy, p := Sup{t >0:lim i(IJlfr_t,u(B(x,r)) =0 for p-a.a. x € X}
= inf{dim, A : A C X is a Borel set with z(A) >0}

= p-essinf | lim su logu(B(x,r))
W Ooex rﬁop log r ’

and the upper packing dimension of pu is
dim} p = inf{t >0:lim i(IJlfr_t,u(B(x, r)) > 0 for p-a.a. z € X}
= inf{dim, A : A C X is a Borel set with u(X \ 4) =0}

B ( logu(B(l‘,'r')))
= p-esssup | limsup .
zeX r—0 log r

As in [FH], for every k € N we define a new dimension of a measure, which
may be regarded as a packing-type dimension defined in terms of a certain k-
dimensional kernel. For more properties of this k-dimension, see [FH].

Definition 2.2. Let p be a finite Borel measure on X . For every = € X,
r >0 and k € N, we define

fiery= /x min{1,r*dx (z,y) "} du(y) = kr* /OO % dh,

where the last equality follows directly from Fubini’s theorem. Furthermore, we

define
dimy, p := Sup{t >0 :lim iélfr_tF,f(x,r) =0 for p-a.a. z € X}
and
dimy, p := inf{t > 0:lim i(I)lf rtFl(z,r) >0 for p-a.a. x € X}
for all k € N.
The following theorem is from [FH, Corollary 3].

Theorem 2.3. Let v be a finite Borel measure on R™. Then

*

. Y ) ek
dim, v = dim,, v and dlmp v =dim, v.

Falconer and Howroyd proved also the following [FH, Theorem 6]:
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Theorem 2.4. Let v be a finite Borel measure on R™. Then
dim, Pyv = dim,,, v and dim; Pyv = dim,, v

for vy, .m-almost all V- € G(n, m), where 7, ,,, is the unique orthogonally invariant
probability measure on G(n,m).

3. Packing dimensions and transversal mappings between manifolds

In this section we generalize Theorem 2.4 to families of transversal mappings.
First we notice that Theorem 2.3 holds also on manifolds.

Theorem 3.1. Let (N,dy) be a smooth n-dimensional Riemannian mani-
fold equipped with the distance function dy induced by the Riemannian metric,
and let p be a finite, compactly supported Borel measure on N . Then

dimp, = dim,, p and dimy p = dimy, p.

Proof. The proof of this theorem is the same as the proof of Theorem 2.3
[FH, Corollary 3]. The lemmas they need from [FM] are true also in our setting. o

For the generalization of Theorem 2.4 we first prove a lemma which gives the
natural upper bound for the packing dimension of the image measure whenever
the mapping is Lipschitz continuous.

Lemma 3.2. Let (N,dy) and (M,dys) be smooth Riemannian manifolds
with dimensions n and m, respectively. Let P: N — M be a Lipschitz continuous
mapping, and let . be a finite Borel measure on N . Then

dim,,, Pp < dim,, p and dim;, Pu < dim;, p.
Proof. We denote C :=Lip(P)+1>1. Let 0 <t < dim,, Pu, and define
M(t) .= {u e M: limiglfr_tFn]z”(u,r) = O}.

First we notice that by standard arguments u +— liminf, .or tEL#(u,r) is a
Borel function and thus M (t) is a Borel set. From the definition of dim,, Pu we
get that p(N\P~H(M(t))) = Pu(M\M(t)) = 0. Now take z € P~*(M(t)) C N
and denote u := P(x) € M(t). Then

liminfr~*F* (z,r) = lim inf r_t/ min{1, 7" dy (z,y)"™ } du(y)
N

r—0 r—0

r—0

() —m
< C™ lim inf r_t/ min{1,7"dp (P(z), P(y)) " } du(y)
N

r—0

= C™ lim inf r_t/ min{1,r"dy (P(z),v) " } dPu(v)
P(N)

) o™ lim in r_t/ min{1, 7" dp (u,v) """} dPp(v)
M

r—0

= C™liminf r " FE#(u,r) =0,

T —
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where (x) follows from the fact that da(P(z), P(y)) < Cdn(z,y) and (x) holds
because Pu(M \ P(N)) = 0. Hence t < dimy, p, and so dim,, Pp < dim,, g
proving the first inequality. Next take 0 < t < dim,, Pu. Again by definition
p(P~(M(t))) = Pu(M(t)) > 0. The same calculation as above shows that

lim iélfr_tF#L(fL‘, r)=0

for all z € P71(M(t)) and thus ¢ < dim}, . This proves the claim. o

Next we introduce the setting we are going to work with. Let (L,dy) be
a smooth, bounded [-dimensional Riemannian manifold equipped with the dis-
tance function dj induced by the Riemannian metric, let (N,dy) be a smooth
n-dimensional Riemannian manifold, and let (M, djs) be a smooth m-dimensional
Riemannian manifold. We suppose that [,n > m so that in our setting L
corresponds to G(n,m), and furthermore, N and M correspond to R™ and
R™ =2 V € G(n,m), respectively. Let P:L x N — M be a continuous func-
tion such that for all j € {0,1,...} there exists a constant C; such that whenever
ki4 -+ k=7,

[03: -+ 5 P(N, )| < C;

for all (A\,x) € L x N. Later on we will use the notation Py(z) := P(\,z). The
basic assumptions we need are the following:

(1) There are finite collections {¢,V} and {¢,U} of charts on L and M, re-
spectively, with the following property: there exists R > 0 such that for all
AeL and ue M

B(AM,R)cV  and  B(u,R)CU

for some V and U.

(2) The Lipschitz constants of the mappings ¢, ¢=!, ¢, and ¢! are uniformly
bounded from above by a positive constant K.

(3) Mapping T: {(z,y,A\) € N> x L:x #y, dy(Pr(x), PA(y)) < R} — R™,

_poP\(z) —poP\(y)
Tay(N) = dn(z,y)

is transversal, i.e., there exists a constant C'r > 0 such that
det (DT, (N) (DTm’y()\))T) > C3 whenever |1, ,(\)| < Cr.

We may refer to this property also by saying that P is transversal. Here AT
stands for the transpose of a matrix A. Moreover, we assume that

‘aAjaAk (Tﬂﬁ,y)l()‘)‘ <L <o

for all j,ke{l,...,1},i1€{l,...,m}, x,y € N,and X € L.
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Throughout the rest of this section the manifolds (L,dr), (N,dy) and (M,dys),
and the mapping P: L x N — M will satisfy the above assumptions.

Before stating the main result of this chapter we prove three short lemmas
which will help us in the proof of Theorem 3.6. Analogous lemmas can be found
in [FH], but since our setting is a bit more general, we have to modify their
methods. In particular, in our case we do not have the lower bound for the -
measure of the set of exceptional parameters A (see inequality (3.1)). In fact,
circumventing this problem leads to a little bit simpler proof than the one in [FH].

Lemma 3.3. Let (L,d), (N,dn), (M,dp), and P:L x N — M be as
above, and let i be a finite, compactly supported Borel measure on N . In addi-
tion, assume that P is transversal. Then there exist constants C’ > 0 and ro > 0
such that

C”Ffr‘L(x,r)E/Lu,\(B(PA(x),r))d,%”l()\)

whenever 0 < r < ro. Here puy := Pyp.

Proof. We know that under our assumptions there exist constants C’ > 0
and rg > 0 such that

(3.1) AN E L dy(Pa(z), Pa(y)) <r} <O min{l,rdy(z,y) "}

for all 0 < r < rg and distinct z,y € N (see Lemma 2.1 in [JJN] for the proof).
Hence we see by Fubini’s theorem that

C'FH (2, ) > /N,%ﬂl{A € L:dy(Px(z), PA(y)) <7} du(y)
- /Lu{y € N :dy (Pa(z), PA(y)) < r}da(N)
:/LH(P/\_l(B(PA(m),r)))da%”l(/\)
= [ i (B(Pra).) a0

whenever 0 < r < rg. o

Lemma 3.4. Let (L,d), (N,dn), (M,dy), and P:L x N — M be as
above, and let i1 be a finite, compactly supported Borel measure on N . In addi-
tion, assume that P is transversal. If liminf, o r 'F!(x,r) =0, then

lim iglfr_t;u (B(P(z),7)) =0

for s -almost all \ € L, where iy = Pyu.
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Proof. Firstly, because

C"F#L(x,r)z/uA(B(PA(x),T))d%Z(A)

L

by Lemma 3.3, we have that
%l{)\ clL: u)\(B(P)\(.T),T)) > krt} < k_lr_tC'F#L(x,r)

for all v,k > 0. Now fix £k > 0 and choose a strictly decreasing sequence r; — 0
such that

]ll)rgo rj_tF#I(x,rj) = 0.

Since
,%”l{)\ €L: ligljélfr_tuA(B(PA(x),r)) > k}

= ,;fl<t_j {)\ eL: r_t,uA(B(PA($),T)) > k for all r < rj})

= lim SN € L:r~'ux(B(Pr(z),r)) >k for all v < r;}

J—00

< limsup,%”l{)\ cL: r;tpA(B(PA(:IJ),rj)) > k}

Jj—o0
<limsup k™~ 'r;'C'Fj (x, ;) = 0,
j—o0

we get that for all £ > 0

li£n_>i51fr_tu>\ (B(Pr(z),7)) <k

for ' -almost all A € L. Thus the claim follows when we let k tend to 0 through
a countable sequence. o

Lemma 3.5. Let (L,d), (N,dn), (M,dy), and P:L x N — M be as
above, and let 1 be a finite, compactly supported Borel measure on N . In addi-
tion, assume that P is transversal. For all t > 0 we define

E(t) = {CE € N :lim iélfr_tF#L(x,r) = O}.

(a) If u(N \ E(t)) =0, then dim, uy >t for 5" -almost all X\ € L.
(b) If u(E(t)) > 0, then dimy puy >t for A -almost all A € L.
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Proof. As in Lemma 3.2 we see by standard methods that E(t) is a Borel
set. The proof of (a) is similar to that of Proposition 5(a) in [FH]. For the reader’s
convenience we will prove claim (b). By Lemma 3.4 for all x € E(t)

lim i(I)lf?“_t/j,)\ (B(Px(z),r)) =0

for 7" -almost all A € L. Therefore Fubini’s theorem implies that for . -almost
all A e L
lim iélf’l“_t,u)\ (B(u,r)) =0

for p-almost all u € Py (E(t)) C M. Because

ux(PA(E(t))) = u(E(t)) >0,
we have that for ! -almost all A € L

,uA({u e M: li?n_}i(glf?“_t,u)\ (B(u,r)) = 0}) > 0,

and so dimj py >t for J#"'-almost all A € L proving (b). o

After these lemmas we get the main theorem almost for free.

Theorem 3.6. Let (L,dr), (N,dn), (M,dy), and P:L x N — M be
as above, and let u be a finite, compactly supported Borel measure on N. In
addition, assume that P is transversal. Then

dimy, gy = dim,y, p and dimy gy = dimy, p
for 7' -almost all \ € L, where puy = Pyu is the projected measure.

Proof. From Theorem 3.1 and Lemma 3.2 we immediately obtain that dimp, 5
< dim,, ¢ and dimj g\ < dimy, 4 for all A € L. Hence it is enough to show that
the reverse inequalities hold for s#'-almost all A € L. Assume that 0 < ¢t <
dim,, . Then

liminfr *F* (z,7) =0
r—
for p-almost all # € N. By Lemma 3.5(a) dimp, py >t for #!-almost all A € L.
Taking a countable sequence of ¢ — dim, 1 gives the first claim. Assume next
that 0 <t < dim,, . Then
lim iélfr_tF#L(a;, r)=0
in a set of points @ of positive y-measure. By Lemma 3.5(b) dimy, py > t for J#"-

almost all A € L. As above, this gives that JZ'{\ € L : dim uy < dim,,, u} =0,
proving the claim. o

Remark 3.7. In all the theorems and lemmas in Section 3 it is possible to
replace (N,dy) by a closure of an open and bounded subset of such a manifold,
since essentially the only property we need is that the space is n-dimensional.
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4. The packing dimension of the projection of a measure
invariant under the geodesic flow

In this section we will move from “almost all’-results to the study of one
specific projection. The behavior of the Hausdorff dimension of a locally invariant
probability measure on the unit tangent bundle of a Riemannian surface under
the natural projection was studied in [LL] and [JJLe]. Those results tell us that
the Hausdorff dimension is preserved under the natural projection. Next we prove
an analogous theorem for the packing dimension of the projected measure. But
first we recall the definitions of the geodesic flow and the invariance of a measure
under the flow.

Definition 4.1. Let SM be the unit tangent bundle of a smooth, compact
Riemannian manifold M. For a given ¢ € R, the geodesic flow F}: SM — SM is
a diffeomorphism defined by the condition

Ft(x7 ’U) = (’Y(x,v) (t>7 Véx,v)(t))’

where 7(;.) is the unique geodesic with initial conditions < ,)(0) = = and
Vw0 (0) = v for every (z,v) € SM.

measure g on SM is invariant under the geodesic flow, if Fiu = p for
every t € R, that is M(Ft_l(A)) = u(A) for AC SM.

The main result of this section is the following:

Theorem 4.2. Let M be a smooth, compact Riemannian surface, let j be a
Radon probability measure on the unit tangent bundle SM , and let 11: SM — M
be the natural projection. If p is invariant under the geodesic flow, then

dimy, [Ty = dimg p.

Before going into the proof we fix our notation and prove some technical
lemmas. For further details see Section 3 in [JJLe].
The invariance of the measure p implies that

K
j=1

where p; = ¥(v; x £1), ¢ is a bi-Lipschitz mapping from a compact set ICR?
(basically I = [0,1]?) to its image ¥(I) C SM, and v; is a probability measure on
[0, 1]% for every j € {1,..., K}. We call this kind of measures u; locally invariant.
Since

K K K
II (Z ,uj) = Z Iy, and dimp, (Z Nj) = 1g}i<nK dimy, p4,
i=1 i=1 i=1 ==
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it is enough to prove Theorem 4.2 for measures p;. So we fix some j € {1,..., K}
and denote fi := p; and v := v;. In [JJLe] we proved that there exists a transver-
sal mapping P:[0,1] x [0,1]> — R, (t,z) — P(t,x) =@ P;(x) such that the
dimensional behavior of (® oII)i is similar to that of the measure p/ defined by
the condition

/R2 f(z,t) du'(%t)Z/Ol/Rf(x,t)dPty(g;)dgl(t)

for all non-negative Borel functions f:R x [0,1] — [0,00]. Here ® is a chart
defined on an open set U C M such that [0,1]?> C ®(U).

Next we prove a lemma which gives us the desired lower bound for the packing
dimension of Ilj.

Lemma 4.3. Suppose that for all t € [0,1] we have a compactly supported
Radon measure v; on R. Suppose that p is a Radon measure on R x [0, 1] such
that

1
f)dutert) = [ [ flot) duna)dz o
R? o JR
for all non-negative Borel functions f:R x [0,1] — R. Then, if dim, v > o for
£t -almost all t € [0, 1], we have that dim, u > o+ 1.

Proof. The proof of this theorem is similar to the proof of the corresponding
result for the Hausdorff dimension, which can be found from [JJL, Lemma 3.4].
One essential part of the proof is the fact that since Pyipu < 1|1 (see
Lemma 3.4 in [JJL]),

(4.1) A~ ess iI}f{dimp [W,a i Hv,e 7 0} < dimp p— 1,
acV

where V = x-axis, V' is the orthogonal complement of V', and py,, is the slice
of measure p by the affine subspace V, = V 4+ a, a € V+. For the definition of
these slices see [Mat3, Chapter 10]. Inequality (4.1) in turn follows basically from
the definition of the packing dimension and from Lemma 5.1 in [F], which says
that for every A C R™ and subspace V € G(n,n —m)

dim, (A NV,) < max{dim, A —m,0}

for 2™ -almost all a € V1. o
Lemma 4.4. We have

dimp,(® o IT) 1 = dimy /1
Proof. First we notice that

(4.2) dims i = dim; v + 1.
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Namely, since v is a bi-Lipschitz mapping, we have that

Ff(y»r)=rfmwczh:r/m%dh

*(vx L) (B((y,s),h
[T B,

o [H DR,

h3
D (p(y,s)r) | FE(G(y,s),r)

—~ —

r r

for all (y,s) € I and r > 0. Equation (4.2) follows from this equality and the
definition of the image measure. By the notation A < B we mean that there
exists a constant ¢ > 0 such that A/c < B < cA. Above this constant does not
depend on 7.

Theorem 3.6 tells us that dim, P,v = dim; v for Z!-almost all ¢ € [0, 1],
and so by Lemma 4.3 and equality (4.2), dimp(® o II)i > dim; v + 1 = dims, fi.
On the other hand, by Theorem 3.1 and Lemma 3.2

dimp(® o II)fi = dimy(® o IT) 2 < dimy f2

proving the claim. o

Proof of Theorem 4.2. Theorem 4.2 follows directly from the previous lemma,
since ® does not change the dimension as a bi-Lipschitz mapping. o

5. An example of a locally invariant measure
whose packing dimension decreases under the projection

While the Hausdorff dimension of an invariant measure is preserved under the
natural projection in the two-dimensional case, the packing dimension may change
when the measure is projected to the base manifold. An example showing that
the packing dimension of a locally invariant measure can really decrease under the
projection can be obtained by using the measure of Example 5.1 in [FM]. In that
example Falconer and Mattila constructed for every 0 < d < s < 2, d < 1 a finite,
compactly supported measure v 4 on [0,1]?, whose packing dimension is s, and

s(l — %d)

< s.
1+%s—d

dimy v g =

Using the similar notation as in the previous section we define

b= (vs,a X 92”1),
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in which case [ is a locally invariant measure on SM and

dimp It = dimg ft = dimy vg g +1 < s+ 1 = dimy, fi.

Remark 5.1. The example above suggests the existence of a globally invari-
ant measure whose dimension decreases under the projection, but the construction
of such a measure does not seem to be quite simple.
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