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Abstract. The Martin boundary corresponding to Q-Laplacian operator (where Q is the
Ahlfors regularity dimension of the space)was constructed in [HST]. In particular, it was shovn
in [HST] that if the domain is bounded, uniform, and has uniformly fat complemen, the (con-
formal) Martin kernel functions in the conformal Martin boundary of the domain vanish Helder
cortinuously at the metric boundary points of the domain that do not arise asaccunulation points
of the corresponding fundamertal sequenceof points in the domain. The aim of this note is to
extend the study of these Martin kernel functions to Q -almost locally uniform domains and by
exploring their behavior near the metric boundary points of the domain that are accurrulation
points of any fundamenal sequenceassaiated with the Martin kernel function. We show that
the kernel function exhibits singular behavior near such boundary points, that is, they corvergeto
in nit y along quasihyperbolic geadesiccurvesterminating at such boundary points.

We usethis singular behavior of conformal Martin kernelfunctions to establishthat conformal
mappingsbetweentwo boundedlocally uniform domainswhosecomplemeris are uniformly fat have
non-tangertial limits at every metric boundary of the domain of the mapping.

1. Intro duction

Corresponding to certain degenerateelliptic operators it is possibleto con-
struct singular solutions and usethem to obtain a Martin compacti cation pertain-
ing to the operator; somerecert paperssuc as[Ho], [HS], and [HST] haveinitiated
this study. In particular, Holopainen constructed singular functions corresponding
to the p-Laplacian(p 1) onboundeddomainsin Riemannian manifolds and used
them to classify manifolds that admit global singular functions. The paper [HS]
extends this construction of singular functions to certain metric measurespaces
equipped with a locally doubling measuresupporting a Poincare inequality. The
paper [HST] contin ued this study by constructing the conformal Martin boundary
(the Martin boundary correspnding to the operator that is conformally invariant)
for relatively compact domainsin metric spacesof Q -boundedgeometry It was
shawvn in [HST] that whenthe domain is uniform and its complemernt is uniformly
g-fat for somel qg< Q, every conformal Martin boundary point correspnds
to a unique metric boundary point of the domain. It is still unknown whether in
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this casethere is at most one conformal Martin boundary point corresponding to
every metric boundary point. In the caseof the classicalMartin boundary (corre-
sponding to the Laplacian) for relatively compactuniform domainsin Riemannian
manifolds, it was shavn by Anderson{Sdoen, Ancona, and Aikawa in [AS], [An],
and [Ai] that the metric boundary and the Martin boundary are homeomorphic.

The aim of this note is to expand further on the singular behaviour of Martin
kernel functions constructed in [HST] for domainsin metric measurespaces.The
domain studied in this note is a relatively compact locally uniform domain in a
metric spaceof Q -bounded geometry such that the complemen of the domain
is uniformly g-fat for somel g Q. For the de nition of Q -boundedgeom-
etry aswell as other relevant de nitions of notions referred to in this section, see
Section 2. For uniform domains with uniformly g-fat complemers, it was shovn
in [HST] that if M is a Martin kernel corresponding to a boundary point  of
the domain in questionand is adierent boundary point of the domain, then at
@ near the kernel M cornvergesin a Helder continuous manner to zero; see
Theorem 3.1 below for a restatemert of this result. The behaviour of M nearthe
exceptionalpoint  wasnot studied in [HST]; the purposeof this note is to do so.
It is shavn in Proposition 1.1 that whenewer is a quasihyperbolic geadesicray
in a locally uniform domain  (seeDe nition 2.11in Section 2) with uniformly
Q-fat boundary (that is, the complemen of the domain is densein the capacitary
sense;seeDe nition 2.13in Section 2) terminating at the singular point 2 @ ,
and M is a conformal Martin kernel corresppndingto , then M tends to in-
nit y along . Indeed, it is demonstrated in this note that along non-tangertial
sequencegornvergingto the Martin kernel M tendsto in nit .

Readersunfamiliar with the terminology used in this section sucd as Q -
bounded geometry, Q-almost locally uniform domains, and Martin kernels M
assaiated with the boundary point 2 @ , should seeSection 2.

Prop osition 1.1. Let X be a metric measurespaceof Q -bounded geom-

etry, be a relatively compact Q-almost locally uniform domain in X with
uniformly Q-fat complemert, 2 @ be a point of local uniformity for
and be a quasihyperbolic geadesic ray in that terminates at . Then

limy; M t =1.

We conclude by using this result to shav a Fatou type result for conformal
maps betweentwo such domains. Namely, we will demonstrate the following theo-
rem. In the study of quasiconformalmappingsit is well known that quasiconformal
maps betweentwo discsin R? have radial limits along all radii. Many extensions
of this Fatou type result have appearedin literature for certain types of quasi-
conformal maps from balls in R", see[Jen], [Str], [V], and the referencegherein.
Recerily a strong version of a Fatou type theorem has been proven by Bonk,
Heinonen, and Koskela in [BHK] for certain types of Gromov hyperbolic spaces
and uniform domains. The following theorem provides a partial Fatou type result
for more generaldomains than mere uniform domains, and claims that conformal
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maps betweentwo Q-almost locally uniform domains have nontangential limits at
almost every boundary point of the domain, that is, the conformal map achieves
a limit asthe point in the domain of the map moves along any r -cone towards
the boundary of the domain. The notion of Q-almost locally uniform domains
and related de nitions will be givenin the next section. For the de nition of an
r-cone C(r) seeDe nition 2.12.

Theorem 1.2. Let (X;dx; x) and (Y;dy; y) betwometric spacesof Q -
boundedgeometry, and U X and V Y be two relatively compact Q-almost
locally uniform domainssuc that X nU and Y nV are uniformly Q-fat, the set
of boundary points that are not points of local uniformity for V are separatedby
@/ ,andlet f: U! V beaconformal map. Then whenewer 2 @ is a point of
local uniformity for U and C(r) isaconein U terminating at and (Xn)n2n IS
a sequencean C(r) corvergingto , the limit lim,; f(X,) existsand the limit
is independert of r.

While the abovetheoremdoesnot give details on the behavior of the conformal
mapping near boundary points that are not points of local uniformity for , the
proof of the theorem suggeststhe following type of behavior provided the set of
points of non-local uniformity for U is separatedby @J. If is a boundary point
that is not of local uniformity for , and (x,)n is a sequencan U corverging to

sud that there is a Martin kernel function M 2 @y U with the property that
limpr M(x,) =1 ,thenlim,; f(X,) exists, though perhapsnot independen
of such sequencepr, strictly speaking, of the kernel M .

In the casethat U, V arein addition globally uniform domains, Theorem 1.2
can be substartially strengthenedby using the techniques of [BHK]; in this case,
all quasiconformalmappings f betweentwo such domains extend as global qua-
siconformal mappings betweenthe closuresof the two domains. To seethis note
that the inverseof the uniformization describedin [BHK] is a quasiconformalmap-
ping from the uniform domain to a Gromov hyperbolic space,and the lifting of
the quasiconformalmap f by this uniformization resultsin a quasiconformalmap-
ping betweentwo Gromov hyperbolic spaces.A slight modi cation of the proof of
Theorem 9.8 of [BHK] (using the generalizationoutlined in [Her] together with the
fact that the boundary of the domainsare uniformly fat) yields the quasiconformal
extensionof the mapping to the Gromov compacti cation of the corresponding hy-
perbolic spaces,which in turn, when we usethe uniformization procedure,yields
a quasiconformalextensionof f to the metric closureof the two uniform domains.

The strength of Theorem 1.2 over the above obsenation liesin the exibilit y
of its proof. Not only do we relax the requiremert on the domainsto be merely
Q-almost locally uniform, but the proof can be easily modi ed to apply to more
generaldomains that have slits and so are not even Q-almost locally uniform as
well asto domainswith isolated boundary points (for which the uniform Q-fatness
condition fails) and combinations thereof. SeeDe nition 2.5 for the de nition of
conformal mappings betweentwo metric spacesadmitting a derivative structure.



198 Nagesvari Shanmugalingam

This note is organized as follows. Section 2 consistsof de nitions and nota-
tions usedthroughout this paper and in Proposition 1.1 and Theorem 1.2, while
Section 3 gives the preliminary results neededin the proof of the main results
Proposition 1.1 and Theorem 1.2 of this note. The nal sectiongivesthe proof of
thesetwo main results.

Acknowledgement. The author wishesto thank Juha Heinonen and David
Herron for valuable discussionson Gromov hyperbolic spacesand for pointing out
the strengthening of Theorem 1.2 in the casethat is a uniform domain, and the
refereefor suggestionson improving the presenation of this paper.

2. Denitions and notation

We assumethroughout this note that X is alocally compact metric spaceen-
dowed with a metric d and a non-trivial Borel regular measure sothat bounded
setshave nite measureand non-empty open sets have positive measure.

In the setting of metric measurespaceswith no Riemannian structure, the fol-
lowing notion of upper gradients, formulated by Heinonenand Koskela in [HeK1],
plays the role of derivatives. A Borel function g on X is an upper gradient of a
real-valued function f on X if for all non-constart recti able paths :[0;1 ]! X
parameterized by arc length,

z

f 0 f () gds;

R
wherethe above inequality is interpreted assaying alsothat gds= 1 whene\er

f (0) isinnite or f (I ) isinnite. If the aboveinequality fails only for a
curve family with zero p-modulus (seee.g. Section2.3in [HeK1] for the de nition
of the p-modulus of a curve family), then g is a p-weak upper gradient of u. It is
known that the LP-closedcorvex hull of the set of all upper gradients of u that
arein LP(X) is preciselythe set of all p-weak upper gradients of u in LP(X); see
Lemma 2.4 in Koskela{MacManus [KoMc].

De nition 2.1. Wesay that X supports a (1; p) -Poincare inequality if there
are constarts ;C > 0 sud that for all balls B X, all measurablefunctions f
on X, and all p-weak upper gradients g of f ,

Z Z ]_:p
if fgjd Cr g°d X
B B
where r is the radius of B and
Z Z
fg = fd = - fd:
B -— — —— .
B (B) &

De nition  2.2. As a metric measurespace, X is said to be of locally Q -
bounded geometry, Q > 1; if the measure is (locally) Ahlfors Q-regular (that is,
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the measureof balls of radii r is comparableto the quartity r?) and supports a
local (1;q)-Poincare inequality for somel qg< Q in the senseof De nition 2.1
above.

Following [Sh1l], we consider a version of Sobolev spaceson the metric
spaceX .

De nition 2.3. Let
Z 1:p Z 1:p
kuky 1p = juj’ d + inf g°d X
X 9 X

where the in m um is taken over all upper gradients of u. The Newtonian space
on X is the quotient space

NEP(X) = fu:kukyip < 1g = ;

whereu v if andonly if ku vky:ip = 0.

The space NYP(X) equipped with the norm k ky:» is a Banad space
and a lattice, see[Sh1]. In the seminal paper [C], Cheegergives an alternative
de nition of Soholev spaceswhich leadsto the samespacewhenewer p > 1, see
Theorem 4.10in [Sh1]. Cheeger'sde nition yields the notion of partial derivatives
in the following theorem (Theorem 4.38in [C]).

Theorem 2.4 (Cheeger). Let X be a metric measurespaceequipped with
a positive doubling Borel regular measure . Assumethat X admits a (1;p)-
Poincare inequality for some 1 < p < 1 . Then there exists a courtable col-
lection (U ;X ) of measurablesets U and LipschitzS \coordinate" functions

Xo= (X5 Xy X RK() such that X n U = 0, and for all
the following hold.
The measureof U is positive, and the functions X, ;:::; X, arelinearly

independert on U and 1 k() N, where N is a constart depending only
on the doubling constart of and the constart from the Poincare inequality. If
f: X ! R isLipschitz, then there exist unique bounded measurablevector-valued
functions d f: U ! RX() sud that for -a.e.xp2 U ,

f
im  sup (X) flxo) dfxo) X (x) X (x0) _,
rt 0% x2B(xo;r) r

We can assumethat the sets U are pairwise disjoint and eigend df by
zerooutside U . Regard d f (x) asvectorsin RN and let & = df. The
di erential mapping d: f 7! d islinear and it is shovn on p. 460 of [C] that there
is a constart C > 0 sudc that for all Lipschitz functions f and -a.e.x2 X,

Z
(2) éjd‘ X)) g ((x):= igf lim sup gd Cjd (x)j:

ri o* B (x;r)
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Here jd (x)j is a norm coming from a measurableinner product on the tangen
bundle of X createdby the above Cheegerderivativ e structure (seethe discussion
in [C]), g Iisthe minimal p-weak upper gradient of f (seeCorollary 3.7 in [Sh2]
and Lemma 2.3 in Bjorn [Bj]), and the in m um is taken over all upper gradients
g of f . Also, by Proposition 2.2in [C], d = 0 -a.e.on ewery set where f is
constart.

By Theorem4.47in [C] or Theorem4.1in [Sh1],the Newtonian spaceN 1P (X)
is equal to the closurein the N %P -norm of the collection of Lipschitz functions
on X with nite NYP-norm. By Theorem 10 in Franchi{Ha jlasz{Koskela [FHK],
there exists a unique \gradient" du satisfying (1) for every u 2 N 1P(X). More-
over, if fu;gl.; is asequencdn N'P(X), then u; ! u in N'P(X) if and only
ifasj! 1,u ! uinLP(X; )anddy ! duin LP(X; ;RN). Hencethe
di erential structure extendsto all functions in N 1P(X). Throughout this note
we will usethis structure, seefor example De nition 2.7 below.

It was shavn in [HKST] that if (Y;;d;; 1) and (Y2;dy; ») are two metric
measurespacesof locally Q-bounded geometry, then a homeomorphismf : Y; !
Y, is quasiconformalif and only if f 2 NI%,;CQ (Y1;Y2) and there exists a constart
K 1 sothat

Lip f (x)? K Jt(x)

for ,-almostevery x 2 Yy, see[HKST, Theorem 9.8]. Here

d, f(x);f
Lipf (x) = limsup esssup — (x); T (y) ;
rh0 di(xy) T r

and

Js (X) = lim SUPM
rro 1 B(Xr)
denotes the in nitesimal volume distortion of f at x. This Radon{Nik odym
derivative exists becauseof the fact that f satis es Lusin's condition (N); see
[HKST]. For the de nition of the metric space-alued Sotolev spaceN o2 (Y1; Y2) ;
see[HKST, Section 3].

Under the standing assumptionsof Q -bounded geometry on X , every rel-
atively compact domain in X is of locally Q-bounded geometry. Therefore, if
U X andV Y are relatively compact subdomains of metric measurespaces
X and Y of locally Q-boundedgeometry, then U and V are themselesof locally
Q-bounded geometry and hencethe results of [HKST, Section 9] apply to quasi-
conformalmapsfrom U to V. Let f: U! V besud amap. By the discussionin
[HKST, Section10], there exists a matrix-valuedmap d , the transposel Jacobian,
on U sothat for every Lipschitz function ' on V,

d¢* f)(x)=dx)d f(x) for -a.e.x2 U.
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De nition  2.5. Let U, V be two relatively compact subdomains of two
metric measurespaces(X;dy; x) and (Y;dy; y) respectively, both of Q -
bounded geometry Recall that a homeomorphismf: U ! V is a conformal map
if f is a quasiconformalmapping sothat for x -a.e.x 2 U,

kd (Ok?  Jr(x) and kd 1(x)kQ j; 1(X):

seefor example Section 4.1 of [HST]. Here kd (x)k denotesthe operator norm of
the matrix o (x).

By Lemma 4.4 of [HKST], conformal mappings presene the class of Q-
harmonic functions; that is, a function u: U ! R is Q-harmonic if and only
if u f !is Q-harmonicon V.

It is worthwhile noting that the conformality of the mapping dependson the
Cheegerderivativ e structure of X andof Y . It is clearfrom the construction given
in [C] that a given metric measurespaceof Q -bounded geometry will support
more than one Cheegerderivativ e structure; hence,the conformality property of a
quasiconformalmap f: U! V dependsquite heavily on the two Cheegerderiva-
tiv e structures, as do the conformal Martin boundaries. It should also be noted
that even betweentwo Euclidean domains, if the derivative structure considered
is dierent from the standard Euclidean structure (and there are in nitely many
of them), then the corresponding conformal mappings betweenthe domains need
not be restrictions of Mebius maps; therefore Theorem 1.2 is applicable to a wider
classof mappingsthan just the classof Mobius maps.

De nition  2.6. The p-capacity of a Borel set E X is the number
Z Z
Cap(E) := inf juiPd + jduiPd
u X X

where the in m um is taken over all u2 N%P(X) such that u= 1 on E.

To be able to comparethe boundary values of Newtonian functions we need
a Newtonian spacewith zeroboundary values. Let X be an open setand let

NoP() = fu2N¥(X):u=0p-ge.onXn g

Corollary 3.9 in [Sh1] implies that NgP() equipped with the N1P-norm is a
closedsubspaceof N1P(X). By Theorem4.8in [Sh2],if is relatively compact,
the slpace Lip.() of Lipschitz functions with compact support in is dense
in NgP() .

Unlessotherwise stated, C denotesa positive constart whoseexact value is
unimportant, can change even within the sameline, and depends only on xed
parameterssudh as X, d, and p. If necessarywe will specify its dependence
on other parameters.

In the rest of this paper, X will always denote a bounded domain in
X sud that Cap(X n) > 0. Furthermore, we assumethat is a relatively
compact domain.
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De nition  2.7. Let X be adomain. A function u: X ! [1 ;1]is
said to be p-harmonic in  if u2 NP() and for all relatively compact subsets
U of and for every function * 2 Nj*(U),

Z Z
jdujPd jd(u+ " )jPd;
u u
or equivalenly, 7

jduj 2du d' d = O
u

Here Capg (K ; ) denotesthe relative Q-capacity of a compact set K with

respect to an open set K ; recall that this is equalto inf  jduj°d , the
in m um being taken over all functions u 2 N*Q(X) for which u j K 1 and
ujX n = 0. If sud functions do not exist, we set Capg(K; ) = 1 . For more

on capacity, see[HeK2], [KiMa], [KaSh], [HKM, Chapter 2], and the references
therein. It should be obsened that the relative capacity Capg(K; ) is not the
sameas Cap(K); however, Cap,(K; ) = 0 if and only if Cap(K) = 0.

De nition 2.8. Let bearelatively compactdomainin X andlet y 2
An extended real-valued function g = g( ;y) on s said to be a Q-singular
function with singularity at y if it satis es the following four criteria:

() gis Q-harmonicin nfygandg> 0on ;

(i) gixn =0 p-g.e.and g2 N¥Q X nB(y;r) forall r > 0;

(i) y is a singularity, i.e., limy, yg(x) =1 ;

(iv) whenewer 0 a<b< 1,

(2) Cap( % a)=(b &' <;

where P=fx2 :g(x) bgand ,=fx2 :g(x)> ag.

In [HoSh] it was shown that ewvery relatively compact domain in a spaceof
locally Q -boundedgeometry supports a Q-singular function which plays a role
analogousto the Green function of the Euclidean Q-Laplacian operator.

Since we have xed the regularity exponert Q of the measure in this
discussion,we shall simply call suc functions singular functions, suppressingthe
referenceto the index. Following the argumerts given by Holopainen in [Ho], it
can be seenthat giveny 2  there is preciselyone Q-singular function satisfying
equation (2). This obsenation enablesusto de ne a Martin boundary in a manner
similar to the classicalpotential theoretic Martin boundary.

Denition  2.9. Fix xo 2 . Givena sequence(x,) of points in , we say
that the sequencds fundamental (relative to xg) if the sequencehas no accunu-
lation point in  and the sequenceof normalized singular functions

a(x; Xn)

My, (X) = M(X; Xp) := (X0 Xr)
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is locally uniformly corvergert in . Above we set M (X; Xg) = 0 when x 6 Xg,
and M (xo; Xg) = 1.
Given a fundamenal sequence = (xp), we denote the corresponding limit
function
M (x):= lim M (X Xn);
n:

and call it the conformal Martin kernel for . We say that two fundamertal
sequences and are equivalent (relative to Xp), ,IfEM =M .t
is worth noting that M is a non-negative Q-harmonic function in , with
M (Xo) = 1. HenceM > 0 in by local Harnack's inequality (see[KiSh] for
a proof of the local Harnack inequality). Note that if % is another point in
then g(X; Xn)=0(%0; Xn) = M (X; Xn)=M (%0; Xn). Therefore, the property of being
a fundamental sequences independert of the particular choice of xg. Further-
more, fundamerntal sequences and are equivalent relative to xo if and only
if they are equivalent relative to any xo 2 . Thus the following de nition is
independert of the xed point Xg.

Givena point 2 @ we s& that the function M is a conformal Martin
kernel assaiated with if there is a fundamenrtal sequence(y;); in so that
the sequenceof singular functions M (y;; ) with singularity at y; corvergelocally
uniformly to M and vy; !

De nition  2.10. The collection of all equivalence classesof fundamertal
sequencesn  (or equivalertly, the collection of all conformal Martin kernel func-
tions) is the conformal Martin boundary @v  of the domain . This collection
is endoved with the local uniform topology: a sequence ,, in this boundary is
said to corvergeto a point if the sequenceof functions M  corvergeslocally
uniformly to M .

De nition 2.11. Let ( X beapropersubdomainandlet A 1. Wesa
that is an A-uniform domain if every pair of distinct points x;y 2  can be
joined by a recti able curve lying in  for which I( ) Ad(x;y) and

minfl( x2);1( zy)9 A (2)

for all points z on . Here (z) = (z) = dist(z; X n ) denotesthe distance
from z to the complemen of and ., denotesthe portion of the curve  which
lies betweena and b. A curve in  which satis es both of these conditions is
said to be an A -uniform curve. We say that is uniform if it is A-uniform for
someA.

Wesay that s locally uniform at xo 2 @ if xo hasa neighborhood Uy, so
that Uy, \ isuniform in ; that is, every pair of distinct points x;y 2 Uy, \
can be joined by a recti able curve lying in  for which I( ) Ay, d(x;y) and
for all points z on

minfl( xz);I( zy)g Ay, (2):
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We call a domain Q-almost locally uniform if the set of all points x 2 @ at
which  is not locally uniform is a zero Q-capacity set.

Wecallaset A @ to besemrableby @ if for every x 2 A andy 2
@ nfxg there existsa compactset K sothat A\ K isempty and x and y
lie in two di erent componerts of nK .

Clearly uniform domains are Q-almost locally uniform domains. A bounded
Euclidean domain in R" obtained by attaching an external cuspto a ball in R"
is an n-almost locally uniform domain for which the set of all points of local
non-uniformity is separableby the boundary of the domain.

De nition 2.12. Let r > 0. A set C(r) is said to be an r -coneterminating
at apoint 2 @ if there exists a quasihyperbolic geadesic in  terminating
in  sothat

C(r)=fx2 :dist (x; )<rg

Here dist (x; ) denotesthe distancefrom x to the curve in the quasihyperbolic
metric of

De nition  2.13. We sa that has uniformly Q-fat complement if there
exist constarts ¢> 0 and ro > 0 sothat for every x 2 X n and r 2 (0;rg),

Capg B (x;r)n; B(x;2r)
Capg B (x;r); B(x; 2r)

Recallthat Capg (E;U) denotesthe Q-capacity of E in U, seethe remarks
preceding De nition 2.8. See[HKM], [Le], [Mi], and [BMS] for additional infor-
mation on the uniform fatnesscondition.

3. Some preliminary results

In this section we give some preliminary results neededin the proof of the
main results of this note. The proof of some of these results follow verbatim
the corresponding proofs given in the paper [HST] and henceare omitted here;
interested readers are encouragedto read [HST] (also available on the website
http://www.math.jyu.fi Ire search/rep ort 83. html).

In [HST] attention wasrestricted to boundeduniform domainswith uniformly
Q-fat complemen. Howewer, most of the results corntained in [HST] hold true even
for locally uniform domainswith uniformly Q-fat complemer.

The following theorem is a modi cation of Lemma 3.13 of [HST], and char-
acterizesthe behavior of Martin kernelsnear boundary points of local uniformity
for that are not assaiated with the kernel function. The proof of this modi ed
theorem is obtained by using the same proof found in [HST, Lemma 3.13], and
therefore will not be included here.
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Theorem 3.1. Let bea Q-almostlocally uniform domain with uniformly
Q-fat complemen. Let x; 2 @ andlet = (x,) be afundamerntal sequence
with lim, X, = X1 . Then M vanishescontinuously on the points of local uni-
formity in @ nfx, g: foread y; 2 @ nfx; g that is a point of local uniformity
of there existsry, > 0 sothat

sup M (y) Cr®
y2B(y1 ;r)\

forevery O<r ry, , where C and s are constarts which are independert of r.

The following lemma is a consequenceof the method of construction of sin-
gular functions (see[HS]) together with Theorem 3.1 above.

Lemma 3.2. If is a Q-almost locally uniform domain with uniformly
Q-fat boundary, then whenewer x; 2 |, X, 2 @ , and K is a compact subset
of  that separatesx; and X, in the sensethat x; and x» belongto dierent
componerts of nK ,and K\ @ consistssolely of points of local uniformity for

(if non-empty), then My, is boundedon K and My, (x1) is majorized by the
samebound.

Proof. We rst prove that for every y 2  that is not in the componert of
- nK containing X1, the singular function g( ;y) is boundedon K by a bound
that dependssolely on the data of K and g(Xg;y) for a xed Xxp 2 K. Indeed, if
u; isthe Q-potential of B(y;r;) with respectto and B(y;r;) is a subsetof the
complemert of the componert of nK that cortains x, then by the construction in
[HS, Theorem 3.4] we have that g(x;y) is alocally uniform limit of the sequenceof
functions g = ui=Capg B(y;ri); QD asi1 1 ; herer; ! 0. Sofor some
ig andi > ig, jgi(Xo;y) 9(Xo;¥)] < g(Xo;y). Sincethe set K\ @ consistssolely
of points of local uniformity for , by Theorem3.1above K\ @ canbecoveredby
anopensetU sudhthat g g(Xo;y) on U\ ; hereU ischosento beindependert
of i > ig; seethe proof of [HST, Lemma 3.13]. Since K nU is a compact subset
of , by the Harnack inequality we have that sup,,x ,u Gi(z;y) Ck g (Xo;Y),
and hencefor sucien tly large i, sup,,x Gi(z;y) 2Ck 9(Xo;y) =0 M (note that
we usedthe local uniform cornvergenceof g to g to concludethat for su cien tly
large i, Gi(Xo;y)  29(Xo;Y)).

As g cornvergeslocally uniformly to g, and K nU is a compact subsetof ,
for sucien tly largei wehave jgi(z) 9(z;y)j< " onK nU;thatis,g <M +"
on K, which in turn meansthat u; (M + ")Capq B(y;ri); on K . Since y;
isaglobal (in nB(y;r;)) energy minimizer (that is, it is an energy minimizer
amongst all functions in N%2(X) that have the same boundary data as u; in
the boundary set B(y;ri) [ (X n) ), atruncation argumert together with the
uniquenessof solutions to Dirichlet problem (see[Sh2]) demonstratesthat g;

M + " onthe componert of nK that cortains x; that is, gi(x) M + " for
suciently large i. Therefore g(x;y) M + " for every " > 0; in other words,
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g(x;y) M = 2Ck g(Xo;y). It followsthat M (x;y) 2Ck whenewer x isin a
componert of nK that doesnot contain X,.

Now if (x,)n isafundamertal sequenceahat givesriseto My, , for su cien tly
large n we havethat x, doesnot lie in the samecomponert asx; in  nK . Since
My, is alocal uniform limit of the normalized functions M ( ;Xx,), a repetition of
the above argumert with M ( ;x,) playing the role of gi now yields the desired
result. o

Obsene that if is a Q-almost locally uniform domainand 2 @ sud
that is a point of local uniformity for , then for every y 2 @ nf g there
existsa compactset K sudthat andy belongto di erent componerts of
" nK and K\ @ consistssolely of points of local uniformity for . To seethis,
note that there existsa neighbourhood U of sudithat U \ isuniformin
and henceall 2 U \ @ are points of local uniformity for . If y2 @ nf g,
wecan nd r> 0O sudthat B(; 2r) U and 2r < d(; y). Then the compact
setK = fx2 :d(x; )= rg satis es the conditions given above.

The following result follows from the above theorem and Lemma 3.2.

Corollary 3.3. If isasin Theorem3.1, x; 2 @ , and if x; is a point
of local uniformity for or the set of all points of local non-uniformity of @
separableby @ , andif = (x,) afundamenal sequencewith lim, x, = X1 ,
then M vanishescontinuously on the points of local uniformity in @ nfx; g
and is boundedin someneighbourhood of every y; 2 @ nfx; g.

The shape of level sets for the Martin kernel functions was also explored
in [HST], resulting in the following proposition which statesthat the level setsare
almost convex in the quasihyperbolic metric of ; seeProposition 3.14 of [HST].
While Proposition 3.14 of [HST] was formulated only for the singular functions in
globally uniform domains, the proof of this proposition givenin [HST] alsoapplies
to the situation consideredin this note near points of local uniformity. Hencewe
have the following proposition.

Prop osition 3.4. Let bea Q-almost uniform domain whosecomplemen
is uniformly Q-fat. Let g be a Martin kernel function on  assaiated with a
point 2 @ oflocal uniformity for . For 2 (0;1 ], set

E =fz2 :9(2 (o

Then every quasihyperbolic geadesic connectingtwo points x;y 2 E \ U lies
entirely in the set E; , where c is a positive constart which is independert of x,
y, andg.

Here U is a neighbourhood of sud that \ U is uniform in . The
proof of the above proposition can be obtained by a trivial modi cation of the
proof of Proposition 3.14 of [HST] and is left to the reader.
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4. The singular behavior of Martin kernels and a pro of of Theorem 1.2

In the following discussion,the quasihyperbolic metric of  plays a crucial
role. It follows from the Gehring{Hayman theorem (see[BHK]) that the \cigar"
type curves of uniform domains are closely assaiated with the quasihyperbolic
gedadesic curves pertinent to that domain. Recall that the quasihypgrbolic metric
k inadomain ( X isdened to be

‘£ ds(z).
@

where the in m um is taken over all recti able curves joining x to y in  and
the integral denotesthe line integral of the weight (z) ' over , ewvaluated by
using the arc length parametrization; see[GP]. If  is a Q-almost locally uniform
domain, then for any point w2 @ of local uniformity for , any two points in
\ U, canalways be joined by (at least) one quasihyperholic geodesig i.e., a curve
which achievesthe in m um in (3) (seeLemma 1 of [GO] or Section 2 of [BHK]).
See[K] for an overview of the quasihyperbolic metric.

3) k (x;y) = inf X;y2

Lemma 4.1. Let bea Q-almost locally uniform domain, andlet 2 @
and M be a conformal Martin kernel assaiated with . If  is a point of local
uniformity of  or if the set of boundary points that are points of local non-
uniformity is separableby @ , then there exists a sequence(x;); in so that
Iimixiz and IimiM (Xi): 1.

Proof. Supposenot. Then M is bounded in a neighbourhood of , and
henceby Corollary 3.3 we havethat M is a bounded Q-harmonic function in
In addition, as is Q-almost locally uniform, for Q-almost every boundary point
w2 @ wehave
im M (y)=0;
3yl w

and henceby Corollary 6.2 of [BBS] we have that M is the zero function, a
cortradiction. o

We now are in a position to prove Proposition 1.1.

Proof of Proposition 1.1. By Lemma 4.1 there is a sequence(y;); in  con-
vergingto sothat M (y;) i.Fix! 2 \ U andlet bea quasihyperbolic
gedadesicin connecting to ! . Here U is a neighbourhood of  sud that

\ U isuniform in

For n2 N let ;, bea quasihyperbolic geadesicin  connecting y; to yp .
We assumeherethat ., are parametrized by arc-length (in the quasihyperbolic
gealesicmetric of ). By the Arzela{Ascoli theorem and by the fact that \ U
is a proper (i.e., closed and bounded subsetsare compact) metric spacein its
quasihyperbolic metric, the sequence( i, ); has a subsequencehat cornverges
locally uniformly to a quasihyperbolic geadesicray , connectingy, to . By
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Proposition 3.4 (see[HST, Proposition 3.14]), M in  N=C whenewri n.
SinceM is continuouson and , cornvergeslocally uniformly to ,, we see
that M n h=C.
Let  be another quasihyperbolic geadesicendingat , andlet ! 2 \

. Obserwe that , and are quasihyperbolic gealesic rays ending at  and
emanating from y, and ! respectively. By [BHK, Theorem 3.6] and by [BS,
inequality (3.5)] the quasihyperbolic geadesic triangle constructed using ,,
and any quasihyperbolic geadesic connectingy, to ! is -thin for some > 0
which isindependert of ! | y, (but may dependon ) provided! 2 U \ . Since

is boundedin the quasil‘ypg'bolic metric of , there must ex§t aneighbourhood
U, of sothat ,\ U, x2 \ U, Bk(x; ) and \ U, X2 2\ Un Bk(x; ).
Here By(x;r) := fy 2 :k (X;y) < rg, k being the quasihyperbolic metric
of . Thus by the Harnack inequality, M juu, e ¢ n=C. Letting n! 1
yields the desiredresult. o

On the other hand, note by [HST, Lemma 3.13]or Theorem 3.1that if isa
quasihyperbolic gealesicray that endsat any point in @ nf g of local uniformity
of ,then

lim M (t) = 0;
thl

and if the endpoint of in @ nf g isnot a point of local uniformity for , then
M is bounded.

Proposition 1.1 also indicates that along the non-tangertial coneswith ver-
tices ending at a boundary point  of , the function M exhibits a singularity
behaviour. The following de nition makes the notion of \non-tangential cones
ending at a boundary point" more precise.

Corollary 4.2. Let satisfy the conditions of Theorem 1.1, 2 @ bea
point of local uniformity of , andlet C(r) bean r-conein  terminating at
Then whenewer (Xx,)n2n IS @ sequencein C(r) corverging to in the metric
topology of X , we have limp; M (Xp) =1 .

This corollary is an easy consequenceof Theorem 1.1 and the Harnad in-
equality appliedto M ; we leave the proof to the reader.

Now we are ready to prove the Fatou type Theorem 1.2 for conformal maps
betweentwo domainsin two metric measurespacesof Q -bounded geometry. In
the following proof and in Theorem 1.2 a xed Cheegerderivative structure is
consideredfor the metric spacesX and Y .

Proof of Theorem 1.2. Since f is conformal, composition of f with Q-
harmonic functions on the target spaceare Q-harmonic on the domain space. In
addition, the relative Q-capacitiesare conformal invariants.

Clearly the independenceof the limit from r follows from the fact that given
two sequence# the conesC(r1) and C(r,), both terminating at the samebound-
ary point of U, then the new sequenceobtained by interleaving the two sequences
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is a sequencen the cone C(r, + r,) corvergingto the sameterminal point. Hence
only the existenceof the limit needsto be proven here.
Let (Xn)n2n beasequencen aconeC(r) with terminal point 2 @J sothat

the limit limyy X, = . Supposethe limit of the sequence f (xp) N2N does

not exist. As V is compact, we can nd two subsequencegyn)nan and (zn)n2n
of the original sequence(x,)n2n SO that the two limits yo = limy;  f(yn) and
zo = limyy  f(zy) exist, but are not equal. Let My, denote a conformal Martin
kernel assaiated with the point yo 2 @/. Then as the two boundary points
Yo 6 z9, we seeby Corollary 3.3that My, f(z,) _,, isaboundedsequence.
On the other hand, we know that the pull-back of a Q-harmonic function is
Q-harmonic in U; henceit is easyto seethat My, f isindeeda Martin kernel
corresponding to the endpoint in U. Thus by Corollary 4.2, limpi1 My,
f (xn) = 1 . In particular, we must have lim,; My, f(z,) = 1 , contradicting
the above conclusion. Thus it must be true that yo = zo. Now the proof is
complete. o

Remark 4.3. It is possiblethat sud a Fatou type theorem can be proven
for quasiconformal maps by a similar method. Sud a proof would rst require
the construction and study of Martin kernels for the operator obtained as the
push-forward of the Q-Laplacian operator by the quasiconformalmapping.

References

[A]] Aika wa, H.: Boundary Harnack principle and Martin boundary for a uniform domain. -
J. Math. Scc. Japan 53, 2001,119{145.

[An] Ancona, A.: Negatively curved manifolds, elliptic operators, and the Martin boundary.
- Ann. of Math. (2) 125,1987,495{536.

[AS]  Anderson, M. T., and R. Schoen: Positive harmonic functions on complete manifolds
of negative curvature. - Ann. of Math. (2) 121, 1985,429{461.

[BBS] Bjern, A, J. Bjern, and N. Shanmugalingam: The Perron method for p-harmonic
functions in metric spaces- J. Di erential Equations (to appear).

[B]] Bj orn, J.: Boundary cortinuity for quasiminimizers on metric spaces.- lllinois J. Math.
46, 2002, 383{403.

[BMS] Bjern, J.,, P. MacManus, and N. Shanmugalingam: Fat setsand Hardy inequalities
in metric spaces- J. Anal. Math. 85, 2001, 339{369.

[BHK] Bonk, M., J. Heinonen, and P. Koskela: Uniformizing Gromov hyperbolic spaces.-
Asterisque 270, 2001.

[BS] Bonk, M., and O. Schramm: Embeddingsof Gromov hyperbolic spaces- Geom. Funct.
Anal. 10, 2000,266{306.

[C] Cheeger, J.: Dieren tiabilit y of Lipschitz functions on metric measurespaces.- Geom.
Funct. Anal. 9, 1999,428{517.

[FHK] Franchi, B., P. Hajlasz, and P. Koskela: De nitions of Soholev classeson metric
spaces.- Ann. Inst. Fourier (Grenoble) 49, 1999,1903{1924.

[GO] Gehring, F.W., and B. G. Osgood: Uniform domainsand the quasi-hyperbolic metric.
- J. Anal. Math. 36, 1979,50{74.

[GP] Gehring, F.W., and B. P. Palka: Quasiconformally homogeneousiomains. - J. Anal.
Math. 30, 1976,172{199.



210 Nagesvari Shannmugalingam

[HKM] Heinonen, J., T. Kilpel ainen, and O. Mar tio: Nonlinear Potential Theory of Degen-
erate Elliptic Equations. - Oxford Univ. Press,New York, 1993.

[HeK1] Heinonen, J., and P. Koskela: Quasiconformal mapsin metric spaceswith controlled
geometry. - Acta Math. 181, 1998,1{61.

[HeK2] Heinonen, J., and P. Koskela: A note on Lipschitz functions, upper gradients, and the
Poincare inequality. - New Zealand J. Math. 28, 1999, 37{42.

[HKST] Heinonen, J., P. Koskela, N. Shanmugalingam, and J.T. Tyson: Sokolev classes
of Banach space-alued functions and quasiconformalmappings. - J. Anal. Math. 85,
2001,87{139.

[Her] Herr on, D.: Conformal deformations of uniform Loewner spaces.- Math. Proc. Cam-
bridge Philos. Scc. (to appear).

[Ho] Holop ainen, I.: Nonlinear potential theory and quasiregular mappings on Riemannian
manifolds. - Ann. Acad. Sci. Fenn. Ser. A | Math. Diss. 74, 1990, 1{45.

[HS] Holop ainen, I, and N. Shanmugalingam: Singular functions on metric measure
spaces.- Collect. Math. 53, 2002,313{332.

[HST] Holop ainen, I., N. Shanmugalingam, andJ. Tyson: On the conformal Martin bound-

ary of domains in metric spaces.- Papers on analysis, Rep. Univ. Jyvaskyla Dep.
Math. Stat. 83, 2001,147{168, also found in
http://www.math.jyu.fi/resea rch/ repor t83. html.

[Jen] Jenkins, J. A.: On quasiconformalmappings.- Rational Mech. Anal. 5, 1956,343{352.

[KiSh] Kinnunen, J., and N. Shanmugalingam: Regularity of quasi-minimizers on metric
spaces.- Manuscripta Math. 105, 2001,401{423.

K] Koskela, P.: Old and new on the quasihyperbolic metric. - Quasiconformal mappings
and analysis (Ann Arbor, Ml, 1995), 205{219.

[KoMc] Koskela, P., and P. MacManus: Quasiconformalmappings and Sobolev spaces.- Stu-
dia Math. 131,1998,1{17.

[Le] Lewis, J.: Uniformly fat sets.- Trans. Amer. Math. Scc. 308, 1988,177{196.

[Mi] Mikk onen, P.: On the Wol potential and quasilinear elliptic equationsinvolving mea-
sures.- Ann. Acad. Sci. Fenn. Math. Diss. 104, 1996.

[Sh1] Shanmugalingam, N.: Newtonian spaces:an extensionof Sobolev spaceso metric mea-
sure spaces.- Rev. Mat. Iberoamericanal6, 2000, 243{279.

[Sh2] Shanmugalingam, N.: Harmonic functions on metric spaces- lllinois J. Math. 45,2001,

1021{1050.

[Str] Stor vick, D. A.: Radial limits of quasiconformalfunctions. - Nagoya Math. J. 23, 1963,
199{206.

V] Vuorinen, M.: Lower bounds for the moduli of path families with applications to non-

tangertial limits of quasiconformalmappings.- Ann. Acad. Sci. Fenn. Ser.A | Math.
4,1979,279{291.

Received 16 June 2003



