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Abstract. The Martin boundary corresponding to Q-Laplacian operator (where Q is the
Ahlfors regularity dimension of the space)was constructed in [HST]. In particular, it was shown
in [HST] that if the domain is bounded, uniform, and has uniformly fat complement, the (con-
formal) Martin kernel functions in the conformal Martin boundary of the domain vanish H•older
continuously at the metric boundary points of the domain that do not ariseasaccumulation points
of the corresponding fundamental sequenceof points in the domain. The aim of this note is to
extend the study of these Martin kernel functions to Q-almost locally uniform domains and by
exploring their behavior near the metric boundary points of the domain that are accumulation
points of any fundamental sequenceassociated with the Martin kernel function. We show that
the kernel function exhibits singular behavior near such boundary points, that is, they convergeto
in�nit y along quasihyperbolic geodesiccurvesterminating at such boundary points.

We usethis singular behavior of conformal Martin kernel functions to establishthat conformal
mappingsbetweentwo boundedlocally uniform domainswhosecomplements areuniformly fat have
non-tangential limits at every metric boundary of the domain of the mapping.

1. In tro duction

Corresponding to certain degenerateelliptic operators it is possible to con-
struct singular solutionsand usethem to obtain a Martin compacti�cation pertain-
ing to the operator; somerecent paperssuch as[Ho], [HS], and [HST] have initiated
this study. In particular, Holopainenconstructed singular functions corresponding
to the p-Laplacian ( p � 1) on boundeddomainsin Riemannianmanifoldsand used
them to classify manifolds that admit global singular functions. The paper [HS]
extends this construction of singular functions to certain metric measurespaces
equipped with a locally doubling measuresupporting a Poincar�e inequality. The
paper [HST] continued this study by constructing the conformal Martin boundary
(the Martin boundary corresponding to the operator that is conformally invariant)
for relatively compact domains in metric spacesof Q� -bounded geometry. It was
shown in [HST] that when the domain is uniform and its complement is uniformly
q-fat for some 1 � q < Q, every conformal Martin boundary point corresponds
to a unique metric boundary point of the domain. It is still unknown whether in
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this casethere is at most one conformal Martin boundary point corresponding to
every metric boundary point. In the caseof the classicalMartin boundary (corre-
sponding to the Laplacian) for relatively compact uniform domainsin Riemannian
manifolds, it was shown by Anderson{Schoen, Ancona, and Aikawa in [AS], [An],
and [Ai] that the metric boundary and the Martin boundary are homeomorphic.

The aim of this note is to expand further on the singular behaviour of Martin
kernel functions constructed in [HST] for domains in metric measurespaces.The
domain studied in this note is a relatively compact locally uniform domain in a
metric spaceof Q� -bounded geometry such that the complement of the domain
is uniformly q-fat for some 1 � q � Q. For the de�nition of Q� -bounded geom-
etry as well as other relevant de�nitions of notions referred to in this section, see
Section 2. For uniform domains with uniformly q-fat complements, it was shown
in [HST] that if M � is a Martin kernel corresponding to a boundary point � of
the domain in question and � is a di�eren t boundary point of the domain, then at
@
 near � the kernel M � convergesin a H•older continuous manner to zero; see
Theorem 3.1 below for a restatement of this result. The behaviour of M � near the
exceptional point � wasnot studied in [HST]; the purposeof this note is to do so.
It is shown in Proposition 1.1 that whenever 
 is a quasihyperbolic geodesic ray
in a locally uniform domain 
 (seeDe�nition 2.11 in Section 2) with uniformly
Q-fat boundary (that is, the complement of the domain is densein the capacitary
sense;seeDe�nition 2.13 in Section 2) terminating at the singular point � 2 @
 ,
and M � is a conformal Martin kernel corresponding to � , then M � tends to in-
�nit y along 
 . Indeed, it is demonstrated in this note that along non-tangential
sequencesconverging to � the Martin kernel M � tends to in�nit y.

Readers unfamiliar with the terminology used in this section such as Q � -
bounded geometry, Q-almost locally uniform domains, and Martin kernels M �

associated with the boundary point � 2 @
 , should seeSection 2.

Prop osition 1.1. Let X be a metric measurespaceof Q� -bounded geom-
etry, 
 be a relatively compact Q-almost locally uniform domain in X with
uniformly Q-fat complement, � 2 @
 be a point of local uniformit y for 
 ,
and 
 be a quasihyperbolic geodesic ray in 
 that terminates at � . Then
lim t !1 M �

�

 (t)

�
= 1 .

We conclude by using this result to show a Fatou type result for conformal
mapsbetweentwo such domains. Namely, we will demonstrate the following theo-
rem. In the study of quasiconformalmappingsit is well known that quasiconformal
maps betweentwo discsin R 2 have radial limits along all radii. Many extensions
of this Fatou type result have appeared in literature for certain types of quasi-
conformal maps from balls in R n , see[Jen], [Str], [V], and the referencestherein.
Recently a strong version of a Fatou type theorem has been proven by Bonk,
Heinonen, and Koskela in [BHK] for certain types of Gromov hyperbolic spaces
and uniform domains. The following theorem provides a partial Fatou type result
for more generaldomains than mere uniform domains, and claims that conformal
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mapsbetweentwo Q-almost locally uniform domainshave nontangential limits at
almost every boundary point of the domain, that is, the conformal map achieves
a limit as the point in the domain of the map moves along any r -cone towards
the boundary of the domain. The notion of Q-almost locally uniform domains
and related de�nitions will be given in the next section. For the de�nition of an
r -cone C(r ) seeDe�nition 2.12.

Theorem 1.2. Let (X ; dX ; � X ) and (Y; dY ; � Y ) be two metric spacesof Q� -
bounded geometry, and U � X and V � Y be two relatively compact Q-almost
locally uniform domains such that X nU and Y n V are uniformly Q-fat, the set
of boundary points that are not points of local uniformit y for V are separatedby
@V , and let f : U ! V be a conformal map. Then whenever � 2 @U is a point of
local uniformit y for U and C(r ) is a conein U terminating at � and (xn )n 2 N is
a sequencein C(r ) converging to � , the limit lim n !1 f (xn ) exists and the limit
is independent of r .

While the abovetheoremdoesnot givedetails on the behavior of the conformal
mapping near boundary points that are not points of local uniformit y for 
 , the
proof of the theorem suggeststhe following type of behavior provided the set of
points of non-local uniformit y for U is separatedby @U . If � is a boundary point
that is not of local uniformit y for 
 , and (xn )n is a sequencein U converging to
� such that there is a Martin kernel function M 2 @cM U with the property that
limn !1 M (xn ) = 1 , then limn !1 f (xn ) exists, though perhapsnot independent
of such sequence,or, strictly speaking, of the kernel M .

In the casethat U , V are in addition globally uniform domains,Theorem 1.2
can be substantially strengthenedby using the techniques of [BHK]; in this case,
all quasiconformal mappings f between two such domains extend as global qua-
siconformal mappings between the closuresof the two domains. To seethis note
that the inverseof the uniformization described in [BHK] is a quasiconformalmap-
ping from the uniform domain to a Gromov hyperbolic space,and the lifting of
the quasiconformalmap f by this uniformization results in a quasiconformalmap-
ping betweentwo Gromov hyperbolic spaces.A slight modi�cation of the proof of
Theorem 9.8 of [BHK] (using the generalizationoutlined in [Her] together with the
fact that the boundary of the domainsare uniformly fat) yields the quasiconformal
extensionof the mapping to the Gromov compacti�cation of the corresponding hy-
perbolic spaces,which in turn, when we use the uniformization procedure, yields
a quasiconformalextensionof f to the metric closureof the two uniform domains.

The strength of Theorem 1.2 over the above observation lies in the 
exibilit y
of its proof. Not only do we relax the requirement on the domains to be merely
Q-almost locally uniform, but the proof can be easily modi�ed to apply to more
generaldomains that have slits and so are not even Q-almost locally uniform as
well asto domainswith isolated boundary points (for which the uniform Q-fatness
condition fails) and combinations thereof. SeeDe�nition 2.5 for the de�nition of
conformal mappings betweentwo metric spacesadmitting a derivative structure.
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This note is organizedas follows. Section 2 consistsof de�nitions and nota-
tions used throughout this paper and in Proposition 1.1 and Theorem 1.2, while
Section 3 gives the preliminary results neededin the proof of the main results
Proposition 1.1 and Theorem 1.2 of this note. The �nal section givesthe proof of
thesetwo main results.

Acknowledgement. The author wishes to thank Juha Heinonen and David
Herron for valuable discussionson Gromov hyperbolic spacesand for pointing out
the strengthening of Theorem 1.2 in the casethat 
 is a uniform domain, and the
refereefor suggestionson improving the presentation of this paper.

2. De�nitions and notation

We assumethroughout this note that X is a locally compact metric spaceen-
dowed with a metric d and a non-trivial Borel regular measure� so that bounded
setshave �nite measureand non-empty open setshave positive measure.

In the setting of metric measurespaceswith no Riemannian structure, the fol-
lowing notion of upper gradients, formulated by Heinonenand Koskela in [HeK1],
plays the role of derivatives. A Borel function g on X is an upper gradient of a
real-valued function f on X if for all non-constant recti�able paths 
 : [0; l 
 ] ! X
parameterizedby arc length,

�
�f

�

 (0)

�
� f

�

 (l 
 )

� �
� �

Z



gds;

wherethe above inequality is interpreted assaying alsothat
R


 gds = 1 whenever
�
�f

�

 (0)

� �
� is in�nite or

�
�f

�

 (l 
 )

� �
� is in�nite. If the above inequality fails only for a

curve family with zero p-modulus (seee.g.Section2.3 in [HeK1] for the de�nition
of the p-modulus of a curve family), then g is a p-weak upper gradient of u . It is
known that the L p -closedconvex hull of the set of all upper gradients of u that
are in L p(X ) is precisely the set of all p-weak upper gradients of u in L p(X ) ; see
Lemma 2.4 in Koskela{MacManus [KoMc].

De�nition 2.1. We say that X supports a (1; p) -Poincar�e inequality if there
are constants � ; C > 0 such that for all balls B � X , all measurablefunctions f
on X , and all p-weak upper gradients g of f ,

Z
�
B

jf � f B j d� � Cr
� Z

�
� B

gp d�
� 1=p

;

where r is the radius of B and

f B :=
Z
�
B

f d� :=
1

� (B )

Z

B
f d�:

De�nition 2.2. As a metric measurespace, X is said to be of locally Q � -
bounded geometry, Q > 1; if the measure� is (locally) Ahlfors Q-regular (that is,
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the measureof balls of radii r is comparableto the quantit y r Q ) and supports a
local (1; q) -Poincar�e inequality for some 1 � q < Q in the senseof De�nition 2.1
above.

Following [Sh1], we consider a version of Sobolev spaces on the metric
spaceX .

De�nition 2.3. Let

kukN 1 ;p =
� Z

X
jujp d�

� 1=p

+ inf
g

� Z

X
gp d�

� 1=p

;

where the in�m um is taken over all upper gradients of u . The Newtonian space
on X is the quotient space

N 1;p (X ) = f u : kukN 1 ;p < 1g =� ;

where u � v if and only if ku � vkN 1 ;p = 0.

The space N 1;p (X ) equipped with the norm k � kN 1 ;p is a Banach space
and a lattice, see[Sh1]. In the seminal paper [C], Cheegergives an alternativ e
de�nition of Sobolev spaceswhich leads to the samespacewhenever p > 1, see
Theorem 4.10 in [Sh1]. Cheeger'sde�nition yields the notion of partial derivatives
in the following theorem (Theorem 4.38 in [C]).

Theorem 2.4 (Cheeger). Let X be a metric measurespaceequipped with
a positive doubling Borel regular measure � . Assume that X admits a (1; p) -
Poincar�e inequality for some 1 < p < 1 . Then there exists a countable col-
lection (U� ; X � ) of measurable sets U� and Lipschitz \co ordinate" functions
X � = (X �

1 ; : : : ; X �
k ( � ) ): X ! R k ( � ) such that �

�
X n

S
� U�

�
= 0, and for all

� the following hold.
The measureof U� is positive, and the functions X �

1 ; : : : ; X �
k ( � ) are linearly

independent on U� and 1 � k(� ) � N , where N is a constant depending only
on the doubling constant of � and the constant from the Poincar�e inequality. If
f : X ! R is Lipschitz, then there exist unique boundedmeasurablevector-valued
functions d� f : U� ! R k ( � ) such that for � -a.e. x0 2 U� ,

lim
r ! 0+

sup
x 2 B (x 0 ;r )

�
� f (x) � f (x0) � d� f (x0) �

�
X � (x) � X � (x0)

� �
�

r
= 0:

We can assumethat the sets U� are pairwise disjoint and extend d� f by
zero outside U� . Regard d� f (x) as vectors in R N and let df =

P
� d� f . The

di�eren tial mapping d: f 7! df is linear and it is shown on p. 460of [C] that there
is a constant C > 0 such that for all Lipschitz functions f and � -a.e. x 2 X ,

(1)
1
C

jdf (x)j � gf (x) := inf
g

lim sup
r ! 0+

Z
�
B (x;r )

gd� � Cjdf (x)j:
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Here jdf (x)j is a norm coming from a measurableinner product on the tangent
bundle of X createdby the above Cheegerderivative structure (seethe discussion
in [C]), gf is the minimal p-weak upper gradient of f (seeCorollary 3.7 in [Sh2]
and Lemma 2.3 in Bj•orn [Bj]), and the in�m um is taken over all upper gradients
g of f . Also, by Proposition 2.2 in [C], df = 0 � -a.e. on every set where f is
constant.

By Theorem4.47in [C] or Theorem4.1 in [Sh1],the Newtonian spaceN 1;p (X )
is equal to the closure in the N 1;p -norm of the collection of Lipschitz functions
on X with �nite N 1;p -norm. By Theorem 10 in Franchi{Ha j lasz{Koskela [FHK],
there exists a unique \gradient" du satisfying (1) for every u 2 N 1;p (X ) . More-
over, if f uj g1

j =1 is a sequencein N 1;p (X ) , then uj ! u in N 1;p (X ) if and only
if as j ! 1 , uj ! u in L p(X ; � ) and duj ! du in L p(X ; � ; R N ) . Hence the
di�eren tial structure extends to all functions in N 1;p (X ) . Throughout this note
we will usethis structure, seefor exampleDe�nition 2.7 below.

It was shown in [HKST] that if (Y1; d1; � 1) and (Y2; d2; � 2) are two metric
measurespacesof locally Q-bounded geometry, then a homeomorphism f : Y1 !
Y2 is quasiconformal if and only if f 2 N 1;Q

lo c (Y1; Y2) and there exists a constant
K � 1 so that

Lip f (x)Q � K Jf (x)

for � 1 -almost every x 2 Y1 , see[HKST, Theorem 9.8]. Here

Lip f (x) = lim sup
r ! 0

�
esssup

d1 (x;y ) � r

d2
�
f (x); f (y)

�

r

�
;

and

Jf (x) = lim sup
r ! 0

� 2
�
f B (x; r )

�

� 1
�
B (x; r )

�

denotes the in�nitesimal volume distortion of f at x . This Radon{Nik odym
derivative exists becauseof the fact that f satis�es Lusin's condition (N); see
[HKST]. For the de�nition of the metric space-valued Sobolev spaceN 1;Q

lo c (Y1; Y2) ;
see[HKST, Section 3].

Under the standing assumptionsof Q� -bounded geometry on X , every rel-
atively compact domain in X is of locally Q-bounded geometry. Therefore, if
U � X and V � Y are relatively compact subdomains of metric measurespaces
X and Y of locally Q-boundedgeometry, then U and V are themselvesof locally
Q-bounded geometry and hencethe results of [HKST, Section 9] apply to quasi-
conformal mapsfrom U to V . Let f : U ! V be such a map. By the discussionin
[HKST, Section10], there exists a matrix-v alued map df , the transposed Jacobian,
on U so that for every Lipschitz function ' on V ,

d(' � f )(x) = df (x) d'
�
f (x)

�
for � -a.e. x 2 U .
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De�nition 2.5. Let U , V be two relatively compact subdomains of two
metric measure spaces (X ; dX ; � X ) and (Y; dY ; � Y ) respectively, both of Q� -
bounded geometry. Recall that a homeomorphism f : U ! V is a conformal map
if f is a quasiconformalmapping so that for � X -a.e. x 2 U ,

kdf (x)kQ � Jf (x) and kdf � 1(x)kQ � j f � 1 (x);

seefor exampleSection 4.1 of [HST]. Here kdf (x)k denotesthe operator norm of
the matrix df (x) .

By Lemma 4.4 of [HKST], conformal mappings preserve the class of Q-
harmonic functions; that is, a function u: U ! R is Q-harmonic if and only
if u � f � 1 is Q-harmonic on V .

It is worthwhile noting that the conformality of the mapping dependson the
Cheegerderivativestructure of X and of Y . It is clear from the construction given
in [C] that a given metric measurespaceof Q� -bounded geometry will support
more than oneCheegerderivative structure; hence,the conformality property of a
quasiconformalmap f : U ! V dependsquite heavily on the two Cheegerderiva-
tiv e structures, as do the conformal Martin boundaries. It should also be noted
that even between two Euclidean domains, if the derivative structure considered
is di�eren t from the standard Euclidean structure (and there are in�nitely many
of them), then the corresponding conformal mappings betweenthe domains need
not be restrictions of M•obius maps; therefore Theorem 1.2 is applicable to a wider
classof mappings than just the classof M•obius maps.

De�nition 2.6. The p-capacity of a Borel set E � X is the number

Cap(E ) := inf
u

� Z

X
jujp d� +

Z

X
jdujp d�

�
;

where the in�m um is taken over all u 2 N 1;p (X ) such that u = 1 on E .

To be able to compare the boundary valuesof Newtonian functions we need
a Newtonian spacewith zero boundary values. Let 
 � X be an open set and let

N 1;p
0 (
) = f u 2 N 1;p (X ) : u = 0 p-q.e. on X n 
 g:

Corollary 3.9 in [Sh1] implies that N 1;p
0 (
) equipped with the N 1;p -norm is a

closedsubspaceof N 1;p (X ) . By Theorem 4.8 in [Sh2], if 
 is relatively compact,
the space Lip c(
) of Lipschitz functions with compact support in 
 is dense
in N 1;p

0 (
) .
Unlessotherwise stated, C denotesa positive constant whoseexact value is

unimportant, can change even within the same line, and depends only on �xed
parameters such as X , d, � and p. If necessary, we will specify its dependence
on other parameters.

In the rest of this paper, 
 � X will always denote a bounded domain in
X such that Cap(X n 
) > 0. Furthermore, we assumethat 
 is a relatively
compact domain.
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De�nition 2.7. Let 
 � X be a domain. A function u: X ! [�1 ; 1 ] is
said to be p-harmonic in 
 if u 2 N 1;p

lo c (
) and for all relatively compact subsets
U of 
 and for every function ' 2 N 1;p

0 (U) ,
Z

U
jdujp d� �

Z

U
jd(u + ' )jp d�;

or equivalently , Z

U
jdujp� 2du � d' d� = 0:

Here CapQ (K ; 
) denotesthe relative Q-capacity of a compact set K with
respect to an open set 
 � K ; recall that this is equal to inf

R

 jdujQ d� , the

in�m um being taken over all functions u 2 N 1;Q (X ) for which u j K � 1 and
u j X n 
 = 0. If such functions do not exist, we set CapQ (K ; 
) = 1 . For more
on capacity, see[HeK2], [KiMa], [KaSh], [HKM, Chapter 2], and the references
therein. It should be observed that the relative capacity CapQ (K ; 
) is not the
sameas Cap(K ) ; however, CapQ (K ; 
) = 0 if and only if Cap(K ) = 0.

De�nition 2.8. Let 
 be a relatively compact domain in X and let y 2 
 .
An extended real-valued function g = g( � ; y) on 
 is said to be a Q-singular
function with singularity at y if it satis�es the following four criteria:

(i) g is Q-harmonic in 
 n f yg and g > 0 on 
 ;
(ii) gjX n
 = 0 p-q.e. and g 2 N 1;Q

�
X n B (y; r )

�
for all r > 0;

(iii) y is a singularity, i.e., lim x ! y g(x) = 1 ;
(iv) whenever 0 � a < b < 1 ,

(2) CapQ (
 b; 
 a) = (b� a)1� Q ;

where 
 b = f x 2 
 : g(x) � bg and 
 a = f x 2 
 : g(x) > ag.

In [HoSh] it was shown that every relatively compact domain in a spaceof
locally Q� -bounded geometry supports a Q-singular function which plays a role
analogousto the Green function of the Euclidean Q-Laplacian operator.

Since we have �xed the regularity exponent Q of the measure � in this
discussion,we shall simply call such functions singular functions, suppressingthe
referenceto the index. Following the arguments given by Holopainen in [Ho], it
can be seenthat given y 2 
 there is preciselyone Q-singular function satisfying
equation (2). This observation enablesus to de�ne a Martin boundary in a manner
similar to the classicalpotential theoretic Martin boundary.

De�nition 2.9. Fix x0 2 
 . Given a sequence(xn ) of points in 
 , we say
that the sequenceis fundamental (relativ e to x0 ) if the sequencehas no accumu-
lation point in 
 and the sequenceof normalized singular functions

M x n (x) = M (x; xn ) :=
g(x; xn )
g(x0; xn )
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is locally uniformly convergent in 
 . Above we set M (x; x0) = 0 when x 6= x0 ,
and M (x0; x0) = 1.

Given a fundamental sequence� = (xn ) , we denote the corresponding limit
function

M � (x) := lim
n !1

M (x; xn );

and call it the conformal Martin kernel for � . We say that two fundamental
sequences� and � are equivalent (relativ e to x0 ), � � � , if M � = M � . It
is worth noting that M � is a non-negative Q-harmonic function in 
 , with
M � (x0) = 1. Hence M � > 0 in 
 by local Harnack's inequality (see [KiSh] for
a proof of the local Harnack inequality). Note that if ~x0 is another point in 
 ,
then g(x; xn )=g(~x0; xn ) = M (x; xn )=M (~x0; xn ) . Therefore, the property of being
a fundamental sequenceis independent of the particular choice of x0 . Further-
more, fundamental sequences� and � are equivalent relative to x0 if and only
if they are equivalent relative to any ~x0 2 
 . Thus the following de�nition is
independent of the �xed point x0 .

Given a point � 2 @
 we say that the function M � is a conformal Martin
kernel associated with � if there is a fundamental sequence(yi ) i in 
 so that
the sequenceof singular functions M (yi ; � ) with singularity at yi convergelocally
uniformly to M � and yi ! � .

De�nition 2.10. The collection of all equivalence classesof fundamental
sequencesin 
 (or equivalently , the collection of all conformal Martin kernel func-
tions) is the conformal Martin boundary @cM 
 of the domain 
 . This collection
is endowed with the local uniform topology: a sequence� n in this boundary is
said to converge to a point � if the sequenceof functions M � n convergeslocally
uniformly to M � .

De�nition 2.11. Let 
 ( X be a proper subdomain and let A � 1. We say
that 
 is an A -uniform domain if every pair of distinct points x; y 2 
 can be
joined by a recti�able curve 
 lying in 
 for which l(
 ) � A d(x; y) and

minf l (
 xz ); l (
 zy )g � A � (z)

for all points z on 
 . Here � (z) = � 
 (z) = dist(z; X n 
) denotesthe distance
from z to the complement of 
 and 
 ab denotesthe portion of the curve 
 which
lies between a and b. A curve 
 in 
 which satis�es both of theseconditions is
said to be an A -uniform curve. We say that 
 is uniform if it is A -uniform for
some A .

We say that 
 is locally uniform at x0 2 @
 if x0 hasa neighborhood Ux 0 so
that Ux 0 \ 
 is uniform in 
 ; that is, every pair of distinct points x; y 2 Ux 0 \ 

can be joined by a recti�able curve 
 lying in 
 for which l(
 ) � A x 0 d(x; y) and
for all points z on 
 ,

minf l (
 xz ); l (
 zy )g � Ax 0 � (z):
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We call a domain Q-almost locally uniform if the set of all points x 2 @
 at
which 
 is not locally uniform is a zero Q-capacity set.

We call a set A � @
 to be separable by @
 if for every x 2 A and y 2
@
 n f xg there exists a compact set K � 
 so that A \ K is empty and x and y
lie in two di�eren t components of 
 n K .

Clearly uniform domains are Q-almost locally uniform domains. A bounded
Euclidean domain in R n obtained by attaching an external cusp to a ball in R n

is an n -almost locally uniform domain for which the set of all points of local
non-uniformit y is separableby the boundary of the domain.

De�nition 2.12. Let r > 0. A set C(r ) is said to be an r -coneterminating
at a point � 2 @
 if there exists a quasihyperbolic geodesic 
 in 
 terminating
in � so that

C(r ) = f x 2 
 : dist 
 (x; 
 ) < r g:

Here dist 
 (x; 
 ) denotesthe distancefrom x to the curve 
 in the quasihyperbolic
metric of 
 .

De�nition 2.13. We say that 
 has uniformly Q-fat complement if there
exist constants c > 0 and r 0 > 0 so that for every x 2 X n 
 and r 2 (0; r 0) ,

CapQ

�
B (x; r ) n 
; B (x; 2r )

�

CapQ

�
B (x; r ); B (x; 2r )

� � c:

Recall that CapQ (E ; U) denotesthe Q-capacity of E in U , seethe remarks
preceding De�nition 2.8. See[HKM], [Le], [Mi], and [BMS] for additional infor-
mation on the uniform fatnesscondition.

3. Some preliminary results

In this section we give some preliminary results neededin the proof of the
main results of this note. The proof of some of these results follow verbatim
the corresponding proofs given in the paper [HST] and henceare omitted here;
interested readers are encouragedto read [HST] (also available on the website
http://www.math.jyu.fi /re search /rep ort 83. html ).

In [HST] attention wasrestricted to boundeduniform domainswith uniformly
Q-fat complement. However, most of the results contained in [HST] hold true even
for locally uniform domains with uniformly Q-fat complement.

The following theorem is a modi�cation of Lemma 3.13 of [HST], and char-
acterizesthe behavior of Martin kernelsnear boundary points of local uniformit y
for 
 that are not associated with the kernel function. The proof of this modi�ed
theorem is obtained by using the sameproof found in [HST, Lemma 3.13], and
therefore will not be included here.
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Theorem 3.1. Let 
 be a Q-almost locally uniform domain with uniformly
Q-fat complement. Let x1 2 @
 and let � = (xn ) be a fundamental sequence
with limn xn = x1 . Then M � vanishescontinuously on the points of local uni-
formit y in @
 nf x1 g: for each y1 2 @
 nf x1 g that is a point of local uniformit y
of 
 there exists r y1 > 0 so that

sup
y2 B (y1 ;r ) \ 


M � (y) � Cr s

for every 0 < r � r y1 , where C and s are constants which are independent of r .

The following lemma is a consequenceof the method of construction of sin-
gular functions (see[HS]) together with Theorem 3.1 above.

Lemma 3.2. If 
 is a Q-almost locally uniform domain with uniformly
Q-fat boundary, then whenever x1 2 
 , x2 2 @
 , and K is a compact subset
of 
 that separatesx1 and x2 in the sensethat x1 and x2 belong to di�eren t
components of 
 nK , and K \ @
 consistssolely of points of local uniformit y for

 (if non-empty ), then M x 2 is bounded on K and M x 2 (x1) is majorized by the
samebound.

Proof. We �rst prove that for every y 2 
 that is not in the component of

 n K containing x1 , the singular function g( � ; y) is bounded on K by a bound
that dependssolely on the data of K and g(x0; y) for a �xed x0 2 K . Indeed, if
ui is the Q-potential of B (y; r i ) with respect to 
 and B (y; r i ) is a subsetof the
complement of the component of 
 nK that contains x , then by the construction in
[HS, Theorem 3.4] we have that g(x; y) is a locally uniform limit of the sequenceof

functions gi = ui =CapQ

�
B (y; r i ); 


� 1=(Q� 1)
as i ! 1 ; here r i ! 0. So for some

i 0 and i > i 0 , jgi (x0; y) � g(x0; y)j < g(x0; y) . Sincethe set K \ @
 consistssolely
of points of local uniformit y for 
 , by Theorem3.1above K \ @
 canbecoveredby
an openset U such that gi � g(x0; y) on U\ 
 ; here U is chosento be independent
of i > i 0 ; seethe proof of [HST, Lemma 3.13]. Since K n U is a compact subset
of 
 , by the Harnack inequality we have that supz2 K nU gi (z; y) � CK gi (x0; y) ,
and hencefor su�cien tly large i , supz2 K gi (z; y) � 2CK g(x0; y) =: M (note that
we usedthe local uniform convergenceof gi to g to concludethat for su�cien tly
large i , gi (x0; y) � 2g(x0; y) ).

As gi convergeslocally uniformly to g, and K nU is a compact subsetof 
 ,
for su�cien tly large i we have jgi (z) � g(z; y)j < " on K nU ; that is, gi < M + "
on K , which in turn meansthat ui � (M + ")CapQ

�
B (y; r i ); 


�
on K . Since ui

is a global (in 
 n B (y; r i ) ) energy minimizer (that is, it is an energy minimizer
amongst all functions in N 1;2(X ) that have the same boundary data as ui in
the boundary set B (y; r i ) [ (X n 
) ), a truncation argument together with the
uniquenessof solutions to Dirichlet problem (see [Sh2]) demonstrates that gi �
M + " on the component of 
 n K that contains x ; that is, gi (x) � M + " for
su�cien tly large i . Therefore g(x; y) � M + " for every " > 0; in other words,
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g(x; y) � M = 2CK g(x0; y) . It follows that M (x; y) � 2CK whenever x is in a
component of 
 n K that doesnot contain x2 .

Now if (xn )n is a fundamental sequencethat givesrise to M x 2 , for su�cien tly
large n we have that xn doesnot lie in the samecomponent as x1 in 
 nK . Since
M x 2 is a local uniform limit of the normalized functions M ( � ; xn ) , a repetition of
the above argument with M ( � ; xn ) playing the role of gi now yields the desired
result.

Observe that if 
 is a Q-almost locally uniform domain and � 2 @
 such
that � is a point of local uniformit y for 
 , then for every y 2 @
 n f � g there
exists a compact set K � 
 such that � and y belong to di�eren t components of

 nK and K \ @
 consistssolely of points of local uniformit y for 
 . To seethis,
note that there exists a neighbourhood U� of � such that U� \ 
 is uniform in 
 ,
and henceall � 2 U� \ @
 are points of local uniformit y for 
 . If y 2 @
 n f � g,
we can �nd r > 0 such that B (�; 2r ) � U� and 2r < d(�; y) . Then the compact
set K = f x 2 
 : d(x; � ) = r g satis�es the conditions given above.

The following result follows from the above theorem and Lemma 3.2.

Corollary 3.3. If 
 is as in Theorem 3.1, x1 2 @
 , and if x1 is a point
of local uniformit y for 
 or the set of all points of local non-uniformit y of @

separableby @
 , and if � = (xn ) a fundamental sequencewith lim n xn = x1 ,
then M � vanishescontinuously on the points of local uniformit y in @
 n f x1 g
and is bounded in someneighbourhood of every y1 2 @
 n f x1 g.

The shape of level sets for the Martin kernel functions was also explored
in [HST], resulting in the following proposition which states that the level setsare
almost convex in the quasihyperbolic metric of 
 ; seeProposition 3.14 of [HST].
While Proposition 3.14 of [HST] was formulated only for the singular functions in
globally uniform domains, the proof of this proposition given in [HST] alsoapplies
to the situation consideredin this note near points of local uniformit y. Hencewe
have the following proposition.

Prop osition 3.4. Let 
 be a Q-almost uniform domain whosecomplement
is uniformly Q-fat. Let g be a Martin kernel function on 
 associated with a
point � 2 @
 of local uniformit y for 
 . For � 2 (0; 1 ] , set

E � := f z 2 
 : g(z) � � g:

Then every quasihyperbolic geodesic 
 connecting two points x; y 2 E � \ U� lies
entirely in the set Ec� , where c is a positive constant which is independent of x ,
y , � and g.

Here U� is a neighbourhood of � such that 
 \ U� is uniform in 
 . The
proof of the above proposition can be obtained by a trivial modi�cation of the
proof of Proposition 3.14 of [HST] and is left to the reader.
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4. The singular behavior of Martin kernels and a pro of of Theorem 1.2

In the following discussion,the quasihyperbolic metric of 
 plays a crucial
role. It follows from the Gehring{Hayman theorem (see[BHK]) that the \cigar"
type curves of uniform domains are closely associated with the quasihyperbolic
geodesic curves pertinent to that domain. Recall that the quasihyperbolic metric
k
 in a domain 
 ( X is de�ned to be

(3) k
 (x; y) := inf



Z




ds(z)
� (z)

; x; y 2 
 ;

where the in�m um is taken over all recti�able curves 
 joining x to y in 
 and
the integral denotes the line integral of the weight � (z) � 1 over 
 , evaluated by
using the arc length parametrization; see[GP]. If 
 is a Q-almost locally uniform
domain, then for any point w 2 @
 of local uniformit y for 
 , any two points in

 \ Uw can always be joined by (at least) onequasihyperbolic geodesic, i.e., a curve

 which achievesthe in�m um in (3) (seeLemma 1 of [GO] or Section2 of [BHK]).
See[K] for an overview of the quasihyperbolic metric.

Lemma 4.1. Let 
 be a Q-almost locally uniform domain, and let � 2 @

and M � be a conformal Martin kernel associated with � . If � is a point of local
uniformit y of 
 or if the set of boundary points that are points of local non-
uniformit y is separableby @
 , then there exists a sequence(x i ) i in 
 so that
lim i x i = � and lim i M � (x i ) = 1 .

Proof. Suppose not. Then M � is bounded in a neighbourhood of � , and
henceby Corollary 3.3 we have that M � is a bounded Q-harmonic function in 
 .
In addition, as 
 is Q-almost locally uniform, for Q-almost every boundary point
w 2 @
 we have

lim

 3 y ! w

M � (y) = 0;

and hence by Corollary 6.2 of [BBS] we have that M � is the zero function, a
contradiction.

We now are in a position to prove Proposition 1.1.

Proof of Proposition 1.1. By Lemma 4.1 there is a sequence(yi ) i in 
 con-
verging to � so that M � (yi ) � i . Fix ! 2 
 \ U� and let 
 be a quasihyperbolic
geodesic in 
 connecting � to ! . Here U� is a neighbourhood of � such that

 \ U� is uniform in 
 .

For n 2 N let � i;n be a quasihyperbolic geodesic in 
 connecting yi to yn .
We assumehere that � i;n are parametrized by arc-length (in the quasihyperbolic
geodesicmetric of 
 ). By the Arzela{Ascoli theorem and by the fact that 
 \ U�

is a proper (i.e., closed and bounded subsets are compact) metric space in its
quasihyperbolic metric, the sequence(� i;n ) i has a subsequencethat converges
locally uniformly to a quasihyperbolic geodesic ray � n connecting yn to � . By
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Proposition 3.4 (see[HST, Proposition 3.14]), M � � � i;n � n=C whenever i � n .
Since M � is continuous on 
 and � i;n convergeslocally uniformly to � n , we see
that M � � � n � n=C.

Let 
 be another quasihyperbolic geodesic ending at � , and let ! 2 
 \

 . Observe that � n and 
 are quasihyperbolic geodesic rays ending at � and
emanating from yn and ! respectively. By [BHK, Theorem 3.6] and by [BS,
inequality (3.5)] the quasihyperbolic geodesic triangle constructed using � n , 
 ,
and any quasihyperbolic geodesic � connecting yn to ! is � -thin for some � > 0
which is independent of ! , yn (but may depend on � ) provided ! 2 U� \ 
 . Since
� is boundedin the quasihyperbolic metric of 
 , there must exist a neighbourhood
Un of � so that � n \ Un �

S
x 2 
 \ Un

Bk (x; � ) and 
 \ Un �
S

x 2 � n \ Un
Bk (x; � ) .

Here Bk (x; r ) := f y 2 
 : k
 (x; y) < r g, k
 being the quasihyperbolic metric
of 
 . Thus by the Harnack inequality, M � � 
 jUn � e� C � n=C. Letting n ! 1
yields the desiredresult.

On the other hand, note by [HST, Lemma 3.13]or Theorem 3.1 that if 
 is a
quasihyperbolic geodesicray that endsat any point in @
 nf � g of local uniformit y
of 
 , then

lim
t !1

M � � 
 (t) = 0;

and if the endpoint of 
 in @
 nf � g is not a point of local uniformit y for 
 , then
M � � 
 is bounded.

Proposition 1.1 also indicates that along the non-tangential coneswith ver-
tices ending at a boundary point � of 
 , the function M � exhibits a singularity
behaviour. The following de�nition makes the notion of \non-tangential cones
ending at a boundary point" more precise.

Corollary 4.2. Let 
 satisfy the conditions of Theorem 1.1, � 2 @
 be a
point of local uniformit y of 
 , and let C(r ) be an r -conein 
 terminating at � .
Then whenever (xn )n 2 N is a sequencein C(r ) converging to � in the metric
topology of X , we have lim n !1 M � (xn ) = 1 .

This corollary is an easy consequenceof Theorem 1.1 and the Harnack in-
equality applied to M � ; we leave the proof to the reader.

Now we are ready to prove the Fatou type Theorem 1.2 for conformal maps
betweentwo domains in two metric measurespacesof Q� -bounded geometry. In
the following proof and in Theorem 1.2 a �xed Cheegerderivative structure is
consideredfor the metric spacesX and Y .

Proof of Theorem 1.2. Since f is conformal, composition of f with Q-
harmonic functions on the target spaceare Q-harmonic on the domain space. In
addition, the relative Q-capacitiesare conformal invariants.

Clearly the independenceof the limit from r follows from the fact that given
two sequencesin the conesC(r 1) and C(r 2) , both terminating at the samebound-
ary point of U , then the new sequenceobtained by interleaving the two sequences
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is a sequencein the cone C(r 1 + r 2) converging to the sameterminal point. Hence
only the existenceof the limit needsto be proven here.

Let (xn )n 2 N bea sequencein a coneC(r ) with terminal point � 2 @U sothat
the limit limn !1 xn = � . Suppose the limit of the sequence

�
f (xn )

�
n 2 N does

not exist. As V is compact, we can �nd two subsequences(yn )n 2 N and (zn )n 2 N

of the original sequence(xn )n 2 N so that the two limits y0 = limn !1 f (yn ) and
z0 = limn !1 f (zn ) exist, but are not equal. Let M y0 denote a conformal Martin
kernel associated with the point y0 2 @V . Then as the two boundary points
y0 6= z0 , we seeby Corollary 3.3 that

�
M y0

�
f (zn )

��
n 2 N is a bounded sequence.

On the other hand, we know that the pull-back of a Q-harmonic function is
Q-harmonic in U ; henceit is easyto seethat M y0 � f is indeed a Martin kernel
corresponding to the endpoint � in U . Thus by Corollary 4.2, lim n !1 M y0 �
f (xn ) = 1 . In particular, we must have lim n !1 M y0

�
f (zn )

�
= 1 , contradicting

the above conclusion. Thus it must be true that y0 = z0 . Now the proof is
complete.

Remark 4.3. It is possible that such a Fatou type theorem can be proven
for quasiconformal maps by a similar method. Such a proof would �rst require
the construction and study of Martin kernels for the operator obtained as the
push-forward of the Q-Laplacian operator by the quasiconformalmapping.
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