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Abstract. We commencea geometrictheory of the weighted spacesof holomorphic functions
on bounded open subsetsof C", H,(U) and H,,(U) by nding an upper bound for the set of
extreme points of the unit ball of H,, (U). When U is balancedand v is radial we show that
H ., (U) is not isometrically isomorphic to a subspaceof ¢,. We give a Choquet type theorem for
Hy, (U) and useit to study the certraliser of H, (U).

1. Intro duction

From a functional analysispoint of view spacesof weighted holomorphic func-
tions have beenstudied, to date, under at least four broad headings. The duality
problem (see[37], [41], [42], [43], [19], [6], [38], [39]) which seeksto represen the
dual and bidual of H, (U) (de ned below) as spacesof analytic functions. The
theory of M-ideals (see[45], [46], [24]) which studiesH , () asan M-ideal in its
bidual. The isomorphic theory (see[28], [29], [30], [31], [32], [33], [34], [9]) which
seeksto classify H,, (U) as a Banadth spaceup to isomorphism. The theory of
composition and multiplication operators on H, (U) and its bidual H,(U) (see
[7], [8], [16], [17], [20], [40], [44], [15]). In this paper we examine a new aspect of
weighted spacesof holomorphic functions|the isometric theory. As we shall see
this new aspect leadsto a deeper understanding of all the previous aspects men-
tioned above. The isometric theory of weighted spacesof holomorphic functions
is further investigatedin [11], [12] and [13].

Let U be a bounded open subsetof C". A corntinuous weight v on U is a
bounded, strictly positive real valued function on U. We shall mainly concerrate
on weights which corvergeto 0 onthe boundary of U. On occasionsve will restrict
our attention to balanceddomains. Here radial weights (weights v with the prop-
erty that v(z) = v(z) whenewr j j= 1) will play an important role in both our
theory and examples. We will use H,(U) to denote the spaceof all holomorphic
functions f on U which have the property that kf k, := sup,,, v(2)jf (2)j < 1 .
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Endowedwith k k,, H,(U) becomesa non-separableBanac space.A separable
subspaceof H , (U) is got by consideringall f in H,(U) with the property that
if (2)jv(z) corvergesto O as z corvergesto the boundary of U i.e. given" > 0
there is a compact subset K of U sud that v(z)jf (z)j < " for z in UnK . This
subspaces denotedby H,_ (U). Thus H,(U) may beregardedasall holomorphic
functions on U which satisfy a growth condition of order O 1=v(z) while H,(U)
are those functions with a growth rate of order o 1=v(z) . Under moderate condi-
tionson U and v (see[6]), H ,(U) isthe bidual of H_(U). When this happensthe
dual of H, (V) is denotedby G, (U). The geometry of the unit ball of H,_(U)°is
the primary object of study of this paper. An upper bound for the set of extreme
points of the unit ball of H,_(U)%isgivenby f v (z) ;:z2 U;j j= 1g. Weshall
use B (U) to denote the setof z 2 U for which v(z) , is an extreme point of
the unit ball of H,,(U)° We study the topological properties of this set shaving
that the mapping which takes z to v(z) , is a homeomorphismonto its range.

The set B, (U) enablesus to study the geometry of H,_ (U). An example
of the type of result we obtain is: if v is radial on a balanced domain then a
boundedsequence(fy)x in H, (U) corvergesweakly to f in H,, (U) if and only
if (fx)x cornvergespointwiseto f . Bonet and Wolf, [9], and Lusky, [28], [29], [30],
[31], [32], [33] have shown that H, (U) is isomorphic to a subspaceof c,. We
will show that when v is either complete or radial this isomorphism is never an
isometry. A Choquet type theorem allows us to recover the values of functions
in Hy, (U) from the valuesit obtains on B, (U). This allows us to examine the
certraliser of weighted spacesof holomorphic functions. In [11] we shall examine
the weak -exposedand weak -strongly exposedpoints of the unit ball of H ,, (U)
and in [12] and [13] we make useof the v-boundary to classify isometriesbetween
weighted spacesof holomorphic functions.

During the summersof 2001,2002and 2003the rst author made short visits
to the University of Valencia. He wishesto thank the Department of Mathematical
Analysis there for its hospitality during those visits.

2. Elemen tary theory of the v-boundary

Let U be a bounded open subsetof C" and viU ! R* be a cortinuous
strictly positive weight. We use G, (U) to denote the spaceof linear functionals
on H(U) whoserestriction to the unit ball of H(U), By, (), are cortinuous
for the compactopentopology, .. If weendov G, (U) with the topology induced
from H,(U)° then it follows from [6, Theorem 1.1(a)] that G, (U)? is isometrically
isomorphicto (H,(U);k k,). Weshall say that v convergesto 0 as z corverges
to the boundary of U if given " > 0 there is a compact subset K of U sud that
v(z) < " for zin UnK.

Given a boundedopen subsetU of C" and v:U! R* a continuous strictly
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positive weight we use H ,,(U) to denote the subspaceof H ,(U) de ned by

n 0]
Hy, (W)= f2H(U): lim v(2)jf ()i =0 :

We endov H,(U) with the norm induced from H,(U). If we assumethat v(z)
convergesto 0 as z cornvergesto the boundary of U, that U is balancedand v is
radial, then H (U) is equalto the closureof the polynomials with respect to the
norm k Kk, . Bierstedt and Summers,[6, Theorem 1.1(b)] shaw that the condition
that By, (u) is o-densein By (u) is @ necessaryand su cien t condition to en-
surethat Gy (U) is isometrically isomorphicto the dual of H,_ (U). In particular,
if Bu,, ) Is o-densein By () then as G,(U) is a dual Banach spaceits unit
ball will have extreme points.

The purposeof this paper is to examine the geometric structure of the space
Hy,(U)° In particular, we will investigate how the geometric theory of H , (U)°
dependsonthe weight v. In the specialcasewhen U =  isthe unit discin C, and
v(ix) 1, (Hy() :k kJ)=(H"?*() ;k ki), the Banadc spaceof all bounded
holomorphic functions on the unit disc. We let L1( ) denote the spaceof all
integrable functions on the unit circle and Héqdenotethe spaceof all holomorphic

functions f on the unit disc with supy., <4 02 jf(ré )Jjd <1 andf(0)=0.
The Banach spaceH}! can be identied with a subspaceof L1( ) . A classical
result of Ando, [1], shows that LY( ) =H}() is the unique isometric predual of
(H?!() ;k ki). Furthermore, Ando, [1], shows that the set of extreme points
of the unit ball of L( ) =HI() isempty.

Let us begin our description of the geometry of the unit ball of H ,_(U)° with
an upper bound on the possibleextreme points this set may have. We shall use
to denotethe setf 2 C:j j= 1g.

Given a Banadh spaceE we use Ext Bg to denote the set of extreme points

of the closedunit ball of E .

Prop osition 1. Let U be a boundedopen subsetof C" and v be a cortin-
uous strictly positive weight on U which convergesto 0 on the boundary of U.
Then the extreme points of the unit ball of H,, (U)°? are cortained in the set
fv(z,:z2U; 2 q¢g.

Proof. The mapping f ! fv is an isometric isomorphism of H ,, (U) onto
a subspaceof C(U) (fv tends to O on the boundary of U). Applying [18,
Lemma V.8.6] we seethat the set of extreme points of the unit ball of H,_(U)° is
cortained in the set of extreme points of the unit ball of C(U)°. However the set
of extreme points of the unit ball of C(U)%isf ,:z2 U; 2 g. Restricting
theseto the image of the unit ball of H,, (U)° we get that the extreme points of
the unit ball of H_(U)° are cortained in the setf v (z) ;:z2U; 2 g.o

In particular, if U is a bounded balanced open subsetof C" and v is a
corntinuous strictly positive radial weight on U which tendsto 0 on the boundary
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of U then the extreme points of the unit ball of G,(U) are contained in the set
fv(z) ,:z2U; 2 g.

From the remark before[5, Proposition 1.2], [5, Theorem 1.5(c)] and [6, The-
orem 1.1] (seealso [38, Proposition 2.2.1]) we have the following result:

Prop osition 2. Let U be a bounded open subsetof C" and v be a con-
tinuous strictly positive weight on U. Then H,_ (U) cortains all polynomials on
C" if and only if v extends cortinuously to the boundary of U with vja, O.
Furthermore, if U is balancedand v is radial, either of theseequivalent conditions
will imply that G, (U) is isometrically isomorphic to the dual of (H,, (U);k ky).

Under the conditions of Proposition 2 we have:

Theorem 3. Let U be a bounded balanced open subsetof C" and v be a
corntinuous strictly positive radial weight which corvergesto 0 on the boundary
of U. Then G, (U) is the unique isometric predual of H , (U).

Proof. Since U is separableand the mapping z! v(z) ; is cortinuous the
set fv(z) ; : z 2 Ug is separable. Hence, its closedlinear span, G, (U), is also
separable. By Proposition 2 G, (U) is a separabledual spaceand so has the
Radon{Nik odym Property. [21, Theorem 10] (seealso [23, (b), p. 144]) implies
that G, (U) is the unique isometric predual of H,(U). o

Supposethat z 2 U is such that v(z) , is not an extreme point of the unit
ball of H,,(U)°. Then v(z) , = 3( 1+ ») for some i1, » in the unit ball of
Hy, (V)% As v (2) , = %( 1+ ) forevery in C with j j= 1 we seethat
v (2) ; will not be an extreme point of the unit ball of H,_(U)° for any in
With this obsenation, we give the following de nition:

De nition 4. Let U beaboundedopensubsetof C" and v be a cortinuous
strictly positive weight on U which corvergesto 0 on the boundary of U. The
v-boundary of U, B, (U),isfz2 U :v(z) , is an extreme point of the unit ball

of Hy, (U)%.
Radial weights have radial v-boundaries.

Lemma 5. Let U be a balanced bounded open subsetof C" and v be a
corntinuous strictly positive weight on U which corvergesto 0 on the boundary
of U. If v isradial then B, (U) is radial in the sensethat z 2 B, (U) implies
z 2B,(U) forall 2

Proof. Givenf 2 H, (U) and 2 wedenef by f (z)=1f(z). We
notethat f 2 By, (uy if andonlyif f 2 By, (uy. Given 2 H, (U)°wedene

by (f)= (f ). It followsfrom the de nition of the norm on H,_(U)°, that
k k=Kk k.

Supposethat z2 U but z2B,(U). Thenwecan nd 1, > in the unit
ball of H,,(U)°, 16 5,sothat v(z) ;= 3( 1+ ). Thenfor 2 andeadh
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f 2H,,(U) we have
v(z) (B)=v@f(z)=v@Df =3 1(f )+ 2(f ) =3 (1) +(2) (f):

Therefore v(z) ; = 3 (1) +(2) . Hence z 2 B,(U) and the result is
proven. o

De nition 6. Let U beaboundedopensubsetof C" and v be a cortinuous
strictly positive weight on U which cornvergesto 0 on the boundary of U. We
shall say that v is a complete weight if B, (U) = U.

We recall the following de nition:

De nition 7. Let E be a complex Banadh space.A point x in E is said to
be an exposedpoint of the unit ball of E if thereis 2 E° of norm 1 sud that
Re (x) =1andRe (y) <1lforally2E,kyk 1,y6 x. WhenE =F'is
a dual spaceand the vector which expsesx in Bg isin F, we say that x is
weak -exposel and that weak exmsesthe unit ball of E at x.

A continuousstrictly positive weight v on B¢n is said to be unitary if v(z) =
v(Az) for every n n unitary matrix A. Hence v is unitary if and only if
v(z) = v(w) whenewer kzk = kwk. If n = 1 the concept of a unitary weight
coincides with the concept of a radial weight. For n = 2 the weigh v(z) =
(1 kzk1*2= tan '(zj=z10)) js a radial weight which is not unitary. It is readily
shown that if v is unitary then B, (Bcn) isunitary in the sensethat z2 B (Bcn)
if and only if Az 2 B (B¢n) for all unitary matrices A.

In [11] we obtain the following su cien t condition for completenessof a uni-
tary weight on Bgn .

Prop osition 8. Let vi:Bgn ! R be a continuous strictly positive
strictly decreasing unitary weight on the unit ball of C" which corverges
to 0 on the boundary of B¢n sud that v(x) is twice dierentiable and
@(x)=@,; - v(X)@v(x)=@2 > 0 for x of the form (x1;0;:::;0) with X; in
(0;1). Then the weak -exposedpoints (and hencethe extreme points) of the unit
ball of Hy, (Bcn)®isthe setfv(z) ,: 2 ;z2Bc¢ng.

This condition allows usto shav that when > 0, 1 ead of the following
weights on the unit ball of C" is complete.
@ v. (20=(@1 kzk) .
(b) w; (2)=e =@k,
(c) v(z) = log(2 kzk)
(d v(z)= 1 log(l kzk)
(e) v(z) = cos % kzk .
(f) v(z) = cos %kzk.
(g) Finite products of the examplesin (a) to (f).
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3. Structure of the v-boundary

Lemma 9. Let U be a bounded open subsetof C" and v be a corntinuous
strictly positive weight which convergesto 0 on the boundary of U.

@ If; 2 andz;w2Uthen v(z) ;= v(w) w onH, (U) impliesz=w
and = .

(b) Let z2 U.If v(z) ,=0o0nH, (U)then z2 @Q.

(c)Let ; 2 andzzw2U.If v(z) ;= v(w)  in Hy (U)°then z=w

orz,w?2 @.

Proof. (a) If z 6 w we may supposewithout lossof generality that z; 6 w;

and take
8] Z1 1 1 w )

+ :
viw) wy zz Vv(z) zz wg

p(t) =

Then p2 H,, (U) and
V(Z)p(z) = 16 2= v (w)p(w):
(b) If z2 U then v(z) > 0 and the constart map p(w) 1=v(z) 2 H,,(U).

But then v(z) ,(p) = 1.
Part (c) follows from (a) and (b). o

Lemma 10. Let U be a boundedopen subsetof C" and v be a cortinuous
strictly positive weight which corvergesto 0 on the boundary of U. Then the
map

U! Hy (W% H, (UW%H,, (V)
givenby (z) := v(z) , is a homeomorphismonto its image.

Proof. Consider : U ! H, (U)% H, (U)%H, (U) dgivenby (2) :=

V(z) ;. Dene the relation  on U by z ~wif (z) = (w) and considerthe
quotient spaceU = . Considerthe map :U= ! H, (U)° given by q= ,
where g U ! U= is the natural quotient map. (The set U= may also be

regardedasthe one-point compacti cation of U.) Let usshow that is cortinuous
when H , (U)%is endowved with the weak -topology. Let zo 2 U and considerthe
subbasicneighbourhood of v(zp)

N(zo;f;") = 2Hy (V)] (f) V(20) 5(F)i< "g;
wheref 2 H,, (U) and " > 0. Since vf is continuouson U, the set
N(z0;") = fz2 U :jv(2)f (2) V(z0)f (20)i < "9

is an open neighbourhood of z; in U and N (z;") N (zo;f;").
As U is compact U= is compact. Hence is a uniform homeomorphism
onto its image. On the other hand, by Lemma9 jy isinjective. Let usshow that
ju isan openmap: given A U open there exists an opensubsetB U suc
that A= B\ U. Then (B) isopenin (U). By Lemma9 (A)= (B)\ (U)
and therefore (A) isopenin (U). Thus jy is a homeomorphismonto its

image. o
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Let U be a bounded open subsetof C", and let v be a continuous strictly
positive weight which corvergesto 0 on the boundary of U. We know that the
extreme points of the unit ball of H,_(U)° are cortained in the setf v (z) ,: 2

; z 2 Ug. Let usinvestigate the topological structure of this set.

Lemma 11. Let U be an open subset of C" and v be a continuous
strictly positive weight which corvergesto 0 on the boundary of U. Then

Ext(By, (uy) = VvI(2) . :z22By(V); 2
Proof. As By, (u) Is separableit follows from [14, Proposition 2.5.12]that

Hy, (U)S Hy, (U)%H, (U) is metrizable. Let 2 Ext(By, (uye) - Then
there exist ( n)n and (z,)n By(U) suc that

=w lim oVv(zn) 2, = wW lim  (zy):
n n

Since , 2 , there exists a subsequence , )k of ( n)n corvergingto some ,
of modulus 1. Then  (z,,) , w -corvergesto 1= , . By Lemma 10 and using
that  is a uniform homeomorphismonto its image, z,, = ! (z,,) corverges
to somez, 2 B, (U). Hence = w limgn ne (Zn ) = oV(Z0) 2, -

Conversely if z2 B, (U) we have z = lim, z, where z, belongsto B, (U).

Then v(z) ; = w limyv(z,) 2, 2 ExXt(By,(u)y) .o

Note that if we start in the proof with 2 Ext(By,_(uye) NEX(By,_ (uyo)
then zo = limy z,, 2 By (U)nB (V).

Prop osition 12. Let U be an open subsetof C" and v be a cortinuous
strictly positive weight which cornvergesto 0 on the boundary of U. Then B, (U)
isa G subsetof U.

Proof. We usethe fact that H, (U)% H, (U)%H, (U) is metrizable
(seeLemma 11). Applying [35, Proposition 1.3]it follows that ExtBy, (u)o is a
G setin H,,(U)°nf0g endaved with the weak -topology. Let

T
ExtBy vo (U)O = Gn

n=1
with ead G, openin H, (U)°nf0g endoved with the weak -topology. We can
assumeby the proof of [35, Proposition 1.3] that eadcr G, is radial. De ne an
equivalencerelation on H, (U)°nf0g by 1 > if 1= 5 forsome 2
andlet bethe quotient mapping from H,_(U)%nf0g onto H,_ (U)°nfOg= . We
shall considerH ,,(U)°nf0Og=  endowed with thg quotient topology of the weak
topology on H_(U)°nf0g. Since ! (A) = » A, isapopenmapping.
As eah G, is radial it is easily chedked that ﬁzl Gn = ﬁzl (Gn) and
then ExtBy, (uy= isa G setin H,,(U)°nf0g= . Further, asthe image of
eah z in U under liesin at most one -equivalenceclassof H,_ (U)°nf0g,
it is readily cheded that is a homeomorphismonto its image. Under this
mapping B, (U) is mapped onto ExtBy, (ujo=  and result follows. o
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We shall seein [11] that U is equalto the intersection of U with the H * -
convex hull of B ,(U).

4. Convergence of weighted holomorphic functions

The study of the v-boundary allows us to show in [11, Theorem 24 and 25]
that H,, (U) and H,(U) are never smooth and (under moderate conditions on
the weight) that both spacesare not rotund. In [12] the v-boundary is certral in
the isometric classi cation of H,_ (U) and H(U).

We presernt someapplications of the v-boundary to the geometry of H ,_(U)
and H,(U). The following theorem characterises weak corvergenceand weak
compactnessin H,_ (U).

Theorem 13. Let U beaboundedopensubsetof C" and v be a cortinuous
strictly positive weight on U which convergesto 0 on the boundary of U. Then
(a) A bounded sequence(fy)x in H,, (U) corvergesweakly to f in H,, (U) if

and only if (fx)x corvergespointwiseto f .

(b) A bounded subsetof H,_ (U) is weakly relatively compact if and only if it
is relatively countably compact for the topology of pointwise corvergenceon

Hy, (U).

Proof. We shawved in Proposition 1 that the extreme points of the unit ball of
Hy,(U)° are contained in the setf v (z) , :z2 U; 2 g. Part (a) now follows
from Rainwater's theorem, [36], while part (b) is a consequenceof a theorem of
Bourgain and Talagrand, [10]. o

Prop osition 14. Let U be a balanced bounded open subset of C" and
let v be a continuous strictly positive radial weight which corvergesto 0 on the
boundary of U. Let (z ) beanetin U and z bea point of U. If v(z )f(z )!
v(z)f (z) forall f 2 H,, (U) then f(z )v(z )! f(z)v(z) forall f 2 H,(U).

Proof. By [24, Exampleslll.1.4] H, (U) isan M-ideal in H,(U). (The proof
in [24] is for the open unit disc  but is easily extended to arbitrary balanced
domainsin C".) The result now follows by [24, Corollary 111.2.15] (seealso[22]). o

Prop osition 15. Let U be a balanced bounded open subset of C" and
let v be a continuous strictly positive radial weight which corvergesto 0 on the
boundary of U. Then given (z,)n in U and (fm)m in the unit ball of H,(U) we
have that

lim lim v(z))fm(za) = lim  lim v(zo)fm(z0):
m!l n'l n'l m!l

Proof. It follows from Lemma 10 that the set fv(z) , : z 2 Ug is relatively
compact for the H, (U)%H,, (U) -topology. Applying [24, Corollary 111.2.15]
we now seethat it is therefore weakly relatively compact. It now follows from [25,
Lemma 19.A.1] that for all (z,), in U and (f)m in the unit ball of H,(U) we
have that

lim lim v(z))fm(za) = lim lim v(z,)fm(z0): O
m!l nll nll m!l
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5. C(K)-spaces

Let X be alocally compact Hausdor spaceand A be a closedsubspaceof
Co(X). According to Araujo and Font [2] A is strongly separating if for eadh
pair of points x; and x, in X thereis f 2 A sud that jf (x1)j 6 jf (x2)j. They
de ne the Choquet boundary of A as fx 2 X : e is an extreme point of Baog,
e is ewvaluation at x. It follows from [2, Corollary 4.2] that if H,, (U) is isomet-
rically isomorphic to a strongly separating subspaceA of C,(X) then B, (U) is
homeomorphicto the Choquet boundary of A.

A compactset K is said to be perfect if it hasno isolated points. A compact
set K is said to be sattered (dispersed)if it contains no perfect subsets.

Theorem 16. Let U beaboundedopensubsetof C" and v be a cortinuous
strictly positive weight on U which corvergesto O on the boundary of U. If
H .y, (U) is isometrically isomorphic to a subspaceof (complex) C(K) with K
scatteredthen B, (U) is a countable (and therefore discrete) subsetof U.

Proof. De ne an equivalence relation on ExtBy, (uy by 1v(2) .
ov(w)  if z= w. Supposethat T is anisometry from H,_ (U) onto a subspace
M of C(K). Then T maps ExtBc o with the weak -topology, which is ho-

meomorphic to K, onto a setwhich contains fv(z) ,: 2 ;z2B,(U)g
endoved with the H,, (U)%H, (U) -topology. As T s linear it induces a
map T, from K onto a set cortaining fv(z) ,: 2 ; z 2 By(U)g=

or equivalently a set containing B,(U). As T is corntinuous and surjective,
itis (M%M) Hy, (U)%H,, (U) open,see[26, Proposition 3.17.17]. Hence

1 T, isacontinuous,openmappingandso ! T, (K) is scattered. It follows
that B, (U) is also scattered. As U is metrizable the proof of [25, Lemma 25.D]
givesusthat B, (U) is courtable and hencemust be discrete. o

Corollary 17. Let U beaboundedopensubsetof C" and v bea continuous
strictly positive weight on U which convergesto 0 on the boundary of U. If v is
completeor if U is balancedand v is radial then H_ (U) cannot be isometrically
isomorphic to a subspaceof C(K) with K scattered. In particular, H,, (U)
cannot be isometrically isomorphic to a subspaceof c,.

Proof. In either of the above casesB ,(U) cortains a non-trivial connected
componert and so cannot be scattered. o

In [28, Corollary 2.4(i)] Lusky provedthat if v is a cortinuousstrictly positive
radial weight on  which corvergesto O on the boundary of then H, () is
isomorphic to a subspaceof ¢,. The weight v(z) = 1 log(l jzj) , < 0,
is an example of a weight on which gives a Banadh spaceH , () which is
isomorphic to a subspaceof ¢, yet not isomorphic to ¢,. See[29]. Bonet and
Wolf [9] have recerily extendedthis result by shawing that if U is an open subset
of C" and v is a cortinuousstrictly positive weight on U then H ,_(U) is almost
isometrically isomorphic to a subspaceof ¢,. The previous corollary shows that
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this isomorphism can newver be an isometric embedding whenewer U is bounded
and v is either a complete or radial weight which corvergesto 0 on the boundary
of U.

6. A Cho quet theorem

In this sectionwe presen an “analytic' represemation of the v-boundary ob-
tained from an application of Choquet's theorem.

Theorem 18 (A Choquet type theorem). Let U be a bounded open subset
of C" and v be a continuous strictly positive weight on U which cornvergesto 0
on the boundary of U. Then for eah z 2 U there is a C -valued measure, ,, of

bounded variation with support cortained in B\,(U)U so that
4
() f(2) = , Fw)d z(w)

Bv(U)

for all f in H, (U). Moreover we have that B\,(U)U =1.

Proof. We consider By, _(uy)e with the weak -topology. By de nition the

set of extreme points of the unit ball of H, (U)°is equalto fv(z) , : 2
; 22 B(U)g. Henceby the Choquet{Bishop{de Leeuwn theorem, [35, Chapter 4,
Theorem]and Lemma 11, for ead z in U there is a probability measure, ,, with

support cortained in B\,(U)U so that

Z

() f(2)v(z) = , T (wv(w)d 2(; w)
B (U)

forall f in H,,(U). Dene a measure , on B\,(U)U by

Z
1 . .
<(E) = v—(z) _ v(wyd z(; w):

By the Radon{Nik odym theorem we have that

Z

f(2) = JTw)d o (w)
Bv(U)

and the rst part of the result is proven.
Let M = sup,,g,u) V(W) and E be a measurablesubsetof B ,(U). Then
] z2(E)j M=v(z) and thus , has total variation at most 4M=v(z). Taking

f 1wegetthat , B\,(U)U =10
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If z belongsto B, (U) then a result of Bauer, [3], (see[35, Proposition 1.4])
shaws that the point mass"”, ;) , is the unique probability measurewith support
cortained in By ,_(uyo Which represerts z. Howevwer, it is not possibleto “lift' this
result and conclude , is the unique probability measureon U which satises ( ).
To seethis considerany strictly positive weight v on  which convergesto 0 on
the boundary of . Let z2 B,() andlet r besud that jzj < r < 1. By

Caudhy's integral formula 5

_ 1 f()
forall f 2H,,() andthus
1 d
Z(E): -
21 gy j=rg z

is another probability measurerepreseiing z.

Theorem 18 shows that the v-boundary is a determining set for H,_(U) in
the sensethat if f;g2 H, (U) andf = gonB,(U) thenf = gon U.

The above result should be comparedwith [6, Proposition 3.2]. Theorem 18
and [27, Chapter 9] explain our use of the term \ v-boundary".

7. The centralizer of weighted spaces of holomorphic functions
We intro duce somenotation of Behrends[4].

De nition  19. Let E be a Banadh spaceand T:E ! E be a corntinuous
linear operator. Then T is a multiplier if every extreme point of the unit ball of
EC is an eigervalue of T . That is

T (e) = ar(e)e

for somereal or complex number at(€) and every e 2 ExtBgo. We let Mult( E)
denote the set of all multipliers on E.

De nition  20. Let E beaBanad space.The certralizer of E, Z(E), isthe
setof all T 2 Mult( E) for which thereis T in Mult( E) with (T) (e) = ar(e)e
for all e2 ExtBgo.

We say that Z(E) is trivial if Z(E) = K:ld, (K = R or C depending on
whether E is a real or complex Banad space).

Let U be a bounded open subsetof C", v be a cortinuous strictly positive
weight on U which corvergesto 0 on the boundary of U. Giveng2 H ! (U) we

let Mg:H,, (U)! H,, (U) bethe pointwise multiplication operator

Mg(f) (2) = 9()f (2):
Prop osition 21. Let U be a bounded connectedopen subsetof C", v be
a cortinuous strictly positive weight on U which cornvergesto 0 on the boundary

of U. Supposethat the B (U) is non-empty. Then Mult(H ,(U)) = fMg4: g2
H* (U)gand Z Hy,(U) is trivial.
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Proof. Supposethat T 2 Mult H, (U) . Thenfor z2 B,(U) v(z) ; isan
extreme point of the unit ball of H,, (U)° Therefore we have

T v(z) - = a(2)v(2)
for somea(z) in C. Hencefor each f in H, (U) and z in B, (U) we have that

(Tf)(2) = a(2)f (2):

Taking f 1 we seethat a extendsto a holomorphic function in H, (U) which
we also denote by a. By continuity we get that (Tf)(z) = a(z)f (z) for all z in

By(U) andall f 2 H,_ (U) for somea(z) 2 C. Since B, (U) is non-empty the
principle of analytic continuation implies that

(Tf)(2) = a(2)f (2)
forall z2 U. As
KT ( )k
k  k
a is boundedon U and this provesthe rst part of the proposition.

Supposethat T = Mg isin Z H,,(U) . Then M 4 is alsoa multiplier and
o]

ja(z)] = KT k

M () (2) = 9(2)f (2) = Mn(f)(2) = h(2)f (2)

forall zin By (U)B (U) all f 2 H,, (U) andsomeh 2 H ! (U). Thus g is both

analytic and conjugate analytic on B ,(U) B (U) and therefore must be constart. o

Corollary 22. Let U be a bounded open subsetof C", v be a continuous
strictly positive complete weight on U which corvergesto O on the boundary
of U. Then Mult H,,(U) =fMg:g2H ! (U)gand Z H,, (U) is trivial.

A dierent assumptionalso givesus trivial certralisers.

Prop osition 23. Let U be a bounded open subsetof C" and let v be a
continuous strictly positive weight on U which cornvergesto 0 on the boundary
of U. Supposethat H ! (U) separatesH ,,(U)°. Then Mult H, (U) = fMg:
g2H* (U)g.

Proof. Arguing as in Proposition 21 we get a holomorphic function a in
H,, (U) sothat
(Tf)(2) = a(2)f (2)
for all z in By(U) andall f in H, (U). Foreach f in H ! (U) we have that
af belongsto H,, (U). As

(TT)(2) = a(2)f (2)
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for all z in B (U) applying Theorem 18 we seethat
Z Z
T(f)(2) = , T(E)w)d z(w) = , awf (w)d 2(w) = a(2)f (2)

Bv(U) B.v(U

for all z in U. Hence,we have that
AT ,;fi=ha(z) 4;fi

forall zin U andall f in H ! (U). SinceH ! (U) separatesH ,,(U)° we have
that T ,=a(z) , forall zin U.
The remainder of the proposition follows asin Proposition 21. o

In particular we get:

Prop osition 24. Let U be a balancedboundedopen subsetof C" and v be
a continuous strictly positive radial weight which corvergesto 0 on the boundary
of U. Then Mult H,,(U) = fMg:g2 H ! (U)g. Furthermore, whenn = 1
Z Hy,(U) istrivial.

Proof. It is shawvn in [5, Proposition 1.2] that polynomials are densein
Hy,(U). They therefore will separateH , (U)°. The rst part of the result now
follows from Proposition 23. Let n = 1 and supposethat T = My is in the cen-
traliser of H,_ (U). As v is radial, B ,(U) cortains a circle and sowe have h in
H ! (U) sothat

M () (2) = (2)f (2) = Mn(F)(2) = h(2)f (2)

forall z in By(U) andall f 2 H,,(U). Consider z in B,(U) with jzj = r.
As v is radial we have g(z) = h(z) for jzj = r. Taking a Poissonintegral we get
0(z) = h(z) for jzj r which provesthat all g for which My is in the certraliser
of H,,(U) are constart. o

From [24, Theorem |11.2.3] we get:

Prop osition 25. Let U be a balanced bounded open subsetof C, v be
a continuous strictly positive radial weight on U which cornvergesto O on the
boundary of U. Then Z H,(U) is trivial.

De nition  26. A Banacd spaceE is a C -spaceif there is a compact
Hausdor set K and an involutory homeomorphism :K ! K ( 2 = Id) sud
that E is isometrically isomorphic to

f2CK):f(x)= f (x) forallx2K

From Proposition 21 and [24, Theorem 11.5.9] we get:
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Prop osition 27. Let U beaboundedopensubsetof C", v be a cortinuous
strictly positive complete weight on U which corvergesto O on the boundary
of U. Then H,, (U) isnot a C -space.

The above proposition is also valid for radial weights on balanced bounded
open subsetsof C.

Given a Banac spaceE we shall use Zg to denote ExtBgo nf0Og. For a
Banadh spaceE there is a canonicalisometric embedding of E into C,(Zg) (see

[24, Examples|.3.4]). We haveseenthat ExtBy , )y nfOg may beidenti ed with
B (U). Thusin this casewe are identifying H,, (U) with a subspaceof C,(U).

De nition  28. A Banad spaceE hasthe strong Banadh{Stone property if
given locally compact Hausdor spacesX and Y and an isometric isomorphism
T:Co(X;E)! Co(Y;E) there is a homeomorphism :Y ! X and a corntinuous
function h from Y into the isometries of E endoved with the strong operator
topology such that

T(f) (y) = h()f  (y)
forall f 2 Co(X;E) andally2 Y.
We have:

Prop osition 29. Let U be a boundedopen subsetof C", v be a cortinuous
strictly positiveweight on U which cornvergesto 0 on the boundary of U. Suppose

that B, (U) is non-empty. Then H,_ (U) hasthe strong Banad-Stone property.
Alternativ ely, if U is a balancedbounded open subsetof C and v is a cortin uous
strictly positive radial weight then H_ (U) and H ,(U) have the strong Banad{
Stone property.

Proof. Apply Proposition 21, Proposition 24, [4, Theorem 8.11]and Proposi-
tion 25. o

References

[1] Ando, T.: On the predual of H ! . - Commerntationes Math., Special I: Warszawa, 1978,
33{40.

[2] Ara ujo, J., and J. Font: Linear isometries between subspacef corntin uous functions.
- Trans. Amer. Math. Soc. 349(1), 1997,413{428.

[3] Bauer, H.: Silovscher Rand und Diric hletschesProblem. - Ann. Inst. Fourier (Grenoble)
11, 1961,89{136.

[4] Behrends, E.: M -structure and the Banach{Stone Theorem. - Lecture Notes in Math.
736, Springer, Berlin, 1979.

[5] Bierstedt, K. D., J. Bonet, and A. Galbis: Weighted spacesof holomorphic functions
on balanceddomains. - Michigan Math. J. 40, 1993,271{297.

[6] Bierstedt, K. D., and W. H. Summers: Biduals of weighted Banach spacesof analytic

functions. - J. Austral. Math. Soc. Ser. A 54, 1993, 70{79.



[7]
(8]

9]

[10]
[11]
[12]
[13]
[14]
[15]

[16]

[17]

[18]
[19]

[20]

[21]
[22]
[23]
[24]
[25]
[26]

[27]
(28]

The v-boundary of weighted spacesof holomorphic functions 351

Bonet, J., P. Domanski, and M. Lindstr em: Pointwise multiplication operators on
weighted Banadh spacesof analytic functions. - Studia Math. 137(2), 1999,177{194.

Bonet, J., P. Domanski, M. Lindstr em, and J. Taskinen: Composition operators
betweenweighted Banach spacesof analytic functions. - J. Austral. Math. Saoc. Ser.
A 64,1998,101{118.

Bonet, J., and E. Wolf: A note on weighted Banach spacesof holomorphic functions.
- Arch. Math. 81, 2003,650{654.

Bour gain, J., and M. Tala grand: Compacite extremale.- Proc. Amer. Math. Scoc. 80,
1980, 68{72.

Boyd, C., and P. Rueda: Complete weights and v-peak points of spacesof weighted
holomorphic functions. - Preprint.

Boyd, C., and P. Rueda: Isometries betweenspacesof weighted holomorphic functions.
- Preprint.

Boyd, C., and P. Rueda: Bergman and Reinhardt weighted spacesof holomorphic func-
tions. - lllinois J. Math. (to appear).

Perez Carreras, P., andJ. Bonet: Barrelled Locally Convex spaces.- North-Holland
Math. Stud. 131, 1987.

Cicho n, K., and K. Seip: Weighted holomorphic spaceswith trivial closedrange multi-
plication operators. - Proc. Amer. Math. Scc. 131(1), 2002,201{207.

Contreras, M. D., and A. G. Hern andez-D az: Weighted composition operators in
weighted Banach spacesof analytic functions. - J. Austral. Math. Soc. Ser. A 69,
2000,41{60.

Contreras, M. D., and A. G. Hern andez-D az: Weighted composition operators be-
tweendi erent Hardy spaces.- Integral Equations Operator Theory 52, 2004, 173{
184.

Dunf ord, N, and J. T. Schwartz: Linear Operators, Part |. - Wiley ClassicsLibrary,
IntersciencePub. Co., New York, 1958.

Gar c a, D., M. Maestre, and P. Rueda: Weighted spacesof holomorphic functions
on Banad spaces.- Studia Math. 138(1), 2000, 1{24.

Gar ca, D., M. Maestre, and P. Sevilla-Peris: = Composition operators between
weighted spacesof holomorphic functions. - Ann. Acad. Sci. Fenn. Math. 29, 2004,
81{89.

Godefr oy, G.: Espacesde Banach: existenceet unicit e de certains preduax. - Ann. Inst.
Fourier (Grenoble) 28, 1978,87{105.

Godefr oy, G.: Points de Namioka, espacesiormante, applications a la th eorie isometri-
gue de la dualite. - Israel J. Math. 38, 1981, 209{220.

Godefr oy, G.: Existence and uniquenessof isometric preduals: a survey. - Contemp.
Math. 85, 1989,131{193.

Harmand, P., D. Werner, and W. Werner: M -ldealsin Banach Spacesand Banach
Algebras. - Lecture Notes in Math. 1547,1993.

Holmes, R.B.: Geometric Functional Analysis and its Applications. - Grad. Texts in
Math. 24, Springer-Verlag, 1975.

Hor vath, J.: Topological Vector Spacesand Distributions, Vol. 1. - Addison-Wesley
Massadwusetts, 1966.

Larson, R.: Banad Algebras, an Introduction. - Marcel Dekker, New York, 1973.
Lusky, W.: On the structure on H,, (D) and hy, (D). - Math. Nachr. 159,1992,279{289.



352 Christopher Boyd and Pilar Rueda

[29] Lusky, W.: On weighted spacesof harmonic and holomorphic functions. - J. London.
Math. Scoc. 51(2) 1995,309{320.

[30] Lusky, W.: On generalisedBergman spaces.- Studia Math. 119(1), 1996, 77{95.

[31] Lusky, W.: On the isomorphic classi cation of weighted spacesof holomorphic functions.
- Acta Univ. Carolin. Math. Phys. 41(2), 2000,51{60.

[32] Lusky, W.: On the Fourier seriesof unbounded harmonic functions. - J. London. Math.
Sac. 61:(2), 2000, 568{580.

[33] Lusky, W.: On the isomorphism classesof some spacesof harmonic and holomorphic
functions. - Preprint.

[34] Mattila, P.: Weighted spaceof holomorphic functions on nitely connecteddomains. -
Math. Nachr. 189, 1998,179{193.

[35] Phelps, R.R.: Lectureson Choquet's Theorem. - Van Nostard, Princeton, N.J., 1966.

[36] Rainw ater, J.: Weak convergenceof bounded sequences: Proc. Amer. Math. Scc. 14,
1963,999.

[37] Rubel, L. A., and A. L. Shields: The secondduals of certain spacef analytic functions.
- J. Austral. Math. Scc. Ser. A 11, 1970,276{280.

[38] Rueda, P.: Algunos problemassobreholomorf a en dimension in nita. - Doctoral Thesis,
Universitat de Valencia, 1996.

[39] Rueda, P.: On the Banad{Dieudonne theorem for spacesof holomorphic functions. -
QuestionesMath. 19, 1996, 341{352.

[40] Sevilla-Peris,  P.: Sobreespaciosy algebrasde funcionesholomorfas. - Doctoral Thesis,
Universitat de Valencia, 2001.

[41] Shields, A. L., and D. L. Williams: Bounded projections, duality and multipliers in
spacesof analytic functions. - Trans. Amer. Math. Soc. 162,1971,287{302.

[42] Shields, A. L., and D. L. Williams: Bounded projections, duality and multipliers in
spacesof harmonic functions. - J. Reine Angew. Math. 299/300, 1978,256{279.

[43] Shields, A. L., and D. L. Williams: Bounded projections and the growth of harmonic
conjugatesin the unit disc. - Michigan Math. J. 29, 1982, 3{25.

[44] Taskinen, J.: Compact composition operators on generalweighted spaces.- Houston J.
Math. 27, 2001,203{218.

[45] Werner, D.: Contributions to the theory of M -idealsin Banac spaces.- Habilitation-
ssdrrift, FU Berlin, 1991.

[46] Werner, D.: New classesof Banach spaceswhich are M -idealsin their biduals. - Math.
Proc. Cambridge Philos. Sac. 111, 1992, 337{354.

Received 28 July 2004



