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Abstract. A group H of (conformal/an ticonformal) automorphisms of a closedRiemann
surface S of genus g � 2 is said of Schottky type if there is a Schottky uniformization of S for
which it lifts. We observe that H is of Schottky type if and only if it leavesinvariant a collection of
pairwise disjoint simple loops which disconnect S into genus zero surfaces.Moreover, in the case
that H is a cyclic group (either generatedby a conformal or an anticonformal automorphism) we
provide a simple to check necessaryand su�cien t condition in order for it to be of Schottky type.

1. In tro duction

Assumewe have a collection of 2g > 0 pairwise disjoint simple loops in the
Riemann sphere bC , say C1; C0

1; : : : ; Cg and C0
g , bounding a commonregion D of

connectivity 2g, and that there are loxodromic transformations A1; : : : ; Ag sothat
A j (Cj ) = C0

j and A j (D ) \ D = ; , for each j = 1; 2; : : : ; g. The group G, gener-
ated by A1; : : : ; Ap , is a Schottky group of genus g. The collection of loops C1 ,
C0

1; : : : ; Cg and C0
g , is called a fundamental systemof loops of G with respect to

the Schottkygenerators A1; : : : ; Ag . Every set of g generatorsof a Schottky group
of genus g is a set of Schottky generators,that is, has associated a fundamental
system of loops [C]. In [M1] it is shown that a purely loxodromic Kleinian group
isomorphic to a free group of rank g is a Schottky group of genus g. The trivial
group is de�ned asthe Schottky group of genus zero. If we denoteby 
 the region
of discontinuit y of a Schottky group G of genus g, then the quotient S = 
 =G
turns out to be a closedRiemann surfaceof genus g. The reciprocal is valid by the
retrosection theorem [Ko2] (see[B] for a modern proof using quasiconformalde-
formation theory). A triple (
 ; G; P : 
 ! S) is called a Schottky uniformization
of a closedRiemann surface S if G is a Schottky group with 
 as its region of
discontinuit y and P: 
 ! S is a holomorphic regular covering with G ascovering
group. Schottky uniformizations correspond to the lowest planar regular coverings
of S and alsothey correspond to geometrically �nite hyperbolic structures on han-
dlebodies, with inner injectivit y radii bounded below by a positive value, having
S as conformal border. In this note, by an automorphism of a Riemann surface
S we mean either a conformal or an anticonformal automorphism. A group of
automorphismswhich only contains conformal automorphismswill be said to be a
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conformal group of automorphisms. A group H of automorphisms of S is said of
Schottky type if there is a Schottky uniformization of S, say (
 ; G; P : 
 ! S) ,
so that H lifts, that is, for every h 2 H there is an automorphism ĥ : 
 ! 
 for
which h � P = P � ĥ . The main problem we are interested in is to decidewhen a
given group H of automorphisms of S is of Schottky type. As in genus 0 this is
trivial and in genus 1 this is completely known [H4], we restrict ourselves to the
situation of genus at least 2. For someparticular classesof groups (for instance,
conformal cyclic, conformal abelian, conformal dihedral, and someanticonformal
cyclic groups) there are complete answers for the above lifting problem (see for
instance, [HC], [H1], [H2], [H4], [H5], [H6], [H8], [RZ1] and [RZ2]). In this note we
provide a necessaryand su�cien t condition for a group of automorphisms to be of
Schottky type. In the particular caseof cyclic groupsof automorphismsgenerated
by an anticonformal involution, we also provide a condition which is simple to
check for it to be of Schottky type, completing the work done in [HC].

This note is organized as follows. In Section 2 we provide a necessaryand
su�cien t condition for a given �nite group of automorphisms to be of Schottky
type (seeTheorem 1). Such a condition relays on the existenceof certain collection
of pairwise disjoint simple loops on the surface, invariant under the group under
consideration, which dissectsthe surfaceinto genus zero surfaces.In Section 3 we
restrict to the caseof conformal automorphisms and we recall an already known
necessarycondition (condition (A)), which turns out to besu�cien t in many cases,
for instance for the cyclic case(seeTheorems 2 and 3). In Section 4 we restrict
to groups containing anticonformal automorphisms and we mainly consider the
cyclic case. Necessaryand su�cien t conditions (simpler to check than the ones
given in Theorem 1) are given (seeTheorems 5 and 6). In Section 5 we provide
the de�nition of Klein{Schottky pairings, neededin the necessaryand su�cien t
conditions for the anticonformal cyclic case. In Sections6 and 7 we give the proof
of Theorem 6. In Section 8 we provide, as a consequenceof Theorem 1, a method
to construct all Schottky type groups of automorphisms.

2. A necessary and su�cien t condition

To give an answer to the Schottky lifting problem, we need the following
de�nition. Let us consider a closedRiemann surface S of genus g � 2 together
a group H of automorphisms of it (then a �nite group by Hurwitz). A collection
of pairwise disjoint simple loops on S, say L 1; : : : ; L k � S, is called a Schottky
systemof loops of H if

(1) each connectedcomponent of S �
S n

j =1 L j is a genus zero bordered surface;
and

(2) the collection of loops f L 1; : : : ; L k g is invariant under the action of H .

We have the following necessaryand su�cien t condition for a group of auto-
morphisms to be of Schottky type.
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Theorem 1. A group H of automorphisms of a closedRiemann surface S
of genus g � 2 is of Schottky type if and only if there is a Schottky system of
loops of H .

Remark 1. (i) In the caseof genus g = 1, Theorem 1 is still valid with
k = 1 and replacing the property of \in variant under H " by the property of
\homotopically invariant under H ".

(ii) If the group H is of Schottky type, then Theorem 1 assertsthe existence
of a Schottky system of loops for H , say L 1; : : : ; L k � S. Let us consider a
component X of S �

S k
j =1 L j , and let HX be the stabilizer of X in H . We may

identify X with a subset of the Riemann sphere bounded by a �nite collection
of pairwise disjoint simple loops and H X with a �nite subgroup of the extended
M•obius group (the group of conformal and anticonformal automorphisms of bC ).
One may usethis information to give a topological classi�cation of all the possible
geometrically �nite Kleinian groups we may obtain by the lifting processof H
under Schottky uniformizations. In the cyclic conformal caseit is done in [H9]. In
the last section we provide a method to obtain all Schottky type automorphisms.
In this way, Theorem 1 may be usedto obtain someof the results in [MMZ] from
a planar point of view.

(iii) As said before,a Schottky group of genus g de�nes a geometrically �nite
complete hyperbolic structure on a handlebody of genus g with injectivit y radii
boundedbelow by a positive value and vice-versa. In particular, we may interpret
the notion of a Schottky type group of automorphisms as follows. Assume we
have given a pair (S;H ) , where S is a closedorientable surface of genus g and
H is some �nite group of its homeomorphisms. As a consequenceof Nielsen's
realization problem [Ke], we may give to S the structure of a Riemann surfaceso
that, up to homotopy, H is a group of (conformal/anticonformal) automorphisms.
The surface S may be thought as the conformal boundary of a handlebody of
genus g; such a handlebody is not unique and correspondsto the di�eren t Schottky
uniformizations of the Riemann surface S. We may ask for the existenceof one
of thesehandlebodies for which the group H extends continuously as a group of
hyperbolic isometries. The existenceof such a handlebody is equivalent to the
existenceof a Schottky uniformization of S for which H lifts.

(iv) Let Vg be a handlebody of genus g, Out(Fg) be the group of outer auto-
morphisms of the free group Fg of rank g, Di� + (Vg) be the group of orientation
preserving homeomorphismsof Vg and 	: Di� + (Vg) ! Out (Fg) be the natural
homomorphism. Assume we are given a �nite group H and a homomorphism
� : H ! Out( Fg) . In [MZ], [MMZ], [Z] the following question was studied and
solved: Is there an imbedding � : H ! Di� + (Vg) so that 	 � = � ? This problem is
related to ours by the fact that H solvespositively the above if and only if � (H )
restricted to the border S of Vg is of Schottky type. Unfortunately , in order to use
their ideasto solve our problem, we needto check at all possiblehomomorphisms
� : H ! Out( Fg) for the (�nite) group of (conformal) automorphisms of S, which
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seemsto be not a good strategy. This problem makesour work di�eren t and not
a consequenceof the above papers.

A simple consequenceof Theorem 1 is the following reducibilit y necessary
condition on a Schottky type group of automorphisms.

Corollary 1. If a group H of automorphisms of a closedRiemann surface
S is not reducible, then it cannot be of Schottky type.

2.1. Pro of of Theorem 1. Assumewe have a group H of automorphisms
of a closedRiemann surface S of genus g � 2.

Let us assumewe have a collection of simple loops L 1; : : : ; L k � S, so that:

(1) the connectedcomponents of S � (L 1 [ L 2 [ � � � [ L k ) consistsof genus zero
bordered surfaces;and

(2) the collection of loops f L 1; : : : ; L k g is invariant under the action of H .

Condition (1) ensures k � g and that we are able to �nd a subcollection
L � f L 1; : : : ; L k g consisting on g homologically independent loops. The same
condition ensuresthat the normalizer in the freehomotopy classof L is generated
by the total collection of loops. Now condition (2) ensuresthat any Schottky
uniformization of S de�ned by L has the required lifting property.

Reciprocally, assumeH is of Schottky type and let (
 ; G; P : 
 ! S) be a
Schottky uniformization for which H lifts. As consequenceof the uniformization
theorem, in S wehavea hyperbolic metric for which H acts asgroup of isometries.
Let us considera simple closedgeodesic L 1 � S of smallesthyperbolic length with
the property that it lifts to a loop on 
 . It follows that for each h 2 H either:
(i) h(L 1) = L 1 , or (ii) h(L 1) \ L 1 = ; . In fact, assumethat h(L 1) \ L 1 6= ; and
h(L 1) 6= L 1 . As h lifts to the Schottky uniformization we have that both L 1 and
h(L 1) lift to loopson 
 . Both of them have the samehyperbolic length as L 1 . Let
us chooserespective liftings cL 1 and dh(L 1) so that they intersect. The planarit y
of 
 assertsthat the number of intersection points is even. Let us orient cL 1 � 

in counterclockwise order. We now �x an intersection point p 2 cL 1 \ dh(L 1) .
Let us start from p and follow cL 1 , in the given orientation, until we arrive for
�rst time to a secondintersection point, say q 6= p. These two points divide cL 1

(respectively, dh(L 1) ) into two pairwise disjoint arcs A1 and A2 (respectively, B1

and B2 ). We may assumethat the hyperbolic length of A1 (respectively, of B1 )
is at most half the hyperbolic length of L 1 . We may then consider the simple
loop L̂ = A1 [ B1 [ f p;qg. We have that the hyperbolic length of L̂ is at most
the hyperbolic length of L 1 and that L̂ is not a simple closedgeodesic. Also, L̂
projects on S to a simple closedcurve L , which is not geodesic. We consider the
unique simple closedgeodesichomotopic to L , say N . We then have that N lifts
to a loop on the above Schottky uniformization and hasstrictly smaller hyperbolic
length than L 1 , a contradiction.
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Let usconsiderthe collection of translates geodesicsof L 1 under the group H ,
say L 1; : : : ; L r . We have that the collection of connectedcomponents of S � (L 1 [
� � � [ L r ) is invariant under H . If someof such components, say X , has positive
genus, then we may �nd a simple closedgeodesic L r +1 � X of smallesthyperbolic
length with the property that it lifts to a loop on 
 . As for the caseof L 1 , we have
that for each h 2 H either: (i) h(L r +1 ) = L r +1 , or (ii) h(L r +1 ) \ L r +1 = ; and
h(L r +1 ) is disjoint from L 1; : : : ; L r . We now consider the translates under H of
the geodesic L r +1 , say L r +1 ; : : : ; L r + s . The collection of connectedcomponents
of S � (L 1 [ � � � [ L r + s) still invariant under the action of H . As the genus of
S is �nite, we may proceed with the above argument a �nite number of times
until we get that each connectedcomponent (of the complement of the respective
collection of geodesics)has genus zero. The �nal collection of loopsobtained with
such a procedure is the desiredone.

2.2. Some generalities of Schottky t yp e groups of automorphisms.
We end this section with somegeneralities on Schottky type groups of automor-
phisms. First, we need the following de�nition. Let q > 0 be any odd integer
number. An extended M•obius transformation � which is conjugated to a trans-
formation of the form

b� (z) =
ek � i=q

�z
;

where k 2 f 1; 3; : : : ; q � 2g is odd and relatively prime with q, is called an imagi-
nary elliptic transformation. In this way, � 2 is an elliptic transformation of order
q and � q is an imaginary re
ection. If k = 1, then we say that � is a geometric
imaginary elliptic transformation. In any case,if � is an imaginary re
ection of
order 2q, then bC=� is a real projective plane with exactly one branch value of
order q. When q = 1, we are in the presenceof imaginary re
ections and bC=� is
a real projective plane without branch values.

Let us assumewe have a Schottky type group H of automorphisms of a
RiemannsurfaceS of genus g � 2. Theorem1 providesthe existenceof a Schottky
system of loops for H . To check the existenceof such a collection of loops is in
generalnot so easyto get. It is for that reasonone would like to have conditions,
which should be easy to check, ensuring the existenceof a Schottky system of
loops. Let (
 ; G; P: 
 ! S) be a Schottky uniformization of S for which H lifts.
We have the following facts.

(1) As the region of discontinuit y 
 of a Schottky group is known to be a
domain of type OAD [AS], we have that for each h 2 H , the lifted automorphism
ĥ should be either the restriction of (i) an extendedM•obius transformation if h is
anticonformal or (ii) a M•obius transformation if h is conformal. In particular, the
group bG, generatedby all the lifted transformations ĥ , for all h 2 H , contains G
as a �nite index normal subgroup. If bG+ denotesthe subgroup of bG consisting of
only the M•obius transformations, then we have, as bG+ contains G asa �nite index
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normal subgroup, that bG+ turns out to be a geometrically �nite function group.
Geometrically �nite function groups have beenclassi�ed by B. Maskit [M3].

(2) As bG is a �nite extensionof G and G contains no parabolic transforma-
tions, then neither bG does.

(3) If ĥ 2 bG+ is an elliptic transformation, then we know from [H3] that
either (i) both �xed points of ĥ belong to the region of discontinuit y 
 of G or
(ii) there is a loxodromic transformation in G commuting with ĥ .

(4) If ĥ 2 bG+ is an elliptic transformation, Fix( ĥ) = f a; bg � 
 and there is
some t̂ 2 bG so that t̂(a) = b, then the non-existenceof parabolics in bG ensures
that t̂(b) = a. It follows that: (i) if t̂ 2 bG+ , then t̂2 = I ; and (ii) if t̂ =2 bG+ , then
t̂ is imaginary elliptic.

3. The conformal situation

In the caseof conformal groups H a much simpler necessarycondition, called
condition (A), was obtained in [H4]; this condition (A) can be obtained from the
arguments done at the end of last section.

3.1. Condition (A). Let S be a closedRiemann surface and H a �nite
group of its conformal automorphisms. If a 2 S is a �xed point of some h 2
H � f I g, then we denote by R(h; a) 2 (� � ; � ] the rotation number of h about
a, and we denote by H (a) the stabilizer subgroup of a in H . We say that H
satis�es the condition (A) if the set of all �xed points of the non-trivial elements
of H can be put into pairs satisfying the following properties.

(A1) If f p;qg is such a pair, then p 6= q, H (p) = H (q) = H f p;qg and, for each
h 2 H f p;qg of order greater than two, R(h; p) = � R(h; q) .

(A2) If f p;qg and f r; tg are two such pairs, then either f p;qg \ f r; tg = ; or
f p;qg = f r; tg.

(A3) If f p;qg is a pair and t 2 H is so that t(p) = q, then t has order two.
(A4) If p is a �xed point of somenon-trivial element of H , then there is another

�xed point q so that f p;qg is one of the above pairs.

A pairing of H satisfying (A1){(A4) is called a Schottky pairing of H .

Theorem 2 ([H4]). Condition (A) is a necessarycondition for a group H of
conformal automorphisms of a closedRiemann surfaceto be of Schottky type.

3.2. Condition (A*). The sameas condition (A), but replacing (A3) with
the following:

(A3*) for each pair f p;qg there is no transformation t 2 H so that t(p) = q.
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Remark 2. (1) If either (i) the order of H is odd or (ii) H is a cyclic
group, then (A3) cannot happen, in particular, condition (A) turns out to be
condition (A*) in this situation.

(2) If H satis�es condition (A*), then S=H cannot havesignature (0; 3;m; n; t) ,
that is, it is not of genus zero with exactly three branch values (seeCorollary 2).
An easyway to seethat in this caseH cannot be of Schottky type is the follow-
ing. Sinceevery function group of such signature is a Fuchsian group of the �rst
kind [Kr], it contains no �nite index Schottky subgroups. This observation and
Riemann{Hurwitz's formula permits us to obtain that the order of every Schottky
type group of conformal automorphisms of a surface of genus g � 2 has upper
bound equal to 12(g � 1) in contrast to Hurwitz's bound 84(g � 1) .

(3) If H is an Abelian group and there is a pair f p;qg in a Schottky pairing
which is permuted by someinvolution, then H f p;qg is necessarilya cyclic group of
order 2.

(4) Given a Schottky pairing for a group H , we may obtain a new Schottky
pairing with the following extra symmetrical property [H4]:

If f p;qg is a pair, then for all h 2 H we have that f h(p); h(q)g is again a
pair .
(5) If H is a group of conformal automorphisms that satis�es condition (A),

then every subgroup K < H satis�es condition (A).
(6) Condition (A) trivially holds in the following cases:(i) H acts freely, i.e.,

no element of H � f I g has �xed points; (ii) H is a cyclic group of order 2; (iii) H
is a dihedral group.

As a consequenceof part (1) and (2) of the above remark and Theorem 1 we
have the following easyfact.

Corollary 2. If H is a group of conformal automorphisms of a closedRie-
mann surface S so that S=H is the Riemann spherewith exactly three branch
values, then H is not reducible.

Remark 3. The above fact tells us the di�cult y of obtaining an explicit
example of both a Schottky group and an algebraic curve representing the same
conformal classof Riemann surface. This type of problem has been carried out
(numerically) in [H7].

Theorem 3 ([H2], [H5], [H6], [H8]). Condition (A) turns out to be necessary
and su�cien t in the class of (i) Abelian groups, (ii) dihedral groups, (iii) the
alternating groups A 4 and A 5 and (iv) the symmetric group S 4 .

In [RZ2] the above theorem is proved using 3-dimensional methods in the
caseof dihedral and Abelian groups. Also, a general necessarycondition for a
�nite group to be of Schottky type is given in [RZ1].

Corollary 3. If H is either (i) a freely acting Abelian group, (ii) a cyclic
group of order 2; or (iii) a dihedral group, then H is of Schottky type.
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Remark 4. Condition (A) is not in generalsu�cien t as was seenin [H8].

4. The anticonformal situation

Let us now considera group H of automorphismsof a closedRiemann surface
S, containing necessarilyanticonformal ones. We denote by H + its index two
subgroupconsistingof the conformal automorphisms. We start with the following
easyfact.

Theorem 4. If H is an Abelian group, then H + is of Schottky type.

Proof. Choose� 2 H � H + . Let h+ 2 H + bedi�eren t from the identit y. As an
involution hasan even number of �xed points, weonly needto seehow to construct
pairings, satisfying condition (A), for h+ of order at least 3. Assume then that
h+ hasorder bigger than 2. Let a 2 S be a �xed point of h+ . We have that � (a)
is also a �xed point of h+ and R

�
h+ ; � (a)

�
= R

�
� � h+ � � � 1; � (a)

�
= � R(h+ ; a) .

It follows that, as R
�
h+ ; � (a)

�
2 (� � ; � ) , that � (a) 6= a and that the pairings of

type
�
a; � (a)

�
will give us a Schottky pairing for the Abelian group H + . As H +

is Abelian group we have, as consequenceof Theorem 3, that H + is of Schottky
type.

4.1. The cyclic case. If H is a cyclic group of order 2, say generatedby
the anticonformal involution � : S ! S, then H is of Schottky type. In the case
that � is a re
ection (that is, has �xed points), this fact was already known to
Koebe [Ko1]. In the casethat � is an imaginary re
ection (that is, has no �xed
points), this follows from the fact that the topological action of such an involution
is rigid. Some results in the casewhen � is an imaginary re
ection have been
obtained in [HM]. Not much is known in the generalanticonformal caseas it is in
the conformal situation. In [HC] we have consideredthe cyclic case.The following
summarizesthe results obtained there.

Theorem 5 ([HC]). Let S be a closedRiemann surfaceand  : S ! S be an
anticonformal automorphism of order 2p.

(i) If p = 2; 3, then  is of Schottky type.
(ii) If S= has non-empty border, then  is of Schottky type.

(iii) If no non-trivial power of  has �xed points, then  is of Schottky type.

Situation (ii) of the above takes care of the casewhen S= has non-empty
border. Situations (i) and (iii) take careof someof the complementary cases.The
following, which is the subject of the rest of this paper (except for the last section),
complete the situation in the cyclic non-orientable case.

Theorem 6. Let S be a closed Riemann surface and  : S ! S be an
anticonformal automorphism of order 2p so that S= has no boundary.

(i)  is of Schottky type if and only if  has a Klein{Schottky pairing.
(ii) If p is a prime, then  is always of Schottky type.
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In Section 5 we give the de�nition of a Klein{Schottky pairing and in Sec-
tions 6 and 7 we give the proof of Theorem 6 (in thosesectionsthe su�ciency part
corresponds to Theorem 7 and the necessity part corresponds to Theorem 8).

5. Klein{Sc hottky pairings

In the rest of this sectionwe �x a closedRiemann surface S, of positive genus
g, an anticonformal automorphism  : S ! S of order 2p, where p is a positive
integer, so that S= has empty boundary. If we set � =  p and � =  2 , then we
have that:
(i) � is either an imaginary re
ection (if p is odd) or a conformal involution (if

p is even); and
(ii) � is a conformal automorphism of order p.

Let us denote by H the cyclic group generated by  , by H + the index
two subgroup generated by � , by R = S=� and by Q: S ! R be the p-fold
holomorphic branched covering induced by the action of � . Theorem 4 asserts
the existenceof a Schottky pairing for the cyclic group H + . If 
 is the genus of
R and r is the number of pairs in a Schottky pairing for H + , then we have that
R is an orbifold of genus 
 with exactly 2r branch values (as a consequenceof
part (1) of Remark 2). Let us denote by � : R ! R the anticonformal involution
induced by  .

Lemma 1. The anticonformal involution � is an imaginary re
ection. In
particular, (i) the non-trivial powers of  only have isolated �xed points, and
(ii) the odd powers  2k � 1 have no �xed points.

Proof. As S= = R=� has no boundary, then � cannot be a re
ection. As
each odd power of  induces � , we obtain part (ii). Now part (i) is clear since
even powers are conformal and odd powers have no �xed points.

5.1. Lo ops and arcs. Let us consider a simple loop L � R , disjoint from
the branching locus. We say that L lifts to a loop on S if the lifting of L consists
exactly of p pairwise disjoint simple loops. Otherwise, we say that L lifts to an
arc on S.

5.2. Orien ted and non-orien ted pairs of Schottky pairings. As a
consequenceof Theorem 4 we have that � =  2 satis�es condition (A) and, in
particular, we have the existenceof Schottky pairings for � .

Assume
�

f a1; b1g; : : : ; f ar ; br g
	

is oneof such Schottky pairings. By part (1)
of Remark 2, we have Q(aj ) 6= Q(bj ) . There are two possibilities:
(i) �

�
Q(aj )

�
= Q(bj ) ; or

(ii) �
�
Q(aj )

�
6= Q(bj ) .

In case(i) we say that the pair f aj ; bj g is a non-oriented pair and in case(ii)
we say it is an oriented pair . As the involution � hasno �xed points, we have that
the number of oriented pairs in any Schottky pairing is necessarilyeven.
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5.3. Cylinders. A cylinder C � S is a closedsubsethomeomorphic to the
set

�
z 2 C : 1

2 � jzj � 2
	

. Any simple loop on the interior of C homotopic to the
loop corresponding to fj zj = 1g is called a waist of C .

5.4. Petals. A simple loop L � R , either (i) containing no branch values
or (ii) containing Q(a) and Q(b) , where f a; bg is a non-oriented pair of some
Schottky pairing of � , but containing no other branch value of Q, is called a petal
if it is possibleto �nd a cylinder C � R for which L is a waist and so that:

(i) the only branch valuesof Q in the closureof C are those contained in L ;
(ii) each of the two boundary loops of C , say A and B , lifts to a loop on S;

(iii) � (L ) = L ; and
(iv) � (C) = C (in particular, � (A) = B ).

A set of petals L 1; : : : ; L k are called disjoint if they are disjoint as loops. In
this case,we may choosetheir respective cylinders to be pairwise disjoint.

Remark 5. If we have a petal L , with respective cylinder C , then we have
that a connectedcomponent P of Q� 1(C) is a genus zero surfacewith boundary.
The stabilizer of P in H + is either trivial (if the petal L has no branch values
on it) or it is exactly H + (a) = H + (b) , where f a; bg is the non-oriented pair for
which Q(a); Q(b) 2 L .

5.5. Klein{Sc hottky pairing. As observed in Section 5.2, any Schottky
pairing for � can be written as a collection

(� )
�

f a1; b1g; : : : ; f as; bsg; f c1; d1g; : : : ; f c2t ; d2t g
	

so that the pairs f aj ; bj g are the non-oriented onesand the pairs f cj ; dj g are the
oriented ones. We say that the Schottky pairing (� ) is a Klein-Schottky pairing
of h i if:

(1) s � 
 + 1; and
(2) if s > 0, then it is possible to �nd a collection of pairwise disjoint petals

L 1; : : : ; L s � R , so that:
(2.1) the loop L j contains Q(aj ) and Q(bj ) ;
(2.2)

S 
 +1
j =1 L j divides R into two bordered surfaces R1 and R2 , which are

permuted by � , and so that Q(ck ); Q(dk ) 2 R1 and Q(ct + k ); Q(dt + k ) 2
R2 , for k = 1; : : : ; t .

Lemma 2. A Schottky pairing without non-oriented pairs is a Klein{Schottky
pairing. If the genus of S=� is even, then any Schottky pairing with at most one
non-oriented pair is a Klein{Schottky pairing.

Proof. The �rst statement is clearby the de�nition. Now weassumethe genus
of S=� is even and that we have a Schottky pairing with exactly onenon-oriented
pair, say �

f a1; b1g; f c1; d1g; : : : ; f c2t ; d2t g
	

;
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so that the pair f a1; b1g is the non-oriented one and the pairs f cj ; dj g are the
oriented ones.

We have the following facts:

(i) A simple loop N � R which boundsa topologicaldisc � N � R , containing
in its interior the branch values Q(cj ) and Q(dj ) and whoseclosure is disjoint
from all other branch values,must lift a loop on S;

(ii) A diving simple loop M � R , disjoint from the branch locus, which
does not separate Q(cj ) and Q(dj ) (for all j ) also lifts to a loop on S. This
is consequenceof the fact that such a loop will be homotopic to the product of
commutators and loops as in (i).

It is clear from the topology of the action of an imaginary re
ection on an
even genus surfacethe existenceof a dividing loop L � R satisfying that: (a) L
is invariant under � , (b) Q(a1); Q(b1) � L , and (c) L is disjoint from all other
branch values. As a consequenceof the above facts we have that the loop L
is necessarilya petal. This petal satis�es the conditions for the above Schottky
pairing being a Klein{Schottky pairing.

Prop osition 1. If p is a prime, then there is a Klein{Schottky pairing for
h i .

Proof. Let us consider �rst the casep � 3. In this casewe have that � is an
imaginary re
ection. We may write the set of �xed points of � as:

Fix( � ) =
�

x1; x2 = � (x1); x3; x4 = � (x3); : : : ; x2r � 1; x2r = � (x2r � 1)
	

;

so that (the rotation numbers) R(� + ; x2j � 1) 2 (0; + � ) . If r is even, say r = 2s,
then the collection

�
f x1; x2r g; f x3; x2r � 2g; : : : ; f x2s� 1; x2s+2 g; f x2s+1 ; x2sg

	

is a Schottky pairing with no non-oriented pairs, then a Klein{Schottky pairing
as consequenceof Lemma 2. If r is odd, say r = 2s � 1, then we consider the
collection

�
f x4s� 3; x4s� 2g; f x1; x4s� 4g; f x3; x4s� 6� 4g; : : : ; f x2s� 1; x2s+2 g; f x2s+1 ; x2sg

	
:

The above is a Schottky pairing with exactly one non-oriented pair, given
by ( f x4s� 3; x4s� 2g). If S=� has even genus (that is, if S has even genus by
Riemann{Hurwitz formula), then wehavea Klein{Schottky pairing asconsequence
of Lemma 2.

Let us now consider the casethat S=� has odd genus. We may draw two
pairwise non-dividing disjoint simple loops L 1; L 2 � R , each one invariant under
� , none of them containing branch values, both together dividing R into two
components, say R1 and R2 (which are permuted by � ). On R1 we may draw a
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dividing simple closedloop L 3 so that L 3 divides R1 into two surfaces,say R1;1

and R1;2 , sothat R1;1 contains no branch values,R1;2 contains all branchedvalues
on R1 and R1;2 is homeomorphicto a three-holed sphere. The loop L 3 lifts to a
loop on S sinceit is product of commutators. Just by a simple modi�cation on the
loop L 1 , we may assumethat the branched valuescontained on R1;2 are: Q(x1) ,
Q(x3) , Q(x5); : : : ; Q(x2s� 3) , Q(x2s) , Q(x2s+2 ); : : : ; Q(x4s� 4) and Q(x4s� 3) . We
may draw pairwise disjoint simple loops N1; : : : ; Ns� 1 , where

(i) N j bounds a topological closed disc � j � R1;2 containing the points
Q(x2j � 1) and Q(x2( r � j ) ) , and

(ii) � j \ � k = ; , for j 6= k .

As we know that each loop N j lifts to a loop on S, we only needto consider
the casethat R hasgenus 1 and exactly two branched valueswhich are permuted
by � , that is, S hasgenus the prime value p. As the topological action of a cyclic
group of order a prime p, with exactly two �xed points, on a genus p Riemann
surfaceis rigid, a petal as neededis easyto obtain (seeFigure 1 for p = 3).

In the case p = 2 we have that � is a conformal involution, then it has an
even number of �xed points. Now we may usethe samearguments as in the above
case.

6. Klein{Sc hottky pairings: A su�cien t condition

Theorem 7. Let S be a closed Riemann surface and  : S ! S an anti-
conformal automorphism of order 2p so that S= has no boundary. If h i has a
Klein{Schottky pairing, then  is of Schottky type.

The above together Proposition 1 givesus as a consequencepart (ii) of The-
orem 6.

Corollary 4. Let S be a closedRiemann surfaceand  : S ! S an anticon-
formal automorphism of order 2p with p a prime. If S= has no boundary, then
 is of Schottky type.

Proof of Theorem 7. Let 
 be the genus of R = S=� and � : R ! R be the
imaginary re
ection induced by  .

Let
�

f a1; b1g; : : : ; f as; bsg; f c1; d1g; : : : ; f c2t ; d2t g
	

be a Klein{Schottky pair-
ing for � , sothat the pairs f aj ; bj g are the non-oriented onesand the pairs f cj ; dj g
are the oriented ones. In particular, 
 = 2m + s � 1 for somenon-negative inte-
ger m .

In the casethat our Klein{Schottky pairing has no non-oriented pairs, the
arguments are the sameasfor the casewhenthere is no branching values[HC]. This
is consequenceof the fact that a simple loop N � R which bounds a topological
disc � N � R , containing in its interior the branch values Q(cj ) and Q(dj ) and
whoseclosure is disjoint from all other branch values,must lift a loop on S.

We assumefrom now on that s > 0. We may also assume(after reindex-
ing) that �

�
Q(cj )

�
= Q(ct + j ) , �

�
Q(dj )

�
= Q(dt + j ) , for j = 1; : : : ; t . As f aj ; bj g



Automorphism groups of Schottky type 195

L

f

f

f

Q

x

x

3

3

Figure 1. The topological action in casep = 3 and a petal L .

is non-oriented, we have �
�
Q(aj )

�
= Q(bj ) , for j = 1; : : : ; s. By the de�ni-

tion of Klein{Schottky pairings, we have the existenceof a set of disjoint petals
Z1; : : : ; Zs , so that Z j contains the points Q(aj ) and Q(bj ) . We have a collec-
tion of pairwise disjoint cylinders C1; : : : ; Cs , where the waist of Cj is Z j and its
boundary loops are Z j; 1 and Z j; 2 = � (Z j; 1) . The cylinders Cj can be assumed
such that no other branch value than Q(aj ) and Q(bj ) are contained on it. Let
us denote by R1 and R2 = � (R1) the two components of R � (C1 [ � � � [ Cs) . We
have that exactly 2t branch values must belong to R1 and the other 2t branch
values belong to R2 . We may draw a dividing simple loop L 00 � R1 so that it
divides R1 into two components, say R1;1 and R1;2 , so that R1;1 is a surfaceof
genus m with exactly oneborder (the curve L 00 ) and R1;2 is a genus zerosurface
with 1 + s boundary loops ( L 00 , Z1;1 , Z2;1; : : : ; Zs;1 ) containing all 2t branch
values on R1 . We may assumewithout problem that these branched values are
given by Q(c1) , Q(d1) , Q(c2) , Q(d2); : : : ; Q(ct ) , Q(dt ) . We may now construct:



196 Rub�en A. Hidalgo

(i) a collection of (oriented) homologically independent pairwise disjoint simple
loops L 1; : : : ; L m on R1;1 ; and

(ii) a collection of (oriented) pairwise disjoint simple loops M 1; : : : ; M t on R1;2 ,
so that M j bound a disc containing exactly the two branch valuesof order p
given by Q(cj ); Q(dj ) .

As consequenceof Lemma 3 below we may assumethat each loop L 1; : : : ; L m

lifts to a loop on S. Let U be the bordered orbifold bounded by the loops Z1;1 ,
Z2;1; : : : ; Zs;1 , L 00 , M 1; : : : ; M t . We have that on U there are no branch values.
As Z1;1 , Z2;1; : : : ; Zs;1 , L 00 , M 1; : : : ; M s all lift to a loop, we have that the
connectedcomponents of Q� 1(U) consist of exactly genus zero bordered surfaces
homeomorphic to U . The collection of loops on S, obtained as liftings by Q of
the following collection

�
L 1; : : : ; L m ; � (L 1); : : : ; � (L m );M 1; : : : ; M t ; � (M 1); : : : ; � (M t );

Z1;1; Z2;1; : : : ; Zs;1; Zs;2; L 00
	

(a) is invariant under the action of  ; and
(b) divides the surface S into genus zero surfaces.

Now Theorem 1 assertsthat  is of Schottky type.

Lemma 3. In the above proof, each of the loops M 1; : : : ; M t lifts to a loop
on S and the loops L 1; : : : ; L m can be chosenso that each of them lifts to a loop
on S.

j

L L

N Nmj

j m

Nm

Dj,k

L

Figure 2.
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Proof. The idea is the following. We �rst construct a collection of (oriented)
loops satisfying (i) and (ii). Clearly, each loop M j lifts to a loop since it goes
around exactly the two branch values Q(cj ); Q(dj ) , which satis�es the rotation
number property of condition (A). As the loop L 00 is free homotopic to commu-
tators and the covering is Abelian, it also lifts to a loop. Choosem homologically
independent (oriented) simple loops N1; : : : ; Nm on R1;1 so that N j intersects
only the loop L j at one point. We have that at least one of the simple loops L j

or N j or L k j

j � N j ( kj 2 f 1; 2; 3; : : : ; p � 1g) must lift to a loop. We replace L j by
the correct one.

Remark 6. In the above construction of loops L j and N j , we may assume
that each of the loops L 1; : : : ; L m , N1; : : : ; Nm � 1 lifts to a loop. In fact, by the
above lemma, we have that each of the loops L 1; : : : ; lm lifts to a loop. Assume
one of the loop N j lifts to an arc. We may assumethat the loop Nm lifts to an
arc. Let j 2 f 1; 2; : : : ; m � 1g be so that the loops N j lifts to an arc. Choosing
orientations in a suitable manner, we have that, for each k = 0; 1; : : : ; p, there is
a simple loop free homotopic to D j;k = N j � (N � 1

m � L j ) � N � 1
m )k , which is disjoint

from all loops N i and L i , for i 2 f 1; : : : ; m � 1g � f j g, and intersectsexactly at
one point with L j (seeFigure 2). Sincewe are dealing with a cyclic covering, we
may choosea suitable value of k so that D j;k lifts to a loop. We replace N j with
Sj;k and alsoreplacethe loop L m by a suitable one in order to have the new loops
L 1; : : : ; L m , N1; : : : ; Nm , with the starting intersection conditions. Applying this
argument for each j 2 f 1; 2; : : : ; m � 1g we end with a collection L 1; : : : ; L m ,
N1; : : : ; Nm so that at least each L 1; : : : ; L m � 1 , N1; : : : ; Nm � 1 lifts to a loop. If
we have that L m also lifts to a loop, then we are done. In the other case,we can
replace the pair L m and L m respectively by L k

m and L � 1
m (seeFigure 3), for a

suitable value of k , to get the desiredcollection of curves.

7. Klein{Sc hottky pairings: A necessary condition

Theorem 8. Let S be a closed Riemann surface and  : S ! S an anti-
conformal automorphism of order 2p, so that S= has no boundary. If  is of
Schottky type, then  has a Klein{Schottky pairing.

Proof. As consequenceof Theorem 1 we have the existenceof a Schottky
system of loops L 1; : : : ; L k � S of H = h i . We may assumethat: (i) such a
system of loops is minimal in the sensethat no strictly smaller subcollection is a
Schottky system of loops of H , and (ii) no �xed point of a non-trivial element of
H + = h� =  2i is contained in someof the above loops. Since we are assuming
that S=H hasno border, we have asconsequenceof Lemma 1, that the odd powers
of  have no �xed points.

Let x 2 S be a �xed point of � l , wherethe stabilizer of x in H + is generated
by � l . Let X � S �

S k
j =1 L j be the component containing x and let H X <

H be its stabilizer in H . Let us denote by H X
+ its subgroup of conformal
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m

L m

Nm

N' m
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Figure 3.

automorphisms. Clearly, � l 2 HX
+ . As X has genus zero, � l may only have at

most two �xed points on X , one of them being x .

Claim. � l has exactly two �xed points on X and H +

X is generatedby � l .

In fact, assumewe have exactly one �xed point on X for � l . It follows
that there is a loop L � f L 1; : : : ; L k g which belongsto the boundary of X and
which is invariant under � l . As each element h 2 HX commutes with � l , we
have that h(x) = x . As no odd power of  has �xed points, this implies that
HX = h� l i = H +

X . In particular, we may delete L and its H -translates to obtain
a Schottky systemof loopsof H , a contradiction to the minimalit y of the Schottky
system of loops. It follows that on X we should have exactly two �xed points of
� l , one of them is x and that H X

+ is generatedby � l . This ends the proof of
our fact.

The above claim assertsthat we are able to obtain a collection of pairs f x; yg,
where x; y run over all pairs of �xed points of a (conformal) generator � l of HX

+

for all possiblecomponents X of S �
S k

j =1 L j for which we have HX
+ 6= f I g.

Such a collection is in fact a Schottky pairing for � just by construction.
Let us consider a component X as above and the corresponding two �xed

points x; y 2 X of the conformal automorphism � l generating HX
+ 6= f I g. We

may assumethat the rotation number of � l at x hasthe form 2� =r (in particular,
the order of � l is r , a divisor of p).

Let us �rst assumethat H X = HX
+ . As consequenceof Riemann{Hurwitz's
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formula, and the minimalit y of the Schottky systemof loops,we have that X is a
spherewith r boundary loops,cyclically permuted by � l . The quotient X=H X is
a disc with two branched values; the projections of x and y . In this way, we see
that the pair f x; yg is an oriented pair.

Let us now assumethat H X 6= HX
+ . As HX is cyclic, we have someodd

power of  , say  2t � 1 that generatesHX . We may assumethat such odd power
is such that  2(2 t � 1) = � l . As  2t � 1 has no �xed points, we should have that
it permutes x and y . By Riemann{Hurwitz's formula and minimalit y of the
Schottky systemof loops,we have that X=H X is a M•obius band with exactly two
branch values;the projections of x and y . In this way, we seethat the pair f x; yg
is a no-oriented pair. Moreover, the above assertsthat such a pair has a petal
(whosecylinder corresponds to X=H +

X ). This also assertsthat such a number of
M•obius bands cannot be bigger that 1 + 
 , where 
 is the genus of S=H+ , in
particular, the collection of non-oriented pairs of the above Schottky pairing have
the required properties for a Klein{Schottky pairing.

8. Construction of Schottky t yp e groups

In this sectionweprovide, asconsequenceof Theorem1, a method to construct
all those Kleinian groups containing a Schottky group as a normal subgroup of
�nite order (called in the rest of this section a Schottky extension group), or
equivalently , how to construct groups of automorphisms of Schottky type. We
�rst start with a group K containing such a Schottky subgroup and �nd some
regionsand subgroupsof (extended) M•obius transformations.

8.1. Some admissible regions and some groups. Let us assumewe have
a non-elementary Schottky extensiongroup K . Let G be a Schottky group which
is a normal subgroup, then of �nite index. Let 
 be the region of discontinuit y of
K and set S = 
 =G, H = K =G. We have a Schottky uniformization (
 ; G; P :

 ! S) of S for which the group H lifts to the group K and a surjective
homomorphism

�: K ! H ;

whosekernel is the Schottky group G, satisfying

�( k) � P = P � k; for all k 2 K :

As a consequenceof Theorem 1, we have the existenceof a Schottky system
of loops for H , say

F = f L 1; : : : ; L k g;

where g � k � 3g � 3 (we may assumethat L 1; : : : ; L g are homologically inde-
pendent) corresponding to the above Schottky uniformization, that is, each loop
in F lifts to loops under P: 
 ! S. Let us denote by bF the collection of loops
obtained by lifting all loops in F under P .
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If L 2 F and L̂ 2 bF are so that P(L̂ ) = L , and the respective stabilizers
are given by cyclic groups

�
K (L̂ ) = f k 2 K : k(L̂ ) = L̂g;
H (L ) = f h 2 H : h(L ) = Lg;

then we have that
8
<

:

P: L̂ ! L is a homeomorphism,
�

�
K (L̂ )

�
= H (L );

�: K (L̂ ) ! H (L ) is an isomorphism.

Similarly, if R is a connected component of S � F and bR is a connected
component of 
 � bF so that P( bR) = R , and the respective stabilizers are given
by �nite order M•obius groups

�
K ( bR) = f k 2 K : k( bR) = bRg;
H (R) = f h 2 H : h(R) = Rg;

then we have that
8
<

:

P: bR ! R is a homeomorphism,
�

�
K ( bR)

�
= H (R);

�: K ( bR) ! H (R) is an isomorphism.

Let us now consider a loop L̂ 2 bF and denote by bR1 and bR2 the two con-
nected components of 
 � bF having L̂ as common border (as consequenceof
Jordan's theorem).

Remark 7. If we have that P( bR1) = R = P( bR2) , then L = P(L̂ ) is a
non-dividing loop on S so that R is at both sidesof L .

We have two possibilities:

(1) K ( bR1) \ K ( bR2) = K (L̂ ) , in which casewe say that L̂ is extraible; or
(2) K ( bR1) \ K ( bR2) has index two in K (L̂ ) , in which case we say that L̂ is

non-extraible.

Lemma 4. In case(2) we have that K (L̂ ) is a dihedral group generatedby
the cyclic group K ( bR1) \ K ( bR2) and a conformal involution kL that permutes
R1 with R2 .

Proof. In case(2) we have the existenceof sometransformation kL 2 K (L̂ ) �
K ( bR1) \ K ( bR2) so that bR2 = kL ( bR1) and k2

L 2 K ( bR1) \ K ( bR2) . We have that
k2

L = I . In fact, we have that kL is a �nite order elliptic transformation that
preserves a loop L and interchanges both topological discs bounded by it. It
follows that both �xed points of kL should be inside L and, in particular, it must
be of order 2. In this way we have that K (L̂ ) is the dihedral group generatedby
the cyclic group K ( bR1) \ K ( bR2 and the involution kL .
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Remark 8. (i) If the group H has odd order, then (as the Schottky group
G has no non-trivial �nite order transformations) we have that all loops in bF are
extraible.

(ii) If L � @( bR) is a border loop of somecomponent bR of 
 � bF , then we have
that L is non-extraible if and only if h(L ) is non-extraible for every h 2 K ( bR) .

We proceedto construct a special domain inside 
 as follows.

8.1.1. Construction of the �rst domain. Let us take a connectedcomponent
bR1 of 
 � bF and choosea boundary loop of it, say L̂ 1 . If this loop is extraible,
then we add to the above domain both the loop L̂ 1 and the connectedcomponent
of 
 � bF at the other side of L̂ 1 and set bR2 as the new domain. If L̂ 1 is non-
extraible, then set bR2 = bR1 . Let us observe that in any of the two situations
there are not two di�eren t connectedcomponents of 
 � bF inside bR2 which are
equivalent under K (but it may happen that a connectedcomponent of 
 � bF
inside bR2 has a non-trivial stabilizer in K ).

8.1.2. Construction of the seconddomain. Let us consider a boundary loop
of bR2 , say L̂ 2 (di�eren t from L̂ 1 in casethat bR2 = bR1 ). If L̂ 2 is extraible and
the connectedcomponent of 
 � bF which is disjoint from bR2 is non-equivalent
under K to a connectedcomponent of 
 � bF inside bR2 , then we add to bR2 both
such a connectedcomponent and the loop L̂ 2 and we set bR3 the new domain.
In the complementary situation, we set bR3 = bR2 . We have again that there are
not two di�eren t connectedcomponents of 
 � bF inside bR3 which are equivalent
under K .

8.1.3. The inductiv e process.We may proceedas in the previous situation to
construct a sequenceof domains bRj so that bRj +1 contains bRj and there are not
two di�eren t connectedcomponents of 
 � bF inside bRj +1 which are equivalent
under K . As the number of non-equivalent components of 
 � bF under K is the
samenumber as for the non-equivalent components of S � F under H , we have
that such a sequenceis �nite. The maximal of them is a domain bRS;H with the
following properties:

(1) bRS;H is disjoint �nite union of loop in bF and components of 
 � bF ;
(2) any two di�eren t components of 
 � bF inside bRS;H are not equivalent

under K ;
(3) any component of 
 � bF has an equivalent component (under K ) inside

bRS;H ;
(4) if L̂ 2 bF is a boundary component of bRS;H , then either:

(4.1) there exists a conformal involution kL̂ 2 K (L̂ ) so that kL̂ ( bRS;H ) \
bRS;H = ; and K (L̂ ) is a dihedral group generatedby the involution kL and a
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cyclic group, which coincideswith the stabilizer of L̂ of the stabilizer in K of any
of the two components of 
 � bF containing L̂ in the border; or

(4.2) there is no a conformal involution in k 2 K that preserves L̂ so that
k( bRS;H ) \ bRS;H = L̂ . In this case,there exists another di�eren t boundary loop
L̂ 0 2 bF of bRS;H and a loxodromic transformation kL̂ 2 K so that

�
kL̂ (L̂ ) = L̂ 0;
kL̂ ( bRS;H ) \ bRS;H = L̂ 0:

Let us considertwo di�eren t boundary loops L̂ 1 and L̂ 2 of our region bRS;H ,
both of them satisfying the property (4.1) above. Let us assumethere is a trans-
formation k 2 K satisfying k(L̂ 1) = L̂ 2 . As we are assuming the loops to be
di�eren t, we have that k 6= I . Let us denoteby kL j 2 K the conformal involution
preserving L̂ j that permutes both topological discsbounded by L̂ j , for j = 1; 2.
We have that either k or kL 2 k sendsthe component of 
 � bF contained inside
bRS;H having L̂ 1 asborder loop to the component of 
 � bF contained inside bRS;H

having L̂ 2 . As consequenceof (2) above, we have that both components should
be the same,say bR , and that k must belong to either K ( bR) or kL 2 K ( bR) .

8.2. The construction metho d. Let us consider a �nite collection R1 ,
: : :, Rm of admissible regions in the Riemann sphere so that R =

S m
j =1 Rj is

connected. In this way, R is again an admissibleregion.

(1) Let us assumewe have �nite M•obius group H 1; : : : ; Hm so that:
(1.1) For every h 2 H j we have h(Rj ) = Rj ;
(1.2) If Ri 6= Rj areborder related, say with commonborder loop L , then H i (L ) =

H j (L ) ;
(1.3) Let Rj , Rk and Rt be three di�eren t regionssothat Rk and Rt are each one

border related to R j (in particular, Rk and Rt cannot be border related).
Then there is no h 2 H j so that h(Rj \ Rk ) = Rj \ Rt .
Under the above conditions we may apply the �rst Klein{Maskit combination

theorem [M4] to obtain that H = hH 1; : : : ; Hm i is a geometrically �nite function
group which is a free amalgamated product of the �nite order groups H j (the
amalgamationsaregivenover the cyclic groupsstabilizersof the commonboundary
loops of di�eren t border related regions). Moreover, if L is a boundary loop of R
and let Rj 2 f R1; : : : ; Rm g be the (unique) component that contains L , then we
have that H j (L ) = H (L) .

(2) If L is a boundary loop of R , then we assumewe have a M•obius trans-
formation hL , so that:

(2.1) hL (L ) = L 0 is a boundary loop of R ;
(2.2) hL (R) \ R = L 0;
(2.3) hL 0 = h� 1

L ;
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(2.4) if L = L 0, then K (L) = hhL ; H (L )i is either a dihedral group or Z2 ;
(2.5) if L 6= L 0 and

(2.5.1) there is an element h 2 H so that h(L ) = L 0, then h� 1hL has order 2,
permutes both topological discs bounded by L and the group K (L) =
hh� 1hL ; H (L )i is either a dihedral group or Z2 which does not depend
on the choice of h ;

(2.5.2) if there is no element h 2 H so that h(L ) = L 0, then we set K (L ) =
H (L) ; and

(2.6) hL conjugates H (L) onto H (L 0) .
(3) If we have two di�eren t boundary loops L 1 and L 2 of R and someh 2 H

so that h(L 1) = L 2 , then h conjugates K (L 1) onto K (L 2) .

If we have that L 0 6= L , then conditions (2.1) and (2.2) and the fact that the
boundary loops of R are pairwise disjoint assert that the transformation hL is a
loxodromic transformation.

If L 0 = L , then we have from (2.2) and (2.3) that hL 6= I and h2
L = I ; this

makesclear why condition (2.4) makessense.
With respect to conditions (2.5) and (3), let us observe that the geometrical

construction of H by use of the �rst Klein{Maskit combination theorem asserts
that if there are two boundary loops of R , say L 1 and L 2 and there is some
h 2 H so that h(L 1) = L 2 , then either (i) L 1 and L 2 belong to the samedomain
Rj and h 2 H j or (ii) there are two border related regions R j and Ri so that
L 1 is in the border of Rj , L 2 is in the border of Ri and there exist hj 2 H j and
hi 2 H i so that h = hi hj .

Condition (2.6) is necessaryas consequenceof the decomposition done in the
previous section in order to get a Schottky extension group.

Let us consider the group K generated by the function group H and the
transformations hL , where L runs over all boundary loops of R . We may now
apply the secondKlein{Maskit combination theorem [M4] to obtain that K is
a geometrically �nite Kleinian group. Moreover, its region of discontinuit y will
be necessarilyconnected. As a consequenceof Selberg's lemma K contains a
�nite index torsion free normal subgroup G. In particular, G will be purely
loxodromic �nitely generatedgeometrically �nite Kleinian group with connected
region of discontinuit y. It follows that G is a Schottky group as a consequenceof
the classi�cation of function groups [M2], [M3]. In this way, the classof groups
constructed by the above procedureare Schottky extensiongroups. The reciprocal
is consequenceof the decomposition done in the previous section.
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