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Abstract. A group H of (conformal/anticonformal) automorphisms of a closed Riemann
surface S of gerus g 2 is said of Schottky type if there is a Schottky uniformization of S for
which it lifts. We obsenethat H is of Schottky typeif and only if it leavesinvariant a collection of
pairwise disjoint simple loops which disconnect S into gerus zero surfaces. Moreover, in the case
that H is a cyclic group (either generatedby a conformal or an anticonformal automorphism) we
provide a simple to chedk necessaryand su cien t condition in order for it to be of Schottky type.

1. Intro duction

Assumewe have a collection of 2g > 0 pairwise disjoint simple loopsin the

of gerus g is a set of Scottky generators,that is, has assaiated a fundamental

system of loops [C]. In [M1] it is shown that a purely loxodromic Kleinian group
isomorphic to a free group of rank g is a Schottky group of gerus g. The trivial

group is de ned asthe Schottky group of gerus zero. If we denoteby  the region
of discortinuity of a Schottky group G of gerus g, then the quotient S = =G
turns out to be a closedRiemann surfaceof gerus g. The reciprocal is valid by the
retrosection theorem [Ko2] (see[B] for a modern proof using quasiconformal de-
formation theory). A triple ( ;G;P : ! S) is called a Schottky uniformization

of a closedRiemann surface S if G is a Sdottky group with asits region of
discortinuity and P: ! S is a holomorphic regular covering with G as covering
group. Sdottky uniformizations correspond to the lowest planar regular coverings
of S and alsothey correspond to geometrically nite hyperbolic structures on han-
dlebodies, with inner injectivit y radii bounded below by a positive value, having
S as conformal border. In this note, by an automorphism of a Riemann surface
S we mean either a conformal or an anticonformal automorphism. A group of
automorphismswhich only contains conformal automorphismswill be saidto be a
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conformal group of automorphisms. A group H of automorphismsof S is said of
Schottky type if there is a Scottky uniformization of S, say ( ;G;P: ! S),
sothat H lifts, that is, for every h 2 H there is an automorphism f: 1 for
which h P = P fi. The main problem we are interestedin is to decidewhen a
given group H of automorphisms of S is of Scottky type. As in gerus O this is
trivial and in gerus 1 this is completely known [H4], we restrict ourselwesto the
situation of gerus at least 2. For someparticular classesof groups (for instance,
conformal cyclic, conformal abelian, conformal dihedral, and someanticonformal
cyclic groups) there are complete answers for the above lifting problem (seefor
instance, [HC], [H1], [H2], [H4], [H5], [H6], [H8], [RZ1] and [RZ2]). In this note we
provide a necessaryand su cien t condition for a group of automorphismsto be of
Schottky type. In the particular caseof cyclic groups of automorphisms generated
by an anticonformal involution, we also provide a condition which is simple to
ched for it to be of Schottky type, completing the work donein [HC].

This note is organized as follows. In Section 2 we provide a necessaryand
su cien t condition for a given nite group of automorphisms to be of Scottky
type (seeTheorem1). Sud a condition relays on the existenceof certain collection
of pairwise disjoint simple loops on the surface, invariant under the group under
consideration, which dissectsthe surfaceinto gerus zero surfaces.In Section 3 we
restrict to the caseof conformal automorphisms and we recall an already known
necessarycondition (condition (A)), which turns out to be su cien t in many cases,
for instance for the cyclic case(see Theorems2 and 3). In Section 4 we restrict
to groups containing anticonformal automorphisms and we mainly consider the
cyclic case. Necessaryand su cien t conditions (simpler to chedk than the ones
given in Theorem 1) are given (seeTheorems5 and 6). In Section 5 we provide
the de nition of Klein{Schottky pairings, neededin the necessaryand su cien t
conditions for the anticonformal cyclic case.In Sections6 and 7 we give the proof
of Theorem 6. In Section 8 we provide, asa consequencef Theorem 1, a method
to construct all Schottky type groups of automorphisms.

2. A necessary and sucien t condition

To give an answer to the Sdottky lifting problem, we need the following
de nition. Let us consider a closedRiemann surface S of gerus g 2 together
a group H of automorphismsof it (then a nite group by Hurwitz). A collection
of pairwise disjoint simple loopson S, say Li;:::;Lx S, is called a Schottky
systemof loops of H if

S
(1) ead connectedcomponert of S jn:l L; is a gerus zero bordered surface;
and

We have the following necessaryand su cien t condition for a group of auto-
morphismsto be of Schottky type.
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Theorem 1. A group H of automorphisms of a closed Riemann surface S
of gerus g 2 is of Schottky type if and only if there is a Schottky system of
loopsof H .

Remark 1. (i) In the caseof gerus g = 1, Theorem 1 is still valid with
k = 1 and replacing the property of \invariant under H" by the property of
\homotopically invariant under H".

(i) If the group H is of Schottky type, then Theorem 1 assertsthe existence
of a Sdottky systeng)f loops for H, say Li;:::; Lk S. Let us consider a
componert X of S }(:1 L;,andlet Hx be the stabilizer of X in H. We may
identify X with a subset of the Riemann sphere bounded by a nite collection
of pairwise disjoint simple loopsand Hyx with a nite subgroup of the extended
Mebius group (the group of conformal and anticonformal automorphisms of @).
One may usethis information to give a topological classi cation of all the possible
geometrically nite Kleinian groups we may obtain by the lifting processof H
under Sdottky uniformizations. In the cyclic conformal caseit is donein [H9]. In
the last section we provide a method to obtain all Sdottky type automorphisms.
In this way, Theorem 1 may be usedto obtain someof the results in [MMZ] from
a planar point of view.

(i) As said before,a Saottky group of gerus g de nes a geometrically nite
complete hyperbolic structure on a handlebody of gerus g with injectivit y radii
boundedbelow by a positive value and vice-versa. In particular, we may interpret
the notion of a Schottky type group of automorphisms as follows. Assume we
have given a pair (S;H), where S is a closedorientable surface of gerus g and
H is some nite group of its homeomorphisms. As a consequenceof Nielsen's
realization problem [Ke], we may giveto S the structure of a Riemann surfaceso
that, up to homotopy, H is a group of (conformal/anticonformal) automorphisms.
The surface S may be thought as the conformal boundary of a handlebody of
gerus g; sud a handlebody is not unique and correspondsto the di erent Scottky
uniformizations of the Riemann surface S. We may ask for the existenceof one
of these handlebodies for which the group H extends corntinuously as a group of
hyperbolic isometries. The existenceof sud a handlebody is equivalert to the
existenceof a Schottky uniformization of S for which H lifts.

(iv) Let V4 be ahandlebody of gerus g, Out(F4) be the group of outer auto-
morphisms of the free group Fgy of rank g, Di " (V) be the group of orientation
preserving homeomorphismsof Vy and : Di “(Vy) ! Out(Fg) be the natural
homomorphism. Assume we are given a nite group H and a homomorphism

:H ! Out(Fg). In [MZ], [MMZ], [Z] the following question was studied and
solved: Is there an imbedding : H ! Di " (Vy) sothat = ? This problem is
related to ours by the fact that H solvespositively the above if and only if (H)
restricted to the border S of Vg is of Schottky type. Unfortunately, in order to use
their ideasto solve our problem, we needto ched at all possiblehomomorphisms

:H ! Out(Fy) for the (nite) group of (conformal) automorphisms of S, which
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seemsto be not a good strategy. This problem makesour work di erent and not
a consequencef the above papers.

A simple consequenceof Theorem 1 is the following reducibility necessary
condition on a Sdottky type group of automorphisms.

Corollary 1. If agroup H of automorphisms of a closed Riemann surface
S is not reducible, then it cannot be of Scottky type.

2.1. Pro of of Theorem 1. Assumewe have a group H of automorphisms
of a closedRiemann surface S of gerus g 2.

Let us assumewe have a collection of simpleloopsL;:::;Lx S, sothat:

(1) the connectedcomponents of S (L1[ L2 [ Lk) consistsof gerus zero
bordered surfaces;and

L fLq;:::;Lkg consisting on g homologically independert loops. The same
condition ensuresthat the normalizer in the free homotopy classof L is generated
by the total collection of loops. Now condition (2) ensuresthat any Sdottky
uniformization of S de ned by L hasthe required lifting property.

Reciprocally, assumeH is of Schottky typeandlet ( ;G;P: ! S) bea
Schottky uniformization for which H lifts. As consequencef the uniformization
theorem,in S we have a hyperbolic metric for which H actsasgroup of isometries.
Let us considera simple closedgealesicL; S of smallesthyperbolic length with
the property that it lifts to a loop on . It follows that for eadh h 2 H either:
() h(Ly) = Ly, or(ii) h(Ly)\ L1 = ;. In fact, assumethat h(L1)\ L; 6 ; and
h(L,) 6 L1. As h lifts to the Schottky uniformization we have that both L; and
h(L,) lift to loopson . Both of them have the samehyperbolic lengthasL . Let

us chooserespective liftings €; and h?‘Ll) sothat they intersect. The planarity
of assertsthat the number of intersection points is even. Let us orient E;
in counterclockwise order. We now x an intersection point p 2 E; \ h@Ll).

Let us start from p and follow E,, in the given orientation, until we arrive for
rst time to a secondintersection point, say g 6 p. Thesetwo points divide E;
(respectively, h@'L 1)) into two pairwise disjoint arcs A; and A, (respectively, B
and B,). We may assumethat the hyperbolic length of A; (respectively, of B;)
is at most half the hyperbolic length of L;. We may then consider the simple
loop ' = A1 [ B1[ fp;ag. We have that the hyperbolic length of ' is at most
the hyperbolic length of L; and that [ is not a simple closedgeadesic. Also, [
projects on S to a simple closedcurve L, which is not geadesic. We considerthe
unigue simple closedgeadesichomotopicto L, say N . Wethen have that N lifts
to a loop on the above Schottky uniformization and hasstrictly smaller hyperbolic
length than L., a cortradiction.
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Let us considerthe collection of translates geadesicsof L ; under the group H ,

say Li;:::;L,. Wehavethat the collection of connectedcomponeris of S (L[
[ L;) isinvariant under H . If someof such componerts, say X , has positive
gerus,then wemay nd asimple closedgeadesicL,+; X of smallesthyperbolic
length with the property that it lifts to aloopon . As for the caseof L, we have
that for eath h 2 H either: (i) h(L;+1) = Ly+1, 0r (i) h(L;+1)\ L;+1 = ; and
h(L,+1) is disjoint from Lq;:::;L,. We now considerthe translates under H of

of S (L1 [ Li+s) still invariant under the action of H. As the gerus of
S is nite, we may proceedwith the above argument a nite number of times
until we get that eat connectedcomponert (of the complemen of the respective
collection of gealesics)has gerus zero. The nal collection of loops obtained with
sud a procedureis the desiredone. o

2.2. Some generalities of Schottky type groups of automorphisms.
We end this section with somegeneralities on Schottky type groups of automor-
phisms. First, we needthe following de nition. Let q > 0 be any odd integer
number. An extended Meobius transformation  which is conjugated to a trans-
formation of the form _

ek =d

b(z) = ——;

wherek 2 f1;3;:::;q 2g is odd and relatively prime with g, is called an imagi-
nary elliptic transformation. In this way, 2 is an elliptic transformation of order
g and 9 is animaginary re ection. If k = 1, then we say that is a geometric
imaginary elliptic transformation. In any case,if is an imaginary re ection of
order 2q, then €= is a real projective plane with exactly one branch value of
order gq. When q= 1, we are in the presenceof imaginary re ections and €= is
a real projective plane without branch values.

Let us assumewe have a Sdottky type group H of automorphisms of a
RiemannsurfaceS ofgerusg 2. Theorem1 providesthe existenceof a Schottky
system of loopsfor H. To ched the existenceof such a collection of loopsis in
generalnot so easyto get. It is for that reasonone would like to have conditions,
which should be easyto chedk, ensuring the existenceof a Sdottky system of
loops. Let ( ;G;P: ! S) bea Scottky uniformization of S for which H lifts.
We have the following facts.

(1) As the region of discortinuity  of a Schottky group is known to be a
domain of type Oap [AS], we have that for each h 2 H , the lifted automorphism
fi should be either the restriction of (i) an extended Mebius transformation if h is
anticonformal or (ii) a Mebius transformation if h is conformal. In particular, the
group ®, generatedby all the lifted transformations fi, for all h 2 H , cortains G
asa nite index normal subgroup. If & denotesthe subgroup of ¢ consisting of
only the Mebius transformations, then we have, as & contains G asa nite index
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normal subgroup, that & turns out to be a geometrically nite function group.
Geometrically nite function groups have beenclassi ed by B. Maskit [M3].

(2) As B isa nite extensionof G and G cortains no parabolic transforma-
tions, then neither @ does.

(3) If fi2 ® isan elliptic transformation, then we know from [H3] that
either (i) both xed points of fi belongto the region of discortinuity ~ of G or
(i) there is a loxodromic transformation in G commuting with fi.

(4) If i 2 & isan elliptic transformation, Fix(f) = fa;bg and there is
somef 2 8 sothat f(a) = b, then the non-existenceof parabolics in 8 ensures
that f(b) = a. It follows that: (i) if £2 &, then 2= 1; and (i) if £2 &, then
f is imaginary elliptic.

3. The conformal situation

In the caseof conformal groups H a much simpler necessarycondition, called
condition (A), was obtained in [H4]; this condition (A) can be obtained from the
argumerts done at the end of last section.

3.1. Condition (A). Let S be a closed Riemann surfaceand H a nite
group of its conformal automorphisms. If a2 S is a xed point of some h 2
H flg, then we denoteby R(h;a) 2 ( ; ] the rotation number of h about
a, and we denote by H(a) the stabilizer subgroup of a in H. We sa that H
satis es the condition (A) if the setof all xed points of the non-trivial elemerns
of H can be put into pairs satisfying the following properties.

(A1) If fp;ag is such a pair, then p 6 g, H(p) = H(q) = H¢,qg and, for eah
h 2 H¢pqg Of order greater than two, R(h;p) = R(h;q).

(A2) If fp;qg and fr;tg are two suc pairs, then either fp;qg\ fr;tg = ; or
fp;ag= fritg.

(A3) If fp;ggisapairandt2 H issothat t(p) = q, then t hasorder two.

(A4) If pisa xed point of somenon-trivial elemen of H, then there is another
xed point g sothat fp;qg is one of the above pairs.

A pairing of H satisfying (A1){(A4) is called a Schottky pairing of H .

Theorem 2 ([H4]). Condition (A) is a necessarycondition for a group H of
conformal automorphisms of a closedRiemann surfaceto be of Sdottky type.

3.2. Condition (A*). The sameas condition (A), but replacing (A3) with
the following:

(A3*) for ead pair fp;qg there is no transformation t 2 H sothat t(p) = q.
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Remark 2. (1) If either (i) the order of H is odd or (i) H is a cyclic
group, then (A3) cannot happen, in particular, condition (A) turns out to be
condition (A*) in this situation.

(2) If H satis es condition (A*), then S=H cannot have signature (0; 3;m; n; t),
that is, it is not of gerus zero with exactly three branch values(seeCorollary 2).
An easyway to seethat in this caseH cannot be of Schottky type is the follow-
ing. Sinceevery function group of sud signature is a Fuchsian group of the rst
kind [Kr], it contains no nite index Sdottky subgroups. This obsenation and
Riemann{Hurwitz's formula permits usto obtain that the order of every Scottky
type group of conformal automorphisms of a surface of gerus g 2 has upper
bound equalto 12(g 1) in corntrast to Hurwitz's bound 84(g 1).

(3) If H is an Abelian group and there is a pair fp;qg in a Sdottky pairing
which is permuted by someinvolution, then Hs .4 is necessarilya cyclic group of
order 2.

(4) Given a Schottky pairing for a group H, we may obtain a new Schottky
pairing with the following extra symmetrical property [H4]:

If fp;qg is a pair, then for all h 2 H we havethat fh(p);h(g)g is again a

pair .

(5) If H is a group of conformal automorphismsthat satis es condition (A),
then every subgroup K < H satis es condition (A).

(6) Condition (A) trivially holdsin the following cases:(i) H actsfreely, i.e.,
no elemert of H flg has xed points; (i) H is a cyclic group of order 2; (iii) H
is a dihedral group.

As a consequencef part (1) and (2) of the above remark and Theorem 1 we
have the following easyfact.

Corollary 2. If H is a group of conformal automorphisms of a closedRie-
mann surface S sothat S=H is the Riemann spherewith exactly three branch
values,then H is not reducible.

Remark 3. The above fact tells us the dicult y of obtaining an explicit
example of both a Sdottky group and an algebraic curve represeiing the same
conformal class of Riemann surface. This type of problem has been carried out
(numerically) in [H7].

Theorem 3 ([H2], [H5], [H6], [H8]). Condition (A) turns out to be necessary
and sucient in the classof (i) Abelian groups, (ii) dihedral groups, (iii) the
alternating groups A4 and As and (iv) the symmetric group S 4.

In [RZ2] the above theorem is proved using 3-dimensional methods in the
caseof dihedral and Abelian groups. Also, a general necessarycondition for a
nite group to be of Sdottky typeis givenin [RZ1].

Corollary 3. If H is either (i) a freely acting Abelian group, (ii) a cyclic
group of order 2; or (iii) a dihedral group, then H is of Schottky type.
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Remark 4. Condition (A) is not in generalsu cien t aswas seenin [H8].

4. The anticonformal situation

Let usnow considera group H of automorphismsof a closedRiemann surface
S, cortaining necessarilyanticonformal ones. We denote by H* its index two
subgroup consisting of the conformal automorphisms. We start with the following
easyfact.

Theorem 4. If H is an Abelian group, then H* is of Scottky type.

Proof. Choose 2 H H*.Leth" 2 H" bedierent from the identity. Asan
involution hasan evennumber of xed points, we only needto seehow to construct
pairings, satisfying condition (A), for h* of order at least 3. Assumethen that
h* hasorder biggerthan 2. Let a2 S bea xed point of h* . We havethat (a)
isalsoa xed point of h* and R h*; (a) = R h* . (@) = R(h";a).
It followsthat, asR h*; (a) 2 ( ; ),that (a) 6 a and that the pairings of
type a; (a) will give usa Scottky pairing for the Abelian group H* . As H*
is Abelian group we have, as consequenceof Theorem 3, that H* is of Schottky

type. o

4.1. The cyclic case. If H is a cyclic group of order 2, say generatedby
the anticonformal involution :S! S, then H is of Stottky type. In the case
that is areection (that is, has xed points), this fact was already known to
Koebe [Kol]. In the casethat is an imaginary re ection (that is, hasno xed
points), this follows from the fact that the topological action of such an involution
is rigid. Someresults in the casewhen is an imaginary re ection have been
obtained in [HM]. Not much is known in the generalanticonformal caseasit isin
the conformal situation. In [HC] we have consideredthe cyclic case. The following
summarizesthe results obtained there.

Theorem 5 ([HC]). Let S beaclosedRiemann surfaceand :S! S bean
anticonformal automorphism of order 2p.
() If p=2;3,then s of Scottky type.
(i) If S= hasnon-empty border, then is of Schottky type.
(ii) If no non-trivial power of has xed points, then is of Sthottky type.

Situation (ii) of the above takes care of the casewhen S= has non-empty
border. Situations (i) and (iii) take care of someof the complemertary cases.The
following, which is the subject of the rest of this paper (exceptfor the last section),
complete the situation in the cyclic non-orierntable case.

Theorem 6. Let S be a closed Riemann surfaceand :S ! S be an
anticonformal automorphism of order 2p sothat S= hasno boundary.

(1) is of Schottky typeif and only if  hasa Klein{Schottky pairing.
(i) If pisaprime, then is always of Schottky type.



Automorphism groups of Schottky type 191

In Section 5 we give the de nition of a Klein{Schottky pairing and in Sec-
tions 6 and 7 we give the proof of Theorem 6 (in those sectionsthe su ciency part
correspndsto Theorem 7 and the necessiy part correspondsto Theorem 8).

5. Klein{Sc hottky pairings

In the rest of this sectionwe x a closedRiemann surface S, of positive gerus
g, an anticonformal automorphism :S! S of order 2p, where p is a positive
integer, sothat S= hasempty boundary. If weset = Pand = 2, thenwe
have that:

0] is either an imaginary re ection (if p is odd) or a conformal involution (if

p is even); and
(i) is a conformal automorphism of order p.

Let us denote by H the cyclic group generatedby , by H* the index
two subgroup generatedby , by R = S= and by Q:S! R be the p-fold
holomorphic branched covering induced by the action of . Theorem 4 asserts
the existenceof a Sdchottky pairing for the cyclic group H* . If is the gerus of
R and r is the number of pairs in a Scottky pairing for H* , then we have that
R is an orbifold of gerus  with exactly 2r branch values (as a consequenceof
part (1) of Remark 2). Let usdenoteby :R! R the anticonformal involution
induced by

Lemma 1. The anticonformal involution is an imaginary re ection. In
particular, (i) the non-trivial powers of  only have isolated xed points, and
(i) the odd powers 2k 1 haveno xed points.

Proof. As S= = R= hasno boundary, then cannot be a re ection. As
eat odd power of induces , we obtain part (ii). Now part (i) is clear since
even powers are conformal and odd powers have no xed points. o

5.1. Loops and arcs. Let usconsidera simpleloop L R, disjoint from
the branching locus. We say that L lifts to a loop on S if the lifting of L consists
exactly of p pairwise disjoint simple loops. Otherwise, we say that L lifts to an
arc on S.

5.2. Oriented and non-orien ted pairs of Schottky pairings. As a
consequenceof Theorem 4 we have that = 2 satis es condition (A) and, in
particular, we have the existenceof Scottky pairings for

Assume fa;;bg;:::;fa;bg isoneof sud Sdottky pairings. By part (1)

of Remark 2, we have Q(a;) 6 Q(ly). There are two possibilities:
) Q(a) =Q();or
(i) Q) 6 Q).
In case(i) we sa that the pair fa;;ly g is a non-oriented pair and in case(ii)
we s& it is an oriented pair. As the involution hasno xed points, we have that
the number of oriented pairs in any Scottky pairing is necessarilyeven.
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5.3. Cylinders. A cylinder C S is a closedsubsethomeomorphicto the
set z2C: % jzj 2 . Any simple loop on the interior of C homotopic to the
loop corresponding to fj zj = 1g is called a waist of C.

5.4. Petals. A simpleloop L R, either (i) containing no branch values
or (i) cortaining Q(a) and Q(b), where fa;bg is a non-oriented pair of some
Schottky pairing of , but containing no other branch value of Q, is called a petal
if it is possibleto nd acylinder C R for which L is a waist and so that:

(i) the only branch valuesof Q in the closureof C are those contained in L ;
(i) ead of the two boundary loopsof C, sy A and B, lifts to aloopon S;
(i) (L)=1L;and
(iv) (C) = C (in particular, (A)=B).

this case,we may choosetheir respective cylinders to be pairwise disjoint.

Remark 5. If we have a petal L, with respective cylinder C, then we have
that a connectedcomponert P of Q (C) is a gerus zero surfacewith boundary.
The stabilizer of P in H* is either trivial (if the petal L has no branch values
onit) or it is exactly H*(a) = H* (b), where fa;bg is the non-oriented pair for
which Q(a);Q(b) 2 L.

5.5. Klein{Sc hottky pairing. As obsened in Section 5.2, any Sdottky
pairing for  can be written asa collection

() fa;;bpg;:ii fas;bsg; fer;digr it fea; dag
sothat the pairs fa; ;b g are the non-oriented onesand the pairs f¢;; d;g are the
oriented ones. We say that the Sdottky pairing ( ) is a Klein-Schottky pairing
of h i if:
Q) s + 1;and
(2) if s> 0, then it is possibleto nd a collection of pairwise disjoint petals
Li;:::;Ls R, sothat:
(2.1) tge loop L; contains Q(a;) and Q(b);
(2.2) 1:11 L; divides R into two bordered surfacesR; and R, which are
permuted by , and sothat Q(c.); Q(dk) 2 Ry and Q(ces «); Q(ds ) 2

Lemma 2. A Sdottky pairing without non-oriented pairs is a Klein{Schottky
pairing. If the gerus of S= is even, then any Schottky pairing with at most one
non-orierted pair is a Klein{Schottky pairing.

Proof. The rst statemert is clearby the de nition. Now we assumethe gerus
of S= is even and that we have a Sthottky pairing with exactly one non-oriented

pair, say
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so that the pair fa;;b;g is the non-oriented one and the pairs f¢;djg are the
oriented ones.
We have the following facts:

(i) A simpleloop N R which boundsatopologicaldisc y R, containing
in its interior the branch values Q(c;) and Q(d;) and whoseclosure is disjoint
from all other branch values, must lift aloop on S;

(i) A diving simple loop M R, disjoint from the branch locus, which
does not separate Q(c;) and Q(d;) (for all j) also lifts to a loop on S. This
is consequenceof the fact that sud a loop will be homotopic to the product of
commutators and loopsasin (i).

It is clear from the topology of the action of an imaginary re ection on an
even gerus surfacethe existenceof a dividing loop L R satisfying that: (a) L
is invariant under , (b) Q(a1);Q(lyr) L, and (c) L is disjoint from all other
branch values. As a consequenceof the above facts we have that the loop L
is necessarilya petal. This petal satis es the conditions for the above Sdottky
pairing being a Klein{Schottky pairing. o

Prop osition 1. If p is a prime, then there is a Klein{Schottky pairing for
hi.

Proof. Let us consider rst the casep 3. In this casewe havethat is an
imaginary re ection. We may write the setof xed points of as:

FixX()= Xp;X2= (X1);Xz;Xa = (X3);::hXar 1:Xor = (X2r 1)

sothat (the rotation numbers) R( “;Xz 1) 2 (0;+ ). If r iseven,say r = 2s,
then the collection

is a Sdottky pairing with no non-oriented pairs, then a Klein{Schottky pairing
as consequenceof Lemma 2. If r isodd, sy r = 2s 1, then we consider the
collection

The above is a Sdottky pairing with exactly one non-orierted pair, given
by (fxss 3;Xss 29). If S= has even gerus (that is, if S has even gerus by
Riemann{Hurwitz formula), then we have a Klein{Schottky pairing asconsequence
of Lemma 2.

Let us now considerthe casethat S= has odd gerus. We may draw two
pairwise non-dividing disjoint simple loops L1;L, R, ead oneinvariant under

, hone of them containing branch values, both together dividing R into two
componens, sy R; and R, (which are permuted by ). On R; we may draw a
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dividing simple closedloop L3 sothat L3 divides R; into two surfaces,say Ri.1
and R1.», sothat Rj.; cortains no branch values, R;., contains all branched values
on R; and Rj., is homeomorphicto a three-holed sphere. The loop L3 lifts to a
loop on S sinceit is product of commutators. Just by a simple modi cation onthe
loop L;, we may assumethat the branched valuescortained on Ri., are: Q(x1),

(i) N; bounds a topological closed disc R1.» corntaining the points

Q(xz; 1) and Q(xy; j)),and
(@i 4\ k=, forj6Kk.

As we know that ead loop N; lifts to aloop on S, we only needto consider
the casethat R hasgerus 1 and exactly two branched valueswhich are permuted
by ,that is, S hasgerusthe prime value p. As the topological action of a cyclic
group of order a prime p, with exactly two xed points, on a gerus p Riemann
surfaceis rigid, a petal as neededis easyto obtain (seeFigure 1 for p = 3).

In the casep = 2 we have that is a conformal involution, then it has an
even number of xed points. Now we may usethe sameargumerts asin the above
case.o

6. Klein{Sc hottky pairings: A sucien t condition

Theorem 7. Let S be a closedRiemann surfaceand :S! S an anti-
conformal automorphism of order 2p sothat S= hasno boundary. If h i hasa
Klein{Schottky pairing, then is of Schottky type.

The above together Proposition 1 givesus as a consequenceart (i) of The-
orem 6.

Corollary 4. Let S beaclosedRiemann surfaceand :S! S an anticon-
formal automorphism of order 2p with p a prime. If S= hasno boundary, then
is of Schottky type.

Proof of Theorem 7. Let bethe gerusof R=S= and :R! R bethe
imaginary re ection induced by

Let fap;byg;:::;fas;bsg;fcy;dig;:::;fcy;dxg be a Klein{Schottky pair-
ing for , sothat the pairs f a; ; b g are the non-oriented onesand the pairs f¢;; dj g
are the oriented ones. In particular, = 2m+ s 1 for somenon-negative inte-
ger m.

In the casethat our Klein{Schottky pairing has no non-oriented pairs, the
argumerts arethe sameasfor the casewhenthere is no branching values[HC]. This
is consequencef the fact that a simpleloop N R which bounds a topological
disc n R, containing in its interior the branch values Q(¢;) and Q(d;) and
whoseclosureis disjoint from all other branch values, must lift aloopon S.

We assumefrom now on that s > 0. We may also assume(after reindex-

ing) that Q(Cj) = Q(Ct+j)a Q(dj) = Q(de),forj = 1;:::;t. Asfaj;t]g
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Figure 1. The topological action in casep= 3 and a petal L.

is non-oriented, we have Q(a) = Q(b), for j = 1;:::;s. By the de ni-
tion of Klein{Schottky pairings, we have the existenceof a set of disjoint petals

boundary loopsare Z;1 and Z;, = (Zj;1). The cylinders C; can be assumed
sudh that no other branch value than Q(a;) and Q(by) are cortained on it. Let
usdenoteby R; and R, = (R31) the two componerts of R (Cq [ [ Cs). We
have that exactly 2t branch values must belongto R; and the other 2t branch
valuesbelongto R,. We may draw a dividing simple loop Log R31 sothat it
divides R; into two componerts, sy Ri.1 and Rj.», sothat Rj.; is a surfaceof
gerus m with exactly oneborder (the curve Loo) and R3.» is a gerus zerosurface
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(i) a collection of (oriented) homologically independent pairwise disjoint simple

sothat M; bound a disc containing exactly the two branch valuesof order p
givenby Q(cj); Q(d;).

connectedcomponerts of Q (U) consistof exactly gerus zero bordered surfaces
homeomorphicto U. The collection of loopson S, obtained as liftings by Q of
the following collection

(a) isinvariant under the action of ; and
(b) divides the surface S into gerus zero surfaces.

Now Theorem 1 assertsthat  is of Sdhottky type. o

Lemma 3. In the above proof, eac of the loops M 4;:::; M, lifts to a loop
on S andthe loopsLq;:::;Lyn canbe chosensothat eat of them lifts to a loop
onS.

Nj N
LJ Lm

Figure 2.
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Proof. The idea s the following. We rst construct a collection of (oriented)
loops satisfying (i) and (ii). Clearly, ead loop M; lifts to a loop sinceit goes
around exactly the two branch values Q(c;j); Q(d;), which satis es the rotation
number property of condition (A). As the loop Lo is free homotopic to commu-
tators and the covering is Abelian, it alsolifts to a loop. Choose m homologically

only the loop L; at one point. We have that at least one of the simple loops L
or Nj or ijj N; (kj 2f1,23;:::;p 1g) must lift to aloop. WereplaceL; by
the correct one. o

Remark 6. In the above construction of loops L; and N;, we may assume

one of the loop N; lifts to an arc. We may assumethat the loop N, lifts to an
arc. Let j 2 f1;2;:::;m 1g be sothat the loops N; lifts to an arc. Choosing

orientations in a suitable manner, we have that, for each k = 0;1;:::;p, there is
a simple loop free homotopic to Djx = N; (N1 Lj) N,1¥, which is disjoint
from all loops N; and L, fori 2 fl;:::;m 1g fjg, and intersectsexactly at

one point with L; (seeFigure 2). Sincewe are dealing with a cyclic covering, we
may choosea suitable value of k sothat Djx lifts to aloop. We replace N; with
Sik and alsoreplacethe loop L, by asuitable onein order to have the new loops

we have that L, alsolifts to a loop, then we are done. In the other case,we can
replace the pair L,, and L, respectively by LK and L' (seeFigure 3), for a
suitable value of k, to get the desiredcollection of curves.

7. Klein{Sc hottky pairings: A necessary condition

Theorem 8. Let S be a closedRiemann surfaceand :S! S an anti-
conformal automorphism of order 2p, sothat S= hasno boundary. If s of
Scottky type,then hasa Klein{Schottky pairing.

Proof. As consequenceof Theorem 1 we have the existenceof a Sdottky
systemof loops Ly;:::;Lk S of H = h i. We may assumethat: (i) sud a
system of loopsis minimal in the sensethat no strictly smaller subcollection is a
Sdottky system of loopsof H, and (ii) no xed point of a non-trivial elemen of
H* = h = 2i iscortained in someof the above loops. Since we are assuming
that S=H hasno border, we have asconsequencef Lemma 1, that the odd powers
of haveno xed points.

Let x 2 S bea xe% Eoint of !, wherethe stabilizer of x in H* is generated
by '. Let X S =1 L be the componernt containing x and let Hy <
H be its stabilizer in H. Let us denote by Hyx ™ its subgroup of conformal
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Figure 3.

automorphisms. Clearly, ' 2 Hx*. As X hasgerus zero, ' may only have at
most two xed points on X , one of them being x.

Claim. ' hasexactly two xed points on X and Hy is generatedby '.

In fact, assumewe have exactly one xed point on X for '. It follows
that thereisaloop L  fLgq;:::;Lkg which belongsto the boundary of X and
which is invariant under '. As eat elemer h 2 Hyx commutes with ', we
have that h(x) = x. As no odd power of has xed points, this implies that
Hx = h'i = Hy . In particular, we may delete L and its H -translates to obtain
a Sdottky systemof loopsof H , a cortradiction to the minimalit y of the Schottky
system of loops. It follows that on X we should have exactly two xed points of

', one of them is x and that Hy * is generatedby '. This endsthe proof of
our fact.

The above claim assertsthat we are able to obtain a collection of pairs f x; yg,

where x; y run over all pairs of xed poigts of a (conformal) generator ' of Hy *

for all possiblecomponerts X of S }‘:1 L; for which we have Hx " 6 flg.

Sud a collection is in fact a Schottky pairing for  just by construction.

Let us considera componert X as above and the correspnding two xed
points x;y 2 X of the conformal automorphism ' generating Hx * 6 flg. We
may assumethat the rotation number of ' at x hasthe form 2 =r (in particular,
the order of ' is r, a divisor of p).

Let us rst assumethat Hy = Hx " . As consequencef Riemann{Hurwitz's
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formula, and the minimalit y of the Schottky systemof loops, we have that X is a
spherewith r boundary loops, cyclically permuted by '. The quotient X=H x is
a disc with two branched values;the projections of x and y. In this way, we see
that the pair fx; yg is an oriented pair.

Let us now assumethat Hxy 6 Hyx " . As Hyx is cyclic, we have some odd
power of ,say 2' ! that generatesHy . We may assumethat such odd power
is such that 2t D = 1 As 2t 1 hasno xed points, we should have that
it permutes x and y. By Riemann{Hurwitz's formula and minimality of the
Scottky systemof loops, we have that X=H x is a Mobius band with exactly two
branch values;the projections of x and y. In this way, we seethat the pair fXx; yg
is a no-oriented pair. Moreover, the above assertsthat sud a pair has a petal
(whose cylinder corresppndsto X=H; ). This also assertsthat suc a number of
Mebius bands cannot be bigger that 1+ , where is the gerus of S=H"*, in
particular, the collection of non-oriented pairs of the above Sdottky pairing have
the required properties for a Klein{Schottky pairing. o

8. Construction of Schottky type groups

In this sectionwe provide, asconsequencef Theorem 1, amethod to construct
all those Kleinian groups containing a Sdottky group as a normal subgroup of
nite order (called in the rest of this section a Schottky extension group), or
equivalertly, how to construct groups of automorphisms of Scottky type. We
rst start with a group K containing such a Scottky subgroup and nd some
regionsand subgroupsof (extended) Mobius transformations.

8.1. Some admissible regions and some groups. Let usassumewe have
a non-elemenary Sdottky extensiongroup K . Let G be a Sdottky group which
is a normal subgroup, then of nite index. Let  be the region of discortin uity of
K andsetS= =G, H= K=G. We have a Sdottky uniformization ( ;G;P :
I 'S) of S for which the group H lifts to the group K and a surjective
homomorphism
K! H;

whosekernel is the Schottky group G, satisfying
(k) P=P k; forall k2K:

As a consequenceof Theorem 1, we have the existenceof a Schottky system
of loopsfor H, say

whereg k 3g 3 (wemay assumethat Lq;:::;Lg are homologically inde-
penden) corresponding to the above Sdottky uniformization, that is, eat loop
in F lifts to loopsunder P: | S. Let us denote by ® the collection of loops

obtained by lifting all loopsin F under P.
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If L2 F and [ 2® aresothat P((') = L, and the respective stabilizers
are given by cyclic groups

K(()=fk2K :k(() = Cg;
H(L)=fh2H :h(L) = Lg;

then we have that

8

< P: ! L isahomeomorphism,
K(C) =H(L);
K(C)! H(L) is an isomorphism.

Similarly, if R is a connectedcomponert of S F and R is a connected
componert of B sothat P(Ii?) = R, and the respective stabilizers are given
by nite order Meobius groups

K(R)=fk 2 K : k(R) = Rg;
H(R)=fh2H :h(R) = Rg;

then we have that

<P:R! Risa homeomorphism,
K(R) = H(R);
K (Ii?) I H(R) is an isomorphism.

Let us now considera loop [ 2 P and denote by R, and R, the two con-
nected componerts of P having [' as common border (as consequenceof
Jordan's theorem).

Remark 7. If we have that P(Ii?l) =R = P(Ii?z), then L = P(C) is a
non-dividing loop on S sothat R is at both sidesof L.

We have two possibilities:
(1) K(R)\ K (R,) = K (L), in which casewe say that [ is extraible; or

(2) K(R;)\ K (R,) hasindex two in K (), in which casewe sa that [ is
non-extraible.

Lemma 4. In case(2) we have that K (L) is a dihedral group generatedby

the cyclic group K (Ry)\ K (R,) and a conformal involution k. that permutes
R, with R-,.

Proof. In case(2) we have the existenceof sometransformation k, 2 K ([)
K (R1)\ K (Ry) sothat R, = k_(R;) and k? 2 K (R;)\ K (R;). We have that
kE = |. In fact, we have that k. is a nite order elliptic transformation that
presenes a loop L and interchangesboth topological discs bounded by it. It
follows that both xed points of k. should beinside L and, in particular, it must
be of order 2. In this way we have that K (L) is the dihedral group generatedby
the cyclic group K (Ii?l)\ K (|b2 and the involution k, . o
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Remark 8. (i) If the group H has odd order, then (as the Scottky group
G hasno non-trivial nite order transformations) we have that all loopsin ® are
extraible.

(i) If L @Ii?) is a border loop of somecomponert R of M, thenwehave
that L is non-extraible if and only if h(L) is non-extraible for every h 2 K (I*?).

We proceedto construct a special domain inside  asfollows.

8.1.1. Construction of the rst domain. Let us take a connectedcomponert
R, of A and choosea boundary loop of it, say ;. If this loop is extraible,
then we add to the above domain both the loop ['; and the connectedcomponert
of P at the other side of ', and set F‘?z as the new domain. If ; is non-
extraible, then set |b2 = Ii?l. Let us obsene that in any of the two situations
there are not two di erent connectedcomponerts of B inside Ii?g which are
equivalent under K (but it may happen that a connectedcomponert of

inside Ii?g has a non-trivial stabilizer in K ).

8.1.2. Construction of the seconddomain. Let us considera boundary loop
of Ry, say ', (dierent from ['; in casethat R, = R;). If [, is extraible and
the connectedcomponert of  which is disjoint from R, is non-equivalent
under K to a connectedcomponert of B inside Ii?z, then we add to F‘?z both
such a connected componert and the loop [, and we set R; the new domain.
In the complemenary situation, we set R; = R,. We have again that there are
not two di erent connectedcomponerts of A inside R; which are equivalent
under K .

8.1.3. The inductiv e process.We may proceedasin the previous situation to
construct a sequenceof domains Ii?j so that Ii?j +1 contains Ii?j and there are not
two di erent connectedcomponerts of B inside Ii?j +1 Which are equivalent
under K . As the number of non-equivalent componerts of ® under K is the
samenumber as for the non-equivalent componerts of S F under H, we have
that such a sequences nite. The maximal of them is a domain F‘?S;H with the
following properties:

(1) Rs. is disjoint nite union of loop in B and componerts of D,
(2) any two dierent componerts of B inside Rs.y are not equivalent
under K ;

(3) any componert of B hasan equivalent componert (under K ) inside
IbS;H ;

) if C 2 P isa boundary componert of #?S;H , then either:

(4.1) there exists a conformal involution kpx 2 K (C) so that k,g(li?s;H )\
Ii?s;H = : and K ([) is a dihedral group generatedby the involution k, and a
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cyclic group, which coincideswith the stabilizer of ' of the stabilizer in K of any
of the two componerts of B cortaining [ in the border; or

(4.2) there is no a conformal involution in k 2 K that presenes [* so that
k(Ii?S;H )\ Ii?s;H = . In this case,there exists another di erent boundary loop

(02 of Ii?S;H and a loxodromic transformation ks 2 K sothat

ko (C) = C©
k[\(lbs;H)\ Ii?s;H = COZ

Let us considertwo di erent boundary loops (', and ', of our region Ii?S;H :
both of them satisfying the property (4.1) above. Let us assumethere is a trans-
formation k 2 K satisfying k(('1) = [,. As we are assumingthe loops to be
di erent, we havethat k 6 | . Let usdenoteby ij 2 K the conformal involution

preserving CJ- that permutes both topological discs bounded by CJ- ,for j = 1;2.
We have that either k or k_,k sendsthe componert of B cortained inside
Rs.y having '; asborder loop to the componert of B cortained inside Rs.n
having C,. As consequenceof (2) above, we have that both componerts should
be the same,say R, and that k must belongto either K (Ii?) or k_,K (Ii?).

8.2. The construction metho d. Let us considera nite collgction R4,
.., Rm of admissible regions in the Riemann sphereso that R = jm=1 R; is
connected. In this way, R is again an admissibleregion.

(1.1) For every h 2 H; we have h(R;) = R;;

(1.2) If R; & R; areborderrelated, say with commonborderloop L, then H;(L) =
Hj(L);

(1.3) Let Rj, Rx and R; bethree di erent regionssothat Ry and R; areead one
border related to R; (in particular, Ry and R; cannot be border related).
Then thereisno h 2 H; sothat h(R; \ Rx) = R; \ R;.

Under the above conditions we may apply the rst Klein{Maskit combination

group which is a free amalgamated product of the nite order groups H; (the
amalgamationsare givenover the cyclic groupsstabilizers of the commonboundary
loops of di erent border related regions). Moreover, if L is a boundary loop of R

have that H;(L) = H(L).
(2) If L is a boundary loop of R, then we assumewe have a Mobius trans-
formation h , sothat:
(2.1) h. (L) = LY%is a boundary loop of R;
(2.2) h(R)\ R= LY
(2.3) hpo=h_*;
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(2.4) if L =LY then K(L) = hh_;H(L)i is either a dihedral group or Z;
(2.5) if L 6 LY and
(2.5.1) there is an elemen h 2 H sothat h(L) = L° then h h_ hasorder 2,
permutes both topological discs bounded by L and the group K (L) =
hh th,;H(L)i is either a dihedral group or Z, which doesnot depend
on the choiceof h;
(2.5.2) if there is no elemert h 2 H sothat h(L) = L°, then we set K (L) =
H(L); and
(2.6) h_ conjugatesH (L) onto H(L9).
(3) If we have two di erent boundary loopsL; and L, of R and someh 2 H
sothat h(L1) = L,, then h conjugatesK (L1) onto K (L>).

If we havethat L°6 L, then conditions (2.1) and (2.2) and the fact that the
boundary loops of R are pairwise disjoint assertthat the transformation h, is a
loxodromic transformation.

If L= L, then we have from (2.2) and (2.3) that h. 6 | and h? = | ; this
makes clear why condition (2.4) makessense.

With respect to conditions (2.5) and (3), let us obsene that the geometrical
construction of H by use of the rst Klein{Maskit combination theorem asserts
that if there are two boundary loops of R, say L, and L, and there is some
h2 H sothat h(L1) = L,, then either (i) L, and L, belongto the samedomain
R; and h 2 H;j or (ii) there are two border related regions R; and R; so that
L, isin the border of R, L isin the border of R; and there exist h; 2 H; and
hi 2 Hj sothat h = hihj .

Condition (2.6) is necessaryas consequencef the decomposition donein the
previous sectionin order to get a Schottky extensiongroup.

Let us considerthe group K generated by the function group H and the
transformations h_ , where L runs over all boundary loops of R. We may now
apply the secondKlein{Maskit combination theorem [M4] to obtain that K is
a geometrically nite Kleinian group. Moreover, its region of discortinuity will
be necessarilyconnected. As a consequenceof Selberg's lemma K contains a
nite index torsion free normal subgroup G. In particular, G will be purely
loxodromic nitely generatedgeometrically nite Kleinian group with connected
region of discortinuity. It followsthat G is a Scottky group as a consequencef
the classi cation of function groups [M2], [M3]. In this way, the classof groups
constructed by the above procedureare Schottky extensiongroups. The reciprocal
is consequencef the decomposition donein the previous section.
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