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Abstract. D. Marshall and S. Rohde have recertly shown that there exists Co > 0 so that

the Loewnerequation generatesslits whene\er the driving term is Helder contin uouswith exponert

% and norm lessthan Cy [11]. In this paper, we show that the maximal value for Cy is 4.

1. Intro duction

When Loewnerintro ducedhis namesale di eren tial equationin 1923,it greatly
impacted the theory of univalent functions. A univalent function f is a conformal
map of the unit disk, normalized by f (0) = 0 and f 40) = 1. In other words, it
has the following power seriesrepresenation in the unit disk:

f(2) = z+ apz® + azz® +

In 1916Bieberbad [2] had shown that ja,j 2 and had conjecturedthat ja,j n
for all n. It was Loewner'sdi erential equation that led to a proof of the case
n = 3 in 1923. See[1] or [5] for a proof of this and for more classicalapplications
of the Loewner equation. When the Bieberbacd conjecture nally was proved for
generaln in 1985by de Branges[4], the Loewnerequation again played a key role.

In addition to its importance in the theory of univalent functions, the Loewner
di erential equation has gained recert prominence with the introduction of a
stochastic processcalled \Sto chastic LoewnerEvolution”, or SLE, by O. Sdhramm
[13]. Many results in this fast-growing eld can be found in the recent work of
mathematicians suc as Lawler, Rohde, Schramm, Smirnov, and Werner. See[7]
for a survey paper with an extensive bibliography.

In the next two sections,we will intro ducetwo formulations of the determinis-
tic Loewnerdi erential equation, the halfplane versionand the disk version. This
is followed by a discussionof someproblems assaiated with the geometry of the
solutionsto the Loewnerequation. The rest of the paper is concernedwith proving
Theorem 2 below, which builds upon D. Marshall and S. Rohde'srecen work [11]
concerningwhen the Loewner equation can generateslits. The fth section con-
tains examplesand lemmasrelated to a natural obstacleto generating slits, the
sixth sectionincludeslemmasabout conformal welding and the Loewnerequation,
and the nal sectionis the proof of Theorem 3, which is equivalent to Theorem 2.
Somesimpli cations of the argumerts in the fth section were communicated to
us by O. Schramm and are discussedin the Appendix.
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2. The Loewner equation in the halfplane

Let (t) beasimplecorntinuouscurvein H[ fOg with (0) = Oandt 2 [0; T].
Then there is a unique conformal map g:: H n [0;t] ! H with the following
normalization, called the hydrodynamic normalization, near in nit y:

c(t) 1
= + -2+ 0 —
0(2)=z+ = =
It is an easyexerciseto ched that c(t) is cortinuously increasingin t and that
c(0) = 0. Therefore can be reparametrized so that c(t) = 2t. Assuming this
normalization, one can show that g; satis es the following form of Loewner's
di erential equation: for all t 2 [0;T] andall z2 H n [0;t],

@

@%@~ %(2) = Z;

2 .
a(z) (1)
where is a corntinuous, real-valued function. Further, it can be shown that g;
extendscortinuouslyto (t) and g¢ (t) equals (t).

On the other hand, if we start with a continuous :[0;T]! R, we can
considerthe following initial value problem for eath z 2 H:

@ 2
(1) g%t CEIROL 9(0;2) = z:
For eath z 2 H there is sometime interval [0; s) for which a solution g(t; z) exists.
Let T, = supfs 2 [0;T]: g(t; z) existson [0;s)g. Set Gy = fz2 H : T, > tg
and g(z) = g(t; z). Then one can prove that the set G; is a simply connected
subdomain of H and g; is the unique conformal map from G; onto H with the
following normalization near in nit y:

2t 1

a(z)=2z+ ~ + 0 -
The function (t) is called the driving term, and the domains G; as well as the
functions g are said to be generatedby

The domains G; generatedby a continuousdriving term  are not necessarily
slit-halfplanes, i.e. domains of the form H n [0;t], for some simple continuous
curve in H[ f (0)g with (0) 2 R. We will give an example later in the
paper where a non-slit-halfplane is generatedby a driving term which is not only
cortinuous but also is in Lip % . Recall that Lip % is the space of Helder
contin uousfunctions with exponent %,that is the spaceof functions (t) satisfying
i (s) ()] ¢s tj*?, with k ki-, denotingthe smallestsuc c. The necessary
and su cien t condition for a decreasingfamily of domains f G;g to be generated
by a cortinuous driving term can be found in Section 2.3 of [10].
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3. The Loewner equation in the disk

The setup for the disk versionof the Loewnerequationis similar to that of the
halfplane version, but the normalization will be at an interior point rather than
at a boundary point. For the unit disk D slit by a simple curve (t) in D[ flg
with  (0) = 1 and (t) 6 O for any t, there is a unique family of conformal maps
fgg sothat g.: D n [0;t]! D with the normalizations g(0) = 0 and gX0) > 0.
Further, by reparametrizing if necessarywe can assumethat g?0) = €'. If we
againset (t)= g (t) ,then

@ - (t) + 6(2).
) @@= 2@y

Given any continuousfunction :[0;T]! @D, we can solve the initial value
problem (2) for z2 D. As in the halfplane version, this will generatea family of
conformal maps f g.g which map from a simply connectedsubdomain of the unit
disk onto the unit disk and which are normalized by g;(0) = 0 and g%(0) = €'.

%(2) = z:

4. Some results

We return to the halfplane version of the Loewner equgtion, which will be
the setting for the rest of this paper. For 0,set (t)=" By, whereBy is
standard Brownian motion. Then chordal SLE is the random family of conformal
maps generatedby , that is, the family of maps solving the following stochastic
di erential equation:

@ yo 2. _,
@t D= g P @)=z

__ For SLE, it is possibleto de ne an almost surely c%r[in uouspath :[0;1)!
H suc that the domains G; generatedby (t) = = B; are the unbounded
componerts of H n [0;t] for every t 0. See[12] and, for the case = 8, [10].

Further, S. Rohde and O. Schramm [12] have shawvn the following classi cation:

(1) For 2]0;4], (t) isalmost surely a simple path contained in H [ fOg.
(2) For 2 (4;8), (t) isalmost surely a non-simple path.
(3) For 21[8;1), (t) isalmost surely a space- lling curve.

This result motivates a questionin the deterministic setting. Can we classify
the kinds of domainsgeneratedby a driving term  in terms of somecharacteristic
of ? There is only a partial understanding of this question. In the caseof a
domain slit by an analytic slit, the driving term is real analytic, and if the slit is
C" then the driving term is at least C" . See[6] and [3].

D. Marshall and S. Rohdeaddressthe questionof whenthe generateddomains
G; are quasislit-halfplanesin [11], where a quasislit-halfplane is the image of H n
[0;1] under a quasiconformalmapping xing H and 1 . They prove the following:
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Theorem 1. If G; is a quasislit-halfplane for all t, then 2 Lip % :
Conversely there exists Cp sudh that if the driving term 2 Lip %
k ki= < Cq, then G; is a quasislit-halfplane for all t.

Although they work with the technically more challenging disk version of the
Loewner equation, their techniques carry over to prove the result in the halfplane
versionaswell. In the remainder of this paper, working with the halfplane version
of Loewner's equation, we will shav that the maximal value for Cg is 4.

Theorem 2. If 2 Lip % with k ki-, < 4, then the domains G; generated
by are quasislit-halfplanes.

Further, for eath ¢ 4, there existsadriving term 2 Lip % with k k-, =

c sothat doesnot generateslit-halfplanes. We will seeexamplesof this in the

next section. Similar exampleswere discovered independertly by L. Kadano,

W. Kager, and B. Nienhuis [8]. Their work alsoincludes descriptions and pictures
of the generateddomains.

There is another version of the Loewner equation in the halfplane. Let

:[0;T] ! R be continuous and consider the following initial value problem,

in which a negative sign has beenintro duced on the right-hand side of (1):

2 .
ftz) (1)’

for z2 H . In this case,for eat z 2 H, the solution f (t; z) existsforall t 2 [0; T].
Setting f{(z) = f (t; z), we have that f; is de ned on all of H. As in the previous
case,it canbe shawvn that f; is a conformalmap from H into H, and nearin nit y
it hasthe form

3) gf (t,2) = f0;2) =z

fi(z)=z+ %+ O ziz
We think of the functions f; asbeing generatedby \running time badkward".
Thesetwo forms of Loewner'sdi erential equation are related. Given a con-
tinuousfunction on[0;T],set (t)= (T t). Let g bethe functions generated
by from (1), and let f; bethe functions generatedby from (3). It is not true
that f(z) = g, *(z) forall t 2 [0; T], but it is true that f1(z) = Or Y(z). Therefore
Theorem 2 is equivalent to the following:

Theorem 3. If 2 Lip 2 with k ky-, < 4, then f{(H) is a quasislit-
halfplane for all t, where f; are the maps generatedby
5. When the singularit y catc hes solutions

Let 2 Lip % and supposethat the domains G; generatedby are slit-
halfplanes. Then the maps g: extend continuously to R nf (0)g. Thus for eadh
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Xo 2 R nf (0)g, x(t) := g(Xo) is a solution to the following real-valued initial
value problem:

@ 2
4) @x(t) 0 ol X(0) = Xo:
Further, if is dened on [0;T], then x(t) 6 (t) for any t 2 [0;T], since
otherwise (4) would fail to have a solution for all t 2 [0; T].

Note that if xo > (0), then (@@)x(t) > 0 aslong as x(t) 6 (t). Sotwo
things can happen: either x(t) continuesto move to the right, staying strictly
larger than the driving term, or the driving term moves fast enoughto \catch"
x(t) and there is sometime to where x(tg) = (tg). The casewhen xo < (0) is
similar but with x(t) moving to the left. Thus, when the domains generatedare
slit-halfplanes, we seethat (t) cannot \catch" any solution x(t) to (4).

To build our intuition, let us briey considera particular example. Let G; =
H n [O;t], where parametrizesthe upper half-circle of radius % certered at %
aspictured in Figure 1. In this caseit is possible,although unpleasan, to compute
the maps g; and to as&ertainthat the driving term generating this scenariois the

function (t)= 32 271 8t,fort2[0;%]. Thetime t = % correspondsto the
2 2 8

8
momert that the circular arc touchesbadk on the realline, and Gy.g = HnD ;1 .

212
0 1
Figure 1. One of the domains generatedby () = 3 %p 1 8t.
Fort2 O; % ", the domains G; are slit-halfplanes, and therefore for any

Xo 6 0, the solutions x(t) to (4) exist on this time interval. What happens to
these solutions when t = %’? Clearly, g,-g extendsonly to R n[0;1]. That is,

on O;% , solutions to (4) exist only for xo > 1 or Xg < 0. Soif xg 2 (0; 1], the
function x(t) resulting from (4) must be caught by attime t = % For Sxample,
it is easyto ched that the solution to (4) when xo = 1is x(t)= 2 2" 1 8t.
Hereweseethat x £ = 3= 1|

8 2 8
To determine an upper bound on the constart Cy in Theorem 1, we can

analyzethe situations where this catching could occur, sincethis implies that the
family of dgrgains G is not a family of int-fﬂpﬁplanes. In the example above,
k ki, = 3 2, which indicates that Co 3 2. Moreover, for any ¢ 4, it
is easyto give an example of a driving term  with k ki = ¢ sothat can
catch afunclsion_x(t) generatedby (4,3 for somexg. Let (t)=c ¢ 1 t and
x(t)=c 1 t wherea= 35 c+ ¢ 16 . In particular, when c = 4, then
()=4 4 1 tandx(t)=4 2 1 t.Onecanched that x(t) is asolution

2
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to (4) with xo = c a> 0. Howewer x(1) = c= (1). Therefore, since (t) has
caught x(t), cannot generateslit-halfplanes. This implies that the constart Cg
in Theorem 1 cannot be greater than 4.

In contrast to the examplesabove, the following lemma shows that if  can
catch some x(t), then k kqi-, 4. To make things slightly simpler, we take
advantage of the fact that the halfplane version of the Loewner equation satis es
a useful scaling property: If (t) and x(t) satisfy equation (4), then “(t) :=

(r’t)=r and R(t) := x(r?t)=r also satisfy equation (4). Verifying this is an easy
exercise. Using this scaling property, we can assumethat if a catching occurs,
then it happensat time 1. More precisely if x(tg) = (to) and x(t) 6 (t) for
t < to, then without lossof generality to = 1. Also, nothing is lost by assuming
that (0) = 0 and xo > O.

Lemma 1. Let 2 Lip 3 with (0) = 0 and let xo > 0. Supposethat
x(t) is a solution to (4) and that x(1) = (1). Then k k= 4.

Proof. Let c=k k;-,. From (4), we havethat x(t) isincreasingin t. Sothen
since 2 Lip 3 ,

x(t) () x@) ()+ cp 1t Cp 1 t:

From (4) we have

2
c 1l t

Integrating givesthat

x(1)  x(t) f—l’p 1 t:

Letting t = 0 and usingthat x(1) Xxo < c, weseethat ¢ 4=c> 0 andsoc> 2.
But we also have a better estimate for x(t):

x(t)  x(1) f—l’p 1 t:

Now using this estimate, we can repeat the above argumert. So

p_—

x(t) () ¢ t;

olh

which leadsto a new estimate for x(t). Then by integration,

x1) x( — P71

c

olhd
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This impliesthat ¢ 4=(c 4=¢0 > 0 andsoc> 2p§. Again we also get an
improved estimate for x(t):
4 p—
x(t) x(1) _4p t:
C —
c
Repeating this proceduren times givesthat h,(c) > 0 where h,, isrecursively

de ned as follows:
4

hn 1(X) :

Note that h;(x) is an increasingfunction from (0;1 ) onto R. It is easyto show
inductiv ely that we can de ne an increasing sequencef x,g sothat h,(x,) = 0,
and hp41 (X) is an increasingqupgtion from (x,;1 ) onto R. Note that we have
shown that x; = 2 and x, = 2 2. Since h,(c) > 0 for all n, ¢c> x, for all n.
It simply remainsto show that x, % 4.

An easyinductive argumert givesthat h,(4) 2 forall n. If 42 (Xx 1;Xk]
for somek, then hy(4) 0. Therefore, the increasingsequencef x,g is bounded
above by 4, and hencethere existssomea 4 sucd that x, % a. Now, h,(a) >
hn(Xp) = Ofor all n. If hg(a) 1 for somek, then hys1(a) = a 4=h,(a) 0.
Sowe must have h,(a) > 1 for all n. Since h,(a) is decreasingin n and bounded
below by 1, h,(a) & L for someL 1. Sothen,

4 4
hn l(a) L

M) =X o a0 = x

L = n|!|1m hn(a) = nl!llm a
Solving the above for L givesthat

a Ioa2 16
2

Sincewe know the real-valued limit L exists, we must have a 4. Hence,a = 4,
completing the proof. o

L =

Note that in the proof above, we have also shown the following: if h,(c) > 0
for all n, then ¢ 4. This follows since h,(c) > O for all n implies that ¢ > xp
for all n and since x, % 4. We menion this here, since we will use this fact in
the proof of the next lemma.

Although Lemma 1 certainly suggeststhat the maximal value for Cgq is 4, it
is not a proof of Theorem 2. In theory, there may be more obstaclesto generating
quasislit-halfplanes than that of the driving term catching up to some solution
to (4). Howewer, we will seethat this is basically the only obstacle. Re ning the
above argumert givesLemma 2, which combined with techniquesin [11] will lead
to the proof of Theorem 2. The idea of Lemma 2 is that if can get closeto
catching some x(t), then k k;-, must be closeto being greater than or equal
to 4.
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Lemma 2. Let 2 Lip % with  (0) = 0 and k k> < 4. Then there
exists " = "(k ki=p) > 0 sothat x(1) (1) > ", where x(t) is the solution to (4)
with xg > 0.

Proof. Supposex(t) is a solution to (4) for somexy > 0 sothat x(1) (1)
". Wewill shav that there exists some" > 0 sothat this leadsto a cortradiction.
Again, let c= k k;=,. As in the previous proof, de ne h, recursively by

mE=c = m©=cmﬁ@:

Sincec < 4, thereis someminimal n sothat h,(c) 0 (seethe commert following
the proof of Lemma 1). If h,(c) = 0, replace ¢ with a slightly larger value, that
is, recalling our notation from the previous proof, replace ¢ with somenumber in
the interval (Xn;Xn+1): Then hyiy (€) < 0. We stop oncewe are in the casethat
hg(c) < 0.

Also recursively de ne e, by

;% a(e”) g, (9
he 1(0) ° e 1(c;")

e(c")="+ =In 1+ (—: : en(c;") ="

c2

The recursive de nition for e, is unpleasar, but all that we shall needis that for
cand n xed, e,(c;")! Oas"! 0. This is easyto verify by induction.
To begin, we will prove by induction that

(5) x(1) x() " e(c;")+ ¢ hp(o P 1 t:
First we show equation (5) when n = 1. We have

X () x1) @+cT T t+cT T

which implies that
2
X(t) —p—:

"+ cC t
Since Z,
—&:ds— ilIo—t 4—aln 1+ E)pl—t ,
t a+b 1 s b 2 a
integrating gives
4p_— 4" ch

x(1)  x(t) E1t In 1+ -1 t ;

3

and so, as desired (5) holds for n = 1.
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Next assumeequation (5) holds for n = k. Then
x(t) x(1) "+e(c")+ he(c) ¢ 1 t;
and so o
x(t) (1) e&(c")+he(o) 1 t:

This again givesus an estimate for x(t) and integrating yields

4 p—t 4e(c; )In 1+ hk(c)l

p___
hk(c) hy(c)2 e (c;") 1ot

x(1)  x(1)

Thus equation (5) holds for n = k + 1, completing our veri cation of (5) by
induction.

Recallthat x(1) c+ ". Thusletting t = 0 in equation (5) gives
hn(c) + e (c;") > O:

As mentioned before, by adjusting c slightly if necessarythere is somen suc
that h,(c) < 0. Then sincee,(c;")! Oas"! 0, there existssome" > 0 so
that e,(c;") < hp(c). But this cortradicts the fact that h,(c) + e,(c;") > O.
Therefore, there exists " > 0 sothat x(1) (1) > ", for x(t) the solution to (4)
with Xxg > 0. o

Now we wish to run time badkward, and sowe must considerthe secondform
of the Loewner equation in the upper halfplane. Recall that from (3), the driving
term (t) generatesconformal functions f, which map from H into H. If the
imageof f; is a quasislit-halfplane, then we can extend f; continuouslyto R, and
for eah xp 2 R nf (0)g, x(t) := f¢(x) is a solution to

@ .\ _ 2 oy
(6) @x(t) OOk x(0) = Xo:

Note that the solution x(t) might not exist for all time. Indeed, in the casethat
k ki=» < 4, the following corollary shows that x(t) will hit the singularity (t) in
nite time. We de ne the hitting time T(Xg) to bethe rst time that x(t) equals
(t), that is, x T(Xg) = T(Xo) and x(t) 6 (t) for t < T(Xp). If x(t) never
equals (t), then T(xp) =1 .

Corollary 1. Let 2 Lip 3 with k kj, < 4 and (0) = 0. Suppose
that x(t) is a solution to (6), with xo 6 0. Then K1x3 T(Xxo) K2x3, where
O0< Kj = K|(k k1:2)< 1.
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Proof. For c = k ki=p, let " = "¢, > 0 be givenasin Lemma 2, and let x(t)
be the solution to (6) with x(0) = ". If T(")> 1,then (t)= (1 t) (1) and
y(t) = x(1 t) (1) satisfy the di erential equation (4), with y(0) = x(1) (1) >
0. Thus Lemma 2 implies that " = y(1) (1) > ". This is a contradiction, and
soT(") 1.

Now supposeXo > 0, with x(t) againthe corresponding solution to (6). Then
by the scaling property, "(t) and R(t) satisfy equation (6), where

A X0
t) = — t ;
( ) XO ll2
and
at) = —x X0
L XO ||2
Note that ®(0) = ". Therefore

2
T(Xo) = 2T(") Ka2x§

where K, = K,(c) < 1 .

For the lower bound, gssume rst that xp = E,,_and assumethat T(1) = is
small. ,Then since (t) ¢ t,wehavex() ¢ . Taking small enoughso
that ¢ < 1, let to bethe time when x(t) = 3. Then,

Z
1 to 2 2t
— = ——— _ds 4'87_ :
27 5 x(9 (9 1 ¢
and so,
1 1 p-
5 7 C 2:

This leadsto a cortradiction if is suciently small. Therefore T(1) K for
someK 1 = K1(c) > 0. Then by the scaling property, T(xo) Kix3. o

In the previous corollary, we saw that if k ki-, < 4 then solutions x(t) to (6)
will hit the singularity in nite time. Lemma 3 shows that there is more that is
true. For eah nite time, there are exactly two initial points, one on ead side of
the singularity, sothat the solutions to (6) will hit the singularity at that time.

Lemma 3. Let 2 Lip 3 with k kj, < 4. For eath T > 0, there exist
exactly two real numbers Xg;Rg sothat x(T) = 2(T) = (T).



A sharp condition for the Loewner equation to generateslits 153

Proof. First notice that no two points on the sameside of the singularity can
give rise to solutions to (6) that will hit at the sametime. This follows from the
fact that (t) := y(t) x(t) isincreasingin t for (0) < Xg < Yo, Since

y(t)  x(t) :
y) (M) x@® ()

(t)y=2

Thus there are at most two points that can hit at time T.

Next we will show that there is one point Xg to the right of the singularity
with x(T) = (T). Foreatch n2 N, setw, = (T)+ 1=n. Now, starting at wy,
run time from T badk to 0. This correspondsto solving (4) with initial value wy, .
Since k ki-, < 4, the driving term cannot catch up with this solution, g;(wy),
by Lemma 1, and soit is well-de ned up through time T. Thus, X := gr(w,) =
fr Y(wp) is well-de ned. Further, by Corollary 1, x, (0) K T, for some
K > 0. Therefore, f x,g is a decreasingsequencéboundedbelov by (0)+ K T,
and soit hasalimit xo. Then xo > (0) and clearly we have x(T) = (T). This

completesthe proof. o

6. Conformal welding with the Loewner equation

The previous lemmaallows us to de ne the welding homeomorphism : R !
R asthe orientation-reversing map that satises (x) = y if and only if T(x) =
T(y). Thus the welding homeomorphisminterchangesthe two points which hit
the singularity at the sametime. Note that if is not de ned for all time, but for
a nite interval [0; T], the welding homeomorphismwill not be de ned on all R.
Howewer, we can overcomethis technicality by setting (t) := (T) fort> T.
This next lemma is an analogueof Lemma 3.2 found in [11].

Lemma 4. Let 2 Lip % with k ki, < 4 and (0) = 0. There exists
someconstart Ap > 0, depending only on k ki-», sothat if 0 x < y < z with
y Xx=2z y,then

1 ® )
@ Ay @

To prove this lemma, we will needthe following.

Lemma 5. Let c< 4 and 0< " < 1. Then there exists > 0 sothat

()

—7 1+

()

for non-zero and satisfying = 1+ " and for any Lip % driving term

2
with kK Kkj-, C.
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Proof. Notice rst that without lossof generality we cantake = 1 and
(1+ ") by the scaling property.

Supposethere is no suh  asin the statemert of the lemma. Then for eath
n 2 N there existsadriving term , and , (1+") sothat b, < (1+ 1=n)a,,
where0O<ay, = ( 1)<b,:= (). SetT,=T(a,) and S, = T(b,).

By Ascoli{Arzela, there exists a subsequencef f ,,g which corvergeslocally
uniformly to . Notethat 2 Lip % with k ki, c. SinceT(x) x2? by Corol-
lary 1, ap, by, n, Tn and S, are all bounded. Henceby taking subsequences
and renaming to avoid notational hazards,we have a, ! a, b, ! b, ,! ,
T,! T and S, ! S. Notethat a= bsincea, < b, < (1+ 1=n)a,. If we had
that T(@)=T=T( 1)and T(b) = S= T( ), this would give usthe desiredcon-
tradiction, sinceT( 1)< T( ). The sameargumert canbe usedto prove eat of
thesefour equalities, and sowe will simply shav that T(a) = T. Since | ! lo-
cally uniformly, ,(T,)! (T). Hencelimpy an(Ty) = limpip n(Th) = (T),
where a, (t) is the solution to (6) with a,(0) = a,. Thusit remainsto show that
an(Tp) ! a(T).

Claim: Let "> 0. Then a,(T ")! a(T ").

Proof of Claim: We will assumewithout lossof generality that T, T %
Tth, an(T ") iswell-de ned and is bounded away from ,(T ") by a factor
of = ™ by Corollary 1.

Fix n for amomert. Then looking to solve the initial value problem (6) with
the method of successie approximatiogs, let § a, and recursively de ne

! 2

0o 1O ™

Similarly, let ¢ be the approximation for  with initial value a. Then for t 2
[O;T "], Q@) an(t) and «(t) a(t). By an easyinduction argumert, we
havethat for t 2 [O;T "],

Ir<]+1 (t) = an +

Xk Bt)l
RO ) at e drke k) S
j=

where B dependsonly on ". So,for t 2 [0;T "],
jan() aMj= limj g M jan &+ (an a+kn ki )Ee®t 1)

Therefore, a, (T ")! a(T "), proving the claim.

Assuming T, 2 T % T+ % and using Corollary 1, we have

0 an(T ") an(Th)= an(T ") n(T ") + (T ) n(Tn)
Pe P P
A"+c T, (T ") A
where A is a constart depending only on c. Soby the claim above,
0o a(T ") nIlilm an(Th) Ap "

implying that a,(T,)! a(T). o
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Now we are ready for the proof of Lemma 4.

Proof. In this proof, A 1 will stand for any constart which dependsonly
on k ki=,. Let z(t) bethe solution to (6) with z(0) = z, and 2(t) the solution to
(6) with 2(0) = (2). De ne x(t), y(t), ®(t) and ¢(t) similarly.

First we considerthe casex = 0. Instead of only taking z = 2y, we simply
assumethat z=y 2 [1+ "; 2], since we will reduce the next caseto this setting.
By the scaling invariance, we can assumethat y = 1. Set T = ‘lb(l_), and recall
that K; T K, from Corollary 1. Then z(T) (T) 2+ c K,. Abusing
notation a little, we have T(z) = T+ T z(T) (T) , whereby T z(T) (T)
we meanthe hitting time for the solution to (6) with initial value z(T) and driving
term (T + t). By Corollary 1,

1 1 K P— 2
2 L - T R2
(2) KlT (2) KlT(z) K, 1+ 2+c Ky
and similarly,
1 1 K
2 4 - R,
(1) K2T (1) K2T(l) K,
Therefore,
(2)
— A
(1)
By Lemma 5, we have
(2)
1+
(1)

where dependsonly on ¢ and ". This gives(7) in the casex = 0.
Next we considerthe casewhere x > 0 and z  2x. We will reducethis to
casel by letting time run for T = T(x) at which point x(T) = (T). Since

@ YO xM® _ z(t)  x(t)

@ 20 vy ~Tx®) ©® yo O 2 @

the quotient

y(t)  x(t)
) = —¥—«1—
W= 20 v

is increasingin t. Therefore q(T) > 1. Also,

CyM) x(T) y+ T 1+ K, 2

S (T) (T iz x) Z

Now we are badk to casel, sincewe have

q(T) A:

Bl

1+ 7 WM (M «AT) (1) 2y (T):
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Henceby casel, there exists A depending only on c, sothat

1 &) ¥(T)

A (1) AT)

Now we would like to run time from T badk to O to give (7) for case2. Sincethe
quotient will be decreasingin t astime run badkward, we immediately get the
upper bound. For the lower bound,

x) » & v 1.6 n 1 &x 1
) @ %1 &T) AXT) ¥(T) A (¥) A’

where Lemma 5 givesthe last inequality. Therefore (7) holds for case2.

While these rst two casesrequired more work than in the situation in [11],
the nal casewhere x > 0 and z x < x follows the argumerts of Lemma 3.2
in [11] without any complications. The idea, similar to the strategy usedin the
previous case,is to let time run for S, where S isthe rst time that x(S) (S) =
z(S) x(S), and to show that the quotient q(t) is boundedon [0;S]. Thus, we
end up in a setting similar to case2. It remains then to verify that case?2 still
applies and to run time badkward from S to 0, again utilizing the boundedness

of g(t). o
We include the statemert of Lemma 2.2 from [11] below, sincewe will useit

in the proof of Theorem 3. It givesa condition in terms of the welding homeomor-
phism for when a slit-halfplane is a quasislit-halfplane.

Lemma 6. Hn [O;T] is aquasislit-halfplaneif and only if there is a constart
1 M <1 sud that
x (0

1
MO )

for all x > (0) and

1 x) ¥

Moy @
whenewer (0) x < y< zwithy x =z y. Furthermore, the quasislit
constart K of Hn [0;T] dependson M only.

7. Pro of of Theorem 3

By the scaling property, it suces to shawv that f,(H) is a quasislit plane.
Let n 2 N, and set ty = k=n. Following the methodsin [11], we wish to construct
n 2 Lip % sothat ,(tx) = (tk) and k 1ki=» c:= k ky=,. There are at least
two ways to proceed. The rst is by linear interpolation and this is the method
we will use. Alternativ ely, setting ¢ = ()  (tksz) = N, wecandene ", (t)

for t 2 [0;1] by ittty 1(t) = P tr T+ (tees). Although % 2 Lip it
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may not be true that k'wkizo c. However, it is possibleto complete the proof

using this construction for ", by considering the larger spaceof locally Lip %

functions and verifying that all the lemmas remain true for these functions as
well. The benet to using this construction is that we know slightly more about

the generateddomains. If A{‘ is the map generatedby

r

W+ 1) = o t+ a1

n
for t 2 [0; 1=n], then A‘izn isamap from H onto the upper halfplane slit by a line
segmem whoseangle with the real line is bounded away from 0 and

Using our rst method of linear interpolation, wesetmy = n (tx+1)  (tk)
anddene ,(t) for t 2 [0;1] by njjt,it,., 1(B) = me(t te)+ (tg). First we chek
that k ki cC. Let x;y 2 [0;1]. If X;y 2 [tk;tx + 1] for someKk, then clearly
jnly) a(X)j c jy xj.Soassumethat t; X tj+1 t¢ Yy tgs1, and
assumewithout lossof genﬁrality that ,(y) n(X). If we maximize the function
h(x;y) := n(y) n(X) cy x over(xy)2[tj;tjsa] [tk;tk+z], we nd that
h(x;y) 0, asdesired.

Let K bethe maps generatedby (tx +t) = met+ (ty) for t 2 [0;1=n].
Then K := Iizn is a map from H onto the upper halfplane slit by a smooth
curve which makesan angle of % with the real line. If f" is the map generated
by , fort2][0;1], wehavethat f) = " n 1 2 1 Hence,f{(H) is
a slit-halfplane. By Corollary 1, the rst condition of Lemma 6 is satis ed, while
the secondcondition is a result of Lemma 4. Therefore, we have that f{'(H) is a
K -quasislit-halfplane, with K independert of n. By compactnessof the spaceof

K -quasislit-halfplanes, we have that f1(H) is a quasislit-halfplane. o

App endix

In this appendix, we brie y describe somesimpli cations of the argumerts in
the fth section of this paper, which were communicated to us by O. Schramm
(private communication). The main idea is to make %reﬂction %p_that we only
needto use properties of driving terms of the form ¢ 1 t or ¢ t which have
beenstudied in [8].

This reduction is basedon a simple obsenation. Let ; and » betwodriving
termsde ned on [0; T] with  4(t) o(t) for every t 2 [0;t]. For any Xg 2(0),
let x1(t) and x»(t) be the corresponding solutions to (4) with initial point Xgq.
Notice then that we must have x1(t)  x»(t) for all t for which x; and x, are
de ned.

To simplify the argumert for Lemma 1, supposethat , is a Lip % driving
term with norm c that catches the solution x;(t) to (Aa at time 1. We shift
our picture sothat (1) = 0. Then take 4(t) = pC 1 t, and note that

1(t) 2(t). Note alsothat it is not possiblefor ¢ t to catch a solution
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to (4) beforetime 1, sinceit has bounded derivative on the interval [0;1 "].
Therefore by the obsenation in the previous paragraph, x;(1)  x2(1). However,
since xp(t) is caugh at time 1, x»(1) = 0= 1(1), and we have that xi(t) is
also caught at time 1. Therefore, we have red%ced our problem to determining
the values of ¢ for which the driving term ¢ 1 t catchesa solution to (4)
at time 1. In [8], L. Kadano, W. Kager, and B. Nienhuis have shavn that this
occurs preciselywhen ¢ 4. D
Corollary 1 can be proved from a study of driving terms of the form ¢ t,
aided by the computations donein [8]. Then Lemma 2 is no longer needed.
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