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Abstract. SpaceBMO-quasiconformal mappings satisfy a special modulus inequality that
is used to de ne the class of Q-homeomorphisms. In this classwe study distortion theorems,
boundary behavior, removability and mapping problems. Our proofs are basedon extremal length
methods and properties of BMO functions.

1. Intro duction

Let D beadomainin R", n 2,andlet Q:D ! [1;1 ] be a measurable
function.

De nition  1.1. We say that a homeomorphismf: D ! R" is a Q-homeo-
morphism if
Z
(1:2) M(f) Q(x)98 (x) dm(x)
D

for every family  of paths in D and every admissible function %for

Here we use only open paths : (a;b) ! RM. We say that  joins sets E
and F in adomain D if ( (a;b) D and is a restriction of a closedpath
—[a;b)! R" suchthat —(a) 2 E and —(b) 2 F. The family of all paths which
join E and F in D will bedenotedby ( E;F;D). Recallthat, givena family of
paths in adomain D, a Borel function % R" ! [0;1 ] is called admissible for

, abbreviated %2 adm , if

Z
(1:3) %x)jdxj 1
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foreath 2 . The (conformal) modulus M () of isdened as
Z
(1:4) M() = inf 98 (x) dm(x):
%@ adm D

An example of Q(x)-homeomorphismsis provided by a class of homeomor-
phisms f 2 Wllo;g(D) whose dilatation majorant Q is in L[g,cl(D), see Theo-
rem 2.19 below.

For f: D! R™" with partial derivativesa.e.and x 2 D, we let f {x) denote
the Jacobianmatrix of f at x or the di erential operator of f at x, if it exists, by
J(x) = J(x;f) = detf qx) the Jacobianof f at x, and by jf qx)j the operator
norm of fqx), i.e., jfAx)j = max jfAx)hj : h 2 R"; jhj = 1 . We also let
I fAx) = min jfYx)hj : h 2 R"; jhj = 1 . The outer dilatation of f at x is
de ned by

8 . .
2 j‘Jf Ef(’_‘)f‘;j; if J(x:f)6 0,
(1:5) Ko(x) = Ko(x;f) = o 1 ; 190 = 0,
1; otherwise,
the inner dilatation of f at x by
8 . :
3 % if J(x;f) 6 0,
1:6 Ki(x) = K (x;f)= X
(1:6) 1 (X) () 31 if £ 9(x) = 0,
1; otherwise,

and the maximal dilatation, or in short the dilatation, of f at x by
a:7 K()=K(xf)=max Ko(x);K;(X) ;

cf. [MRV] and [Re1]. Note, that K, (x) Ko(x)" *and Ko(x) K,;(x)" 1, see
e.g.1.2.1in [Re; ], and, in particular, Ko (x), K, (x) and K (x) are simultaneously
nite or innite. K(x;f) < 1 a.e.is equivalent to the condition that a.e. either
detf qx) 0 or fqx) = 0, cf. [GI] and [IS].

Denition  1.8. Given a function Q: D ! [1;1 ], we sa& that a sense-
preservinghomeomorphismf: D ! R" is Q(x)-quasi@onformal, abbr. Q(x)-qc,
if f 2W " (D) and

(2:9) K f) Q(x) a.e.

Denition 1.10. Wesay that f:D ! R" is BMO-quasiconformal, abbr.
BMO-qc, if f is Q(x)-gc for someBMO function Q: D! [1;1].
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Here BMO stands for the function space introduced by John and Niren-
berg [JN], seealso [RR]. Recall that a real-valued function ' 2 Li (D) is said to
be of bounded mean oscillation in D, abbr. * 2 BMO(D), if

Z
(2:12) k'"k = sup i j(x) "gjdx<1;
B DJBJ] B

where the suprenum is taken over all balls B in D and

Z
(1:12) BT = (x)dx
JBb] B

is the mean value of the function over B. It is well known that L (D)
BMO(D) L} (D) foralll p<1.

SinceL! (D) BMO, the classof BMO-gqc mappings obviously cortains all
gc mappings. We shawv that many properties of gc mappings hold for BMO-qc
mappings. Note that Q-homeomorphisms, Q(x)-qgc and BMO-gc mappings are
Mebius invariants and hence the concepts extend to mappings f: D ! R" =
R" [ fig asin the qc theory.

The subject of Q-homeomorphismsis interesting on its own right and has
applications to much wider classesof mappings which we plan to investigate else-
where. In this paper we study various properties as distortion, removability,
boundary behavior and mapping properties of Q-homeomorphismsunder vari-
ous conditions on Q. Then the corresponding properties of Q(x)-gc mappings
f:D! R", n 2, with Q 2 Llrgcl are obtained as simple consequence®f
Theorem 2.19 below. A special attention is paid to BMO-gc mappingsin R",
n 3.

The study of related maps for n = 2 started by David [Da] and Tukia [Tu].
Recerly Astala, Iwaniec,Koskelaand Martin consideredmappingswith dilatation
controlled by BMO functions for n 3, seee.g.[IKM] and [AIKM]. It is necessary
to note the activit y of the related investigations of mappingsof nite distortion, see
e.g.[KKM 1], [KKM ,], [IKO], [IKMS], [KR], [KO], [MV 1]and [MV ,]. The presert
paper is a cortinuation of our study of BMO-gc mappingsin the plane [RSY; 3],
cf. [IM], seealso[Sa],and a similar geometric approad is usedthroughout.

For a;b2 R" and E;F R" welet g(a;b), q(E) and q(E;F) denote the
spherical (chordal) distance betweenthe points a and b, the spherical diameter
of E and the spherical distance between E and F, respectively. We denote
by B"(a;r) the Euclidean ball jx aj < r in R" with certer a and radius r,
S"(a;r) = @"(a;r). Wealsolet B"(r) = B"(0;r) andB" = B"(1), S" = @".
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2. Preliminaries

2.1. Prop osition. Let f: D! R" bea Q(x)-qc mapping. Then

(i) f is dierentiable a.e.,

(i) f satis es Lusin's property (N),

(i) Jf(x) O a.e.
If, in addition, Q 2 BMO(D), or if more generally Q 2 L[g,cl, then f 1 2
Wih f(D) , and

(iv) f 1! isdierentiable a.e.,

(v) f ! hasthe property (N),

(vi) Js(x) > 0 a.e.

Proof. (i) and (ii) follow from the corresponding results for Wﬁ)rg homeomor-
phisms, see[Re,] and [Re3z]. In view of (i) and the fact that f is sense-preserving,
(i) follows by Rado{Reichelderfer [RR , p. 333].

Now, if Q 2 BMO, then Q and henceK (x; f) belongsto L forall p< 1

loc
and, in particular, to L" *. Hence,by Theorem 6.1in [HK], f 12 Wi" f(D)

loc loc
and thus (iv){(vi) follow.

2.2. Lemma. Let Q be a positive BMO function in B";n 3, and let
A(t)=fx2R":t< jxj< e 'g. Thenforall t 2 (0;e ?),
Z
Q(x) dm(x)

2:3 — —
(2:3) Ay (X log 1=xj)"

where ¢ = ¢ kQk + ¢;Q;, and c¢; and c, are positive constarts which depend
only on n. Here kQk is the BMO norm of Q and Q; is the average of Q
over B"(1=¢).

Proof. Fix t 2 (0;e 2), and set

£ Qudm(x)

(2:4) (t) = A (X log15xj)m”

For k = 1;2;:::, write txy = e X, Ax = fx 2 R" : tys1 < jXj < txQ,
Bx = B"(tx) and let Qx be the mean value of Q(x) in Bx. Choosean integer
N, suchthat ty« t<ty.Then A(t) A(tns)=  rop A, and

z
. Q(x) _
(#9) O ) HTTog 15 T ST
where
N1 Z

A, Ixi"log" 15x]
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and

dx
& N TS

Since Ay By and for x 2 Ag, jxj " n€"5Byj, where , = jB"j and
since log 15xj > k, it follows that

N+ 1 Z Y+l 1
St n s L Q) Qudx n@'kQk T
_ IBk) B .k
k=1 k k=1
and, thus,
(2:8) jSij 2 ,€"kQk
becausefor p 2,
X
(2:9) W<2.
k=1

To estimate S,, we rst obtain from the triangle inequality that

PGS
(2:10) Qk = JQx] jQ Q@ 1j+ Qq:
1=2
Next we show that, for | 2,
(2:11) jQ Q 1j €kQk:
Indeed, . 7
jQ Q4= B (Q(x) Q 1)dx
1=11 By
& . . .
iB 1 . lJQ(X) Qi 1jdx €'kQk :

Thus, by (2.10) and (2.11),

Xk
(2:12) Qv Q1+ e"kQk Qi+ ke"kQk ;

1=2
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and, since

z dx 1 z dx 1
(213) T A — — =1y 1—;
A XM logt 15)xj K™ jX)" kn

where! , ; isthe (n 1)-measureof S" !, it follows that

N+l Q N+l 1 W+l 1
k

Tn ! n 1Q1 — + | n 1enka 1 .

k=1 k" k=1 k" k=1 k(n )

Thus, for n 3, we have by (2.9) that

S, !'n1

(2:14) S, 20, 1Q:1+ 2, 1€"KQK :

Finally, from (2.8) and (2.14) we obtain (2.3), where c= ¢;Q; + cokQk , and
c1 and ¢, are constarts which depend only on n.

2.15. Remark. Forn 2,0<t<e 2,and A(t) asin Lemma2.2,let
denote the family of all paths joining the spheresjxj =t and jxj= e ! in A(t).
Then the function %given by

1

. 0, =
(2:16) %) = {og log 1=0jx] log 155x]

for x 2 A(t) and %x) = O otherwise, belongsto adm ;.

The following lemma provides the standard lower bound for the modulus of
all paths joining two cortinua in R", see[Ge; ], [Vu, 7.37]. The lemma involves
the constart |, which dependsonly on n and which appearsin the asymptotic
estimatesof the modulus of the Teichmulller ring Ry(t) = R"n [1 ;0][ [t;1] .

2.17. Lemma. Let E and F betwo cortinuain R", n 2, with g(E)
1> 0 and q(F) 2> 0, and let be the family of paths joining E and F.
Then
|
(2:18) M () L

2 n
log —"
12

where !, ; isthe (n  1)-measureof S" *.

2.19. Theorem. Letf:D! R" bea Q(x)-gcmappingwith Q 2 Llr:)cl(D).
Then, for every family  of pathsin D and every %2 adm
z

(2:20) M (f ) Q(x)%8 (x) dm(x);
D

i.e., f isa Q-homeomorphism.
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Proof. Since Q 2 L! ! we may apply Proposition 2.1. Thus f ! 2

loc
Wi" (D) and hencef ' 2 ACL, f(D) , seee.g.[Maz, p. 8]. Therefore,
by Fuglede'stheorem, see[Fu] and [Vay, p. 95], if € is the family of all paths
2 f for which f ! is absolutely cortinuous on all closedsubpaths of , then
M(f) = M(€). Also, by Proposition 2.1, f ! is dierentiable a.e. Hence,
as in the qc case,see[Ve, p. 110], given a function %2 adm , we let Ky) =
%f (y) j(f HYAy)j for y 2 f (D) and %y) = O otherwise. Then we obtain that

for ~2 € 7 7
%4ds ods 1;

- Ffolo-
and consequetly %2 adm€.

By Proposition 2.1, both f and f ! are dierentiable a.e. and have (N)-
property and J(x;f) > 0 a.e.,and sincef ! is a homeomorphismin W:" (D),

loc
we can usethe integral tragsformation formula and obtain

M(f) =M(®) f(D)%dm(Y)

Z
%f (y) "i(f HAy)i" dm(y)
f(D)

%f (y) "
| £Of 1(y) "
(D) A (y)

%f y) "Ki f Hy)f I(y;f ) dm(y)
f(D)

Z
%f Yy) "Qf y) I(y;f 1)dm(y)
f (D)

Z
. Q(x)%x)" dm(x):

m(y)

The proof follows.
2.21. Corollary . Every BMO-qc mapping is a Q-homeomorphism with
some Q 2 BMO.
3. Distortion theorems
3.1. Theorem. Let f:B" I R" be a Q-homeomorphismwith Q 2

BMO(B"). If g R" nf B"(1=¢ > 0, then for all jxj< e 2
(3:2) ORI IR e =—
' ’ (log 15xj)

where C and are positive constarts which dependonly on n, , the BMO norm
kQk of Q and the average Q; of Q over the ball jxj < 1=e.
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Proof. Fix t 2 (0;e ?). Let A(t), : and %be asin Remark 2.15and let
t=qf B"(t) . Then, by Remark 2.15, %2 adm , and

Z
(3:3) M(f ) Q% dm:
Rn
In view of (2.3),
Z Z c
3:4 9% dm = 9% dm
(3:4) RN Q A) Q (loglog1=t)n 1

where c is the constart which appearsin Lemma 2.2, seealso Lemma 3.2 in
[RSY:] for n = 2. On the other hand, Lemma 2.17 applied to M (f ) with
E=f Bn(t) and F = R"nf B"(1=¢ yields

!n 1
(3:5) M(f )

log ="

n 1°

t

and the result follows by (3.3){(3.5) and the fact that g f (x);f (0) ¢ for
jxj = t.

3.6. Corollary . Let F be a family of Q-homeomorphismsf:D ! R";
with Q 2 BMO(D), andlet > 0. If every f 2 F omits two points a; and b

in R" with q(as;bx) , then F is equicortinuous.

3.7. Theorem. Let f:B" ! RM be a Q-homeomorphismwith Q 2
Li(B"), f(0) = 0, g R"nf(B") > 0 and g f (xo);f (0) for some
Xo 2 B". Then, for all jxj < r = min(jXoj=2;1 jXoj),

(3:8) e ()

where (t) is a strictly increasingfunction with  (0) = 0 which dependsonly on
the LY-norm of Q in B", n and

Proof. Given yg with jygj < r choosea continuum E; which contains the
points 0 and Xo and a cortinuum E, which contains the point yo and @",
so that dist(E;;Eo [ @") = jyoj. More precisely denote by L the straight
line generated by the pair of points 0 and xo and by P the plane de ned by
the triple of the points 0, xg and yp (if yo 2 L, then P is an arbitrary plane
passingthrough L). Let C be the circle under intersection of P and the sphere
S"(yo;jyo]) B"(jxoj). Let to is the tangency point to C of the ray starting
from Xo which is opposite to yo with respect to L (an arbitrary one of the two
possibleif yp 2 L). Then E; = [Xo;to][ (O;to) where (0;tp) isthe shortestarc
of C joining 0 and tg, and E, = [yo;io][ S™ where S" = @" is the unit sphere
and ip is the point (opposite to to with respect to L) of the intersection of S"
with the straight line in P which is perpendicular to L and passingthrough yo.
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Let denotethe family of paths which join E; and E,. Then
%X) = jyoj * Bn(x) 2 adm

and hence,
Z Z

(3:9) M(f ) B (x)Q(x) dm(x)  jyoj " . Q(x) dm(x) =

kQki .
yoj™

The ring domain A°=f B"n(E;[ E,) separatesthe cortinua E? = f (E;) and
ES= R"nf (B"nE,), and since

aEY) qf(xe);f(0) ; oEY qRnf(B")

and
AELED)  af(yo);f(0)
it follows that

(3:10) M f() q f (y0); T (0)

where (t) = ,( ;t) is astrictly decreasingpositive function with  (t)! 1 as
t! O, see[Vai, 12.7]. Hence,by (3.9) and (3.10),

jf (Yo)i > q f(y0); T (0) (o))

where
kQk,

= " =

has the required properties.

3.11. Remark. In view of Theorem 2.19 and Corollary 2.21, Theorem 3.7
is valid for Q(x)-qc mappingswith Q 2 L" 1(B"), and Theorem 3.1 and Corol-
lary 3.6 are valid for Q(x)-qc mappingswith Q 2 BMO(B").

4. Remo vabilit y of isolated singularities

Here and in Theorems 4.1 and 4.5, we describe two di erent and unrelated
caseswhere isolated singularities are removable.

4.1. Theorem. Let f: B" nfOg! R" bea Q-homeomorphism. If

Z

4:2 lim sup- -
(4:2) r opJB”(r)J BN (r)

Q(x)dm(x) < 1 ;

then f hasan extensionto B" which is a Q-homeomorphism.
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Proof. As the modulus of a family of paths which passthrough the origin
vanishes,it suces to show that f hasa cortinuous extensionon B". Suppose
that this is not the case.Sincef is a homeomorphism,R" nf (B" nf0g) consists
of two connectedcompact sets F; and F, in R" where F; cortains the cluster
set E = C(0;f) of f at 0. Here F; is a nondegeneratecorntinuum and using
an arbitrary Mebius transformation we may assumethat F; R". Now U =
Fi[ f(B" nf0Og) is a neighborhood of E. Thus there exists > 0 sud that all
balls B, = B"(z; ), z2 F;, arecontained in U. Let V = [ B,.

Now, choosea point y 2 F; sud that dist(y;@/) = , and a point z 2
By nF;. Next, choosea path :[0;1] ! By with (0) =y, (1) = z and

(t)2BynFy fort2 (0;1]. Let =f 1 . Forr2 Ojf (z)j ,let . denote
the connectedcomponert of the curve (I1)nB"(r), I = [0; 1], which cortains the
point f (z) = (1), andlet , denotethe family of all paths joining , and the
point 0 in B" nf0g. Then the function %x) = 1=r if x 2 B"(r)nf0g and %= 0
otherwis%is in adm , and by (4.2),

Z
lim sup Q(x)%W(x)dm(x) = 4 lim sup- - Q(x) dm(x)
0 B"(r)nfog rro JB™(r)J &n(rynfog
(4:3) <1:

On the other hand, if welet ¢ denotethe family of all paths joining two cortinua
f( +)and E in BynE,then ? f( ), andthus

(4:4) M(?) M@ o)

Evidently, dist(f ( ;);E) ! 0, and the diameter of f( ;) increasesasr ! O,

and as both f( ;) and E are subsetsof abal, M(f ()! 1 asr ! 0. This
together with (4.3) and (4.4) contradicts the modulus inequality (2.20).

4.5. Theorem. Let f:B" nfOg! R" bea Q-homeomorphismwith Q 2
BMO(B" nf0g). Then f hasa Q(x)-homeomorphicextensionto B" .

Proof. Fix t 2 (0;e 2) andlet A(t), . and %be asin Remark 2.15. Then,
by Lemma 2.17, 7
|

(4:6) n 1 M(E o) Q98 dm;

2, "1 A(t)

t

log

where =qf @"(e!) and ;= qf @"(t) . Sinceisolated singularities
are removable for BMO functions, see[RR], we may assumethat Q is de ned in
B" and that Q 2 BMO(B"). Thus, by Lemma 3.2 in [RSY,] for n = 2 and

Lemma2.2forn 3 >

. C .
4:7) A Q(x)% dm (oglog =7 1

Since here ¢ dependsonly on n, kQk and Q; = Qgn(1=¢), We obtain by (4.6){
@4.7)that ! Oast! O, andhencethat limy, of (x) exists.
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4.8. Corollary . If f:R" 1 R" is a BMO-qc mapping, then f has a
homeomorphicextensionto R" and, in particular, f (R") = R".

5. Boundary behavior

For the boundary behavior some regularity of the boundary is neededfor
which the following notation is used.

We say that a domain D in R" is a BMO extension domain if every u 2
BMO(D) hasan extensionto R" which belongsto BMO(R"). It was shawn in
[GO] and [Jo] that a domain D is a BMO extensiondomain if and only if D is a
uniform domain, i.e., for somea and b > 0, ead pair of points x;;X, 2 D can
be joined by a recti able arc D sud that

(5:1) I() a jx1 Xz

and, for all x 2

(5:2) _mlinzl (Xi; %) b dist(x; @)

i=1;
where I( ) is the Euclidean length of , (Xj;x) is the part of between x;
and x.

The uniform domainswereintroducedin [MS] and their various characteriza-
tions can be found in [Ge;], [Ma], [Mar], [Vea,] and [Vu]. It was shavn in [MS],
p. 387,that uniform domainsare invariant under quasiconformalmappingsof R" .
In particular, every domain which is bounded by a quasisphere,i.e., the image of
@" under a gc automorphism of R", is uniform. Note that a bounded corvex
domain is uniform. We alsowrite u 2 BMO( D) if u hasa BMO extension to
an open set U R" suc that D U. Domains D in R" for which every
u 2 BMO(D) admits such extension can be characterized as relatively uniform
domains, seee.g. [Go2].

A domain D R" is called a quasiextemal distance domain or a QED
domain if thereis K 1 sudh that, for ead pair of disjoint cortinua E and F
in D,

(5:3) M (E;F:R") K M (E;F;D):

It is known that every uniform domain D is a QED domain and there exist QED
domains which are not uniform, see[GM], pp. 189 and 194. Every QED domain
D is quasionvex i.e., (5.1) holds for all x; and x, 2 D nflg , seeLemma 2.7
in [GM], p. 184. Henceevery QED domain D is locally connected at @, i.e.,
every point x 2 @ has an arbitrarily small neighborhood U sud that U\ D
is connected,cf. alsoLemma 2.11in [GM], p. 187,and [HK 1], p. 190. Note that
every Jordan domain D in R" is locally connectedat @ , see[Wi], p. 66.
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We say that @ is strongly accessibleif, for nondegeneratecontinua E and
Fin D,

(5:4) M (E;F;D) > 0;

and that @ is weakly at if, for nondegeneratecortinua E and F in D with
E\F6,;,

(5:5) M (E;F;D) =1:

These properties are clearly invariant under gc mappings of R" and they are
closely related to properties P; and P, by Veisala in [Va;, 17.5] as well as to
the notions of quasiconformal atness and quasiconformal accessibility by Nekki
in [Ne] and by Herron and Koskela in [HK 1].

We shall shav belov that weak atness implies strong accessibility. The
conversedoes not hold as in the example of a disk minus a cut. Note that the
conditions (5.4) and (5.5) automatically hold if E and F are inside D, seee.g.
Lemma 1.15in [Ne], p. 16, and [Va1, 10.12],but not if E and F arein @ . It is
known that for a QED domain the inequality (5.3) holds for ead pair of disjoint
cortinua E and F in D, seeTheorem 2.8in [HK ], p. 173, cf. Lemma 6.11in
[MV], p. 35. The latter property of QED domainsalsoimplies (5.3) for nondegener-
ate intersecting continua E and F in D . HenceQED domainsand, consequetly,
uniform domains have weakly at boundaries,cf. Lemma 3.1in [HK 1], p. 196.

5.6. Lemma. If the boundary of adomain D in R", n 2, is weakly at,
then it is strongly accessible.

Proof. Let E and F be nondegeneratecortinua in D . Without loss of

generality we may assumethat E\ F = ;, that 1 liesoutside of E[ F and
that E @, seeLemma 1.15in [Ne], p. 16. Take 0 < " < 2idist(E;F).
Then E-\ F- = ; where E- = fx 2 D : dist(x;E) < "gand F- = fx 2 D :

dist(x; F) < "g: Sinceead pathin ( E; E;D) contains a subpath which belongsto
( E;E~;D), it follows, seee.qg.[Fu], p. 178,cf. [AB], p. 115,that M ( E;E;D)

M (E;E+;D) . In view of the weak atness of @, M (E;E;D) = 1.
Therefore M ( E;E-;D) = 1 . By the Lindelof principle, seee.g. [Ku], p. 54,
the open subsets E- and F- of D can be covered by countable collections of
open and, consequetly, closedballs B inside E- and F-, respectively. Thus,
by countable subadditivity of the modulus we can nd a couple of closedballs,
Bop E+-and B, F-, Bgp\ By =, sud that

(5:7) M (E;Bg;D) >0
and

(5:8) M (F;By;D) > 0;
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seeTheorem 1 in [Fu], p. 176. Also
(5:9) M (Bo;By;D) >0

seee.g.Lemma 1.15in [Na].
Now, we usethe idea of Nakki which appearsin the proof of Theorem 1.16in
[Ne]. Let %2 adm ( E;By;D). If
Z Z
(5:10) %ds 1 or %ds 1
' 3 0 3
for all recti able paths 2 ( E;Bo;D) and °2 ( By;B,;D), respectively, then
3%2 adm ( E;Bg; D) or 3%2 adm ( Bo;By; D), and henceby (5.7) and (5.9)
Z
(5:11) Wdm 3 "min M (E;Bg;D) ;M (Bg;By;D) >0
D
If (5.11) doesnot hold for a couple of such pathns and ©, then
z 1
(5:12) %ds > 3

for every rectiable path 2 ( ; %Rg) whereRg isaring ro < jx ¢coj < r3, o
and ro arethe certer andthe radius of B, respectively, and rg = ro+ dist(Bo; By[
@), i.e., 3%2 adm ( ; %Rg), and hence
Z 0
o
(5:13) Wdm 3 "c,log— > 0;
D o

see[Veay, 10.12]. Thus, by (5.11) and (5.13)
(5:14) M (E;By;D) >0
If I = IntBy\ F 6 ;,then by Lemma1.15in [Na] M ( Bo;1;D) > 0, and

arguing as above (take | = By \ F instead of B,) we obtain M ( E;I;D) >0
and henceby monotonicity of the modulus

(5:15) M (E;F;D) >0

If B\ F = @,\ F 6 ;, then by subadditivity of the modulus we obtain
(5.8), (5.9) and (5.14) for another ball B§ IntB, with B3\ F = ;. Finally,
if Bo\ F =, then repeating the above argumerts (as in the proof of (5.14),

replace B, and B, by B, and F, respectively) we again obtain (5.15) by (5.8)
and (5.14).
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5.16. Lemma. Let D beadomainin R", n 2, which is locally con-
nectedat @ andlet f:D ! D° R" bea Q-homeomorphismonto D with
Q2 BMO(D). If @?9 is strongly accessiblethen f has a cortin uous extension
f~D! DO

Proof. Let Xo 2 @ . As BMO functions and Q-homeomorphismsare Mobius
invariant, we may assumethat xo = O andthat @"\ D 6 ;. We will shaw that
the cluster set E = C(0;f) of f at O is a point, which will prove that f (x) has
alimit at xgq.

Since D is locally connectedat 0, E is a continuum. Supposethat E is
nondegenerate.For t 2 (0;1=6), let D; denote the componert of B"(t)\ D for
which 02 D.. Note, that D; is well de ned, since D is locally connectedat 0,
and that D; D for t < t% For t 2 (0;e 2], let . denotethe family of path
joining Dy andthe set S= D\ @"(1=€) in DN D. As in Lemma 2.2, we
let A(t) denotethe sphericalring t < jxj < 1=e. Then the function %x) de ned
in Remark 2.15is admissiblefor , and hence

Z
(5:17) M(f ) Q(x)98 (x) dm(x):

D

If Q2 BMO(D), we may apply (3.3) in [RSY,] for n= 2 and (2.3) for n 3,
and get

Z Z
(5:18) Q(x)98 (x) dm(x) QX)W (x)dm(x)! 0

D A(t)
ast! 0. On the other hand
(5:19) M@ ) M (f(S):E;DY :

Now, @ is strongly accessiblef (S) cortains a nondegeneratecortinuum and E
is nondegenerate.Therefore, the right-hand sidein (5.19) is positive cortradicting
(5.17) and (5.18). This shaws that the cluster set of f at every point of @ is
degenerateand thus f has a cortinuous extensionon D .

5.20. Lemma. Let D beadomainin R" and f a Q-homeomorphismof D
onto a domain D%in R™ with Q 2 LY(D). Supposethat D is locally connected
at @ . If @"Yisweakly at, then C(x1;f)\ C(xp;f) = ; for every two distinct
points x; and X, in @ .

Proof. With no loss of generality we may assumethat the domain D is
bounded. For i = 1;2, let E;j denote the cluster sets C(x;;f) and supposethat
E:\ Eo6 ;. Write d= jXx; X2j. SinceD is locally connectedin @ , there are
neighborhoods U; of x;, suchthat W; = D\ U; isconnectedand U;  B"(x;;d=3),
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i = 1;2. Then the function %x) = 3=dif x 2 D\ B" (x1+x2)=2;d and %x) = 0
elsewhereis admissiblefor the family = ( W1;W»;D). Thus,
Z Z

n

(5:21) M (f ) Q(X)9% (x) dm(x) j—n Q(x)dm(x) < 1:
D D

On the other hand
(5:22) M =M (Ej;;EzD) M(f):

But as @° is weakly at, and E;, i = 1;2, are nondegeneratecortinua in D°
with non-empty intersection, M = 1 , contradicting (5.21). The assertionfollows.

5.23. Corollary . Let D, D% f and Q be asin Lemma5.20. Then f !
has a contin uous extensionto DO,

5.24. Corollary . Let E be a nondegeneratecortinuum in B" and Q 2
L1(B" nE). Then there exists no Q-homeomorphismof B" nE onto B" nf0g.
If Q2 L" {(B" nE), then there exists no Q(x)-qc mapping of B" n E onto
B" nf0g.

5.25. Corollary . Let f:D ! D° R" bea Q-homeomorphismonto D°
with Q 2 BMO( D). If D locally connectedat @ and @°? is weakly at, then
f hasa homeomorphicextensionf: D | DO,

5.26. Theorem. Let f:D ! _D° be a Q-homeomorphismbetween QED
domains D and D° with Q 2 BMO( D). Then f hasa homeomorphicextension
f*D ! DO

This and the next theorem extend the known Gehring{Martio results, see
[GM], p. 196, and [MV], p. 36, from gc mappings to Q-homeomorphismswith
Q 2 BMO( D) and to BMO-gc mappings, respectively.

5.27. Theorem. Let f:D ! D% bea BMO-gc mapping between uniform
domains D and D°. Then f hasa homeomorphicextensionf® D ! DO,

5.28. Corollary . Let f: D! D° be a BMO-qc mapping betweenbounded
corvex domains D and D°. Then f hasa homeomorphicextensionf> D ! DO.

5.29. Corollary . If D is a domain in R" which is locally connected at
@ andif D is not a Jordan domain, then D cannot be mapped onto B" by a
Q-homeomorphismwith Q 2 BMO(D).

5.30. Corollary . If a domain D in R" is uniform but not Jordan, then
there is no BMO-qc mapping of D onto B".

In 7.2 below we show that for every n 3 there is a boundeduniform domain
in R" which is a topological ball and not Jordan.
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6. Mapping problems

In Section 4, we showed that there are no BMO-gc mappings of R" onto a
proper subsetof R", nor BMO-qc mappings of a punctured ball onto a domain
that hastwo nondegenerateboundary componerts. We may considerthe following
two questions.

(a) Are there any proper subsetsof R" that can be mapped BMO-quasicon-
formally onto R" ?

(b) Are there any nondegeneratecortinua E in B" sud that B" nE canbe
mapped BMO-quasiconformally onto B" nf0g?

In [RSY,] we shawved that the answer to thesequestionsis negative if n = 2.
The proofs were basedon the Riemann Mapping Theorem and on the existenceof
a homeomorphicsolution to the Beltrami equation

w; = (2)w,
for measurablefunctions  with k kj 1 which satisfy
1+ (2)]
1 (2j
a.e.for someBMO function Q. One may modify Questions(a) and (b) by replac-
ing the words \BMO-quasiconformally” by "by a Q-homeomorphism”. Below, we
provide a negative answer to Questions (a) and (b) in some special caseswhen
n> 2.
We say that a proper subdomain D of R" is an L*-BMO domain if u 2
L1(D) whenewr u 2 BMO(D). Evidently, D is an L'-BMO domain, if D is a
bounded uniform domain. By [Sta], pp. 106{107, cf. [Go1], p. 69, D isan L*-

BMO domain if and only if kp( ;Xo) 2 LY(D) where kp is the quasihyrbolic
metric on D,

Q(2)

Z

(6:1) ko (X: Xo) = inf ds

d(y; @)

where ds denotesthe Euclidean length elemen, d(y; @) the Euclidean distance
fromy 2 D to @, and the in m um is taken over all recti able paths joining x
to Xg in D. L*-BMO domainsare not invariant under quasiconformalmappings of
R", howeer, they are invariant under quasi-isometries,see[Sta], pp. 119and 112.
In particular, every John domain is an L'-BMO domain, seeTheorem 3.14

in [Sta], p. 115. A domain D R" is called a John domain if there exist 0 <
< 1 andapoint xo 2 D sud that, for every x 2 D, there is a recti able path
. [0;1]! D parametrized by arclength sudh that (0) = x, (I) = Xo, | and

(6:2) d )@ +t
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for all t 2 [0;I]. A John domain need not be uniform but a bounded uniform
domain is a John domain, see[MS], p. 387. Note also that John domains are
invariant under gc mappings of R", see[MS], p. 388. A corvex domain D is a
John domain if and only if D is bounded. For characterizations of John domains,
see[He], [MS] and [NV].

Helder domains are also L*-BMO domains. A domain D R" is said to be

a Helder domain if there exist xo 2 D, 1 and C > 0 sud that
d(xo; @)
: : + _
(6:3) kp (X;Xp) C log dx @)

for all x 2 D. It is known that D is a Helder domain if and only if the quasi-
hyperbolic metric kp (X; Xg) is exponertially integrable in D, see[SS]. Thus, a
Helder domain is alsoan L'-BMO domain.

6.4. Theorem. Let D beadomainin R";D 6 R"; n 2,andf:D! R"
a Q-homeomorphism. If there exist a point b2 @ and a neighborhood U of b
such that Qjp\y 2 L, then f (D) 6 R".

Proof. The statemert is trivial if D is not a topological ball. Suppose that
D is a topological ball. By the Mebius invariance, we may assumethat b= 0
andthat 1 2 @. Let r > 0 besuch that B"(r) U. Then Q is integrable in
B"(r)\ D. Choosetwo arcs E and F in B"(r=2)\ D ead having exactly one
end point in @ sud that 0 < dist(E;F) < r=2. Suc arcs exist. Indeed, since
@ is connectedand 0 and 1 belongto @, the sphere @B "(r=2) meets @
and cortains a point xo which belongsto D . Then one cantake E asa maximal
line segmem in (0;xp]\ D with one end point at xo and the other onein @,
and F asa circular arc in the maximal sphericalcapin @"(r=2)\ D which is
certered at X, sothat F hasoneend point in @ and the other onein D.

Now, let  denote the family of all paths which join E and F in D. Then
%x) = dist(E;F) tif x2 B"(r)\ D and %x) = 0 otherwise is admissiblefor
Then by (1.2)

Z Z

1
6:5 M (f Wdm ————
( ) ( ) D Q d|St(E,F)n Bn(r)\ D

Qdm< 1:

On the other hand, if f (D) = R",then f(E) and f (F) meetat 1 andf isthe
family of paths joining f (E) and f (F) in R". Thus M (f ) = 1 . Contradiction
shawing that f (D) 6 R".

As a consequencef Theorem 6.4, we have the following corollaries which say
that a proper subdomain D of R" having a nice boundary at least at one point
of @ cannot be mapped BMO-quasiconformally onto R" .
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6.6. Corollary . Let D be a domainin R";D 6 R", n 2, and let
f:D! R" bea Q-homeomorphismwith Q 2 BMO(D). If there exists a point
b2 @ and a neighborhood U of b sud that D\ U is an L*-BMO domain or,
in particular, if @D \ U) is a quasispherethen f (D) 6 R".

6.7. Remark. Theorem6.4impliesin particular that, if a BMO-qc mapping
f of D isonto R", then either D = R" or the domain D cannot be (even locally
at any boundary point) corvex, uniform, John or Helder.

By the techniqueswhich are usedin the proof of Theorem 6.4, one can estab-
lish the following theorem which givespartial answersto (b).

6.8. Theorem. Let E be a nondegeneratecortinuum in B", D = B" nE,
and f: D! R" a Q-homeomorphism. If there exist a point xo 2 @ \ B" and
a neighborhood U of xg sud that Qjp\y 2 L*, then f (D) is not a punctured
topological ball.

6.9. Corollary . Let E be a nondegeneratecortinuum in B" and D =
B" nE. If there exist a point Xxo 2 @ \ B" and a neighborhood U of xo sud
that UnE isan L'-BMO domain or, in particular, if @U nE) is a quasisphere,
then D cannot be mapped BMO-quasiconformally onto B" nfQg.

6.10. Remark. The condition Qjp\ y 2 L which appearsin Theorems6.4
and 6.8 holds for Q 2 BMO(D) if kpyy 2 L and j@ \ Uj > 0, see[Sta]. Note
that the latter property is impossiblefor corvex, uniform, QED aswell asfor John
domains, see[Ma], p. 204, [GM], p. 189, and [MV], p. 33.

7. Some examples

We say that a domain D in R", n 2, is a quasilall, respectively, BMO-
guasikall if there exists a homeomorphismof D onto B" which is qc, respec-
tively, BMO-qc. We say that aset S in R" is a quasisphee, respectively, BMO-
quasisphee if there exists a qc mapping, respectively, BMO-gc mapping f of R"
onto itself such that f (S) = @".

The following example shows that there is a BMO-quasicircle  which is not
a quasicircle.

7.1. Example. Considerthe curve = 1[ 2[ 3 where ; = [0;1],
2=[1 ; 1=¢ and

3= te' T o< t< 1=e ;

Clearly, doesnot satisfy Ahlfors's three points condition, and henceit is not a
guasicircle. Howewver, is a BMO-quasicircle. Indeed,the map f: C ! C which
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is identity in C nB2 and is given for jzj < 1 by

8

. remillogtn; "o log 1=r "
f(re )_>rex i 1+ 1 = log1=r - if

' P 1 2logl=r ' log 1=r

is Q(z)-qc with Q(re' ) = max(1;log1=r) which is BMO-qc in C and maps
onto R.

Note that R" is a topological ball which cannot be mapped by a BMO-qc
mapping onto B", seeCorollary 4.8. In view of Corollary 5.30, the following
example shows that, for every n 3, there exists a proper subdomain of B"
which is a topological ball but not a BMO-quasiball.

7.2. Example. Let B = B" nC"(") where C"(") is a conein B" with
vertex v= @"\ fx, = 1g and baseB"(")\ fx, = 0g, 0< "< 1. Forn 3, the
domain B is uniform. Evidently B is atopological ball. Howewer, the boundary
of B is not homeomorphicto the sphereS" ! becausethe point v splits @ into
two componerts.
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