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SECTOR REFLECTIONS IN THE PLANE
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Abstract.  We give the optimal bi-Lipschitz re ection of a Euclidean sector in the plane.
This solvesa problem posedby F.W. Gehring and K. Hag.

Supposethat (X;dx) and (Y;dy) are metric spacesand f:X ! Y is a
bijection. Then f is said to be bi-Lipschitz if there existsa constart L 1 sudh
that

(1) %dx (Xl;Xz) dY f (Xl);f (Xz) de (Xl;Xz)

for all x1;x2, 2 X . The bi-Lipschitz constant of a bi-Lipschitz map f is the
smallest constart L 1 sud that (1) is satised. If sucdh a map exists, then
X and Y are said to be bi-Lipschitz equivalent. Moreover, f is optimal if its
bi-Lipschitz constart L isthe in mal constart over all bi-Lipschitz maps from X
to Y. If X and Y are suitable spacesthen one can easily shav that such a map
exists.

In general,it seemsthat the problem of nding an optimal bi-Lipschitz map
can be exceedinglydicult.  There is neither a theoretical foundation for con-
structing such a map, nor a methodology for proving that one is optimal. Few
papers in the literature consider problems of this classand of these, even fewer
presernt solutions. Furthermore, these papers are restricted in their consideration
to particular spacesand make use of specially tailored geometric argumerts not
necessarilyapplicable elsewhere.For example,in [MI], J. Milnor nds the optimal
bi-Lipschitz planar image of a sphericalcapin R23.

In this note we are interested in nding optimal bi-Lipschitz re ections with
respect to the Euclidean metric. As de ned in [GH], a region D R? admits
a bi-Lipschitz re ection if there exists a bi-Lipschitz map f:D ! R?nD that
satis es

() f(D)=R?nD and
(i) f(x)=x forall x2 @
We will denote the image R?nD of D under f by D .
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For the remainder of this note, assumethat 2 [0;2 ] denotesa polar angle,
r 2 R* aradial distance and that a coordinate pair of the form (r; ) represers
the point with Cartesian coordinates

(rcos ;rsin );
unlessexplicitly stated otherwise. Also, denote by
R()=1f(r; ):r2R"g

the ray eminating from the origin with angle from the polar axis.

In [GH], F. W. Gehring and K. Hag considerbi-Lipschitz re ections of a closed
Euclideansector S( ) ofangle0< < 2 , dened in polar coordinates asthe set
f(r; ):0 ;0 g. At rst, onewould suspect that an angular adjustment
map :S( )! S( ) where

;)7 (=)
forr = and =2 would yield optimal results. Note that  satis es
(2) Ajxi X2 ] (X1)  (X2)] Bjxi X
forall x1;%x22 S( ), whereA=min =;1 and B = max =; 1 . Weobsene

that under this map the sector experienceseither expansionor cortraction, but
never both.

0 o]
Figure 1. The Gehring{Hag bi-Lipschitz re ection of S( ).

Gehring and Hag make the natural conjecture that the optimal re ection for
sectors S( ) with 0 < is a piecewiselinear map de ned as follows. Let
x 2 S( ), Tx bethe unigue line containing x parallel to the bisector of S( ) and
y the point where Ty intersects @( ). Then fg,(x) is de ned to be the unique
point in S( ) onthe line T, with Euclidean distance d = jx yj from y. See
Figure 1 for an illustration of the map. One may readily verify that their map
has bi-Lipschitz constart cot % . There is very compelling evidencein support
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of Gehring and Hag's conjecture. Indeed, if we divide the sector into two parts
by meansof a ray through the origin, and further assumelinearity in ead of the
parts, then the optimality of this map can be proved with elemenary geometry.
Furthermore, under the far lessrestrictive assumption of piecewisedi eren tiabilit y
at the origin, we can use a rescalingargumert to reducethe problem to the case
of piecewiselinearity, again implying the optimalit y of the Gehring{Hag map.

In light of theseconsiderations,it is quite striking that in generaltheir conjec-
ture fails to hold. In this note we give the optimal re ection of Euclidean sectors
S()for0< <2 .

In order to de ne the map, we rst needsomepreparation.

Lemma 1. For given 0< there existsunique  with O < % and
2 sud that the map ' de ned by
+ 2t
t 71 ———tan?t
2t
attains the value ' ( ) = 1.
Proof. It is clearthat ' (0) = 0. Now, we considertwo cases.If 0< % :
it isclearthat ' (t)! 1 ast! % . Alternativ ely, if % < ,then > 3
In particular,
3
' - 2 .
2 -1 L

Soin either case,the Intermediate Value Theorem and the strict monotonicity of
implies that there existsa unique in the requiredrangesuchthat ' ( )= 1. o

By a similar consideration as was given in Lemma 1, the inequality

+ 2
- 00> 1
3) 5
holds for 0 < and O < % . This fact will play an important role in the
determination of the bi-Lipschitz constart of the optimal map re ection of S( ).

Figure 2. Optimal bi-Lipschitz re ectionvof S( ).
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Let 2 (0; ] be xed, be asin Lemma l, and = % De ne
f:S()! S() piecewiseasfollows:
@ Ifo , then f is the unique linear re ection map sud that f (r;0) =
(r;0) and f(r; )= (rtan ; ).
(i) If , then f is the angular adjustment followed by a rescaling
and re ection,
(r; )7! rtan; L( )
2
(i) If , then f is the unique linear re ection map sud that
f(r; )=(r; ) andf(r; )= (rtan; + ).

The domain of de nition of f in (i), (i), and (iii) above corresppndsto X,
Y, and Z, respectively, in Figure 2. Note that on the rays R( ) and R( )
the de nition of f is consisten.

Lemma 2. Suppose S( ) is a Euclidean sector of angle 0 < , and the
map f:S( )! S( ) isdened asabove. Then the bi-Lipschitz constart L of f
is givenby cot , where s asspecied in Lemma 1.

Proof. Consider rst the closed sector with 0 , corresponding to
X in Figure 2. Let T; be the line segmen connecting the points with polar
coordinates (1;0) and (cos; ), and T, be the line segmen connecting (1;0)
and (cos ; ). Theseare labeledin Figure 3. Then T, = f(T1). Moreover, Ty
is orthogonal to the ray R( ) and T, to the ray

f R() =f(rtan ; ):r2R"g:

Thus in this sector, f can be thought of asthe composition of two maps. First,
it is arescalingby a factor of tan and cot in the orthogonal directions R( )
and R( ), respectively, and then are ection. It is obvious that the re ection is
an isometry. Hence,f satis es

4) tan jx; Xxpj jf(x1) f(x2)] cot jx1 Xz

for all xy;x2 2 f(r; ):0 r; 0 g. A similar consideration shaws that
f satis es inequality (4) for all x1;x2 2 f(r; ):0 r; g, which
correspndsto Z in Figure 2. Note that the boundsin (4) are the best possible.

Now supposethat X;;x, 2 f(r; ):0 r; g, which corresponds
to Y in Figure 2. In this sector, f is a sector expansionfollowed by a rescaling.
Henceby inequality (2), we seethat f satis es

(5) tan jxi Xzj jf(x1) f(x2)] tan jx1 Xz
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Note that by (3), the multiplicativ e constart on the right-hand side of (5) is
in fact larger than the constart on the left-hand side. Again, it is clear that the
boundsin (5) are the best possible. Combining (4) and (5),

2 2
L = max cot ; —Ztan

It follows from Lemma 1 that

cot = Ltam
- 2

and so L = cot is the bi-Lipschitz constart of f . o

Theorem 3. Let S( ) be a Euclidean sector of angle 0 < . Then the
unique optimal bi-Lipschitz re ection is given by the map f asde ned above.

Figure 4. The path in S( ) and the paths and g( ) in S( ) . The path g( ) avoids the
lightly shadeddisk certered at the origin and the path  must avoid the more darkly shadeddisk.

Proof. Supposethat :[0;1]! S( ) isthe path of constart speedthat runs
from (1;0) to (cos; ) alongaline segmem, thento (cos; ) alongacircular
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arc of radius cos certered at the origin and nally to (1; ) alongaline segmen
Similarly, dene :[0;1]! S( ) to be a path of constart speedthat runs from
(1;0) to (cos ; ) alonga line segmem, thento (cos ; + ) alonga circular
arc of radius cos certered at the origin and then to (1; ) along a line segmen

Note that is orthogonal to the line segmes emanating from the origin
to the points (cos; ) and (cos; ). Similarly, is orthogonal to the
line segmems with endpoints (0;0);(cos ; ) and (0;0);(cos ; + ). Also,
f()=

Let Lo = cot , the bi-Lipschitz constart of f , and supposethat g:S( ) !
S( ) is any arbitrary L -bi-Lipschitz re ection of S( ). Furthermore, suppose
that L Lg. Then by the bi-Lipschitz inequality, g( ) must avoid an open disk of
radius cos =L certered at the origin and so also an open disk of radius cos=L g
certered at the origin. Thesedisks are sketched in Figure 4. Obviously, is the
unigue shortest path connectingthe points with polar coordinates (1;0) and (1; )
in S( ) , avoiding the latter disk. Hence,

lg() 1()
Ic)y 10)

where | signies the length of a curve. The equality in (6) follows from the
consideration given in the computation of the bi-Lipschitz constart of f from the
proof of Lemma 2. In particular, f attains its bi-Lipschitz constart along the
path . Therefore f is optimal.

Lastly, we show the uniquenessof the optimal map. Supposethat g is an
arbitrary L -bi-Lipschitz re ection of S( ). From the argumert above it follows
that g( ) and are both parameterizations of the same curve. We combine
inequality (6) with the fact that the bi-Lipschitz constart of g is Lo to obtain

(6) L

= Lo;

(7) lg( ) =Lol()=1():

Moreover, for all t 2 [0; 1] we have both

(8) I'g( j[0;t])  Lol( jIOst])
and
9) lg( jl61)  Lol( jIt1]:

It follows that we have equality in (8) and (9) by (7) and so g( ) is of constart
speed. Thereforeg (t) = (t)=f( (t)) forall t 2 [0; 1] and sothe maps g and
f agreealongthe path . Applying this argumert to rescalingsof , we seethat
the map g agreeswith the map f everywhere and sothe uniquenessis proven. o
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Corollary 4. Suppose S( ) is a Euclidean sectorof angle < 2 . Then
the unique optimal bi-Lipschitz re ection is given by the map f , wheref ! isthe
optimal bi-Lipschitz re ection of S(2 ).

Proof. This is obvious sincethe inverseof an L -bi-Lipschitz map is also L -bi-
Lipschitz. This fact alsoimplies that the inverseof a unique optimal bi-Lipschitz
map is also unique and optimal. o
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