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Abstract. In 1958, E. Heinz obtained a lower bound for j@Fj2 +j@Fj2, where F is a one-
to-one harmonic mapping of the unit disc onto itself keeping the origin fixed. Assuming additionally
that F is a K -quasiconformal mapping we aim at giving a variant of Heinz’s inequality which is
asymptotically sharp as K tends to 1. To this end we prove a variant of Schwarz’s lemma for
such a mapping F .

In tro duction

Assumethat F is a one-to-oneharmonic mapping of the unit disc D = {z €
C :|z| < 1} onto itself normalized by F(0) = 0. In 1958, E. Heinz proved that
the inequality

©:1) @F @I+ |@F@)P > 2

holds for every z = x + iy € D; cf. [2]. Givena function f: T — C integrable on
the unit circle T := {z € C : |z| = 1} we denoteby P [f](z) the Poissonintegral
off at zeD, ie.

u+ z
u—=2z

. zeD:

(0:2) P[fl(2) = Zi[rf(u) Re |du

Write Hom™(T) for the classof all sense-preservindiomeomorphicself-mappings
of T. In caseF = PJ[f] for somef € Hom*(T) the estimation (0.1) may be
improved as follows:

2 1
— 4+ =
2

1
dec +3 max{dy; 2d}};

03)  inf (I@F@+|@F () =
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where

. — : / .
(0:4) dy = efgrgf If'(2)|;

cf. [10, Theorem 0.4]. Herefor every z € T

: oy e pi 1 (W) —T(2)
(0:5) f'(z) = llg]z .
provided the limit exists and f’(z) := 0 otherwise. If the mapping F coincides
with a rotation (around the origin), then the left-hand side in (0.3) equals 2,
while the right-hand side equals 2= 2 + 3=2, becaused; = 1. As shawn in [10,
Lemma 0.1], for every f € Hom*(T), d; < 1, sothe constart 2= 2 + 3=2 is the
best possible,and thereby the estimation (0.3) is not sopreciseat leastfor F close
to a rotation in the sensethat dy is closeto 1.

It is a natural problem to study estimations of the type (0.1) in two cases:

() F is a K -guasiconformalmapping for someK > 1;
(i) F = P[f] for somef € Hom*(T) which admits a K -quasiconformal exten-
sionto D for someK > 1.

In the rst caseF hasa corntinuousextensionF * to a homeomorphicself-mapping
of the closure D ; cf. [5, Chapter |, Theorem8.2]. Thusthe limiting valued function
f = F(‘:r belongsto Hom*(T), and so F = P[f]. Conversely for eahh K > 1
there exists f € Hom™(T) which admits a K -quasiconformalextensionto D , but
F = PJ[f] is not a quasiconformal mapping; cf. [6], [12], [4], [8], [9]. Therefore
the secondcaseyields the essetially wider classof F than the rst one. In what
follows we consideronly the rst, simpler case.

For K > 1 set QCH(D;K) for the classof all K -quasiconformal and har-
monic self-mappingsof D. We wish to nd a lower bound of the left-hand side
in (0.1) by meansof K > 1 only, provided F € QCH(D;K) satises F(0) = 0.
According to [10, Theorem 0.6],

2
(0:6) |@F (2)|*> + |@F (2)|* > %<1+ Ki) . zeD:

If K = 1, then the mapping F coincideswith a rotation, so the left-hand sidein
(0.6) equals 2 for all z € D, while the right-hand side equals 8= 2. Thus there
is a big gap betweenthe both sidesin (0.6), and in consequencethe estimation
(0.6) is not satisfactory for small K closeto 1.

In this work we are interested in nding a cortinuous decreasingfunction
M : [1;+c0) — (0; 1] such that

(0:7) |@F (2)]* + |@F (2)|> >2M (K); z€D;
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and M(K) - M(1) = 1 asK — 1. Theorem 2.2 in Section 2, which is our
main result, givesa solution. In general, the proof of Theorem 2.2 borrows from
techniques deweloped in [10]. The progressnow is due to new results discussed
in Section1. The rst result (cf. Lemma 1.1) dealswith a variant of Schwarz's
lemma for F € QCH(D;K) normalized by F(0) = 0. The estimation (1.4)
improves essetially for z closeto the boundary T and small K closeto 1, the
classicalone ([2, Lemmal])

4
(0:8) |IF(z)| < —arctan|z|; ze€D;

usedby Heinz in the proof of (0.1). The secondand third results (cf. Lemmas1.3
and 1.4) give an asymptotically sharp lower bound of the value

—F(rz)].
-r ’

_ ... |F"2)
©:) inf im inf ==
The estimation (1.15) alsoleadsto Theorem 2.1 in Section 2, which is our second

main result. It provides an asymptotically sharp lower estimation of d; in terms
of K for f = F*|r.

1. Auxiliary results

In the theory of plane quasiconformalmappingsthe Hersd{P uger distortion
function g, K > 0, plays important roles; cf. e.g.the book of Vuorinen [11]. It
is de ned by the equalities

(1:1) k()= "1 (nN=K); 0<r<1; k(0):=0 x(1):=1

where  stands for the module of the Grotzsch extremal domain D \ [O; r]; cf. [3]
and [5, pp. 53 and 63]. The function can be expressedexplicitly by means of
the complete elliptic integral of the rst kind

: = [ dx : :
(1:2) K (r):= /O Ja I =)  0<r<1;
in the form
(2:3) (r)= EK(K;(;;Q); O<r< 1

Lemma 1.1. IfK >1, F € QCH(D;K) and F(0) = O, then

(1:4) IF(2)| <P[ xl(|z]); zeD;
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where
: 2 cosit)? - 1; o<|t|< i |
(1:5) K(elt):{ e 21)2 _ 52 1_”_2
2 1x(cosit)"+4 g(1=v2)" -3 1 <t <
Proof. De ning f := F*|r we have
F(z)= P[f](z); zeD:
Hence, using the polar coordinatesin (0.2), we obtain
: Y
(1:6) F(re¥) = 2—/ f(e)P,.( —t)dt; 0<r< 1, ' €R;

where

1+re? 1—r?

P. = Re — = X
() 1—-ref 1—2rcos +r2

0<r<1 €R:

Setting for any ' € R, f(t) := f (€t + f (el*~9), t € R, we concludefrom
(1.6) that for agivenz=re» e D,

2 F(z) = /7r P,.(t —")f (el) dt

—Tr

= / ’ P,.(1)f (€(¥*Y) dt
- /W P, (t)f (1) dt
071'/2 7T/2
- / PL(O)f (1) dit + / P.( —Df,( —Ddt
0 0
w/2
:/0 (Po(t) — P, ( —1))f ()t

/2
+/ P.( —D[f,(t)+ f ( —t)]dt:
0

Hence
1 /2 i(p+t) i(p—t)
|F(z)|§2—/ (Pr(t)—Pr( —t))|f(e90 )+ f (') dt
0
w/2 ) )
(1:7) * 2i / P.( —0)f (€#F)) + f(€F~™)| dt
0

™/2 ) )
+ Zi / P.( —If (€¢70) + f (et D) dt:
0



On an asymptotically sharp variant of Heinz’s inequality 171

If zw € T andif w= ze* for somes € R, then

Iz+ w| = |z+ z€°| = |z]|€%/?| |€¥/2 + e77/2
(1:8) 1 o .
= 2|cosis| = 2|2(cosis)” — 1|:

Since F is a K -quasiconformal mapping normalized by F (0) = 0, we seeby the
guasi-invariance of the harmonic measurethat

(1:9) yk(cosi( — )) <cosy < k(cosi( — ));

provided ; ; € R areany numberssuththat < < +2 ,0< <2
and

(1:10) f(e) = €7f (°);

seee.g.[7, (2.3.9)]. Applying now (1.8), (1.9), (1.10) and the identity ([1, Theo-
rem 3.3])

2
: K 1 —t2)" = 1; st 4
(1:11) M+ r(V1-t2)"=1 0<t<y
we obtain for every t € [0;1 ],
1. . 2
SHEE )+ @) <2 efoosy) ~1=2 k

1

V2
1. . . 2 1\2
~If (elle=1Y) 4+ f (et < 2 —] —1=2 — ) -1
2\ (e )+ f(e )| < K cos7 <\ 7 ;

1. . : 2
§|f (e1(¢+t)) + f (e1(¢—t))| < 2 K (COS%) -1

Henceby (1.7) we have

w/2
IF(2)| < E/ (P.(t) =P.( —1)(2 x(cosit))® —1)dt
0

n/
+ E/ QPT( —1)(2 x(1=v2)* — 1) dt
0

m/
= E/ 2Pr(t)(2 K(cos(%t))Q—l) dt
0

+ E/ P,.(t)(4 K(1=\/§)2_1—2 K(sin(%t))Q) dt:
/2
Applying now (1.11) and (1.5) we obtain

(1:12) Fz) <t /0 TP k(e dt

Since g(e) = (e ~') for t € R, (1.12) leadsto (1.4), which endsthe proof. o
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Remark 1.2. From (1.5) it follows that | x(e*)] < 1 for all K > 1 and
e’ € T. This combined with (1.4) yields 0 < P[ k](|z|]) < 1 for all K > 1 and
z € D. Thus the estimation (1.4) givesa good cortrol for |z| closeto 1. In the
casewhere K = 1 we have (e'*) = cost for t € [0; ] and hence

IF(2)| = |z[= P[ 1(z)); zeD:

Thus the estimation (1.4) is asymptotically sharp for K closeto 1.

Let L!(T) denote the spaceof all complex-\alued functions Lebesgueinte-
grableon T . For every f € L(T) dene

(1:13) fop= Zi/Tf(u) |dul

and write Crl[f ] for the Caudy singular integral of f , i.e.forevery ze T,

. EFSVIE S RO P i
(114) CT[f ](Z) = PIV: Z TU—2 du = 6“_)”0]—}— Z T\T(z,¢) u—=z

du

whene\er the limit exists and Cr[f ]J(z) := 0 otherwise. Here and subsequetly,
TE";") = {é" €T :|t—x| < "} and integration along any arc | C T is
understood under courterclockwise orientation.

Lemma 1.3. IfK >1, F € QCH(D;K) and F(0) = O, then the inequality

(1:15) lim i?f F*(2) —F(r2)] Zmax{g;LK};

r— 1—7

holds for every z € T , where

2 1 ey o

(1:16) Lg:i= — ; K(\/f) 1/K( 1—t):

Proof. By [10, (2.11)] the left-hand sidein (1.15) is not lessthan 2= , thus
we have to show only that it is equal to or greaterthan L. Fix K > 1. By
(1.1), (1.2) and (1.3) we seethat the function x is cortinuously di eren tiable
on (0;1). Moreover, g iscorntinuousand increasingon [0;1]. Thusthe function

& is absolutely cortinuous on [0;1], and sois k. Setting (t) := x(e),
te[- ; ],wehave ’(t)=i ’(e?)e! forte[- ; ]. Hence
1 "(2)
2 ]J(1) = = lim K dz
eal fd = om0

(1:17)

1 . "(t
— lim / .t() dt:
I em0t Jeqptj<n €0 =1



On an asymptotically sharp variant of Heinz’s inequality 173

Since (t)= (-t) forte[- ; ], wehave '(t)= — /(-t) forte[- ; ].

Then by (1.17),
™ / —& /
- (t) (t)
el'l'&(/e ot 1" /_ﬂ g1
™ / ™ /
: (t) / (t)
€|I—>ng+(/€ eilt—ldt . e—it—ldt
. 1 1 )
5|I—>n(}+/€ <eit —1 et — 1) (t) at
. Telt gt

T t
/ = At
/5 (t) cot > dt:

Fix " € (0;4 |. From (1.5) it follows that

2Cr[ %1(1) =

(1:18) =

1
|
|
g

1 7T/2 t 2 7T/2
(1:19) —= "(t)cot = dt = = & (cosit) . (cosit)cositdt:
2 2 K 2 2

Applying the identity (1.11) and substituting x := g (cos3t) we concludefrom
(1.19) that

2 /2 4 [P« (cose/2) X X
—/ K (cosit) 7 (cosit)cositdt = —/ 1/ (X)
2
c o (cost/4) /1= 1/K(X)

4 Pk (cose/2) X X
(1:20) = —/ 1/ (X) dx:
o (1/v3)  K(V1—x2)

Substituting t := 1 — x? in the last integral we have

4 Pk (cose/2) X X 2 ik (1/V2)2 1-—t
(1:21) —/ ) s —/ 1/ ) dt
D (1//2) K(\/l_XQ) @, (sine/2)? K(\/E)

By the Hubner inequality (cf. [1, (3.2)] or [5, p. 65, (3.6)])

(1:22) XK < p(x) <4VEXUE. 0<x <1, K >1;

we get K(\/f)_l < t=1/2K for t € (0;1]. Thus the last integral in (1.21) is
cornvergert as" — 0, and combining (1.19), (1.20) and (1.21) we obtain

1 w/2 2 [P (1/v2)? 1—t
(1:23)  —= lim / /(1) cot - dt = —/ 1/ ) dt
e—0T J¢ 2 0 K(\/E)
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Similar calculations to that in (1.19), (1.20) and (1.21) lead, in view of (1.5), to

T 1 _
A weoga= 2 | VI
/2 2 s (1/v2)2 1k (V)

E /‘1’1=K (1/v2)? K(\/f)
0 yr(VI-1)

(1:24)
dt:

Combining (1.18) with (1.23) and (1.24) we seeby (1.11) and (1.16) that
(1:25) 2Cr[ %I(1) = Lk:

From [8, (1.3)] it follows that

(1:26) @[ (2= %/Td k() _ i/T W 4, zep:

u—=z 2 i u—=z

Given € (0;41 ) and r €[0;1) we have

1 ! 1 -1/
_/ K(u) du’ S _/ |U || K(u)‘ |dU|
21 Jpae U—T 2 Jras lu—r| Ju-1|
0 /
(1:27) < 1/ %dt
_s5 2|sin(5t)|
5
gé/ | ’(t)\cotEdt:
0 2

Since ’(t) <0 for t € [0;1 ]|, we concludefrom (1.23) that
2 /2
£/ | ’(t)|cot%dt< + 00!
0

Combining this with (1.27) and (1.25) with (1.14) we seethat for a given" > 0
there exists € (0;3 ) suc that

. 1 T (U) .
(128) ﬁ/;(L&) ﬁdu < é, r € [0,1),
and

1 " (U) "
(1:29) ’—/ 2 du - Cr[ %D < 3
20 Jpoas U—1 T K 3




On an asymptotically sharp variant of Heinz’s inequality 175

aswell asfor r € [0;1) su cien tly closeto 1,

1 ¢ 1 ¢
(1:30) — / _x(W du — — _x(W du
21 T\T(1,5) u-—r 21 T\T(1,5) u-—1

< =z
3

Combining (1.28) with (1.29) and (1.30) we seethat for r € [0;1) su cien tly close
to 1,

< ||:

l /
’ jﬁ SO

20 u—r

Then by (1.26),
TILnl] @[ xI(r) = Crl[ %1Q):

Since %(1) = 0, x(1)= 1 andthe limit lim,._; @[ x](r) exists,it follows
from the proof of [9, Lemma 2.1] that

im 1= PL a0 _ g @[ x](r):
r—1 1-r r—1

Henceby (1.25) we obtain

. - 1-P[ gl(r) _
(1:31) Jm — =t

From Lemma 1.1it follows that the estimate (1.4) holds. Hencefor all z € T and
r € (0;1),

F*@-F(2)| _ F*@I-IF(r2)| _ 1=P[ «l(rz)) _ 1=P[ «In).
1—r - 1—r - 1—r 1—r '

This combined with (1.31) leadsto (1.15), and the lemma follows. o

Lemma 1.4. For every K > 1,

L. = Z/I/ﬂd 1/K(3)2
K 0 sv1—s2

4 1\° 2 (U2 1-2¢
== yx|—0 | * —/ S g 1/Kk(9)7ds:
V2 o SH(1-s?)32

Moreover, L i is a strictly decreasing function of K > 1 such that

(1:32)

(1:33) imLg=L;=1 and lim Lg=0
K—1 K—+4oco
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as well as
(1:34) Lr, — L, | <LIKs—Ki|; Ki;Ko>1;
where
4
(1:35) L= —(1+ 65In2):
Proof. Fix K > 1. By (1.1) we get
(1:36) k( k()= 1(s)=s 0<s<1

and henceusing (1.11) we have

ve(V1= ux?) = V1 k( yx(9)’= VI-$; 0<s<t

Since the function [0;1] 5 s — 1/K(s)2 is absolutely cortinuous, we thus see,
integrating by substitution, that

(1:37) L= E/l/ﬁ 1 d 1/K(S)2dS: 2/1N§LK(S)2.
0 S 0

1_ g2 ds a sv1—s2
Note that (1.22) and (1.36) lead to
(1:38) AR < (k) <xB; 0<x <1 K >

Then, integrating by parts, we obtain

Lx= lim E/W§ d 1/k(s)?

r—0 SvV1-—s2
2 k(9 s=ve 2 V2 o2 g )
- TII—[Q B sv1—s2 ls=r B TII—[Q B /7, 52(1 — 52)3/2 1/K(S) ds

4 1\2 2 [UV2 1_9og2
= — yr|l—02= | + —/ —————— | /k(s)*ds:
V2 0o S

This and (1.37) yield (1.32). Fix K5;K; > 1. Then by (1.32),

Lr, — Lk, = f( 1/K> (1:\@)2 — 1/K (1:\@)2)

2 1/‘/5 1—282
* _/0 W( 1/K2(S)2_ 1/K1(S)2) ds:

(1:39)
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If Ki < Kgthen /g, () < 1/k,(s) for 0 < s < 1, and by (1.39) we have
Lx, < Lk,. Thus Lk is a strictly decreasingfunction of K .

Assumenow that K; < K, <2K; andsetR := K;=K,. By (1.1) and (1.22)
we have for every s € [0; 1],

0< 1/, (9= 1/ka(9)?= 1/r( 1/K2(3))2_ 1/K,(8)?
<16 F( 1,097 = 1 k(9)*:

Since + <R < 11t followsthat the function [0;1] > t — 16' =7t —t isincreasing,
and hence(1.40) and (1.38) yield

(1:40)

1:41 0< 1/ (82— 1/k(9)?<16Bg?Kr _g2K2 0<s<1;
/K1 /K2
Since
1— 2s? 1 1
1:42 < <Vv2; 0<s< —;
( ) (1-s2)3/2 = \/1_g2 . -T2

we concludefrom (1.41) that

1/V2 9 9g2
|

W( 1/K1(S)2— 1/K2(s)2)ds

1/V2
S \/E/ (161_R82K1_2 _ 82K2_2) dS
0

2~ 2~
2K1—1_2K2—1]

2~k 2~ K>
2K1—1_2K2—1}

(1:43)

2[161_3
21—K1
2K, —1

[16 7 — 1]+ 2{

From (1.41) we also seethat

i (1V2)" = i, (15V2)7 < 162 o7ie

(1:44)
=276 -1+ 27 27

Applying Lagrange'smean-\alue theorem we have

Ky —K

(1:45) 16" F —1< 116In16 < (K5 — K;)16In 16

2
and

2- K1 2 K2 < Ky —Kjy In2 + 2
2K1—1 2K2—1_ 2K 2K1—1 (2K1—1)2

(1:46)
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aswell as
(1:47) 27K 27 < (Ky —K1)27 %1 In2< (Ko —Ky)din2

Combining (1.44), (1.45), (1.47) and (1.43), (1.45), (1.46) with (1.39) we obtain
the following estimate

(148) OSLKl_LKQSL(KQ_Kl), 1§K1§K2§2K1,

with the constart L given by (1.35).

Assumenow that 2K; < K,. Then 2™ > K,=K; for somenatural number
m > 2, and so R := (K,=K;)(/™) < 2. Replacing K; by R"'K; and K, by
R™K in (1.48) we get

O<Lpg 1g, —Lag, SL(R"K; —R"™1Ky); n=12:::m;

and hence

OSLKl_Lng Z(LRn 1K1_LR”K1)
n=1
<> L(R"™K; —R™'Ky) = L(Ky —Ky):
n=1

Thus the inequalities in (1.48) hold for all K1;K+ > 1 satisfying K; < K, which
yields (1.34).
From (1.34) and (1.32) it follows that

vi-ss 7

which implies the rst part in (1.33). The secondpart in (1.33) follows from (1.32)
combined with (1.38) and (1.42), which completesthe proof. o

lim Lx=1L;= —/ 5

Remark 1.5. It is worth noting that Lemma 1.1 still holds provided the
assumption\ F € QCH(D;K) and F(0) = 0" is replaced by the weaker one:
F = PJ[f] for somef € Hom*(T) which admits a K -quasiconformal extension
G to D satisfying G(0) = 0. This may be adcieved after simple modi cation of
the proof of Lemma 1.1. As a matter of fact the inequalities (1.9) are still valid
under the new assumption, and the remaining part of the proof of Lemma 1.1 runs
unchanged. Thus from the proof of Lemma 1.3, it follows that the left-hand side
in (1.15) is still not lessthan L x under the new assumption.
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2. Main estimations for QCH-maps

Lemmas1.1 and 1.3 enableus to modify easily the proofs of [10, Lemma 0.5]
and [10, Theorem 0.6] to obtain, dueto Lemma 1.4, their asymptotically sharpim-
provemerns. As a result we derive the following two theorems. For the convenience
of the reader we give however their proofs.

Theorem 2.1. Given K > 1 let F be a K -quasiconformal and harmonic
self-mapping of D satisfying F(0) = 0. If f is the boundary limiting valued
function of F | then

1 2
(2:1) dfzimax{—;LK}:
Moreover, the right-hand side in (2.1) is a decreasing and continuous function of

K > 1 with values in (0;1].

Proof. From [9, Lemma 2.1] it follows that for a.e. z € T both the functions
@ [f] and @ [f] have radial limiting valuesat z and the following equalities
hold:

22 lim @[{1(r2) = lim {f (2) _1P [rf 1(r2) | ¢ ’(z)} :
(2:2) " " _
27 lim @[f](rz) = lim {f (2) -PIfIry) ’(z)} :
r—1 r—1 1—7r
Hencefora.e.z e T,
f(z) —F(rz),

Iinl1 [z@ (rz) + z@ (rz2)] = Iirrll
Iinl1 [z@ (rz) — z@F (r2)] = zf '(2):

(2:3) 1-r ’

Since F is a K -quasiconformalmapping, we seefrom (2.3) that for a.e.z€ T,

(@)= Im 2@ (2) - 2@ (17)| = lm (|& (r2)| - |@ (r12)))

> 2 im (@ ()| + @ (r2))
> Kirler; (|z@ (rz) + z@ (rz)|)
_ 1 . |f(@-F(2)],
=k 'T

Thus (2.1) follows immediately from Lemma 1.3. The remaining part of the the-
orem is a simple conclusionfrom Lemma 1.4. o
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Theorem 2.2. Given K > 1 let F be a K -quasiconformal and harmonic
self-mapping of D satisfying F(0) = 0. Then the inequalities

(2:4) @ (2) > K2; 1max{3;LK}
and
2
(2:5) |@F (2)|* + |@F (2)|* > %(1+ Ki) max{iQ;LfK}

hold for every z € D . Moreover, the right-hand sides in (2.4) and (2.5) are de-
creasing and continuous functions of K > 1 with values in (1= ;1] and (2= 2;2],
respectively.

Proof. Since F is a K -quasiconformalmapping, we have
(K + D@ (w)| < (K -1|@& wW)[; weD;
and hence
(2:6) 2(K?+ 1)@ wW)|* > (K + 1)*(|@& (W)[* + |@ (w)|*); weD:
From (2.2) it follows that for a.e. z € T the following limits exist and

f(z) —F(rz)

2
1—r '

(2:7) 2 Iirrll (|@:(rz)|2+ |@(rz)|2) = |f'(2))* + Iinl1

Combining (2.7) with (2.1) and (1.15) we seethat for a.e.ze T,

(2:8) rll)nf (|@¥(rz)\2+ |@(r2),2) > %(1+ %) max{iZ;Lﬁ(}:

From this and (2.6) it follows that for a.e.z€ T,

. K+ 1 2
(2:9) im (@) > max{—;LK}:

Applying now [10, Lemma 0.3] we deduce(2.4). Then (2.5) follows directly from
(2.4) and the identity

@F@)I*+ 1@F 2)” = 2(|F (9)° + |@ (2)]*); z€D:

The remaining part of the theorem is a simple conclusionfrom Lemma 1.4. o
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Applying the Lipschitz condition (1.34) we obtain the following estimate
(2:10) Lxg>1-L(K-1); K >1;

which is fairly good for small K closeto 1. Dueto (2.10) we may easilyderive from
Theorems2.1 and 2.2 the following corollariesthat give more explicit estimatesas
comparedto (2.1), (2.4) and (2.5) for K su cien tly closeto 1.

Corollary 2.3. Under assumptions of Theorem 2.1, if moreover 1 < K <
1+ (1 —2= )=L, then

1 L
; > —(K -1)—:
(2:11) dy > = — (K 1)

Corollary 2.4. Under assumptions of Theorem 2.2, if moreover 1 < K <
1+ (1 — 2= )=L, then the inequalities

(2:12) F@)>1- (K —1)(%+ L)
and
(2:13) |@F (2)]* + |@F (2)]* >2— (K — 1)<K3 + 4L>

hold for every z € D .
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