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Abstract. In 1958, E. Heinz obtained a lower bound for j@x F j2 + j@y F j2 , where F is a one-
to-one harmonic mapping of the unit disc onto itself keeping the origin fixed. Assuming additionally
that F is a K -quasiconformal mapping we aim at giving a variant of Heinz’s inequality which is
asymptotically sharp as K tends to 1 . To this end we prove a variant of Schwarz’s lemma for
such a mapping F .

In tro duction

Assumethat F is a one-to-oneharmonic mapping of the unit disc D := {z ∈
C : |z| < 1} onto itself normalized by F (0) = 0. In 1958, E. Heinz proved that
the inequality

(0:1) |@xF (z)|2 + |@yF (z)|2 ≥ 2
� 2

holds for every z = x + iy ∈ D ; cf. [2]. Given a function f : T → C integrable on
the unit circle T := {z ∈ C : |z| = 1} we denote by P [f ](z) the Poissonintegral
of f at z ∈ D , i.e.

(0:2) P [f ](z) :=
1

2�

∫

T

f (u) Re
u + z
u − z

|du|; z ∈ D :

Write Hom+(T ) for the classof all sense-preservinghomeomorphicself-mappings
of T . In case F = P [f ] for some f ∈ Hom+(T ) the estimation (0.1) may be
improved as follows:

(0:3) inf
z∈D

(

|@xF (z)|2 + |@yF (z)|2
)

≥ 2
� 2

+
1
2

d2
f +

1
2

max{df ; 2d3
f};
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where

(0:4) df := essinf
z∈T

|f ′(z)|;

cf. [10, Theorem 0.4]. Here for every z ∈ T

(0:5) f ′(z) := lim
u→z

f (u) − f (z)
u − z

provided the limit exists and f ′(z) := 0 otherwise. If the mapping F coincides
with a rotation (around the origin), then the left-hand side in (0.3) equals 2,
while the right-hand side equals 2=� 2 + 3=2, becausedf = 1. As shown in [10,
Lemma 0.1], for every f ∈ Hom+(T ) , df ≤ 1, so the constant 2=� 2 + 3=2 is the
best possible,and thereby the estimation (0.3) is not sopreciseat least for F close
to a rotation in the sensethat df is closeto 1.

It is a natural problem to study estimations of the type (0.1) in two cases:
(i) F is a K -quasiconformalmapping for some K ≥ 1;
(ii) F = P [f ] for some f ∈ Hom+(T ) which admits a K -quasiconformalexten-

sion to D for some K ≥ 1.

In the �rst caseF hasa continuousextension F ∗ to a homeomorphicself-mapping
of the closureD ; cf. [5, Chapter I, Theorem8.2]. Thus the limiting valued function
f := F ∗

|T belongs to Hom+(T ) , and so F = P [f ] . Conversely, for each K > 1
there exists f ∈ Hom+(T ) which admits a K -quasiconformalextensionto D , but
F = P [f ] is not a quasiconformal mapping; cf. [6], [12], [4], [8], [9]. Therefore
the secondcaseyields the essentially wider classof F than the �rst one. In what
follows we consideronly the �rst, simpler case.

For K ≥ 1 set QCH(D ; K ) for the classof all K -quasiconformal and har-
monic self-mappingsof D . We wish to �nd a lower bound of the left-hand side
in (0.1) by meansof K ≥ 1 only, provided F ∈ QCH(D ; K ) satis�es F (0) = 0.
According to [10, Theorem 0.6],

(0:6) |@xF (z)|2 + |@yF (z)|2 ≥ 2
� 2

(

1 +
1
K

)2

; z ∈ D :

If K = 1, then the mapping F coincideswith a rotation, so the left-hand side in
(0.6) equals 2 for all z ∈ D , while the right-hand side equals 8=� 2 . Thus there
is a big gap between the both sidesin (0.6), and in consequence,the estimation
(0.6) is not satisfactory for small K closeto 1.

In this work we are interested in �nding a continuous decreasingfunction
M : [1;+∞) → (0; 1] such that

(0:7) |@xF (z)|2 + |@yF (z)|2 ≥ 2M (K ); z ∈ D ;
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and M (K ) → M (1) = 1 as K → 1+ . Theorem 2.2 in Section 2, which is our
main result, givesa solution. In general, the proof of Theorem 2.2 borrows from
techniques developed in [10]. The progressnow is due to new results discussed
in Section 1. The �rst result (cf. Lemma 1.1) deals with a variant of Schwarz's
lemma for F ∈ QCH(D ; K ) normalized by F (0) = 0. The estimation (1.4)
improves essentially for z closeto the boundary T and small K closeto 1, the
classicalone ([2, Lemma])

(0:8) |F (z)| ≤ 4
�

arctan |z|; z ∈ D ;

usedby Heinz in the proof of (0.1). The secondand third results (cf. Lemmas1.3
and 1.4) give an asymptotically sharp lower bound of the value

(0:9) inf
z∈T

lim inf
r→1

|F ∗(z) − F (r z)|
1− r

:

The estimation (1.15) also leadsto Theorem 2.1 in Section 2, which is our second
main result. It provides an asymptotically sharp lower estimation of df in terms
of K for f = F ∗|T .

1. Auxiliary results

In the theory of plane quasiconformalmappingsthe Hersch{P
uger distortion
function � K , K > 0, plays important roles; cf. e.g. the book of Vuorinen [11]. It
is de�ned by the equalities

(1:1) � K (r ) := � −1
(

� (r )=K
)

; 0 < r < 1; � K (0) := 0; � K (1) := 1;

where � stands for the module of the Gr•otzsch extremal domain D \ [0; r ] ; cf. [3]
and [5, pp. 53 and 63]. The function � can be expressedexplicitly by meansof
the complete elliptic integral of the �rst kind

(1:2) K (r ) :=
∫ 1

0

dx
√

(1 − x2)(1 − r 2x2)
; 0 < r < 1;

in the form

(1:3) � (r ) =
�
2

K
(√

1− r 2
)

K (r )
; 0 < r < 1:

Lemma 1.1. If K ≥ 1, F ∈ QCH(D ; K ) and F (0) = 0, then

(1:4) |F (z)| ≤ P [	 K ](|z|); z ∈ D ;
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where

(1:5) 	 K (eit) :=

{

2� K

(

cos1
2 t

)2 − 1; 0 ≤ |t| ≤ 1
2 � ,

2� 1/K

(

cos1
2 t

)2
+ 4� K

(

1=
√

2
)2 − 3; 1

2 � ≤ |t| ≤ � .

Proof. De�ning f := F ∗|T we have

F (z) = P [f ](z); z ∈ D :

Hence,using the polar coordinates in (0.2), we obtain

(1:6) F (r eiϕ) =
1

2�

∫ π

−π

f (eit)Pr(' − t) dt; 0 ≤ r < 1; ' ∈ R ;

where

Pr(� ) := Re
1 + r eiθ

1− r eiθ
=

1− r 2

1− 2r cos� + r 2
; 0 ≤ r < 1; � ∈ R :

Setting for any ' ∈ R , f ϕ(t) := f
(

ei(ϕ+t)
)

+ f
(

ei(ϕ−t)
)

, t ∈ R , we concludefrom
(1.6) that for a given z = r eiϕ ∈ D ,

2� F (z) =
∫ π

−π

Pr(t − ' )f (eit) dt

=
∫ π

−π

Pr(t)f (ei(ϕ+t)) dt

=
∫ π

0

Pr(t)f ϕ(t) dt

=
∫ π/2

0

Pr(t)f ϕ(t) dt +
∫ π/2

0

Pr(� − t)f ϕ(� − t) dt

=
∫ π/2

0

(

Pr(t) − Pr(� − t)
)

f ϕ(t) dt

+
∫ π/2

0

Pr(� − t)[f ϕ(t) + f ϕ(� − t)] dt:

Hence

(1:7)

|F (z)| ≤ 1
2�

∫ π/2

0

(

Pr(t) − Pr(� − t)
)

|f (ei(ϕ+t)) + f (ei(ϕ−t))| dt

+
1

2�

∫ π/2

0

Pr(� − t)|f (ei(ϕ+t)) + f (ei(ϕ−π+t))| dt

+
1

2�

∫ π/2

0

Pr(� − t)|f (ei(ϕ−t)) + f (ei(ϕ+π−t))| dt:
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If z; w ∈ T and if w = zeis for some s ∈ R , then

(1:8)
|z + w| = |z + zeis| = |z| |eis/2| |eis/2 + e−is/2|

= 2
∣

∣cos1
2
s
∣

∣ = 2
∣

∣2
(

cos1
4
s
)2 − 1

∣

∣:

Since F is a K -quasiconformalmapping normalized by F (0) = 0, we seeby the
quasi-invariance of the harmonic measurethat

(1:9) � 1/K

(

cos1
4
(� − � )

)

≤ cos1
4

 ≤ � K

(

cos1
4
(� − � )

)

;

provided �; � ; 
 ∈ R are any numbers such that � ≤ � < � + 2� , 0 ≤ 
 < 2�
and

(1:10) f (eiβ) = eiγ f (eiα);

seee.g. [7, (2.3.9)]. Applying now (1.8), (1.9), (1.10) and the identit y ([1, Theo-
rem 3.3])

(1:11) � K (t)2 + � 1/K

(

√

1− t2
)2

= 1; 0 ≤ t ≤ 1;

we obtain for every t ∈
[

0; 1
2 �

]

,

1
2
|f (ei(ϕ+t)) + f (ei(ϕ−π+t))| ≤ 2� K

(

cos
�
4

)2

− 1 = 2� K

(

1√
2

)2

− 1;

1
2
|f (ei(ϕ−t)) + f (ei(ϕ+π−t))| ≤ 2� K

(

cos
�
4

)2

− 1 = 2� K

(

1√
2

)2

− 1;

1
2
|f (ei(ϕ+t)) + f (ei(ϕ−t))| ≤ 2� K

(

cos
t
2

)2

− 1:

Henceby (1.7) we have

|F (z)| ≤ 1
�

∫ π/2

0

(

Pr(t) − Pr(� − t)
)(

2� K

(

cos(12 t)
)2 − 1

)

dt

+
2
�

∫ π/2

0

Pr(� − t)
(

2� K

(

1=
√

2
)2 − 1

)

dt

=
1
�

∫ π/2

0

Pr(t)
(

2� K

(

cos(12 t)
)2 − 1

)

dt

+
1
�

∫ π

π/2

Pr(t)
(

4� K

(

1=
√

2
)2 − 1− 2� K

(

sin( 1
2
t)

)2)
dt:

Applying now (1.11) and (1.5) we obtain

(1:12) |F (z)| ≤ 1
�

∫ π

0

Pr(t)	 K(eit) dt:

Since 	 K (eit) = 	(e −it) for t ∈ R , (1.12) leadsto (1.4), which endsthe proof.
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Remark 1.2. From (1.5) it follows that |	 K (eit)| ≤ 1 for all K ≥ 1 and
eit ∈ T . This combined with (1.4) yields 0 ≤ P [	 K ](|z|) < 1 for all K ≥ 1 and
z ∈ D . Thus the estimation (1.4) givesa good control for |z| closeto 1. In the
casewhere K = 1 we have 	 1(eit) = cost for t ∈ [0; � ] and hence

|F (z)| = |z| = P [	 1](|z|); z ∈ D :

Thus the estimation (1.4) is asymptotically sharp for K closeto 1.

Let L1(T ) denote the spaceof all complex-valued functions Lebesgueinte-
grable on T . For every f ∈ L1(T ) de�ne

(1:13) f T :=
1

2�

∫

T

f (u) |du|

and write CT[f ] for the Cauchy singular integral of f , i.e. for every z ∈ T ,

(1:14) CT[f ](z) := P:V:
1

2� i

∫

T

f (u)
u − z

du := lim
ε→0+

1
2� i

∫

T\T(z,ε)

f (u)
u − z

du

whenever the limit exists and CT[f ](z) := 0 otherwise. Here and subsequently ,
T (eix; " ) := {eit ∈ T : |t − x| < "} and integration along any arc I ⊂ T is
understood under counterclockwise orientation.

Lemma 1.3. If K ≥ 1, F ∈ QCH(D ; K ) and F (0) = 0, then the inequality

(1:15) lim inf
r→1

|F ∗(z) − F (r z)|
1− r

≥ max
{

2
�

; LK

}

;

holds for every z ∈ T , where

(1:16) L K :=
2
�

∫ Φ1=K

(

1/
√

2
)2

0

dt

� K

(√
t
)

� 1/K

(√
1− t

) :

Proof. By [10, (2.11)] the left-hand side in (1.15) is not lessthan 2=� , thus
we have to show only that it is equal to or greater than L K . Fix K ≥ 1. By
(1.1), (1.2) and (1.3) we seethat the function � K is continuously di�eren tiable
on (0; 1) . Moreover, � K is continuousand increasingon [0;1]. Thus the function
� K is absolutely continuous on [0;1], and so is 	 K . Setting  (t) := 	 K (eit) ,
t ∈ [−� ; � ] , we have  ′(t) = i	 ′

K (eit)eit for t ∈ [−� ; � ] . Hence

(1:17)

2CT[	 ′
K ](1) =

1
� i

lim
ε→0+

∫

T\T(1,ε)

	 ′
K (z)

z − 1
dz

=
1
� i

lim
ε→0+

∫

ε<|t|≤π

 ′(t)
eit − 1

dt:
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Since  (t) =  (−t) for t ∈ [−� ; � ] , we have  ′(t) = − ′(−t) for t ∈ [−� ; � ] .
Then by (1.17),

(1:18)

2CT[	 ′
K ](1) =

1
� i

lim
ε→0+

(
∫ π

ε

 ′(t)
eit − 1

dt +
∫ −ε

−π

 ′(t)
eit − 1

dt
)

=
1
� i

lim
ε→0+

(
∫ π

ε

 ′(t)
eit − 1

dt −
∫ π

ε

 ′(t)
e−it − 1

dt
)

=
1
� i

lim
ε→0+

∫ π

ε

(

1
eit − 1

− 1
e−it − 1

)

 ′(t) dt

=
1
� i

lim
ε→0+

∫ π

ε

e−it − eit

|eit − 1|2  ′(t) dt

= − 1
�

lim
ε→0+

∫ π

ε

 ′(t) cot
t
2

dt:

Fix " ∈
(

0; 1
2 �

]

. From (1.5) it follows that

(1:19) − 1
�

∫ π/2

ε

 ′(t) cot
t
2

dt =
2
�

∫ π/2

ε

� K

(

cos1
2
t
)

� ′
K

(

cos1
2
t
)

cos1
2
t dt:

Applying the identit y (1.11) and substituting x := � K

(

cos1
2 t

)

we concludefrom
(1.19) that

2
�

∫ π/2

ε

� K

(

cos1
2
t
)

� ′
K

(

cos1
2
t
)

cos1
2
t dt =

4
�

∫ ΦK (cos ε/2)

ΦK (cos π/4)

x� 1/K (x)
√

1− � 1/K(x)2
dx

=
4
�

∫ ΦK (cos ε/2)

ΦK (1/
√

2 )

x� 1/K(x)

� K

(√
1− x2

) dx:(1:20)

Substituting t := 1− x2 in the last integral we have

(1:21)
4
�

∫ ΦK (cos ε/2)

ΦK (1/
√

2 )

x� 1/K(x)

� K

(√
1− x2

) dx =
2
�

∫ Φ1=K (1/
√

2 )2

Φ1=K (sin ε/2)2

� 1/K

(√
1− t

)

� K

(√
t
) dt:

By the H•ubner inequality (cf. [1, (3.2)] or [5, p. 65, (3.6)])

(1:22) x1/K ≤ � K (x) ≤ 41−1/Kx1/K ; 0 ≤ x ≤ 1; K ≥ 1;

we get � K

(√
t
)−1 ≤ t−1/2K for t ∈ (0; 1]. Thus the last integral in (1.21) is

convergent as " → 0, and combining (1.19), (1.20) and (1.21) we obtain

(1:23) − 1
�

lim
ε→0+

∫ π/2

ε

 ′(t) cot
t
2

dt =
2
�

∫ Φ1=K (1/
√

2 )2

0

� 1/K

(√
1− t

)

� K

(√
t
) dt:
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Similar calculations to that in (1.19), (1.20) and (1.21) lead, in view of (1.5), to

(1:24)

− 1
�

∫ π

π/2

 ′(t) cot
t
2

dt =
2
�

∫ 1

ΦK (1/
√

2 )2

� K

(√
1− t

)

� 1/K

(√
t
) dt

=
2
�

∫ Φ1=K (1/
√

2 )2

0

� K

(√
t
)

� 1/K

(√
1− t

) dt:

Combining (1.18) with (1.23) and (1.24) we seeby (1.11) and (1.16) that

(1:25) 2CT[	 ′
K ](1) = L K :

From [8, (1.3)] it follows that

(1:26) @P [	 K ](z) =
1

2� i

∫

T

d	 K (u)
u − z

=
1

2� i

∫

T

	 ′
K (u)

u − z
du; z ∈ D :

Given � ∈
(

0; 1
2 �

)

and r ∈ [0;1) we have

(1:27)

∣

∣

∣

∣

1
2� i

∫

T(1,δ)

	 ′
K (u)

u − r
du

∣

∣

∣

∣

≤ 1
2�

∫

T(1,δ)

|u − 1|
|u − r |

|	 ′
K (u)|

|u − 1| |du|

≤ 1
�

∫ δ

−δ

| ′(t)|
2| sin( 1

2 t)| dt

≤
√

2
�

∫ δ

0

| ′(t)| cot
t
2

dt:

Since  ′(t) ≤ 0 for t ∈
[

0; 1
2
�
]

, we concludefrom (1.23) that

√
2

�

∫ π/2

0

| ′(t)| cot
t
2

dt < +∞:

Combining this with (1.27) and (1.25) with (1.14) we seethat for a given " > 0
there exists � ∈

(

0; 1
2 �

)

such that

(1:28)

∣

∣

∣

∣

1
2� i

∫

T(1,δ)

	 ′
K (u)

u − r
du

∣

∣

∣

∣

<
"
3

; r ∈ [0;1);

and

(1:29)

∣

∣

∣

∣

1
2� i

∫

T\T(1,δ)

	 ′
K (u)

u − 1
du − CT[	 ′

K ](1)

∣

∣

∣

∣

<
"
3
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as well as for r ∈ [0;1) su�cien tly closeto 1,

(1:30)

∣

∣

∣

∣

1
2� i

∫

T\T(1,δ)

	 ′
K (u)

u − r
du − 1

2� i

∫

T\T(1,δ)

	 ′
K (u)

u − 1
du

∣

∣

∣

∣

<
"
3

:

Combining (1.28) with (1.29) and (1.30) we seethat for r ∈ [0;1) su�cien tly close
to 1,

∣

∣

∣

∣

1
2� i

∫

T

	 ′
K (u)

u − r
du − CT[	 ′

K ](1)

∣

∣

∣

∣

< ":

Then by (1.26),
lim

r→1�
@P [	 K ](r ) = CT[	 ′

K ](1):

Since 	 ′
K (1) = 0, 	 K (1) = 1 and the limit lim r→1� @P [	 K](r ) exists, it follows

from the proof of [9, Lemma 2.1] that

lim
r→1�

1− P [	 K ](r )
1− r

= 2 lim
r→1�

@P [	 K ](r ):

Henceby (1.25) we obtain

(1:31) lim
r→1�

1− P [	 K ](r )
1− r

= LK :

From Lemma 1.1 it follows that the estimate (1.4) holds. Hencefor all z ∈ T and
r ∈ (0; 1) ,

|F ∗(z) − F (r z)|
1− r

≥ |F ∗(z)| − |F (r z)|
1− r

≥ 1− P [	 K ](|r z|)
1− r

=
1− P [	 K ](r )

1− r
:

This combined with (1.31) leadsto (1.15), and the lemma follows.

Lemma 1.4. For every K ≥ 1,

(1:32)
LK =

2
�

∫ 1/
√

2

0

d� 1/K (s)2

s
√

1− s2

=
4
�

� 1/K

(

1√
2

)2

+
2
�

∫ 1/
√

2

0

1− 2s2

s2(1 − s2)3/2
� 1/K(s)2 ds:

Moreover, L K is a strictly decreasing function of K ≥ 1 such that

(1:33) lim
K→1

LK = L 1 = 1 and lim
K→+∞

LK = 0
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as well as

(1:34) |L K2
− LK1

| ≤ L |K 2 − K 1|; K 1; K 2 ≥ 1;

where

(1:35) L :=
4
�

(1 + 65ln 2):

Proof. Fix K ≥ 1. By (1.1) we get

(1:36) � K

(

� 1/K(s)
)

= � 1(s) = s; 0 ≤ s ≤ 1;

and henceusing (1.11) we have

� 1/K

(
√

1− � 1/K(s)2
)

=
√

1− � K

(

� 1/K (s)
)2

=
√

1− s2 ; 0 ≤ s ≤ 1:

Since the function [0;1] 3 s 7→ � 1/K(s)2 is absolutely continuous, we thus see,
integrating by substitution, that

(1:37) L K =
2
�

∫ 1/
√

2

0

1

s
√

1− s2

d� 1/K (s)2

ds
ds =

2
�

∫ 1/
√

2

0

d� 1/K(s)2

s
√

1− s2
:

Note that (1.22) and (1.36) lead to

(1:38) 41−KxK ≤ � 1/K (x) ≤ xK ; 0 ≤ x ≤ 1; K ≥ 1:

Then, integrating by parts, we obtain

LK = lim
r→0�

2
�

∫ 1/
√

2

r

d� 1/K (s)2

s
√

1− s2

= lim
r→0�

2
�

� 1/K(s)2

s
√

1− s2

∣

∣

∣

s=1/
√

2

s=r
− lim

r→0�

2
�

∫ 1/
√

2

r

2s2 − 1
s2(1 − s2)3/2

� 1/K(s)2 ds

=
4
�

� 1/K

(

1√
2

)2

+
2
�

∫ 1/
√

2

0

1− 2s2

s2(1 − s2)3/2
� 1/K (s)2 ds:

This and (1.37) yield (1.32). Fix K 2; K 1 ≥ 1. Then by (1.32),

(1:39)

LK2
− LK1

=
4
�

(

� 1/K2

(

1=
√

2
)2 − � 1/K1

(

1=
√

2
)2)

+
2
�

∫ 1/
√

2

0

1− 2s2

s2(1 − s2)3/2

(

� 1/K2
(s)2 − � 1/K1

(s)2
)

ds:
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If K 1 < K 2 then � 1/K2
(s) < � 1/K1

(s) for 0 < s < 1, and by (1.39) we have
LK2

< LK1
. Thus L K is a strictly decreasingfunction of K .

Assumenow that K 1 ≤ K 2 ≤ 2K 1 and set R := K 1=K2 . By (1.1) and (1.22)
we have for every s ∈ [0;1],

(1:40)
0 ≤ � 1/K1

(s)2 − � 1/K2
(s)2 = � 1/R

(

� 1/K2
(s)

)2 − � 1/K2
(s)2

≤ 161−R
(

� 1/K2
(s)2

)R − � 1/K2
(s)2:

Since 1
2 ≤ R ≤ 1 it follows that the function [0;1] 3 t 7→ 161−RtR− t is increasing,

and hence(1.40) and (1.38) yield

(1:41) 0 ≤ � 1/K1
(s)2 − � 1/K2

(s)2 ≤ 161−Rs2K1 − s2K2 ; 0 ≤ s ≤ 1:

Since

(1:42)
1− 2s2

(1 − s2)3/2
≤ 1√

1− s2
≤

√
2; 0 ≤ s ≤ 1√

2
;

we concludefrom (1.41) that

(1:43)

∫ 1/
√

2

0

1− 2s2

s2(1 − s2)3/2

(

� 1/K1
(s)2 − � 1/K2

(s)2
)

ds

≤
√

2
∫ 1/

√
2

0

(

161−Rs2K1−2 − s2K2−2
)

ds

= 2
[

161−R 2−K1

2K 1 − 1
− 2−K2

2K 2 − 1

]

=
21−K1

2K 1 − 1
[161−R − 1] + 2

[

2−K1

2K 1 − 1
− 2−K2

2K 2 − 1

]

:

From (1.41) we also seethat

(1:44)
� 1/K1

(

1=
√

2
)2 − � 1/K2

(

1=
√

2
)2 ≤ 161−R2−K1 − 2−K2

= 2−K1 (161−R − 1) + 2−K1 − 2−K2 :

Applying Lagrange'smean-value theorem we have

(1:45) 161−R − 1 ≤ K 2 − K 1

K 2
16ln 16≤ (K 2 − K 1)16 ln 16

and

(1:46)

2−K1

2K 1 − 1
− 2−K2

2K 2 − 1
≤ K 2 − K 1

2K1

[

ln 2
2K 1 − 1

+
2

(2K 1 − 1)2

]

≤ 2 + ln 2
2

(K 2 − K 1)
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as well as

(1:47) 2−K1 − 2−K2 ≤ (K 2 − K 1)2−K1 ln 2 ≤ (K 2 − K 1) 1
2
ln 2:

Combining (1.44), (1.45), (1.47) and (1.43), (1.45), (1.46) with (1.39) we obtain
the following estimate

(1:48) 0 ≤ L K1
− LK2

≤ L(K 2 − K 1); 1 ≤ K 1 ≤ K 2 ≤ 2K 1;

with the constant L given by (1.35).
Assumenow that 2K 1 < K 2 . Then 2m ≥ K 2=K1 for somenatural number

m ≥ 2, and so R := (K 2=K1)(1/m) ≤ 2. Replacing K 1 by Rn−1K 1 and K 2 by
RnK 1 in (1.48) we get

0 ≤ L Rn � 1K1
− LRn K1

≤ L(RnK 1 − Rn−1K 1); n = 1; 2; : : : ; m;

and hence

0 ≤ L K1
− LK2

=
m

∑

n=1

(LRn � 1K1
− LRn K1

)

≤
m

∑

n=1

L(RnK 1 − Rn−1K 1) = L(K 2 − K 1):

Thus the inequalities in (1.48) hold for all K 1; K 2 ≥ 1 satisfying K 1 ≤ K 2 , which
yields (1.34).

From (1.34) and (1.32) it follows that

lim
K→1

LK = L 1 =
2
�

∫ 1/
√

2

0

2ds√
1− s2

= 1;

which implies the �rst part in (1.33). The secondpart in (1.33) follows from (1.32)
combined with (1.38) and (1.42), which completesthe proof.

Remark 1.5. It is worth noting that Lemma 1.1 still holds provided the
assumption \ F ∈ QCH(D ; K ) and F (0) = 0" is replaced by the weaker one:
F = P [f ] for some f ∈ Hom+(T ) which admits a K -quasiconformal extension
G to D satisfying G(0) = 0. This may be achieved after simple modi�cation of
the proof of Lemma 1.1. As a matter of fact the inequalities (1.9) are still valid
under the new assumption,and the remaining part of the proof of Lemma 1.1 runs
unchanged. Thus from the proof of Lemma 1.3, it follows that the left-hand side
in (1.15) is still not lessthan L K under the new assumption.
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2. Main estimations for QCH-maps

Lemmas1.1 and 1.3 enableus to modify easily the proofs of [10, Lemma 0.5]
and [10, Theorem 0.6] to obtain, due to Lemma 1.4, their asymptotically sharp im-
provements. As a result we derive the following two theorems. For the convenience
of the reader we give however their proofs.

Theorem 2.1. Given K ≥ 1 let F be a K -quasiconformal and harmonic

self-mapping of D satisfying F (0) = 0. If f is the boundary limiting valued

function of F , then

(2:1) df ≥ 1
K

max
{

2
�

; LK

}

:

Moreover, the right-hand side in (2.1) is a decreasing and continuous function of

K ≥ 1 with values in (0; 1].

Proof. From [9, Lemma 2.1] it follows that for a.e. z ∈ T both the functions
@P [f ] and �@P [f ] have radial limiting values at z and the following equalities
hold:

(2:2)
2z lim

r→1�
@P [f ](r z) = lim

r→1�

[

f (z) − P [f ](r z)
1− r

+ zf ′(z)
]

;

2�z lim
r→1�

�@P [f ](r z) = lim
r→1�

[

f (z) − P [f ](r z)
1− r

− zf ′(z)
]

:

Hencefor a.e. z ∈ T ,

(2:3)
lim

r→1�
[z@F (r z) + �z �@F (r z)] = lim

r→1�

f (z) − F (r z)
1− r

;

lim
r→1�

[z@F (r z) − �z �@F (r z)] = zf ′(z):

Since F is a K -quasiconformalmapping, we seefrom (2.3) that for a.e. z ∈ T ,

|f ′(z)| = lim
r→1�

|z@F (r z) − �z �@F (r z)| ≥ lim
r→1�

(

|@F (r z)| − | �@F (r z)|
)

≥ 1
K

lim
r→1�

(

|@F (r z)| + | �@F (r z)|
)

≥ 1
K

lim
r→1�

(

|z@F (r z) + �z �@F (r z)|
)

=
1
K

lim
r→1�

∣

∣

∣

∣

f (z) − F (r z)
1− r

∣

∣

∣

∣

:

Thus (2.1) follows immediately from Lemma 1.3. The remaining part of the the-
orem is a simple conclusionfrom Lemma 1.4.
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Theorem 2.2. Given K ≥ 1 let F be a K -quasiconformal and harmonic

self-mapping of D satisfying F (0) = 0. Then the inequalities

(2:4) |@F (z)| ≥ K + 1
2K

max
{

2
�

; LK

}

and

(2:5) |@xF (z)|2 + |@yF (z)|2 ≥ 1
2

(

1 +
1
K

)2

max
{

4
� 2

; L 2
K

}

hold for every z ∈ D . Moreover, the right-hand sides in (2.4) and (2.5) are de-

creasing and continuous functions of K ≥ 1 with values in (1=� ; 1] and (2=� 2; 2],
respectively.

Proof. Since F is a K -quasiconformalmapping, we have

(K + 1)| �@F (w)| ≤ (K − 1)|@F (w)|; w ∈ D ;

and hence

(2:6) 2(K 2 + 1)|@F (w)|2 ≥ (K + 1)2(|@F (w)|2 + | �@F (w)|2); w ∈ D :

From (2.2) it follows that for a.e. z ∈ T the following limits exist and

(2:7) 2 lim
r→1�

(

|@F (r z)|2 + | �@F (r z)|2
)

= |f ′(z)|2 + lim
r→1�

∣

∣

∣

∣

f (z) − F (r z)
1− r

∣

∣

∣

∣

2

:

Combining (2.7) with (2.1) and (1.15) we seethat for a.e. z ∈ T ,

(2:8) lim
r→1�

(

|@F (r z)|2 + | �@F (r z)|2
)

≥ 1
2

(

1 +
1

K 2

)

max
{

4
� 2

; L 2
K

}

:

From this and (2.6) it follows that for a.e. z ∈ T ,

(2:9) lim
r→1�

|@F (r z)| ≥ K + 1
2K

max
{

2
�

; LK

}

:

Applying now [10, Lemma 0.3] we deduce(2.4). Then (2.5) follows directly from
(2.4) and the identit y

|@xF (z)|2 + |@yF (z)|2 = 2
(

|@F (z)|2 + | �@F (z)|2
)

; z ∈ D :

The remaining part of the theorem is a simple conclusionfrom Lemma 1.4.
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Applying the Lipschitz condition (1.34) we obtain the following estimate

(2:10) L K ≥ 1− L(K − 1); K ≥ 1;

which is fairly good for small K closeto 1. Due to (2.10) wemay easilyderive from
Theorems2.1 and 2.2 the following corollaries that give more explicit estimatesas
comparedto (2.1), (2.4) and (2.5) for K su�cien tly closeto 1.

Corollary 2.3. Under assumptions of Theorem 2.1, if moreover 1 ≤ K ≤
1 + (1 − 2=� )=L , then

(2:11) df ≥ 1
K

− (K − 1)
L
K

:

Corollary 2.4. Under assumptions of Theorem 2.2, if moreover 1 ≤ K ≤
1 + (1 − 2=� )=L , then the inequalities

(2:12) |@F (z)| ≥ 1− (K − 1)
(

1
2K

+ L
)

and

(2:13) |@xF (z)|2 + |@yF (z)|2 ≥ 2− (K − 1)
(

2
K

+ 4L
)

hold for every z ∈ D .
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[11] Vuorinen, M.: Conformal Geometry and Quasiregular Mappings. - Lecture Notes in
Math. 1319, Springer-Verlag, Berlin, 1988.

[12] Yang, S.: Harmonic and extremal quasiconformal extensions. - Hunan Daxue Xuebao 22,
1995, no. 6, suppl., 42–51.

Received 14 April 2004


