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Abstract.  We give a new proof of the result that if f and g are ertire transcendertal
functions, then f g hasin nitely many xed points. The method yields a number of generalizations
of this result. In particular, it extendsto quasiregularmapsin R.

1. Intro duction and main results

The following result was conjectured by Gross(see[11, p. 542]and [15, Prob-
lem 5]) and rst provedin [4].

Theorem A. Let f and g be ertire transcenderal functions. Then f g
hasin nitely many xed points.

The following generalization of Theorem A was proved in [5].

Theorem B. Let f and g be entire transcendertal functions. Then f g
hasin nitely many repelling xed points.

Herea xed point of a holomorphic function h is called repelling if jh9( )j >
1. The repelling xed points play an important role in iteration theory.

The purposeof this paper is twofold. Firstly, we give a new proof of Theo-
rem A. Secondly we obtain somegeneralizationsof Theorem A (and B).

The main di erence between the method employed here and the previous
proofs of Theorem A and B is that the Wiman{V aliron method which was crucial
in [4], [5] is not used here. Instead we use someideasfrom normal families. This
method is also applicable for quasiregular maps; see[23] for the de nition and
basic properties of quasiregular maps.

Theorem 1. Let d 2 andlet f;gRY! RY be quasiregular maps with
an essetial singularity at 1 . Then f g hasin nitely many xed points.
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For functions in the plane we also obtain someextensionsof the previously
known results.

Theorem 2. Let f and g be entire transcendenal functions. Then there
exists a sequence( ,) sudithat (f g)( )= nand (f g% ,)! 1.

Theorem 3. Let f and g be entire transcenderal functions. Then f ¢
hasin nitely many nonreal xed points.

Theorem 3 answers a question of Clunie [10] who had shown that at least
one of the two functions f g and g f hasin nitely many nonreal xed points.
The special casef = g had beendealt with earlier in [8], answering a question of
Baker [2]. Theorem 3 implies that for any straight line there are in nitely many
xed points not lying on this line.

Similar ideasto the onesemployed in this paper were used|in the corntext of
iteration rather than composition|in  [3], [7], [12], [13] for holomorphic maps, and
in [25], [26] for quasiregular maps.

Although ead of the Theorems1{3 corntains Theorem A as a special case,we
will rst give a proof of Theorem A in Section 2, as this explains the underlying
idea best. In Sections3{5 we will then prove Theorems 1{3. These sectionswill
make occasionalreferenceto Section 2, but are independert of eat other.

2. Pro of of Theorem A

2.1. Preliminary lemmas. We shall needa result from the Ahlfors theory
of covering surfaces;see[1], [17, Chapter 5] or [21, Chapter XI 1] for an accourt
of this theory. To state the result of the Ahlfors theory that we need,let D C
beadomainandlet f: D! C beholomorphic. Givena Jordan domain V. C,
we say that f hasan island over V if f (V) hasa componert whose closure
is contained in D. Note that if U is sudh a componert, then fjy: U! V isa
proper map.

Lemma 2.1. Let D C be a domain and let D1;D> C be Jordan
domains with disjoint closures. Let F be a family of functions holomorphic in
D which is not normal. Then there exists a function f 2 F which has an island
over D; or D».

For example, Lemma 2.1 follows from Theorem 5.5 (applied with a domain
D3 containing 1 ) and Theorem 6.6 in [17].

For a di erent proof of Lemma 2.1 see[6, Section5.1]. The proof given there
is particularly simple in the casewherethe D; are small disks. It turns out that
this special casesu ces for our purposes.

The following lemma is a simple consequencef the maximum principle.

Lemma 2.2. Let D C beadomainandlet (f,) be sequenceof functions
holomorphic in D which is not normal. If (f,,) convergeslocally uniformly in
DnE for some nite setE,thenf,! 1 in DnE.
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This lemma will be useful when dealing with quasinormal families. By de -
nition, a family F of functions holomorphic in a domain D is called quasinormal
(cf. [9], [20], [24]) if for eath sequence(f,) In F there exists a subsequencgf, )
anda nite setE D sudthat (fn, ) convergeslocally uniformly in DnE. If the
cardinality of the exceptionalset E canbe boundedindependerly of the sequence
(fn), and if q is the smallest sudh bound, then we say that F is quasinormal of
order q.

We denote the maximum modulus of an ertire function f by M (r;f).

Lemma 2.3. Let f be an entire transcendenal function and A > 1. Then

M (Ar;f)
m ———~>2=1:
A M ()
This result follows easily from the convexity of logM (r;f) in logr and the
transcendencyof f . We omit the details. For an alternativ e proof of Lemma 2.3
seethe proof of Lemma 3.3 in Section 3.1 below.

2.2. Pro of of Theorem A. We rst choosea sequence(c,) tending to 1
sud that jf (c,)] 1. We may assumethat jc,j jg(0)j for all n and de ne rj,
by M (rn;9) = jcaj.

We de ne

f(ch2) and g, (2) = g(rnz):

In Cn
It is easyto seethat no subsequenceof (f,) is normal at 0. Since f (1) !
0 it follows from Lemma 2.2 that (f,) is not normal in CnfOg. Passingto a
subsequencef necessarywe may thus assumethat no subsequenceof (f,) is
normal at a; ;= 0 and somea, 2 Cnf0g.

It follows from Lemma 2.3 that if n! 1 , then M(r;g,) ! Oif r < 1
and M(r;gy,) ! 1 if r > 1. Lemma 2.2 implies that the sequence(g,) is not
guasinormal. Passingto a subsequencef necessarywe may thus assumethat
there exist by; bp; bz 2 CnfOg where no subsequencef (g,) is normal. We choose
0 < " < 3 sud that the closeddisks of radius " around the b are pairwise
disjoint and do not contain 0. In the following we denote by B(a;r) the open
disk of radius r around a point a; that is, B(a;r) :==fz2 C:jz a<rg.

It follows from Lemma 2.1 that if n issuciently largeand j 2 f1;2g, then
fn hasan island in B(a;;") over at least two of the domains B(bc;"). This
implies that there exists k 2 f1;2;3g suc that f, hasanisland Uy B(az;")
and anotherisland U, B(ay;") over the samedisk B (h;").

Moreover, it follows from Lemma 2.1 that if n is su cien tly large, then there
exists ] 2 f1;2g such that g, hasanisland V.= B(h;") over B(a;"). Then
V\ g,%(Yj) cortains a componert W of (f, gn) ! B(b;") satisfying W
B(b;").

fn(z) =
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For z2 @V we have
(fn )(2) I (fn on)(2) z =jz bj<"=jfn on)(z2) hi:

Rouche'stheoremimplies that the number of xed points of f, g, in W coincides
with the number of zerosof f,, g, kb in W. As f, g, isa proper map from
W onto B(bg;") the function f, g, kb hasat leastonezeroin W and thus
fn gy hasa xed pont 2 W B(b;"). Then , := r, isa xed point
of f g. Since , 2 B(rnb;r,") it followsthat ,! 1 asn! 1 sothat f g
hasin nitely many xed points. o

3. Pro of of Theorem 1

3.1. Preliminary lemmas. As a generalreferencefor quasiregular maps
we recommend [23]. We rst state some lemmas analogousto those stated in
Section 2.1, and begin with the analogueof Lemma 2.1.

We note that Lemma 2.1 is a generalization of Montel's theorem, which in
turn is the result that correspnds to Picard's theorem in the context of normal
families. The analogue of Picard's theorem for quasiregular maps was given by
Rickman [22] who proved that there exists g = g(d;K) 2 N with the property
that every K -quasiregularmap f: R9 ! RY which omits g points is constart.
We shall call this number g the Rickman constant. The corresponding normality
result was proved by Miniowitz [19], using an extensionof the Zalcman lemma [27]
to quasiregular maps. We refer to [19] also for further information about normal
families of quasiregularmaps. Besidesnormal families we will also considerquasi-
normal families of quasiregular maps, which are de ned in exactly the sameway
as for holomorphic functions.

Miniowitz's extension of the Zalcman lemma has been used by Siebert [25],
[26] to deducethe following Lemma 3.1 from Rickman's theorem. Here we call, as
in Section 2.1, a domain U an island of the quasiregularmap f: D ! RY over
the simply connecteddomain V. RY, if U is a componert of f (V) and if
U D. And asin dimension 2 we denote by B(a;r) the open ball of radius r
around a point a2 RY; that is, B(a;r) := fx 2 R9:jx aj < rg. Here jxj is the
(Euclidean) norm of a point x 2 RY. With this notation Siebert's result (see[25,
Satz 2.2.2] or [26, Corollary 3.2.2]) can be stated as follows.

Lemma 3.1. Letd 2, K 1 and let q = q(d;K) be the Rickman

following property: if D RY is a domain and F is a non-normal family of
functions K -quasiregularin D, then there exists a function f 2 F which hasan

The following lemma is literally the sameasLemma2.2in Section2.1, and it
is again a simple consequencef the maximum principle.
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Lemma 3.2. Let D RY beadomainandlet (f,) benon-normal sequence
of functions which are K -quasiregularin D. If (f,) corvergeslocally uniformly
in DnE for some nite setE,thenf,! 1 in DnE.

The next lemma is identical to Lemma 2.3 in Section 2.1. Again we denote
by M (r;f) the maximum modulus; that is, M (r;f) := maxy;=, jf (X)j.

Lemma 3.3. Let f: R9! RY be quasiregularwith an essetial singularity
at 1 andlet A> 1. Then

. M(Ar;f)

rI!llm W =1:
Proof. Supposethat the conclusiondoesnot hold. Then there exist C > 1

and a sequence(rp) tending to 1 sud that M (Ar,;f) CM(rn;f). The

sequence(f,) de ned by

f(rnx)

0 M)

is then bounded and thus normal in B(0;A). Passingto a subsequenceve may
assumethat f, ! h for some quasiregular map h: B(0;A) ! RY. We have
h(0) = 0 while M (1;h) = 1. Thus h is not constart.

Now there exists a 2 RY such that f hasin nitely many a-points. Without
loss of generality we may assumethat a = 0 since otherwise we can consider
f(x+a) ainsteadof f (x). A contradiction will now be obtained from Hurwitz's
theorem (cf. [19, Lemma 2]).

More precisely choose 0 < t < 1 sud that h(x) 6 0 for jxj = t. For

large n wethen have h;B(0;t);0 = f,;B(0;t);0 = f;B(0;r,t);0 . Here
h; B(0;t); 0 denotesthe topological degree. Thus
X
h;B(0;t);0 = i(x; h)

x2h 1(0)\ B(O;t)

where i(x; h) is the topological index. But f;B(0;rnt);0 ! 1 asn! 1
sincef hasin nitely many zeros. This is a cortradiction. o

The next lemma is a simple consequenceof Lemma 3.3.

Lemma 3.4. Let f: R9! RY be quasiregularwith an essetial singularity
at 1 . Then oaM (1 f
lim 29V L) (f) 1:
ril logr

The following lemma (see[25, Lemma 1.3.14]or [26, Lemma 2.1.5]) replaces
the argumert where Rouche's theorem was usedin the proof of Theorem A.
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Lemma 3.5. Let U RY beadomainandlet a2 R? and r > 0 be sudh
that U B(a;r). Supposethat h: U! B(a;r) is proper and quasiregular. Then
h hasa xed point in U.

Next we shall needthe following result.

Lemma 3.6. Let K > 1,let D RY adomain and let C be a compact
subsetof D. Then there exist ; > 0 with the following property: if f is
K -quasiregularin D and satises jf(x)] 1 for all x 2 D, then logjf (y)j

+ logjf (x)] for all x;y 2 C.

Proof. It follows from [23, Corollary 3.9, p. 91] that there exist A; B > 0 suc
that if B(a;2) D, then logjf (x)j A+ Blogjf(a)j forall x 2 B(a; ). We

and > 0 with

8 1 8
C B a5 and B(a;2) D:
j=1 j=1

The conclusionfollows with  := BN*! and some .o

Finally we need the following obsenation which seemsto have been made
rst in [14, Lemma 3].

Lemma 3.7. Let A, B besetsandlet f:A ! B and g:B ! A be
functions. Then the setof xed points of f g and the setof xed points of g f
have the samecardinality.

To prove this lemma we only have to obsene that g is a bijection from the
set of xed points of f g to the setof xed points of g f.

3.2. Pro of of Theorem 1. Let (c,) beasequencén RY which tendsto 1
and de ne Fn(Xx) := f (jchjx)Tcnj and Gn(X) := g(jcajX)Tcqj. Lemma 3.4 yields
that M(r;F,)! 1 and M(r;G,)! 1 asn! 1 ifr > 0, while Fo(0)! O
and G,(0) ! 0. Thus no subsequencef (F,) or (G,) is normal at O.

We distinguish betweentwo cases.

Case 1. For ewery choice of (c,) the sequences(F,) and (G,) are both
guasinormal.

We may choosethe sequence(c,) sud that jg(c,)j 1 for all n. Apply-
ing Lemma 3.2 and, passingto subsequencesf necessary we may assumethat
Fn! 1 in R9E; andthat G, ! 1 in RYnEq for two nite sets E¢ and
E4 containing 0. Moreover, we may assumethat E4 corntains at least one point
b2 RY with jb = 1, with no subsequencef (G,) corverging in a neighborhood
of b.
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We choose" > 0 such that 2" < ja b forall a2 Egnfbg and 2" < jaj for all
a2 E¢nfOg. For suciently large n we then have jG,(x)] > 2 for x 2 @ (b;")
and jF,(x)j > 2 for x 2 @ (0;"), while jG,(y)j < 1 for somey 2 B(b;") and
JFn(2)j < 1forsomez 2 B(0;"). SinceB(0;")[ B(b;") B(0;2) this implies that
G hasanisland V. B(b;") over B(0;") while F, hasanisland U B(0;")
over B(b;"). As in the proof of Theorem A we nd that V\ G,!(U) cortains a
componert W of (F, G,) ! B(b;") satisfying W B(b;"). Lemma 3.5 now
impliesthat F, G, hasa xed point 2 B(b;") andthusf g hasa xed point
n 2 B(jcnjb;jcaj"). It followsthat f g hasinnitely many xed points.

Case?2. The sequence(c,) canbe chosensud that oneof the sequencegF,)
and (Gp) is not quasinormal.

Becauseof Lemma 3.7 we may assumethat the sequence(F,) is not quasi-
normal. Passingto a subsequencdf necessary we may in fact assumethat no
subsequencef (F) is quasinormal.

As in the proof of Theorem A we may assumethat jc,j jg(0)j and de ne r,
by M (rn;g) = jc,j. As there we alsode ne f,(x) := f (jchjx)=r, = Fn(X)jChj=rn
and g, (x) := g(rnx)5cnj. Again we nd that no subsequenceof (f,) is normal
at 0.

We now show that (f,) is not quasinormal. To do this we assumethat (f,)
is quasinormal. Passingto a subsequenceve then may assumethat f, ! 1 in
RYnE for some nite setE. Let C RYnE beacompactsetcortaining @B (0;r)
for somer > 0. Then there existsa domain D C sud that jf,(x)] 1 for
x 2 D if n is large. Lemma 3.6 yields that

(3:2) logM (r;fn) + logjfn(x)j
for x 2 C and large n. On the other hand, Lemma 3.4 implies that
logM (r;fn) = logM (jenjr;f)  logrn 4 log(jcajr) logrn

if nislarge. Lemma3.4alsoyields logjc,j= logM(rn;g9) logr, forlargen.
ThuslogM (r;f,) 3 logjc,j+4 logr 2 logjc,j forlarge n. We deducefrom
this and (3.1) that

logM (r;fp)

logjfn (x)] 2logjenj  —  logjcn]

for x 2 C and large n. It follows that

logjFn (x)j = logjfn(x)j logjcaj+ logrn logry

for x 2 C and large n. HenceF, ! 1 in RYnE, contradicting the assumption
that no subsequencef (F,) is quasinormal. Thus (f,) is not quasinormal. Pass-
ing to a subsequenceaf necessarywe may assumethat no subsequenceof (f,) is
guasinormal.
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From Lemma 3.3 we deducethat M (r;g,)! Oif r< land M(r;g,)! 1
if r > 1. Lemma 3.2 now implies that no subsequencef (g,) is quasinormal.

Let K besudhthat f and g are K -quasiregularanddene p:=2q9 1 (q
where g = g(d;K) is the Rickman constart. Passingto subsequencef necessary

(gn) is normal.
It follows from Lemma 3.1that there exists " > 0 sud that if n is su cien tly

of the p balls B(b;"), and g, hasanislandin B(b ;") overat leastp q+ 1 of
the p balls B(ag;").

in B(a;") over B(b;") for at least p g+ 1 = ¢ valuesof j. Lemma 3.1
implies that for at leastone sud value j the function g, hasanislandin B(b;")
over B(a;;").

Thus we obtain j; k 2 f1;:::;pg such that f, hasanisland U B(a;;")
over B(b;") and g, hasanisland V. B(b;") over B(g;;"). As beforewe
nd that V\ g, (U) cortains acomponent W of (f, g,) ! B(b;") satisfying
W  B(k;"). Lemma3.5now impliesthat f, g, hasa xed point in B(k;"),
andthusf g hasa xed point in B(jcnjbg;jcnj"). Thus f g hasin nitely many
xed points. o

4. Pro of of Theorem 2

4.1. Preliminary lemmas. We shall require an additional result from the
Ahlfors theory. An island U of a function f over a domain V is called simple if
f:U! V isunivalent. The following result can also be found in the references
givenin Section2.1.

Lemma 4.1. Let D C beadomainandlet D;, D, and D3 be Jordan
domains with pairwise disjoint closures. Let F be a non-normal family of func-
tions holomorphic in D. Then there exists a function f 2 F which hasa simple
island over D1, D, or Ds.

It follows from Lemma4.1that a non-constart erntire function f hasa simple
island over one of three Jordan domains D ;; D,; D3 with pairwise disjoint closures.
We shall needthe simple obsenation made in [7] that we needonly two domains
D1; D, if f is a polynomial or, more generally, a proper holomorphic map whose
range corntains D; and D,.

Although the formulation of the following Lemma 4.2 was slightly dierent
in [7, Lemma 2.2], we omit the simple proof basedon the Riemann{Hurwitz for-
mula, but note that it is analogousto the proof of Lemma 4.3 which we will give
below.
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Lemma 4.2. Let f: U! V be a proper holomorphic map and let D; and
D, be Jordan domains with disjoint closurescortained in V. Then there exist
two domains U;; U, U which are simple islandsover D; or D,.

Here U; and U, need not be islands over the samedomain. We allow the
possibility that U; isanisland over D; and U, is anisland over D,, or vice versa.
For example, this will always be the caseif f is univalernt. For proper maps of
higher degree,however, we have the following lemma.

Lemma 4.3. Let f:U ! V be a proper holomorphic map of degreeat
least 2 andlet D;, D, and D3 be Jordan domainswith pairwise disjoint closures
cortained in V. Then there exists k 2 f1; 2; 3g sud that f hastwo simpleislands
over Dy.

S
Proof. Let Uj;:::;Uy be the componerts of f 1 E:l Dk . Thusthe U;
are the igands over the domains Dyx. Now fjy, is a proper map of somedegree

j and jm:1 j = 3d, where d is the degreeof f. By the Riemann{Hurwitz
formula the number of critical points cortained in U; is ; 1,andf hasd 1
critical points in U. Thus

x
3d m= (; 1) d 1

j=1
sothat m 2d+ 1. Sincef hasd 1 critical points in U we concludethat the
number n of domains U; which do not cortain a critical point satis es
n m (d 1) (@d+1) (d 1)=d+2 4
Thus among the U; there are at least 4 simple islands, and hencetwo of them
must be over the samedomain Dy . o

We shall alsousethe following well-known result; see,e.g.,[7, Lemma 2.3] for
the simple proof.

Lemma 4.4. Let 0< < % and let U B(a; ) be a simply-connected
domain. Let f: U! B(a;") be holomorphic and bijective. Then f hasa xed

point in U which satises jfY )j "=4 .

We shall also need the following lemma concerning ertire functions of small
growth.

Lemma 4.5. Let g be an entire function of the form

¥ z
9(2) = 1 2
k
k=1
where 0 < jz;]  |zoj and limy1  jzx+1 =%j = 1 . Denote the zerosof g°

by z0, orderedsuch that 0 jz%j jz9 . Then limyy;  jz2,,=20j=1 .
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Proof. For sucien tly large n there exists r satisfying jz,j r and 8r
jZn+1]. Weshow rst that for sudh r

(4:1) _min jg(z)j > maxjg(2)j;
jzj=4r jzj=r

provided n is large enough. Let juj = r and jvj = 4r. We will show that
ja(v)j > jg(u)j. To this end we write

J.g(V)J. = lo !V Zk]_ = |Og!V ZkJ_ + ogJ_V ij_
jgwi vz o Tuad L, U &

=S+ S,:

log

For k n wehave jzj r < jvj sothat

v zdj Vi Jad 4 r _ 3
ju oz juitizg  r+r 2
ThusS; nlog3.
For k n+ 1 wehavejzj 8r > jvj sothat
Iogu lo M=Io 1 4_r log 1+.r—. E L
Ju  z]j Juj + JZg) 12k} 1Z«) 1Zk) 2]
Here we have usedthe inequalities log(1+ x) x and log(1 x) 2x valid for

0 x % For large n we alsohave jzy.1=%j 2if k n+ 1. We nd that

ogll 2 9 o pnu i
Uz izd izeedd 8

for k n+ 1. It follows that

S g X 2n+1 k - g
> 8 4
k=n+1

Togetherwith the estimate for S; this implies that (4.1) holds for large n.

Let now U bethe componert of g * B O;M (r;g) which corntains B(0;r).
It follows from (4.1) that U B (O;4r). By our choiceof r the number of zerosof
g in U is n. The Riemann{Hurwitz formula yields that g° hasn 1 zerosin U.
Thus g° hasat most n 1 zerosin B(0;r) and at least n 1 zerosin B(0;4r).
Thusr jz0) and jz0 ,j 4r. Sincethis holds for any r satisfying jz,j r and
8  jzn+1) we conclude, choosing r = jz,j or r = %jznﬂj, that jz0 ,j  4jznj
and %jzq+1j j20j for large n. Thus 3jzns1j  j28)  4jzn+qj for large n. The
conclusionfollows. o
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The following result is a variant of Lemma 3.7.

Lemma 4.6. Let f and g be entire transcendenal functions. Supposethat
there exists a sequence( ) sudhthat (f g)( )= nand (f g% .)! 1.

Then ,:=9g(n) satises(g f)(n)= nand(g )X n)=@F PAn)! 1.
The proof is straightforward and thus omitted.

4.2. Pro of of Theorem 2. We proceedasin the proof of Theorem A and
de ne the sequenceqc,), (rn), (fn) and (g,) asthere. Again we nd that (g,)
is not quasinormalin B (0;2). In the proof of Theorem A we noted that by passing
to a subsequenceave can achieve that no subsequencef (g,) is normal at any of
three points by; ;b 2 CnfOg. The sameargumernt yields this for any number of
points by . Moreover, we can achieve that thesepoints are in B (0; 2)nf0g.

We will have to distinguish seweral casesnow.

Case 1. It is possibleto choose the sequence(c,) sud that (f,) is not
qguasinormal of order 2.
Passingto a subsequencé necessarywe may assumethat there exist a;; ay; as

Cnf0Og where no subsequencef (g,) is normal.

We choose0< " < % sudh that the closuresof the disks B (a; ;") are pairwise
disjoint. Moreover, we require that the closuresof the disks B (ly ;") are pairwise
disjoint and do not contain 0. We alsochoose0< < %

It followsfrom Lemma4.1that if n issucien tly largeand | 2 f1;2;3g, then
fn hasa simple island in B(a;;") over at least v e of the sewen disks B (b«;").
Overall we obtain at least 15 domains in the union of the three disks B (a;;")
which are simple islands over one of the sewen disks B (bg;"). This implies that
there exists k 2 f1;:::;79 sud that f, hasthree simpleislands U; B(a;;"),
j] 2 f1;2;3g, over the samedisk B(bg;"). It also follows from Lemma 2.1 that
if n issuciently large, then there exists ] 2 f1;2;3g sud that g, hasa simple
island V. B(b; ) over B(g;"). Then W := V\ g, (V) is a simple island of
fn gn over B(b;"),and W B(b; ). Lemma4.4impliesthat f, g, hasa
xed point 2 W with j(f, 9.)%)j "=4 . Then ,:=r, isa xed point
of f g with j(f g% n»)j "=4 . Since can be chosenarbitrarily small the
conclusionfollows.

Case2. For every choiceof the sequencegc,) the sequencef,,) is quasinormal
of order 2.

Then f, ! 1 in Cnf0;1g by Lemma2.2. Let K > 2. For su cien tly large
n wethen have jf,(2)j > 2if # jzj K andjz 1]

We now distinguish two subcases.

1
7-

Case 2.1. There are in nitely many n suc that B 1;% contains at least
two zerosof f, .
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Passingto a subsequencéf necessarywe may assumethat this holdsfor all n.
We note that if n is su cien tly large,then B O;% alsocontains at leasttwo zeros
of f,. With a; := 0 and a, := 1 thus both disks B g ;% cortain at least two
zerosof .

2 B(0;2)nf0Og. Again we choose0 < " < % sudh that the closuresof the disks

B (b;") are pairwise disjoint and do not cortain 0, and wechoose0< < 3". We

then g, hasan island over one of the disks B a; ;% in B(bg; ). It follows that
for at least three values of k the function g, has an island over the same disk
B g ;% in B(b; ). We may assumethat the b, are numbered suc that this
holds for k 2 f1;2; 3.

We claim that there exists k 2 f1;2; 3g sud that f,, hastwo simple islands
Ui;U, in B aj;% over B(b;"). To this end we assume rst that there are
two componerts X1;X, of f, 1 B(0;2) contained in B aj;% in which f, is
univalert. Then we can simply take U, := f 1(B(b;") \ X, for | 2 f1;2g
and arbitrary k 2 f1;2;3g. Supposenow that sudh componerts X 1; X, do not
exist. Sincejfn(z)j > 2if jz aj = % and since f, has at least two zerosin
B aj;% ,there now existsa componert X of f * B(0;2) cortainedin B a; %
such that f: X I B(0;2) is a proper map of degreeat least 2. Now Lemma 4.3
yields our claim that there exists k 2 f1;2; 3g suc that f,, hastwo simple islands
U;U, X B a;% over B(b;").

Recallthat in turn g, hasanisland V. B(bc; ) over B & ;% . Lemma4.3,
applied to the proper map g,: V! B g ;% , how implies that V contains a
domain W which is a simple island of g, over U; or U,. Then W is a simple
island of f, g, over B(x;"),and W V  B(k; ). As before Lemma 4.4
implies that f,, g, hasa xed point 2 W with j(f, ¢.,)% )] "=4 . Again

n =T, isa xed point of f g with j(f )4 .)j "=4 ,and the conclusion
follows since can be chosenarbitrarily small.

Case 2.2. For all suciently large n the disk B 1;% contains at most one
zeroof f,,.

Sincejfn(z)j> 2for + jzj K andjz 1j %, provided n is sucien tly
large, we concludethat the annulus R:= z2 C: % jzj K contains at most
one zero of f,. On the other hand, sincef,(1) ! 0 we concludethat B 1;%
cortains a componert Y of f, 1 B(0;2) and thusin particular a zeroof f,, for
large n. Thus f, has exactly one zeroin R if n is suciently large. In fact,
f, takesewery value in B(0;2) exactly oncein Y, and sincethere are no other
componerts of f 1 B(0;2) intersecting R, we seethat f, takesewery value in
B (0; 2) exactly oncein R. We nd that if z; 2 Y and z, 2 C with jz,j jz;j and
fn(z2) = fn(z1) 2 B(0;2), then jzoj K while jz;j % sothat jzyj észlj.

In terms of f we seethat f has innitely many c-points for every c 2
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Cnf0g, and the sequencgwy,) of c-points of f , arrangedsud that jwn+1]  jwnj,
satis es jWnp+1 | éKjan. SinceK canbechosenarbitrarily large we deducethat
liMpy jWh+1 =Whj = 1 . It follows that the number n r;1=(f c¢) of c-points
of f inB(0;r) satises n r;1=(f <¢) = o(logr) asr! 1 ,forany c2 CnfQOg.
Standard estimatesfrom value distribution theory ([17], [18], [21]) now imply that
logM (r;f) = o (logr)? asr! 1 . In particular, f hasorder 0.

Lemmad4.6 says that the conclusionis symmetric with respectto f and g. We
may thus assumethat interchanging the rolesof f and g leadsagainto Case2.2.
We nd that g is alsoof order O and that the sequence(z,) of zerosof g satis es
lim infngl jZn+1 :an =1.

Assumingwithout lossof generality that g(0) 6 0 we deducefrom Lemma 4.5
that the sequence(z?) of zerosof g satis es

jzg+1j _

(4:2) 20

Proceedingas before we may assume,passingto a subsequencef necessary

As before we choose 0 < " < % sudh that the closuresof the disks B(ly;") are
pairwise disjoint and do not contain 0, and we choose0< < %

With a; := 0 and a, := 1 we can deduceasbeforefrom Lemma 2.1that if n
issuciently largeand k 2 f1;:::;4g, then g, hasanisland V,x B(hb; ) over
one of the disks B a ;% . It follows from (4.2) that at most one of these four
islands corntains a zero of g0, provided n is large enough. Thus Vy is a simple
island for at least three valuesof k. Hencethere exist two valuesof k sud that
Vi is a simpleisland over the samedisk B a; 7 . Wemay assumethat the b are
numbered sud that this holds for k 2 f1;2g. By Lemma 4.2 the function f, has
asimpleisland U B g ;% over B(by;") or B(lp;"). Without lossof generality
we can assumethat U is a simpleisland over B (by;"). Then W := V3 \ g, }(U) is
a simple island of f, g, over B(b;;"),and W B(b;; ). As beforewe deduce
that f, g, hasa xed point 2 W with j(f, 0.,)% )j "=4 . Again ,:=r,
isa xed point of f g with j(f @)% »)j "=4 sothat the conclusionfollows
alsoin this case.o

5. Pro of of Theorem 3

5.1. Preliminary lemmas. We shall needthe following quartitativ e version
of Lemma 2.1.

Lemma 5.1. Let D;;D, C be Jordan domainswith disjoint closuresand
let f: B(a;r)! C beaholomorphic function which hasnoisland over D, or D,.

Then ) )
jf Ya)j 1

2 (log +A) r
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where = maxf1l;jf (a)jg and A is a constart depending only on the domains D ;
and D,.

While Lemma 2.1 says that the family of holomorphic functions having no
islands over any of two given domains is normal, Lemma 5.1 is basedon the fact
that this family is in fact a normal invariant family. Lemma 5.1 follows from
Lemma 2.1 together with results of Hayman [16] on normal invariant families. It
is a direct consequenceof Theorems6.8, 6.6, and 5.5 of his book [17].

We also needthe following version of a classicalgrowth lemma due to Borel.

Lemma 5.2. Let ro > Oandlet T:[ro;1) ! [e;1) be increasingand
continuous. De ne

1
F= 1 1o0:T 1 14 —— > eT(r)
logT(r)
Then Z

dt 2
£t 6

Proof. We may assumethat F 6 ; and de ne

. 1
roc=infFy o ri=rg 14 ————
logT(r1)

and then inductiv ely

1

ne:=inf FAIrR 1) r@=re 1+ ————
log T(rk)

If F\ [r0;1)=; for somek sothat the processterminates, then we put N := k.
Otherwisewe put N = 1 .
We have T(ry) T(r? ;) eT(rx 1). HenceT(ry) € 1T(r;) € so

that logT(rg) > K2.If N =1 wethushave r«! 1 ask! 1 .In any case
we nd that

8
F [ri;rl
k=1
sothat 2
da X 0 X
— log-X= log 1+ ———
F k=t Kk log T (r«)
Since log(1 + x) < x for x > 0 this yields
g W 1 X

2
— —
F t k=1 IOgT(rk) k=1 6
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5.2. Pro of of Theorem 3. We proceedasin the proof of Theorem A and
de ne the sequenceqc,), (rn), (fn) and (g,) and the points a;;a, and by; by; b
asthere. If we could chooseall three points by;b,; bz nonreal, then the argumert
given there would imply that f g hasin nitely many nonreal xed points. We
may thus assumethat (g,) is quasinormal of order 2 in CnR and thus g, ! O
locally uniformly in CnR by Lemma 2.2.

If there existthreeannuli ; := fz2 C : §; < jzj < T; g with disjoint closures
sudh that g, hasanisland over B(as;") or B(ap;") in jnR, forall j 2 f1;2;3g
and in nitely many n, then the argumen usedin the proof of Theorem A shows
againthat f, g, hasa xed point in one of theseislands, and thus f g has
in nitely many nonreal xed points.

We may thus assumethat sudch annuli ; do not exist. Passingto a subse-
guenceif necessarywe thus nd anannulus =fz2C:S 1< jzj< T+ 1g
with S> 1 and T > €S sud that no g, hasan island over B(a;;") or B(az;")
in nR. Sinceg,! 0in CnR we may assumethat jg,(z)j 1for S jzj T
and jimzj 1.

To save indices, we now write h:= g,. For S jzj T andjlmz 1 we
concludefrom Lemma 5.1 that

ih%2)j 1
2 (log +A) jimz

where = maxf1;jh(z)jg and A is a constart. We may assumethat A > 1. If
S r T andlogjh(ret)] A, then jh(re')j e* > 1 sothat jim(re')j =
risintf 1 and thus

jhAre")j 2ihYre")j 4 .
jh(ret)jlogjh(ret)j  jh(ret)j logjh(ret)j+ A rjsintj’

(5:1)

We denoteby T(r;h) the Nevanlinna characteristic of h and recall the inequality
R+

(5:2) logM (r; h) :T(R; h)
valid for 0< r < R. SinceM(r;gy)! 1 asn! 1 if r > 1 we conclude
that T(r;h) = T(r;g,) ! 1 for r > 1. In particular we may assumethat
T(r;h) 3A>3forr S.
Choosing
1

logT(r) 2

in (5.2) and noting that log(T=S) > 2> 2=6 we deducefrom Lemma 5.2 that
there exists r 2 [S;T] sud that

R=r 1+

1
2

= logT(r;h) eT(r:h):
logT(r;h)

logM (r; h) 2+
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Now logT(r;h) > (log3A)2 1 and hence

(5:3) logM (r;h)  3eT(r;h) logT(r;h) 2,
For a value of r satisfying (5.3) we considerthe set
E(r):= t2[0;2 ]:logjh(ré")j 3T(r;h)

and dene (r) := measkE(r), where measE denotesthe measureof a set E.
Then for at least one of the four sets Ei(r) := E(r)\ 13 ;(I+ 1)F , where
| 2 f0;1;2; 39, we have meask,(r) % (r). We assumenow that this is the case
for | = 0. The modications that have to be made for the other caseswill be
obvious. We de ne

(r) := maxEq(r)

and
(r):=min t2 (r);3 :logjh(re")j= A :
Then (r) measE(r) % (r). For (r) t (r) we have 1 < A
logjh(re')j  3T(r;h). Thus loglogh may be de ned on the arc fre' : (r)
t  (r)g, and we may choosethe branch of the logarithm sud that logh re ()
loghré (0 + = A+ andhenceloglogh re () log(A+ ). Thus

loglog h re (") log(A+ ) loglogh ré ()  Jloglogh re ()
loglogh(ré (7 loglogh re
(r) Oy it )
= .h (re’) —ijr e dt
(ry h(ret)logh(re')
) _J'ho(”'l‘it N
(ry Jh(re®)jlogjh(ret)j

) dt
(r) jSII’ltJ
Here the last inequality follows from (5.1). Now sint  2t= for O t %
Thus
Z
: ) dt (r)
() + —=2log—= 2| ;
loglogh re log(A ) 2 ot 0og 0 092 %)

Since _
logh ré = 1T(r;h)
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this yields
(5:4) logT(r;h) 2 log 20 + log(A+ )+ log2:
Now
Z 2
1 .
T(r;h) = > log" jh(re')jdt
1 2 1 z
= — log" jh(re")jdt+ — log® jh(re")jdt
2 E(r) 2 [0:2 InE(r)
i (r)logM (r;h) + }T(r'h)
2 g ] 2 L]
sothat
(r) T(r;h)
logM (r;h)’
Hence

2 2logM (r; h)
2. () () T(r;h)

Using (5.3) we nd that

2—(r) 6e logT(r;h) ~:

Togetherwith (5.4) this yields
logT(r;h) 2 log 6e(logT(r;h))? + log(A+ )+ log2:

This implies that
logT(r;h) 4 loglogT(r;h)+ C

for someconstart C, which is a contradiction since T(r;h) = T(r;g,)! 1 as
n! 1.co
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