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Abstract. We study the sharpnessof the Stolz approach for the a.e.cornvergenceof functions
in the Hardy spacesin the unit disc, rst settled in the rotation invariant caseby J. E. Littlew ood
in 1927 and later examined, under lessstringent, quantitativ e hypothesis, by H. Aikawa in 1991.
We introduce a new regularity condition, of a qualitativ e type, under which we prove a version
of Littlew ood's theorem for tangential approach whoseshape may vary from point to point. Our
regularity condition can be extendedin those contexts where no group is involved, such as NTA
domainsin R". We show exactly in what senseour regularity condition is sharp.

1. Overview of our results

Let H! be the spaceof bounded holomorphic functions in the unit disc D
in C. How sharp is the Stolz (nontangertial) approac

(1:1) (€ )= z2D:jz €j<@+ )1 jz)

for the a.e. boundary corvergenceof H! functions? A family =1f ( )g 2[0:2 )
of subsetsof D, called an approach, may have the following properties:

(c) eah () isacurvein D endingat € ;

(tg) eadh ( ) endstangertially at € ;

(aecv) eah h 2 H' corvergesa.e.along ( ) to its Stolz boundary values.

The Strong SharpnessStatement is the following claim.
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(SSS) There is no approach  satisfying (c) & (tg) & (aecv).

This claim is coheren with a principle| implicit in [10]jlwhose rst rendi-
tion is found in [15], who showed that there is no rotation invariant approat
satisfying (c) & (tg) & (aecv). Another rendition of this principle (with stronger
conclusions)has beengiven by [2], who proved that, if (u) is the condition:

(u) the curvesf ( )g areuniformly bi-Lipschitz equivalent;

then there is no approadh  satisfying (u) and (c) & (tg) & (aecv).

Seealso[1].

Our rst result! is a theorem of Littlew ood type where the tangertial curve
is allowed to vary its shape, and we do not require uniformity in the order of
tangency Moreover, we show that, in a precisesense,Theorem 1.1 is sharp.

Theorem 1.1 (A sharp Littlew ood type theorem). Let :[0;2 )! 2P sudh
that

(c?) foreach 2[0;2 ),thesetfe g[ () isconnected

(tg) foreadr > 0 and 2 [0;2 ) there exists > 0 sudc that if z 2
()\ (¢ )thenjz € j> ;

(reg) for eat open subset O of D the set

f 2[0;2): ()\O6 ;0

is a measurablesubsetof [0;2 ).

Then there exists h 2 Hl_ with the property that, for almost every 2 [0;2 ),
the limit of h(z) asz! € andz2 () doesnot exist.

{ Condition (c?) is strictly weaker than (c) but it cannot be relaxed to the
minimal condition one may ask for:

(apprch) € belongsto the closureof () for all

since Nagel and Stein [18] showved that there is a rotation invariant approat
satisfying (apprch) and (tg) & (aecv). This discovery disproved a conjecture of
Rudin [19], prompted by his construction of a highly oscillating inner function in
D . Seealso[20]. Thus, (c?) identi es the property of curvesrelevant to atheorem
of Littlew ood type.

{ It is not easyto see(reg) fail. The imagesof radii by an inner function
satisfy (reg): this example prompted Rudin [19] to ask about the truth value
of (SSS). Obserne that (reg) is a qualitativ e condition, while (u) is quantitativ e.
The former is perhapsmore commonly met than the latter. They are independert
of ead other.

{ Since our hypothesesdo not imposeany smoothness, neither on ( ) nor
on the domain, a version of our theorem can be formulated, and proved as well,
for domainswith rough boundary, such asNTA domainsin R" ; seeTheorem 1.3.

LA preliminary version of this result was announcedin [8].
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{ Is it possibleto prove Theorem 1.1 without assuming(reg)? Se\weral theo-
remsin analysis do fail if we omit someregularity conditions, while others (typi-
cally thoseinvolving null sets)remain valid without “regularity’ hypothesis?. This
guestion brings us badk to the truth value of (SSS), and we prove the following
result.

Theorem 1.2. It isneither possibleto provethe Strong SharpnessStatemert,
nor to disprove it.

The proof usesa combination of methods of modern logic (developed after
1929) and harmonic analysis, based upon an insight about the location of the
link that makes the combination possible. See Theorem 2.2, Theorem 2.3 and
Theorem 2.4.

Let h! be the spaceof bounded harmonic functions on a bounded domain
D R". Assumethat D is NTAlas de ned by [13]. How sharp is the so-called
corkscrew approach

(1:2) WEfz2D:jz wj< 1+ )dist(z:@)g

for the boundary corvergencefor h! functions, a.e.relative to harmonic measure?
Obsene that D may be twisting a.e. relative to harmonic measure. In this

case,the "corkscrew'approac (1.2) doesnot look like a sectorial angle at all.
Theorem 1.1 lendsitself to the task of formulating * the appropriate sharpness

statemernt for NTA domains, without any further restrictions on the domain.

Theorem 1.3. If D isan NTA domainin R" and = f (w)g,,qg Isa
family of subsetsof D sud that

(c?) foreah w2 @, (w)[ fwg is connected

(tg) foreadh > 0 and w 2 @ there exists > 0 sud that if z 2
(w)\  (w) then jz wj> ;

(reg) for eat open subset O of D the set

fw2@ : (w)\ O6 ;g

is a measurablesubsetof @ (i.e. its characteristic function is resolutive);

then there exists h 2 h' sud that for almost every w 2 @, with respect to
harmonic measure,the limit of h(z) asz! w and z2 (w) doesnot exist.

2 A regularity hypothesisin a theoremis onewhich is not (formally) necessaryto give meaning
to the conclusion of the theorem. A priori it is not clear which theoremsbelongto which group.
Egorov's theorem on pointwise corvergencebelongsto the rst; see[5, p. 198]. One examplein

the secondgroup can be found in [21, p. 251].
5 In formulating (and proving) our Theorem 1.3 we also had this goal in mind. The proof of
Theorem 1.3, due to F. Di Biaseand O. Svensson,will appear elsewhere.
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{ A condition sud as rotation invariance, in place of (reg), would have no
meaning, sincein this context there is no group suitably acting, not even locally.
{ Obsene that (c?) cannot be relaxedto the condition

(2:3) w belongsto the closureof (w)

(the minimal oneneededto take boundary values). Indeed, the rst-named author
showved the existence,for NTA domainsin R", of an approadh , satisfying (1.3)
and (tg), along which all h! functions corvergeto their boundary valuestaken
along (1.2), a.e. relative to harmonic measure* .

2. Notation and other results

The coreof the problem belongsto harmonic analysis,sowe restrict ourseles,
without lossof generality, to the spaceh® of bounded harmonic functions on D .

The boundary of D, denoted by @, is naturally identied to the quotient
group R=2 Z, from which it inherits the Lelesguemeasure m; thus, m(@) = 2 .

If h2 h' , the Fatou setof h, denotedby F (h) @, is the set of points
w2 @, sud that thelimit of h(z) asz! wandz2 (w) existsforall > O;
this limit is denoted h;(w). Now, m(F (h)) = 2 and h; 2 LY (@); see[10].

The Poisson extension P: L (@) ! h! recapturesh from h;, since h =
P[hf].

[If isasubsetof D @ and w2 @, the shage of at w is the set

(W)d:effzz D:(zzw)2 g D:

An approachisasubset of D @D sud that (apprch) holdsfor all . One
may think of asafamily f ( )g 2[0:2 ) of subsetsof D. If h2 ht and isan
approad, then de ne the following two subsetsof @D :

c(h; )" w2 F (h); h(z) corvergesto h;(w) asz! wandz2 (w) ;

D (h; )d=6f w2 @ ; h(z) doesnot have any limit asz! wandz2 (w) :

If is an approach and u: D ! R a function on D, the function on @
given by
def . .
?(u)(w) = supfju(z)j:z2  (w)g

is called the maximal function of u along at w2 @.

4 n [7], the existenceis showed by reducing the problem to the discrete setting of a (not-

necessarily-homogeneoudyee, rather than on the action of a group on the space. In general,in
this corntext, there is no group suitably acting on the space.
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Lemma 2.1. The following properties of an approach  are equivalen:
(@) 7 mapsall cortinuousfunctions (on D) to measurablefunctions (on @ );
(b) for every open Z D, the boundary subset

def

HZ)Efw2 @ :Z\ w6:g @

is a measurablesubsetof @D .

The subsetin (b) is called the shadowprojected by Z along . The proof of
Lemma 2.1 s left to the reader®. The approad is called: regular if it satis es
(@) or (b) in Lemma 2.1; rotation invariant if (z;w) 2 implies (€' z;€ w) 2
forall , z, w. A rotation invariant approac isregular. If h: D! D isaninner
function, then the set

(zzw)2D @ ;z=f(ru)forsomeu?2 F (h);h(uy=w; 0 r<1

is a (not necessarilyrotation invariant) regular approacd whose shape, given by
the imagesof radii by h, may be empty over a null set only; see[19].

2.1. The indep endence theorem. Modern logic givesus tools that show
that some statemerts can be neither proved nor disproved. The basic idea is
familiar: if di erent models (or "concrete'represemations) of someaxioms exhibit
di erent properties, then these properties do not follow from those axioms. For
example, the existenceof a single, ‘concrete' non commutativ e group shows that
commutativit y cannot be derived from the group axioms, and the existence of
di erent models of geometry shows that Euclid's Fifth Postulate doesnot follow
from the others. Sincethe currently adopted system of axioms for Mathematics is
ZFC?®, to prove a theorem amourts to deducingthe statemert from ZFC. A model
of ZFC standsto ZFC as, say, a concrete' group stands to the axioms of groups.
If ZFC is consisten, then it hasseweral, di erent models. K. Gedel showved, in his
completenessheorem, that a statemert can be deducedfrom ZFC if and only if it
holds in every model of ZFC; in particular, if it holds in somemodels but not in
others, then it follows that it can be neither proved nor disprovel. The tangertial
boundary behaviour of h! functions is radically dierent in dierent models of
ZFC’.

Theorem 2.2. There is a model of ZFC in which there exists an approadc
satisfying (c) and (tg) and sud that C(h; ) has measureequalto 2 for every
h2ht.

This circle of ideasis basedon the work of E. M. Stein. Cf. [11].

Acronym for Zermelo, Fraenkel and the Axiom of Choice. See[6], [9], [12], [14].

Since an approad is a fairly arbitrary subsetof D @, in retrospect this result can be
rationalized, but other examplesin analysisshaow that this rationalization is not a priori infallible.

7
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Theorem 2.3. Thereisamodelof ZFC in which for every approad satisfying
(c?) and (tg) there exists h 2 h' sud that D(h; ) has outer measureequal
to 2 .

The following result shavs that Theorem 2.3 cannot be improved?®.

Theorem 2.4 (A theorem in ZFC). There exists an approach  satisfying
(c) and (tg) sud that for each h 2 h! | the set C(h; ) has outer measureequal
to 2 .
3. Proofs in ZFC

Obsene that h! hasthe samecardinality as @ .

Lemma 3.1 ([17]). There is a collection quguz(O;l) of mutually disjoint
subsetsof @ , sud th@ (a) for eah u 2 (0;1), the set G, has outer measure
equalto 2 ; (b) @ = u2(0:1) Cu -

The following (qualitativ €) consequenceof the theorem of Fatou can also be
derived from Theorem 3.4. The proof is omitted.

Lemma 3.2. For each h 2 h! (D) there exists an approach |, satisfying
(c) and (tg) and such that C(h; ) = F (h); therefore, m C(h; ) =2 .

If h2hl! ,s2R, >0andv2R wedene

def £ e -
h (s; ;v)E sup = hi(€") v du:
o<jtj U s
The limit of . Z |
- hi(e") du
t s

ast! O existsand is equalto v if and only if

Ilggh (s; ;v)=0:

Obserwe that h (s; ;v) is anincreasingfunction of

Prop osition 3.3 ([10] and [16]). Let h 2 h' and s 2 R. Then the following
conditions are equivalert.
(i) € 2 F (h) and h((e®) = v;
(i) lim 4h (s; ;v)=0.

8 Theorem 2.4 in itself doesnot say whether (SSS)can be proved or not.
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Let ¢ bea continuousfunction ¢ [0;1 ) ! D endingat € and assumethat
c canwritten in the form ¢( ) = je( )jes€ () where = () > 0isacortinuous
function of suchthat Iim ; ()= 0 and

- ()
11 je( )
Then c is called an upper tangential curve ending at €. The function = ()

(uniquely determined by c) is called the angle of ¢ with respect to €.

Theorem 3.4 ([4]). Let h2 h! , € 2 F (h) and v = h(€®). Let c be
an upper tangential curve endingat €° and let be the angle of ¢ with respect
to €. If

)

(3:2) I!ilm )

h(s;2()v)=0
then
lim he() = hp (€°):

Thus, h corvergesto h[(eis) along c aslong as c is not too tangertial. If
B @,letlg: @ ! f0;1g bethe function equalto 1 on B and 0 on @ nB.

Lemma 3.5. Assumethat B @ is openand that m(@ nB) > 0. Let
be an approad satisfying (c?). Then

(3:2) Iirzn(in)f P[1g](z) =0 for a.e.w 2 @ nB:

Proof. (Cf. [23]). Fatou's theorem implies that
(3:3) Ii[q P[lg](rw) =0 fora.e.w2 @ nB:
r

An application of Egorov's theorem shows that for each " > 0 there is a perfect
subsetA of @ nB sud that the limit in (3.3) is uniform for w2 A and m(A) >
2 m(B) ". Wemay assumethat eadr w 2 A is a limit point of a sequence
wel » 2 A where ,! Oand , > 0for newen, ,< 0forn odd. It followsthat
(3.2) holds at ead point w 2 A, sincefwg|[ (w) is connected,and, therefore,
(w) intersectsthe radii ending at we' » for an appropriate subsequencef n's,
closeenoughto the boundary. The conclusionfollows because” is arbitrary . o

The subsetof @ givenby fes : r < s< +rgiscalledthe arc of center
€ andradiusr > 0. Fix the valueof at = 1=10. If J isan arcin @,
de ne

4NE z2D:( Y(fzg) I :

Lemma 3.6. Thereis anumber ¢; > 0 sudh that P[1;](z) c; for each arc
J @ andeah z2 4 (J).
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Proof. Since P[1;](z) P 1 (1,4 (2) foreat z2 4 (J), it suces to
show that

(34) zlgrlfj P 1 #(f zg) (Z) > 0

The proof of (3.4) is left to the reader. o

If B @ is open and is an approac, we dene Z (B) as follows®:
w2 Z (B) if andonly if w2 @ nfBg and there is a sequencef Jg,,, oOf arcs
contained in B sud that forall k2 N, (w)\ 4 (Jx) 6 ; and, moreover, for eath
"> 0 thereis n+ sud that the set Jy is within " distancefrom w for all k n-.
Let us seewhy we shall construct B of small measureand suc that Z (B) is
appropriately large.

Lemma 3.7. If is an approad and B @ is open then, for all w 2
Z (B), lim sup 2t « P[lg](z) ci.

Proof. It follows from Lemma 3.6, sinceif J B then P[1;] PJ[lg]. o

3.1. Proof of Theorem 1.1. Dene :@ D! (0;1] by

Consider the sequenceof everywhere de ned functions f,: @ ! (0;1 ) gauging
the order of tangency at the various points:

(3:5) fn(w)d=ef sup (w;z):z2 (wW);jz wj<2 =n:

Obserwethat 1 f,(w) fn+1(w) andthat lim,; fo(w)=O0foreacrw2 @,
since is tangential. Since s regular, the functions f,, are measurable. If
N 2 N then there is a set Cy @ whose Lebesguemeasureis greater than
2 1=2N"and sud that the sequenceff,g corvergesuniformly to 0 on Cy .
We may and will assumethat Cy Cn+ forall N 2 N. Thus, there is an
element y 2NN sudthatif |12 N andn  n(l) then sup,,c, fa(w) < 2 '
De ne a strictly increasing sequence 2 NN dominating eath y , as follows.
Let (1) 1(1), (2 maxt 1(2); 229, (3) maxft 1(3); 2(3); 3(3)g,
and soon. Then (i) n (i) forall i N. It follows that

c(k)E sup f ((w) < 2 &
w2 Cyg

9 Cf. [23].
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If J @ isthe arc fées : r<s< +rgofcerter € and radiusr >

and 0< ¢ 1, we denote cI®'rgs cr < s< + crg the arc of certer €

and radius cr. Thus, m(cJ) =cm(J). Forn;p2 N and1 p n dene
ImpE ¢ p D <s<p @

De ne ”
E T kI (K)ip
p=1

S S
Then m(ly) 2 ck)< 2 2 %, Dene B(I)d:ef Lllk. Let D%’ 1 Cn .

Then the measureof D is equalto 2 .
Claim. If o2 N then DnB(lg) Z (B(lp)).
If h2 h! and w2 @, wede ne

osch; w)=' lim suph(z) lim inf h(z):

22 (w) z2 (w)

Consider 1y 2 L' (@) and its Poissonintegral P[lg()] 2 h' . Lem-
mas 3.5, 3.7 and the Claim imply that there is a set N(I) of Lebesguemeasure

zerosud that if w2 DnB(l) nN(l) then oscP[1g)];w ci. Forg>1

to be determined later, we de ne, following [23], gd:Gf |1:1 q '1g¢y. It follows

— P 1 I def ©1 _
that P[g]= ., 9 'P[lgy]. Dene N= 7 N(l). Then m(N) = 0. Dene

T
def 1 B(l). Then m(B) = 0. We now show that if w2 (D nB)nN then

oscP[g];w) > 0. Indeed, let | be the smallestinteger n suc that w 2 B(n).
Then w belongsto the open set

IT1
(3:6) B (k):
k=1
For k= 1;2;:::;1 1, the function 1g () is equalto 1 on the set(3.6); sincethis
setis open, it follows that osc P[1g(];w = 0 foreah k = 1;2;:::;1 1. On
the other hand, oscq 'P[lg(y;w g 'c; and
X k A k 1
0sc q “Pllgylw q 9 1
k=1+1 k=1+1 q

It follows that
'ee q' 1, 0
qg 1
if q is chosengreater than (1+ c1)=¢. Sincethe set (D nB) nN has measure

equalto 2 , the proof is completed. o

oscP[glw) ¢
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Proof of the Claim. Assumethat wy 2 D nB(lg). The set (wp) cortains
a branch ending tangertially at wy from one side. Assumeit endsat wgp, s&,
from the right. Let No 2 N be sud that wp 2 Cy, . Let % > 0 be sud that if
z2 (wg) and jz Wwoj< % then (wp;z)< 2 0. Choosezp2 (wp) sud that
j1Zo Wpj < %. The role of zo will be to make sure that our nal choiceis not
empty, exploting the fact that ead approad regionin the approad is connected.
Indeed, it may happen that ead di erent approad region in the approad starts
from a dierent distance from the boundary. Choosel; 2 N suc that I; g,
I No and

2
< 2 WOiw,  zi:
() JWo o)
Let | 1. Then wo 2B(l). Let k |. Then wo 2 1. Let p2 f1;2;:::; (K)g

be such that the arc Jkdffc(k)J (k);p iscloserto w from the right. We know
that wg 2 Cy, sincek Ng. Thus,

. . 2
sup  (Wp;2):z2 (Wp); jz Wgj< W c(k):
Let w; bethe certer of the arc Jx. Then there is a point z; 2 (wp) sud that
jzZ1 Woj = jwi1 Wpj and z; is located on the samesideas (wp). Obsene that

jwi  wpj < 2 = (k). It followsthat (wg;z1) c(k). Thus, z;2 4 (Jk). o

S
3.2. Proof of Theorem 2.4. A decompositon @ = |, (p)G(h),

whereead set G(h) hasfull outer measureand setsindexed by di erent functions
are disjoint, exists by Lemma 3.1. Let | be the approach assaiated to h in

Lemma 3.2. For w2 G(h)\ F (h) dene (W)%" ,(w). For w 2 G(h) nF (h)
dene (w) any tangential way you like. Then, for eadr h 2 h! the set C(h; )
hasouter measureequalto 2 . Indeed, it su ces to obsenethat C(h; ) contains
G(h)\ F (h).

4. Mo del dependent statemen ts

4.1. A new model dependent prop erty. We wereled to formulate© the
Generalized Egorov Property as we gained insight on its role in the truth value
of (SSS).

(GEP) For eath " > 0, every sequenceof not-necessarily-measurableeal

valuedfunctions on [0; 1], corverging pointwiseto zero,hasa subsequence

converging uniformly on a subsetof [0; 1] whoseouter measureis greater

than 1

10 wecouldnot nd GEP in the literature. |. Redav (private communication) hasnoticed that,
to showv that GEP holds in somemaodels of ZFC, the following property, holding in the iterated
Laver real model, can be used;see[3]: the cardinality of the smallest subsetof [0; 1] of full outer
measureis smaller that the cardinality of the smallest unbounded family in the Baire space. The
original proof givenin [22] is di erent.
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Theorem 4.1 ([22]). GEP is independer of ZFC.

4.1.1. Known model dependert properties. A set has small cardinality if its
cardinality is stricly lessthan the cardinality of the cortinuum. The Baire space
NN is the collection of all sequencef natural numbers. The dominating order

in the Baire spaceis an order relation de ned as follows: f g if and only
if there exists an integer m such that f (n) g(n) foready n m. A model of
ZFC has Property D if and only if for eahh S NN of small cardinality there
isa g2 NN sud that f g for every f 2 S. A model of ZFC has Property
Unif (N ) = cif and only if every subsetof @ of small cardinality has Lebesgue
measurezero. If ZFC is consisten, then there are modelsof ZFC whereboth these
properties hold but the Continuum Hypothesisdoesnot. Cf. [3].

4.2. Pro of of Theorem 2.2. Assumethat ZFC is consistert and choosea
model of ZFC where Properties D and Unif (N ) = ¢ hold. We claim that in this
model, the conclusionof Theorem 2.2 holds. Let | be a set having the cardinality
of the continuum andlet  beawell-ordering of I sudh that all its initial segmes
have small cardinality. Let fh g ,, bealist of all bounded harmonic functions
in D andlet fw g ,, bealist of all pointsin @ . If 21 then the set

TOH)E 21:; andw 2 F (h)
has small cardinality. We claim that Theorem 3.4, and Property D imply that
there exists a cortinuouscurve ¢ :[0;1 ) ! D in D ending tangertially at w
andsuch that if 2 T( ) then

(4:1) SIlilm h c(s) =(h )(w)

holds. Indeed, write w = €, and, foreadr 2 T( ),let v = (h )[(w ) and
dene f 2 NN by letting f (n) bethe smallestinteger k suc that

1

2n+n

(h) (s;2e ';v)

forall | k. Thenthe family ff g 27() NN hassmall cardinality. Property D

implies that there is an elemernt f 2 NN sud that f f foreah 2 T().
We may always assumethat f is strictly increasing. The upper tangential curve
c=c¢c endingat w with angle () = e andsudthat ()=1 jc( )j
interpolates linearly between 2" and 2"*' when is betweenf (n) and f (n+ 1)
has the required property, by Theorem 3.4. Indeed,if 2 T( ) then thereis a k
sudh that if n  k thenf (n) f(n). Thus,if n k and f (n) <f(n+1)
then

Oy (size iv)

2,
1 je( )i 20’
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Dene (w )dgfc (0;1 ). Weclaim that for eatch 2 | the set C(h ; ) is mea-

surableand it has measureequalto 2 . Indeed, considerthe subset S( )O':ef w

andw 2 F (h ) of F (h ), obtained by removing a certain set of small
cardinality (thus a null set, in our model). Thus, S( ) is measurableand it has
measure2 . Weclaimthat S( ) C(h ; ). Indeed,if w2 S( ) then w=w
for some 2 | sud that andw 2 F (h ). Thus, 2 T( ) andtherefore
(4.1) holds,i.e.w=w 2 C(h ; ).

4.3. Pro of of Theorem 2.3. Choosea model of ZFC where GEP holds.
We claim that in this model, the conclusion of Theorem 2.3 holds. Indeed, it
su ces to repeat the proof of Theorem 1.1 replacing every occurenceof "measure’
by “outer measure'.
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