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Abstract. A mapis saidto beinternally bilipschitz if it is bilipschitz with respectto internal
distances. We prove the following extensiontheorem for John disks: any internally bilipschitz map
of the boundary @ of a Jordan John disk D extendsasan internally bilipschitz map of D . This
result is a partial analogueto a result of Gehring for quasidisks.

1. Intro duction

A domain D R? is called a c-John domain if any two points z;;z, in D
may be joined by a recti able arc D sud that

(1:1) jrglinzlength( [z;z]) cdist(z;@):

See[9, Section 2.26]. Here, as in the rest of this paper, [w;;w;,] denotesthe
subarc of  from w; to w,. If we are not interested in a particular constart,
we will say simply that D is a John domain. A simply connectedJohn domain
with at least two boundary points will be called a John disk. It is an important
and very useful fact that in a John disk we may always, possibly by changing the
constart ¢, use hyperbolic geadesics in the de nition (1.1); [5, Theorem 4.1],
[9, Theorem 5.2].

John disks enjoy many properties similar to those characteristic for quasidisks
i.e. imagesof disks or half planesunder quasiconformalself maps of R2. Indeed,
John disks may beregardedasonesidedquasidisks. Seefor example[9, Section9],
[10, Theorem 5.9]. They appear in many contexts in analysis.

In this paper we shall concernourseheswith a certain extension problem for
John disks. A result of Gehring says that if D  R? is a quasidisk, then ewvery
bilipschitz map of @ extends as a bilipschitz map of D . See[2, Theorem 7].
Gehring also gives a partial corverseto this in [3, Lemma 4.4]: A Jordan curve
C R? isaquasicircleif every bilipschitz map of C extendsasa bilipschitz map
of D, where D is a componert of R2nC. A homeomorphismf of somesubset
A R? onto another is L -bilipschitz if

1. .. ) ) .
[z 2zl if(z1) ()] Lizn 2zj
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for all z;;z, 2 A. In Section4 of the presen paper we prove a partial analogueof
Gehring's result for John disks, namely that if D is a Jordan John disk, and if f
is an internally bilipschitz map of @D , then f extendsasan internally bilipschitz
map of D . Cf. Theorem 4.7 below. By an internal ly bilipschitz map f we mean
a map which is bilipschitz with respect to internal distances,i.e.

% b (z1; 22) po f(z1);f(22) L b(z1;22):

SeeSection 2 for the de nition of internal distance, p. At presen we are only
able to prove that this extension property is necessaryfor Jordan John disks.

Inside a domain D the classesof internally bilipschitz and euclideanlocally
bilipschitz homeomorphismsare the same, [13, p. 303]. In Section 4 we give
examplesto show that this is not the casewhen we considerhomeomorphismsof
the boundary of a domain. Thus our main result is not included in the results of
papers like [3], [6].

We haveto clarify what we meanby \in ternal distanceon the boundary"”. This
is the subject of Section 2. In Section 3 we prove a new version of Ahlfors' three
point property for John disks, a result which may be interesting in its own right.
In particular it is useful for certain quasisymmetry considerationsin Section 4.

Our notation is almost self explanatory. B(z;r) denotesthe open disk with
cernter z of radius r and S(z;r) denotesits boundary. We resene D for the unit
disk with boundary T, while H is the upper half plane. D will always denote
a proper subdomain of R2. Whenewer D is simply connected, we will use
for hyperbolic segmers. For the euclideanline segmen from z; to z, we write
[z1;z,]. Diameters and lengths are denoted by diam and length, respectively.

2. Internal distances

Let D R? beany domain. We de ne the internal distance betweenz; and
Z, in D as
p (z1;22) = inf length( );

wherethe in m um is taken over all recti able arcs D joining z; and z,; cf. [9,
Section3.1]. The internal distanceis well suited for studying John disks, sinceJohn
domainsare allowedto have inward cusps. In this paper we will be concernedwith
boundary conditions, and therefore we would like to measureinternal distances
betweenboundary points. This leadsto someproblems.

Firstly, there may be no recti able arc joining two arbitrary boundary points.
A point z in the boundary @ of D is said to be recti ably accessibleif there is
a half openrectiable arc in D endingat z, which meansthat there is a path
"[as;bp! D, =" [ab) ,with limy p' (t) =z and lim , plength * ([a; ]) =
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<1, < b Welet @D denotethe subsetof @ which consistsof all the
recti ably accessbilepoints, that is

@D = fz2 @ :isrectiably accessiblg:

Fortunately, recti ably accessiblepoints are plentiful in the boundary of any do-
main.

2.1. Lemma. If D is any domain, then @D is a densesubsetof @ .

Seepp. 162{163in [8]. In fact, in asimply connecteddomain a boundary point
is recti ably accessiblaf and only if it is accessibleoy a recti able, hyperbolic ray;
see[10, Exercise4.5.3]. This is an immediate consequencef the following result,
known asthe Gehring{Hayman theorem, which will be usedrepeatedly throughout
the paper. Here, and elsewherewe will write

D,=D[ @D:

2.2. Lemma. Let D be a simply connecteddomainin R?, and let z;;z, 2
D,. If isthe hyperbolic segmen from z; to z, in D and s any recti able
Jordan arc from z; to z, in D, we have that

length( ) K length( );

diam( ) K diam( );
where K is a universal constart.

For a proof see[10, Theorem 4.20]. We will usethe letter K for the Gehring{
Hayman constart throughout. Another way to state this theorem is to say that
length( [z1;z2]) K p(z1;22), or that hyperbolic segmeis are quasigedesics
for the metric p . Note alsothat in John disks (as well as many other kinds of
domains) all nite boundary points are recti ably accessible[9, Remark 6.6]. We
will usethis fact without further referencethroughout.

Secondly we feel it is necessaryto show that the internal distance p isin
fact a metric. This is readily proved when all points lie inside the domain in
qguestion. When we allow points to lie on the boundary, however, the proof of the
triangle inequality is no longer ertirely trivial. In fact, the triangle inequality may
not hold for p if D is not a Jordan domain. (Consider a disk with a radius
removed. Let z3 be the point exactly in the join of the radius with the circle, and
let z; and z, be points on the circle closeto z3z, but on opposite sidesof the slit.
Then p(z1;22) > p(z1;23) + b(Z2523) )

We will now give a proof that p isametric in D, if D is aJordan domain.
Recall that a crosscut in a domain D is an arc with both end points in @ .
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2.3. Lemma. For every Jordan domain D, p isametric in D, .

Proof. By denition p(z1;22) < 1 for all pairs z;;z, 2 @D. The only
non-obvious property is the triangle inequality, which we prove next.
Take two arbitrary points z;;2z, 2 @D, and let zz be any other point in @D .
For every " > O there exist arcs ; and , from z; and z, to z3, respectively,
with
length( j) < p(z:z3)+" =12

We will show that thereis anarc - from z; to z, sud that
length( ) length( 1) + length( )+ M";

for some xed constat M . To this end we may assumethat ;1 and , newer
meet in D, for if they do meet, we obtain an arc from z; to z, in D with the
desired properties. For the rest of the proof, seeFigure 1.

Let denote that part of @ nfz;;z,g which does not contain z3. Then
C= ;[ [ isaJordan curve. Denoteby [B the componert of R2nC which
liesinside D. If " is sucien tly small we may assumethat S = @B (z3;") meets
B but not . Here we use the fact that a Jordan curve is locally connected.
Furthermore there is a uniqgue componert U of BnS which has zz asa boundary
point. To seethis, assumethat B = D by applying a preliminary homeomorphism
of R? rst if necessarynow S will not necessarilybe a circle anymore. We may
do this becauseD and hence§ is a Jordan domain. Then any su cien tly small
circular neighbourhood around zz 2 T in R?nS will meetonly one componert of
DnS.

Figure 1.
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By Proposition 2.13in [10] there are courtably many crosscuts Cx S of
B sud that

S S
B =UJ[ Dk [ Ck ;
k k
where Dy are disjoint domains with
Ck =B\ @x:

Let V be that componert Dy which has on the boundary. Then Cy = B\
@\ @Q Sisacrosscutin B, and oneofthe Cy. V must be a Jordan domain
becauseit is a residual componert of a crosscut of the Jordan domain B (e.g.[8,
Theorem V.11.8]). Furthermore (@ nCy ) 1[ 2[ . Now Cy is acrosscut
in B that separateszz from z; and z,. HenceCy meets ; and ».

We obtain the arc - by going along ; from z; until it meets Cy , then
along Cy to , andto z, along ,. SinceCy S,

length( ) < length( ;) + length( 2) + 2 ™
This implies that
p(z1;22) < length( ») < p(z1;23) + bp(Z2;23) + (2 + 2)%
and the result follows upon letting " ! 0. Similar argumerts dispensewith the
caseswhen one or two of the points z;;z,;z3 liein @D . o

3. The three point prop erty

In this section we will prove a version of the three point property for John
disks. We start by quoting a result of Gehring, Hag, and Matrtio [5, Theorem 4.4];
it was proved independerily by Nekki and Veaisala [9, Theorem 4.5].

3.1. Lemma ([5], [9]). Supposethat D is a simply connecteddomain in
R2. Then D is a c-John disk if and only if there exists a constart a sudc that
for eadh crosscut  of D,
min diamD; adiam ;
j=1;2
where D; and D, arethe two componerts of Dn . The constarts a and ¢ depend
only on ead other.

3.2. Lemma. SupposeD is a Jordan domain in R?. Then D is a c-John
disk if and only if there exists a constart b suc that for every pair of points
21,2, 2 @D

(3:3) min diam ; b p(z1;22);

j=1,2

where ; arethe componerts of @ nfz;;z,9. The constarts b and ¢ depend only
on ead other.
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Proof. Supposethat D is a c-John disk. Then @D = @ . Choosea cross
cut from z; to z,. We know from Lemma 3.1 that

_ 1in2diam D; adiam ;
j=1;

a= a(c), and trivially
diam j diam Dj

for j = 1;2. Let " > 0. We may choose sud that length( )< p(z1;22) +".

Trivially we have that diam length( ). It follows that
_mlinzdiam i _mlinzdiaij alength( ) a p(zy;z0)+ "
j=1; i=1;

Since" is arbitrary we conclude:

min diam ; a p(z1;2):
j=1:2 j D(l 2)

Sowe may let b= a in (3.3).

Now assumethat (3.3) holds for every pair of points z;;z, in @D . Take a
straight (rectilinear in Pommerenle's, [10], terminology) crosscut [z;;z,] of D.
Then z;;z, 2 @D . Let 1 bethe componert of @ nfz;;z,g of least diameter.
We have diamD; diam ;. According to (3.3)

_mlinzdiaij diamD; b p(z1;22) = bz zyj:
i=1;

Thus the condition in Lemma 3.1 holds for every straight crosscut, and by [9,
Theorem 4.5] D is a c-John disk with c¢= ¢(b). o

3.4. Lemma. Let D bea c-John disk. Then there is a constart M = M (c)

sud that for any hyperbolic geadesicsegmen  joining two points in D we have
length( ) M diam

Thus by Lemma 2.2 the internal length distance p(z1;z2) is comparableto
the internal diameter distance de ned by

p(z1;22) = inffdiam : arc from z; to zQ:

This hasbeenproved earlier in [6, Theorem 5.14],although it is stated only for D,
and not D . Veisala later shoved that p(z1;22) L p(z1;22) holdsin all airy
domainsin R". See[l15, Lemma 3.3, Theorem 3.4]. For completenesswe include
a straightforward proof of Lemma 3.4 for John disks.
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Proof of Lemma 3.4. By 2.25in [9] we could have used diameters instead of
lengths in (1.1), by changing the constarts. Thusif D is a c-John disk, there are
c1 = c¢1(c) and c; = ¢(c) sud that

_mlinzdiam [z;z] cidist(z;@) and _mlinzlength( [z;z]) codist(z; @);
1= i=1;

for the hyperbolic geadesic  of nite euclideanlength jointing any two points
Z1;2, 2 D . Let zg bethe mid point of with respect to arc length. Then

length( [z1;20]) = length( [z2;z0]) Codist(zg; @D):
Suppose rst that we have
jz1  zo) dist(zg;@); or jzo zpj dist(zg; @)

or both. Without lossof generality assumethat jz; zp)  dist(zp; @). Then
diam [z1;zp] dist(zp; @), and by our assumption

diam [z1;2zp] length( [z1;2z0])=GC:
Therefore we obtain:
length( ) = 2length( [z1;20]) 2c;diam [z3;zp] 2c,diam :
Now assumethat
jZo zpj < dist(zp; @) and jzg 2zpj < dist(zp; @):
We have: length([z1; zo]) = diam[zg;z1] = jzo z1) and
length([z2; z0]) = diam[zg; z2] = jzo  2Zj:

Lemma 2.2 gives

length( [z1;20]) K length([z1;20]) = Kjz1  Zoj;
length( [z2;20]) K length([z2;20]) = Kjzo  zgj

while
diam [z1;20] jz1  Zoj;

diam [z2;z0] jzo Zoj:

Then we have
. : 1 1
diam diam [z;; zo] KIength( [z1;20]) = RIength( [21; Z2]):

Sochoose M = maxf2c;; 2K g. o
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In general,evenif D is a bounded (in the euclideanmetric) Jordan domain,
(Dr; p) doesnot have to be a bounded metric space (to seethis, think of a
Jordan curve with a spiral on the boundary, like [8, Figure 30]). If howewer, D is
John, we have the following.

3.5. Corollary . If D is a bounded Jordan John disk, then (D; p) is a
bounded metric space.

Proof. Clearly diam diamD for any hyperbolic geadesic in D with
endpoints in D , while Lemma3.4assuresusthat p(z1;22) length( [z1;2;])
M diam [z1;2z;] forany z;;z,2 D . o

We next give another version of Lemma 2.2.

3.6. Lemma. Let D R? be a Jordan domain and let z;;z, 2 @ . If
is the hyperbolic geadesic from z; to z, and is a bounded componert of
@nfz;; 2,9, then
diam K diam ;

where K is the Gehring{Hayman constart.

Proof. Let be a bounded component of @nfz;;z,g and f:D ! D a
conformal map. BecauseD is Jordan, f extendsasa homeomorphismf:D ! D .
Since is bounded, is corntained in the interior of a compact disk W . Let
V=D\W,V2=f Y¥Vv) D.Thenf:V° V isuniformly continuous. Thus,
for any " > O there exists > 0 sud that

f B(;)\Vv® Bf()" \V foral 2D\ V®

Let © bethe preimageof in D andlet 1; 2 T with z = f(;),j = 1,2.
Consider the union S
ul= B(; )\ VO:
2 0
Then we have S
U=fUY Bf()" \V:
2 0

Join 1; »in U%by Osuchthat ,f 1; g D\ U% andlet =1f( 9. Now
(3:7) diam diamU diam + 2"
Let bethe hyperbolic geadesicfrom z; to z, in D. By Lemma 2.2 there exists

an absolute constart K sud that diam K diam . Inequality (3.7) then
implies that diam K(diam + 2"). Letting "! 0 we concludethat

diam K diam :o

Finally we can prove the main result in this section, a reformulation of the
three point property for John disks. It looksjust likethe corresponding formulation
for quasidisks,but with euclideandistancesreplacedby internal distances;seee.qg.
[4, Section 2.2]. The theorem is interesting in its own right, asit may be useful
for various calculations in John disks.
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3.8. Theorem. Let D be a Jordan domain. If D is a c-John disk, then
there is a constart a sud that

(3:9) p(z1;22) @ p(z1;23)

for any z;;z3 2 @, with z, in the componert of @ nfz;;z3g with the least
euclideandiameter.

Conversely supposethat there is a constart a sud that whenewer z;;z3 2
@D, (3.9) holds for every z, in a bounded componert of @Dnfz;;z3g. Then D
is a c-John disk.

The constarts a and ¢ depend only on ead other.

Proof. If D is a c-John disk, then by Lemma 3.2 there is a constart b= b(c)
so that

(3:10) min diam ; b p(z1;23)

j=1;2

for z;;z3 2 @ . Here ; and , denote the two componerts of @ nfz;;z3g.
Assumethat ; is the componert with the least euclidean diameter. Pick any
point z, in 1nfz;;z3g and let  be the unique hyperbolic geadesicthat joins z;
and z, in D. Then by Lemma 3.6 we have

(3:11) diam K diam 1[z;; 2]

for someuniversal K 1. Sincewe arein a John disk there exists, by Lemma 3.4,
a constart M = M (c) sothat

(3:12) length( ) M diam :
Combining (3.12), (3.11), (3.10), and using Lemma 3.2, we get

p(z1;22) length( )
M diam
K M diam 1[21;22]
KM diam 1
bKM  p(z1;23):
Now let a= bKM .

Conversely assumethat p(z1;z2) a p(z1;2z3) forany point z, 2 |\ @D,
where i is a boundary arc from z; to z3. Fora xed 0< " < diam ; there
exist 221,290 2 @D\ ( 1nf21;z3g) suc that j221 222j > diam 1 ", (ThIS is
becauseby Lemma 2.1, @D is densein @ .) Then:

diam ; p(Z21;222) + " p(z1;221) + p(Z1;222)+ " 2a p(z1;23) + ™

If welet " ! 0O we may uselLemma 3.2 and conclude that D is c-John with
c=c(a.o
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To closethis sectionwe prove an \ob vious" result, a fact which will be needed
below. It is a corollary of Lemmas 3.4 and 3.6.

3.13. Lemma. Supposethat D is a Jordan John domain. If z 2 @ and
(zn) isasequencen D,then p(z,;2)! Oifandonlyif jz, 2z ! O.

Proof. If p(z,;z) ! O, then obviously jz, zj ! 0, sincejz, zj

p(zn;2).

Now assumethat jz, zj ! 0. Let , bethe rst point in [z,;z]\ @
when we go from z, to z. (If , = z there is nothing to prove.) Since @
is locally connected (in the senseof the de nition on p. 19 in [10]), for every
" > 0 there exists a sud that any two points a;b 2 @ with ja b <

can be joined by a continuum in @ of diameter lessthan ". Choose any
"> 0. If nissolargethat jz, 2z < ,thenj, 1z < . Thus there
isanarc of @ with ,;z 2 and diam < ". Lemma 3.6 then gives

diam [ ;z] Kdiam < K". Lemma 3.4, on the other hand, provides an M
such that length( [ n;z]) M diam [ ,;z]. Combining what we have gives:

0(zn;2)  0(zZni n)+ bo(ni2) jzo  ajtlength( [ n;z]) (1+ KM)Y

wherewe alsousedthat jz, ,j<jz,z Zz< ". This is what we neededto
prove. o

3.14. Remark. It follows from Lemma 3.13 that if D is a Jordan John
domain, then (D; p) is complete. In particular, if D is bounded,then (D; p)
is compact, by Corollary 3.5.

4. Extension prop erties

In this sectionwe prepare for and prove the main result of this paper.

Giventwo metric spaces(X;dx ) and (Y;dy) and a homeomorphismf : X !
Y . The homeomorphismf is called -quasisymmetric if there exists a strictly
increasinghomeomorphism :[0;1 )! [0;1 ) with (0) = 0 suc that

dvy h(xq1);h(x2) dx (X1;X2)
dy h(x1);h(xs) dx (X1;X3)

for all x1;X5;%X32 X.
We say that f is L -bilipschitz if there exists a constart L sud that

%dx(xl;xz) dy f(x0);f(x2)  Ldx (X1;X2)

for all x1;x, in X, i.e.if both f and f ! are L -lipschitz. If f is L -bilipschitz
for someL we sometimessay simply that f is bilipschitz, and if we say that f
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IS quasisymmetric, we meanthat f is -quasisymmetric for some . Note that
every L -bilipschitz map is -quasisymmetricwith (t) = L?t; seee.g.[7, p. 78].
A quasisymmetric map is not lipschitz in general.

Tukia and Veisala gave the de nition of quasisymmetric maps between gen-
eral metric spacesin [11]. (Seealso Nekki and Veisala [9, 3.4] and Heinonen[7,
Chapter 10]). If X = T and Y R?, both equipped with the euclidean stan-
dard metrics, we get closeto the original concept of quasisymmetry studied by
Beurling and Ahlfors in [1]. In this situation h(T) is a quasicircleif and only if
the homeomorphism h is a quasisymmetric map. See[10, Proposition 5.10 and
Theorem 5.11].

For later referencewe recall the following properties of quasisymmetric maps.
See[17, Propositions 10.6,10.8,and 10.11],and of course[11].

4.1. Lemma. Supposef:X ! Y andg:Y! Z are and #-quasisymmet-
ric, respectively. Then

(1) f(A) is boundedfor every bounded A X,

(2) f extendsto an -quasisymmetric homeomorphismof the completions of X
and Y,

3 g f: X! Z is #( )-quasisymmetric,

(4) f L:y! X is1= 1(1=t)-quasisymmetric.

We will now considerthe metric spaces(D; p), (@D; p), and (D;; p),
where D is somesimply connectedJordan domain, and mapsbetweenthesespaces.
If we say somethinglike\f:D ! (D; p) is quasisymmetric", we use euclidean
distancein D and internal distancein D.

Our point of departure is the following result of Nekki and Veisala. (Section 7
of [9]. The proof is basedon seeral results in Section3 of [9] and on Theorem 2.20
in [14].)

4.2. Theorem. A bounded (respectively unbounded) conformal disk D
R? is a c¢-John disk if and only if there is a homeomorphismh:D ! (D; p)
(respectively h:H' ! (D; p)) whichis -quasisymmetric,c and dependingon
ead other.

_ Recallthat a conformal disk is a domain D R? sud that the complement
R2nD is a continuum with at least two points.

4.3. Remark. The proof of Theorem 4.2 shows that if D R? is a
bounded (unbounded) John disk, then any conformalmap h:D! D (h:H! D)
is quasisymmetric with respect to internal distances. This will be of importance
later on, most notably in the proof of Theorem 4.7.

We can now prove a one-sidedanalogueof Proposition 5.10and Theorem 5.11
in [10].
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4.4. Lemma. Let D be a boundedJordan domain.

If there exists a homeomorphism h:T | @ sud that h:h 1(@D) !
(@D; p) is -quasisymmetric, then D is a c-John disk. Conversely if D is
a c-John disk then any conformal map h:D ! D hasa homeomorphicextension
to the boundary such that h: T ! (@; p) is -quasisymmetric. and c depend
only on ead other.

The sameresult holds for unbounded domainsif we replace T by R.

Proof. First assumethat we havean -quasisymmetricmap h of h 1(@D)
T to @D . The proof is essetially that of Proposition 5.10in [10], although we
have a slightly more exible three point property.

Pick wy = h(z1), wz = h(z3) on @D, z 2 T. Let z, lie on the shorter
arc between z; and zz with w, = h(z;) 2 @D . Then jz, z3)j < jz; z3j. By
guasisymmetry we have

p (Wz;w3) (1) p(wi;Ws):
Then D is a c-John disk, with ¢= ¢( (1)) by Theorem 3.8.

If D is a Jordan John disk the conformal map f from D onto D is inter-
nally quasisymmetric (Theorem 4.2 and Remark 4.3), and this map extendsto the
boundary since by Lemma 4.1(2) any quasisymmetric map of a metric spaceex-
tends to a quasisymmetric map of the completion of that space.(By Remark 3.14
the completion of (D; p) is (D; p).)

The extension can be done without referenceto Lemma 4.1 as follows. Since
D is Jordan, f extendsasa homeomorphismf:D ! D . Pick any three points

1, 20 32T andlet zz = f( ;). Now, sincef is quasisymmetric with respect to
internal distancein D, we have, for every 0<r < 1

p F(ra);f(r2) jra roj
p F(r2);f(rs) jrz rgj
Asr! 1,f(r;)! z,andby Lemma 3.13we have
p (21; 22) j1 2 .
p (Z2; Z3) j2 8

4.5. Corollary . If D and D° are ¢ and ¢ Jordan John disks, respectively,
andif f:(D; p)! (D% po) isan -quasisymmetric map, then f extendsasan
O_quasisymmetricmap f=(D; p)! (D% po), where °dependsonly on |, c,
and c°.

Proof. We only give the proof for the casewhenboth D and D° are bounded.
The unbounded caseis similar. (D is bounded if and only if D is bounded,
by Lemma 4.1(1) and (4).) Let ':D ! D be a conformal map. It is %
guasisymmetric, accordingto Theorem 4.2 and Remark 4.3. Thusg=f ' :D!
D%is (%-quasisymmetric (Lemma 4.1(3)). Furthermore, g extends as a qua-
sisymmetricmap ¢:D ! DO, just likein the proof of Lemma4.4. Theng * ' *!
provides the extension. o
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Using results of Ghamsari{Nekki{Ve-aisalg, [6], we can say a bit more:

4.6. Lemma. SupposeD is a Jordan c-John disk. Let f:@ ! @°=
f (@) be a homeomorphismsud that f: f (@D9%; p ! (@D% po) is qua-
sisymmetric. Then DO is a Jordan c®-John disk, c® = c%(c), and there exists an
extensionf=(D; p)! (D% po) of f sud that fip is
(1) quasisymmetric with respect to internal distances,
(2) quasiconformal,
(3) bilipschitz with respect to hyperbolic distances.

Note that a priori f (@) is just a Jordan curve in R? with two complemen-
tary domains, and that we have to specify the domain in which we want to use
the internal distance.

Proof of Lemma4.6. Take wy; w5 in @DP, let w; = f(z),z 2 @, andthen
let wo, 2 @D %Nfwsy;wsg lie in that componert of @ ° which is the image of the
componert of @ nfz;;z3g of least diameter. Then we have

p(z1;22)
——————=  a= a(o);
p(21;23) (©)
which leadsto ( )
Do(W1, W3
——=°  e= (a):
po(Wq; W3) @

Thus po(wyi;Wy) & po(wq;ws), and DO is a c®-John disk by Theorem 3.8,
with c®= c&). Then @D°%= @? and f is a quasisymmetricmap (@; p)!
(@; o).
Supposethat D isbounded. Then DY is boundedtoo, by Lemma4.1(1). (The
proof of the unbounded caseis similar, replacing D by H.) Let ' :D! D and
:D ! DP9 be conformal maps; since D and D° are both Jordan and John, these
maps extend as homeomorphismsof the boundaries. Then the map g:T ! T
de ned by
g= *t f

is quasisymmetric with respect to the euclideanmetric. This is because' and
are quasisymmetric by Theorem 4.2 and Remark 4.3. The boundary extensions
are still quasisymmetric by Lemma 4.1 or Lemma 4.4, and the composition of
guasisymmetric maps is again quasisymmetric. By Lemma 2.10in [6] g extends
asa homeomorphismeg:D ! D with the properties (1){(3) above. Then

= g ' D! DO

has the same properties because' and  are conformal maps onto John disks
(remember that conformal maps are hyperbolic isometries); f~ coincideswith f

on@D. O



26 Ole Jacob Broch

Next we state and prove the main result of this paper. It is an internal, or
onesided, versionof Theorem 6 in [2]. It is alsoreminiscert of Theorem 3.1in [6].

4.7. Theorem. SupposeD is a Jordan c-John disk, andthat f:@ ! @°
is a homeomorphism. If f: f (@D9; p ! (@D% po) is L -bilipschitz, then
D% is a c®-John domain, and f extends as an M -bilipschitz map f=(D; p) !
(D% po). M and c® depend only on L and c.

Proof. Assumethat f: f Y(@D9; p ! (@D% po) is L -bilipschitz. Then
f is quasisymmetric,and D%is a c®-John disk, sothat f: (@; p)! (@% po)is
L -bilipschitz. Furthermore f hasan extension f~ which is -quasisymmetric with
respect to the internal distancesand L °-bilipschitz with respect to the hyperbolic
distancesin D and D°. All this follows from Lemma4.6. Here L°= LYL), and
dependsonly on c and L. Let % (z) and %o(w) denotethe hyperbolic densities
in D and DY, respectively, and let

.. Jf(2)  (20)] : if(z) f{20)j
l.(z0) = liminf 2222 2794 (7)) = lim sup—24 Y24
~(20) min iz o] ~(20) m ZOD iz 2]

Then becausef™ is hyperbolic LC-bilipschitz we have for any zy 2 D

(@8) ) ) L) L0 2

1
L% (z0) %o (20) |

seee.g.[3, p. 250],[4, Lemma 7.7.2]. From Koebe's theorem and Schwarz' lemma
it follows that

1 2
2dist(zo; @) % (20) dist(zo; @)
and 1 5
%o f .
2dist Fzy @0 20T e Rz @

Combining (4.8) with the above yields

1 dist f{zp); @°

dist f(zo); @°
4L0 dist(zo; @) '

(4:9) dist(zo, @)

l(z0) Li(z0) 4L 0

In addition, there is an N sud that:

| 1 dist f{z0); @°
(4:10) N dist(zo; @) §

for every zo 2 D. To seethis, let zop 2 D and choosean a2 @ with jzo aj =
dist(zp; @). Now z liesin S(a;jzo @j). TraverseS(a;jzo aj) from zy (in any
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direction) and denote by b the rst point where S(a;jzo aj) meets @ . Then
clearly

jzo & jzo b b (zo; b) jzo &j;
and
(4:11) jzo a=ja b p(ab) jzo a+ jzo a=( +1ljz a:
Thus

b (zo; b) 20 & _ |
p(a;b)  jzo aj ’

which implies
po f(20); (b
po f{(a);f{b)

becausef™is -quasisymmetric with respect to internal distances. Then

(4:12) dist f{z0); @° o f{20);f(h) () oo fa);f(b) :

()

By assumption, f = fjg Iis L -bilipschitz with respect to internal distances, so
that

(4:13) po f{a); (b L p(a;b):
Combining (4.12), (4.13) and (4.11) gives
dist f{z0); @° ( )L( + 1)jzo aj= Ndist(zy;@):

The lower inequality in (4.10) follows by consideringthe inverseof f~. Combining
(4.9) and (4.10) we have

Mi l(z0) L(20) M;

where M = 4L . This is enoughto ensurethat
(4:14) Milength( ) length f{ ) M length( )
for any arc D. See[l2, Theorem 5.3]. But then

po 1(z1);f(z2) M p(z1;22):

The lower inequality follows by looking at the inverseof f~. This completesthe
proof. o
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4.15. Remark. Maps that satisfy (4.14) are also known as maps of bounded
length distortion ; see[13]. Homeomorphismsof bounded length distortion are
locally bilipschitz (in the euclideanmetric), and corversely These maps are im-
portant, for instance,if onewants to map a ball quasiconformallyonto a cylindrical
domainin R3. See[14].

In Remark 4.15we just merntioned that internally bilipschitz mapsare locally
euclideanbilipschitz in the interior of domains(and corversely). On the boundary
of a domain the situation is more interesting. Examples4.16to 4.18 belowv show
that a boundary map that is bilipschitz with respect to the euclideanmetric does
not have to be bilipschitz with respect to internal distances,nor doesan internally
bilipschitz map have to be locally euclidean bilipschitz there. Thus Theorem 4.7
does not follow immediately from previously known results on bilipschitz maps
like, for instance, Theorem 6 in [2] or Theorem 3.1 in [6].

There is another di erence between[6, Theorem 3.1] and our Theorem4.7. A
euclidean bilipschitz map doesnot \notice" the direction of cusps,and soa John
disk is not necessarilymapped onto a John disk via such a map. Therefore, in
order to have an extension, the authors of [6] have to assumethat the imageis a
John disk. Internally bilipschitz maps presene the John condition (1.1), sincethe
direction of a cuspis already implicit in the choice of internal metric.

4.16. Example. Let D denote the half strip, D = fx+ iy : x >
0; jyj < 1g, andlet D = R?nD . Considerf:@ ! @ dened by f(2) = z.
This is a euclidean isometry, thus a bilipschitz map, while the \induced" map
f:(@; p)! (@ ; p ) isnot bilipschitz.

4.17. Example. Let again D be the outside of the half strip, asin Ex-
ample 4.16. Consider g:R ! @D de ned by \wrapping" the real line without

stretching around the half strip:
8
< ix; if jxj< 1,
gx)=_ x 1+ if x 1,
(x+1) i, if x 1.

Now g:R ! (@; p) is anisometry, while g is not bilipschitz with respect to
the euclideandistance.

4.18. Example. Considerthe domain D exterior to the triangle with ver-

ticesi, i,and 1. Let D°= R?nfz=x+iy:0 x 1,jyj (1 x)2g. See
Figure 2. Considerthe map h:@ ! @° de ned by
( iy; if x=0,

h(x+iy)= x+iy? if x>0,y 0,
x iy?; if x>0,y<0:
Then h:@ ! @?° is not locally bilipschitz at z = 1, while h:(@; p) !
(@°% po) is 2-bilipschitz.
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[ [
Z L

Figure 2.

We mentioned in the introduction Gehring's result which says that any bilip-
schitz map of the boundary of a quasidisk extends as a bilip chitz map of the
whole closed quasidisk, [2, Theorem 7]. The cornverse holds for bounded Jordan
domains, [3, Lemma 4.4, Theorem 4.9]. To conclude this paper we record the
following question.

4.19. Question. Is there somesort of converseof Theorem 4.7 for bounded
domains?

We have to assumethe domain to be bounded: the half strip, in which in-
ternal and euclideandistancesare the same, has the property that any euclidean
bilipschitz map of its boundary extends as a bilipschitz map of the closed half
strip. SeeRemark 4.10in [3]. Becausethe half strip is not a John disk, we see
that the corverseof Theorem 4.7 cannot hold for unbounded domains.
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