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Abstract. We show that many classicaloperators in harmonic analysis|suc h as maximal
operators, singular integrals, commutators and fractional integrals|are bounded on the variable
Lebesguespace L p( � ) whenever the Hardy{Littlew ood maximal operator is bounded on L p( � ) .
Further, we show that such operators satisfy vector-valued inequalities. We do so by applying the
theory of weighted norm inequalities and extrapolation.

As applications we prove the Calder�on{Zygmund inequality for solutions of 4 u = f in
variable Lebesguespaces,and prove the Calder�on extension theorem for variable Sobolev spaces.

1. In tro duction

Given an open set 
 � R n , we consider a measurable function p: 
 � !
[1; 1 ) , L p( � ) (
) denotes the set of measurablefunctions f on 
 such that for
some � > 0,

Z




�
jf (x)j

�

� p(x )

dx < 1 :

This set becomesa Banach function spacewhen equipped with the norm

kf kp( � ) ;
 = inf
�

� > 0 :
Z




�
jf (x)j

�

� p(x )

dx � 1
�

:

Thesespacesare referred to as variable Lebesguespacesor, more simply, as vari-
able L p spaces,since they generalizethe standard L p spaces: if p(x) = p0 is
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constant, then L p( � ) (
) equals L p0 (
) . (Here and below we write p( � ) instead
of p to emphasizethat the exponent is a function and not a constant.) They have
many properties in common with the standard L p spaces.

Thesespaces,and the corresponding variable Sobolev spacesW k ;p( � ) (
) , are
of interest in their own right, and also have applications to partial di�eren tial
equations and the calculus of variations. (See, for example, [1], [12], [15], [19],
[30], [39], [46] and their references.)

In many applications, a crucial step has been to show that one of the clas-
sical operators of harmonic analysis|e.g., maximal operators, singular integrals,
fractional integrals|is bounded on a variable L p space.Many authors have con-
sidered the question of su�cien t conditions on the exponent function p( � ) for
given operators to be bounded: see,for example, [13], [15], [27], [28], [29], [40].

Our approach is di�eren t. Rather than considerestimates for individual op-
erators, we apply techniques from the theory of weighted norm inequalities and
extrapolation to show that the boundednessof a wide variety of operators follows
from the boundednessof the maximal operator on variable L p spaces,and from
known estimateson weighted Lebesguespaces.In order to provide the foundation
for stating our results, we discusseach of theseideas in turn.

The maximal operator. In harmonic analysis, a fundamental operator
is the Hardy{Littlew ood maximal operator. Given a function f , we de�ne the
maximal function, M f , by

M f (x) = sup
Q3 x

1
jQj

Z

Q
jf (y)j dy;

where the supremum is taken over all cubes containing x . It is well known that
M is bounded on L p , 1 < p < 1 , and it is natural to ask for which exponent
functions p( � ) the maximal operator is bounded on L p( � ) (
) . For conciseness,
de�ne P (
) to be the set of measurablefunctions p: 
 � ! [1; 1 ) such that

p� = essinf f p(x) : x 2 
 g > 1; p+ = esssupf p(x) : x 2 
 g < 1 :

Let B (
) be the set of p( � ) 2 P (
) such that M is bounded on L p( � ) (
) .

Theorem 1.1. Given an open set 
 � R n , and p( � ) 2 P (
) , supposethat
p( � ) satis�es

(1:1) jp(x) � p(y)j �
C

� log(jx � yj)
; x; y 2 
 ; jx � yj � 1=2;

(1:2) jp(x) � p(y)j �
C

log(e+ jxj)
; x; y 2 
 ; jyj � jxj:

Then p( � ) 2 B (
) , that is, the Hardy{Littlew ood maximal operator is bounded
on L p( � ) (
) .
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Theorem 1.1 is independently due to Cruz-Urib e, Fiorenza and Neugebauer
[10] and to Nekvinda [35]. (In fact, Nekvinda replaced(1.2) with a slightly more
general condition.) Earlier, Diening [12] showed that (1.1) alone is su�cien t if

 is bounded. Examples show that the continuit y conditions (1.1) and (1.2) are
in some senseclose to necessary: seePick and R�u�zi�cka [37] and [10]. Seealso
the examplesin [33]. The condition p� > 1 is necessaryfor M to be bounded;
see[10].

Very recently , Diening [14], working in the more generalsetting of Musielak{
Orlicz spaces,has given a necessaryand su�cien t condition on p( � ) for M to be
bounded on L p( � ) (R n ) . His exact condition is somewhat technical and we refer
the reader to [14] for details.

Becauseour proofs rely on dualit y arguments, we will not need that the
maximal operator is bounded on L p( � ) (
) but on its associate space L p0( � ) (
) ,
where p0( � ) is the conjugate exponent function de�ned by

1
p(x)

+
1

p0(x)
= 1; x 2 
 :

Since

jp0(x) � p0(y)j �
jp(x) � p(y)j

(p� � 1)2 ;

it follows at once that if p( � ) satis�es (1.1) and (1.2), then so does p0( � ) |i.e.,
if these two conditions hold, then M is bounded on L p( � ) (
) and L p0( � ) (
) .
Furthermore, Diening's characterization of variable L p spaceson which the max-
imal operator is bounded has the following important consequence(see[14, The-
orem 8.1]).

Theorem 1.2. Let p( � ) 2 P (R n ) . Then the following conditions are equiv-
alent :

(a) p( � ) 2 B (R n ) .
(b) p0( � ) 2 B (R n )
(c) p( � )=q2 B (R n ) for some 1 < q < p� .
(d)

�
p( � )=q

� 0
2 B (R n ) for some 1 < q < p� .

W eigh ts and extrap olation. By a weight we mean a non-negative, locally
integrable function w. There is a vast literature on weights and weighted norm
inequalities; herewe will summarizethe most important aspects, and we refer the
reader to [17], [21] and their referencesfor complete information.

Central to the study of weights are the so-called Ap weights, 1 � p � 1 .
When 1 < p < 1 , we say w 2 Ap if for every cube Q,

�
1

jQj

Z

Q
w(x) dx

��
1

jQj

Z

Q
w(x)1� p0

dx
� p� 1

� C < 1 :
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We say that w 2 A1 if M w(x) � Cw(x) for a.e. x . If 1 � p < q < 1 , then
Ap � Aq . We let A1 denote the union of all the Ap classes,1 � p < 1 .

Weighted norm inequalities are generally of two types. The �rst is

(1:3)
Z

R n
jT f (x)jp0 w(x) dx � C

Z

R n
jf (x)jp0 w(x) dx;

where T is some operator and w 2 Ap0 , 1 < p0 < 1 . (In other words, T is
de�ned and boundedon L p0 (w) .) The constant is assumedto depend only on the
Ap0 constant of w. The secondtype is

(1:4)
Z

R n
jT f (x)jp0 w(x) dx � C

Z

R n
jSf (x)jp0 w(x) dx;

where S and T are operators, 0 < p0 < 1 , w 2 A1 , and f is such that the left-
hand side is �nite. The constant is assumedto depend only on the A1 constant
of w. Such inequalities are known for a wide variety of operators and pairs of
operators. (See[17], [21].)

Corresponding to thesetypesof inequalities are two extrapolation theorems.
Associated with (1.3) is the classicalextrapolation theoremof Rubio deFrancia [38]
(alsosee[17], [21]). He proved that if (1.3) holds for someoperator T , a �xed value
p0 , 1 < p0 < 1 , and every weight w 2 Ap0 , then (1.3) holds with p0 replaced
by any p, 1 < p < 1 , whenever w 2 Ap . Recently , the analogousextrapolation
result for inequalities of the form (1.4) was proved in [11]: if (1.4) holds for some
p0 , 0 < p0 < 1 and every w 2 A1 , then it holds for every p, 0 < p < 1 . (More
generalversionsof theseresults will be stated in Section 6 below.)

1.1. Main results. The proofs of the above extrapolation theoremsdepend
not on the properties of the operators, but rather on dualit y, the structure of
Ap weights, and norm inequalities for the Hardy{Littlew ood maximal operator.
These ideas can be extended to the setting of variable L p spacesto yield our
main result, which can be summarized as follows: If an operator T , or a pair
of operators (T; S) , satis�es weighted norm inequalities on the classicalLebesgue
spaces,then it satis�es the corresponding inequality in a variable L p spaceon
which the maximal operator is bounded.

To state and prove our main result, we will adopt the approach taken in [11].
There it was observed that sincenothing is assumedabout the operators involved
(e.g., linearit y or sublinearity), it is better to replace inequalities (1.3) and (1.4)
with

(1:5)
Z

R n
f (x)p0 w(x) dx � C

Z

R n
g(x)p0 w(x) dx;

where the pairs (f ; g) are such that the left-hand side of the inequality is �nite.
One important consequenceof adopting this approach is that vector-valued in-
equalities follow immediately from extrapolation.
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Hereafter F will denotea family of orderedpairs of non-negative, measurable
functions (f ; g) . Whenever we say that an inequality such as (1.5) holds for any
(f ; g) 2 F and w 2 Aq (for some q, 1 � q � 1 ), we mean that it holds for any
pair in F such that the left-hand side is �nite, and the constant C dependsonly
on p0 and the Aq constant of w.

Finally , note that in the classicalLebesguespaceswe can work with L p where
0 < p < 1. (Thus, in (1.4) or (1.5) we can take p0 < 1.) We would like to
consider analogousspaceswith variable exponents. De�ne P 0(
) to be the set
of measurablefunctions p: 
 � ! (0; 1 ) such that

p� = essinf f p(x) : x 2 
 g > 0; p+ = esssupf p(x) : x 2 
 g < 1 :

Given p( � ) 2 P 0(
) , we can de�ne the spaceL p( � ) (
) as above. This is equiv-
alent to de�ning it to be the set of all functions f such that jf jp0 2 L q( � ) (
) ,
where 0 < p0 < p� and q(x) = p(x)=p0 2 P (
) . We can de�ne a quasi-norm on
this spaceby

kf kp( � ) ;
 =



 jf jp0




 1=p0

q( � ) ;
 :

We will not needany other properties of thesespaces,so this de�nition will su�ce
for our purposes.

Theorem 1.3. Given a family F and an open set 
 � R n , supposethat
for some p0 , 0 < p0 < 1 , and for every weight w 2 A1 ,

(1:6)
Z



f (x)p0 w(x) dx � C0

Z



g(x)p0 w(x) dx; (f ; g) 2 F ;

where C0 depends only on p0 and the A1 constant of w. Let p( � ) 2 P 0(
) be
such that p0 < p� , and

�
p( � )=p0

� 0
2 B (
) . Then for all (f ; g) 2 F such that

f 2 L p( � ) (
) ,

(1:7) kf kp( � ) ;
 � C kgkp( � ) ;
 ;

where the constant C is independent of the pair (f ; g) .

Wewant to call attention to two featuresof Theorem1.3. First, the conclusion
(1.7) is an a priori estimate: that is, it holds for all (f ; g) 2 F such that f 2
L p( � ) (
) . In practice, when applying this theorem in conjunction with inequalities
of the form (1.3) to show that an operator is bounded on variable L p we will
usually need to work with a collection of functions f which satisfy the given
weighted Lebesguespaceinequality and are densein L p( � ) (
) . When working
with inequalities of the form (1.3) the �nal estimate will hold for a suitable family
of \nice" functions.

Second,the family F in the hypothesis of and conclusionof Theorem 1.7 is
the same,so the goal is to �nd a large, reasonablefamily F such that (1.6) holds
with a constant depending only on p0 and the A1 constant of w.
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Remark 1.4. In Theorem 1.3, (1.7) holds if p( � ) satis�es (1.1) and (1.2).
By Theorem 1.1, setting q(x) = p(x)=p0 we have that q( � ) 2 P (
) and

jq0(x) � q0(y)j �
jp(x) � p(y)j

p0(p� =p0 � 1)2 :

Remark 1.5. When 
 = R n , if 1 � p0 < p� , then by Theorem 1.2 the hy-
pothesisthat

�
p( � )=p0

� 0
2 B (R n ) is equivalent to assumingthat p( � ) 2 B (R n ) .

As we will seebelow, this will allow us to concludethat a variety of operators are
bounded on L p( � ) (R n ) whenever the Hardy{Littlew ood maximal operator is.

Remark 1.6. Our approach using pairs of functions leads to an equivalent
formulation of Theorem 1.3 in which the exponent p0 doesnot play a role. This
can be done by de�ning a new family F p0 consisting of the pairs (f p0 ; gp0 ) with
(f ; g) 2 F . Notice that in this case(1.6) is satis�ed by F p0 with p0 = 1. Thus,
the case p0 = 1 will imply that if 1 < p� and p( � )0 2 B (
) then (1.7) holds.
Therefore, if we de�ne r (x) = p(x) p0 , we have that r ( � ) 2 P 0(
) , p0 < r � ,
(r ( � )=p0)0 2 B (
) and (1.7) holds with r ( � ) in place of p( � ) . But this is exactly
the conclusionof Theorem 1.3.

Remark 1.7. We believe that a more generalversionof Theorem 1.3 is true,
one which holds for larger classesof weights and yields inequalities in weighted
variable L p spaces.However, proving such a result will require a weighted version
of Theorem 1.1, and even the statement of such a result has eluded us. For such
a weighted extrapolation result the appropriate classof weights is no longer A1 ,
but Ap (as in [38]) or A1 (as in [11]). We emphasize,though, that the class A1 ,
which is the smallest among the Ap classes,is the natural one to consider when
attempting to prove unweighted estimates.

Theorem 1.3 can be generalizedto give \o�-diagonal" results. In the classi-
cal setting, the extrapolation theorem of Rubio de Francia was extended in this
manner by Harboure, Mac��as and Segovia [24].

Theorem 1.8. Given a family F and an open set 
 � R n , assumethat for
some p0 and q0 , 0 < p0 � q0 < 1 , and every weight w 2 A1 ,

(1:8)
� Z



f (x)q0 w(x) dx

� 1=q0

� C0

� Z



g(x)p0 w(x)p0 =q0 dx

� 1=p0

; (f ; g) 2 F :

Given p( � ) 2 P 0(
) such that p0 < p� � p+ < p0 q0=(q0 � p0) , de�ne the
function q( � ) by

(1:9)
1

p(x)
�

1
q(x)

=
1
p0

�
1
q0

; x 2 
 :

If
�
q(x)=q0

� 0
2 B (
) , then for all (f ; g) 2 F such that f 2 L q( � ) (
) ,

(1:10) kf kq( � ) ;
 � Ckgkp( � ) ;
 :

Remark 1.9. As before, (1.10) holds if p( � ) satis�es (1.1) and (1.2).
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We can generalizeTheorem 1.3 by combining it with the two extrapolation
theoremsdiscussedabove. This is possiblesince A1 � Ap , 1 < p � 1 . This has
two advantages. First, it makesclear that the hypotheseswhich must be satis�ed
correspond to those of the known weighted norm inequalities; see,in particular,
the applications discussedin Section 2 below. Second,as in [11], we are able to
provevector-valuedinequalities in variable L p spaceswith essentially no additional
work. All such inequalities are new.

Corollary 1.10. Given a family F and an open set 
 � R n , assumethat
for some p0 , 0 < p0 < 1 , and for every w 2 A1 ,

(1:11)
Z



f (x)p0 w(x) dx � C0

Z



g(x)p0 w(x) dx; (f ; g) 2 F :

Let p( � ) 2 P 0(
) besuch that there exists 0 < p1 < p� with
�
p( � )=p1

� 0
2 B (
) .

Then for all (f ; g) 2 F such that f 2 L p( � ) (
) ,

(1:12) kf kp( � ) ;
 � C kgkp( � ) ;
 :

Furthermore, for every 0 < q < 1 and sequencef (f j ; gj )gj � F ,

(1:13)










� X

j

(f j )q
� 1=q









p( � ) ;

� C










� X

j

(gj )q
� 1=q









p( � ) ;

:

Corollary 1.11. Given a family F and an open set 
 � R n , assumethat
(1:11) holds for some 1 < p0 < 1 , for every w 2 Ap0 and for all (f ; g) 2 F . Let
p( � ) 2 P (
) be such that there exists 1 < p1 < p� with

�
p( � )=p1

� 0
2 B (
) .

Then (1:12) holds for all (f ; g) 2 F such that f 2 L p( � ) (
) . Furthermore, for
every 1 < q < 1 and f (f j ; gj )gj 2 F , the vector-valued inequality (1:13) holds.

The rest of this paper is organizedas follows. To illustrate the power of our
results, we �rst consider some applications. In Section 2 we give a number of
examplesof operators which are bounded on L p( � ) . Theseresults are immediate
consequencesof the above results and the theory of weighted norm inequalities.
Someof thesehavebeenproved by others, but most arenew. Wealsoprovevector-
valued inequalities for theseoperators, all of which arenew results. In Section3 we
present an application to partial di�eren tial equations: we extend the Calder�on{
Zygmund inequality (see[5], [22]) to solutions of 4 u = f with f 2 L p( � ) (
) . In
Section 4 we give an application to the theory of Sobolev spaces:we show that
the Calder�on extension theorem (see[2], [4]) holds in variable Sobolev spaces.In
Section5 weproveTheorems1.3and 1.8. Our proof is adapted from the arguments
given in [11]. Finally , in Section 6 we prove Corollaries 1.10 and 1.11.

Throughout this paper, we will make use of the basic properties of variable
L p spaces,and will state someresults asneeded.For a detailed discussionof these
spaces,seeKov�a�cik and R�akosn��k [30]. As we noted above, in order to emphasize
that we are dealing with variable exponents, we will always write p( � ) instead of
p to denotean exponent function. Throughout, C will denotea positive constant
whoseexact value may changeat each appearance.
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2. Applications: Estimates for classical operators on L p( � )

In this section we give a number of applications of Theorems 1.3 and 1.8,
and Corollaries 1.10 and 1.11, to show that a wide variety of classicaloperators
are bounded on the variable L p spaces. In the following applications we will
imposedi�eren t conditions on the exponents p( � ) to guarantee the corresponding
estimates. In most of the cases,it will su�ce to assumethat p( � ) 2 B (R n ) , or
in particular that p( � ) satis�es (1.1) and (1.2).

As we noted in the remarks following Theorem 1.3, to prove theseapplications
we will needto usedensity arguments. In doing so we will usethe following facts:

(1) L 1
c , bounded functions of compact support, and C1

c , smooth functions of
compact support, are densein L p( � ) (
) . SeeKov�a�cik and R�akosn��k [30].

(2) If p+ < 1 and f 2 L p+ (
) \ L p� (
) , then f 2 L p( � ) (
) . This follows from
the fact that jf (x)jp(x ) � jf (x)jp+ � fj f (x ) j� 1g + jf (x)jp� � fj f (x ) j< 1g .

2.2. The Hardy{Littlew ood maximal function. It is well known that
for 1 < p < 1 and for w 2 Ap ,

Z

R n
M f (x)pw(x) dx � C

Z

R n
f (x)pw(x) dx:

From Corollary 1.11 with the pairs (M f ; jf j) , we get vector-valued inequalities
for M on L p( � ) , provided there exists 1 < p1 < p� with

�
p( � )=p1

� 0
2 B (R n ) ;

by Theorem 1.2, this is equivalent to p( � ) 2 B (R n ) . To apply Corollary 1.11 we
needto restrict the pairs to functions f 2 L 1

c , but sincetheseform a densesubset
we get the desiredestimate for all f 2 L p( � ) (R n ) .

Corollary 2.1. If p( � ) 2 B (R n ) , then for all 1 < q < 1 ,










� X

j

(M f j )q
� 1=q









p( � ) ;R n

� C










� X

j

jf j jq
� 1=q









p( � ) ;R n

:

Remark 2.2. From Corollary 1.11 we also get one of the implications of
Theorem 1.2: if

�
p( � )=p1

� 0
2 B (R n ) then p( � ) 2 B (R n ) . It is very tempting to

speculate that all of Theorem 1.2 can be proved via extrapolation, but we have
beenunable to do so.

2.2. The sharp maximal operator. Given a measurablefunction f and
a cube Q, de�ne

f Q =
1

jQj

Z

Q
f (y) dy;

and the sharp maximal operator by

M # f (x) = sup
x 3 Q

1
jQj

Z

Q
jf (y) � f Q j dy:
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The sharp maximal operator was intro duced by Fe�erman and Stein [20], who
showed that for all p, 0 < p < 1 , and w 2 A1 ,

Z

R n
M f (x)pw(x) dx � C

Z

R n
M # f (x)pw(x) dx:

(Also seeJourn�e [26].) Therefore, by Corollary 1.10 with the pairs (M f ; M # f ) ,
f 2 L 1

c (R n ) , and by Theorem 1.2 we have the following result.

Corollary 2.3. Let p( � ) 2 P 0(R n ) be such that there exists 0 < p1 < p�

with p( � )=p1 2 B (R n ) . Then,

(2:1) kM f kp( � ) ;R n � C kM # f kp( � ) ;R n ;

and for all 0 < q < 1 ,

(2:2)










� X

j

(M f j )q
� 1=q









p( � ) ;R n

� C










� X

j

(M # f j )q
� 1=q









p( � ) ;R n

:

Remark 2.4. Corollary 2.3 generalizesresults due to Diening and R�u�zi�cka
[15, Theorem 3.6] and Diening [14, Theorem 8.10], who proved (2.1) with M f
replaced by f on the left-hand side and under the assumptions that p( � ) and
p0( � ) 2 B (R n ) with 1 < p� � p+ < 1 in the �rst paper and p( � ) 2 B (R n )
in the second. Notice that our result is more general since we allow p( � ) to go
below 1 and we only need

�
p( � )=p1

� 0
2 B (R n ) for somesmall value 0 < p1 < p� .

Furthermore, we automatically obtain the vector-valued inequalities given in (2.2).

2.3. Singular in tegral operators. Given a locally integrable function K
de�ned on R n nf 0g, supposethat the Fourier transform of K is bounded,and K
satis�es

(2:3) jK (x)j �
C

jxjn
; jr K (x)j �

C
jxjn +1 ; x 6= 0:

Then the singular integral operator T , de�ned by Tf (x) = K � f (x) , is a
bounded operator on weighted L p . More precisely, given 1 < p < 1 , if w 2 Ap ,
then

(2:4)
Z

R n
jT f (x)jpw(x) dx � C

Z

R n
jf (x)jpw(x) dx:

(For details, see[17], [21].)
From Corollary 1.11,we get that T is boundedon variable L p provided there

exists 1 < p1 < p� with
�
p( � )=p1

� 0
2 B (R n ) ; by Theorem 1.2 this is equivalent

to p( � ) 2 B (R n ) . Again, to apply the corollary we needto restrict ourselvesto a
suitable densefamily of functions. Weusethe fact that C1

c is densein L p( � ) (R n ) ,
and the fact that if f 2 C1

c , then Tf 2
T

1<p< 1 L p � L p( � ) (R n ) .
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Corollary 2.5. If p( � ) 2 B (R n ) , then

(2:5) kTf kp( � ) ;R n � C kf kp( � ) ;R n ;

and for all 1 < q < 1 ,

(2:6)










� X

j

jT f j jq
� 1=q









p( � ) ;R n

� C










� X

j

jf j jq
� 1=q









p( � ) ;R n

:

Remark 2.6. We can get estimateson sets 
 in the following way: observe
that (2.4) implies that for any 
 � R n we have

Z



jT f (x)jpw(x) dx �

Z

R n
jT f (x)jpw(x) dx

� C
Z

R n
jf (x)jpw(x) dx = C

Z



jf (x)jpw(x) dx

for all f such that supp(f ) � 
 and for all w 2 Ap . Thus, we can apply
Corollary 1.11 on 
 and in particular, if p( � ) 2 P (
) satis�es (1.1) and (1.2),
then

kTf kp( � ) ;
 � Ckf kp( � ) ;
 :

We will usethis observation below.
Singular integralssatisfy another inequality due to Coifman and Fe�erman [7]:

Z

R n
jT f (x)jpw(x) dx � C

Z

R n
jM f (x)jpw(x) dx;

for all 0 < p < 1 and w 2 A1 and f such that the left-hand side is �nite. In
particular, if w 2 A1 � Ap , then the left-hand side is �nite for all f 2 L 1

c (R n ) .
Thus, by applying Corollary 1.10 we can prove the following.

Corollary 2.7. Let p( � ) 2 P 0(R n ) be such that there exists 0 < p1 < p�

with p( � )=p1 2 B (R n ) . Then

(2:7) kTf kp( � ) ;R n � C kM f kp( � ) ;R n ;

and for all 0 < q < 1 ,

(2:8)










� X

j

jT f j jq
� 1=q









p( � ) ;R n

� C










� X

j

jM f j jq
� 1=q









p( � ) ;R n

:

Remark 2.8. Inequality (2.5) was proved by Diening and R�u�zi�cka [15,
Theorem 4.8] using (2.1) and assuming that p( � );

�
p( � )=s

� 0
2 B (R n ) for some

0 < s < 1. More recently , Diening [14] showed that it was enough to assume
p( � ) 2 B (R n ) . Note that our technique provides an alternativ e proof which
also yields vector-valued inequalities. A weighted version of (2.5) was proved by
Kokilashvili and Samko [28].
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Remark 2.9. These results can be generalizedto the so-called Calder�on{
Zygmund operators of Coifman and Meyer. Also, the sameestimateshold for T� ,
the supremum of the truncated integrals. We refer the reader to [17], [26] for more
details.

Similar inequalities hold for homogeneoussingular integral operators with
\r ough" kernels. Let Sn � 1 denote the unit spherein R n , and suppose

(2:9) K (x) =

( x=jxj)

jxjn
;

where 
 2 L r (Sn � 1) , for some r , 1 < r � 1 , and
R

Sn � 1 
( y) dy = 0. Then, if
r 0 < p < 1 and w 2 Ap=r 0 , inequality (2.4) holds. (SeeDuoandikoetxea [16] and
Watson [44].) To apply Theorem 1.3 we restate theseweighted norm estimatesas

Z

R n

�
jT f (x)jr

0� s
w(x) dx �

Z

R n

�
jf (x)jr

0� s
w(x) dx

for every 1 < s < 1 and all w 2 As . Weconsiderthe family of pairs
�
jT f jr

0
; jf jr

0�

which satisfy the hypothesesof Corollary 1.11. Then for s( � ) 2 P (R n ) such that�
s( � )=s1

� 0
2 B (R n ) for some 1 < s1 < s� , we have




 jT f jr

0


s( � ) ;R n � C




 jf jr

0


s( � ) ;R n :

By Theorem 1.2, the assumptionson s( � ) are equivalent to s( � ) 2 B (R n ) . If we
let p(x) = s(x)r 0, then we seethat T is bounded L p( � ) (R n ) for all p( � ) such that
p( � )=r0 2 B (R n ) . In the sameway we can prove lq -valued inequalities as (2.6)
for all r 0 < q < 1 . Note in particular that all of theseestimates hold if p� > r 0

and p( � ) satis�es (1.1) and (1.2).
Similar inequalities alsohold for Banach space valued singular integrals, since

such operators satisfy weighted norm inequalities with Ap weights. For further
details, we refer the reader to [21]. Here we note one particular application. Let
' 2 L 1 be a non-negative function such that

j' (x � y) � ' (x)j �
Cjyj

jxjn +1 ; jxj > 2jyj > 0:

Let ' t (x) = t � n ' (x=t) , and de�ne the maximal operator M ' by

M ' f (x) = sup
t> 0

j' t � f (x)j:

If 1 < p < 1 and w 2 Ap , then kM ' f kL p (w ) � Ckf kL p (w ) . (In the unweighted
case,this result is originally due to Zo [48].) Therefore, by Corollary 1.11, M ' is
boundedon L p( � ) for p( � ) 2 B (R n ) . In particular, it is bounded if p( � ) satis�es
(1.1) and (1.2); this givesa positive answer to a conjecture made in [9].
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2.4. Comm utators. Given a Calder�on{Zygmund singular integral operator
T , and a function b 2 BMO , de�ne the commutator [b;T] to be the operator

[b;T]f (x) = b(x)Tf (x) � T(bf )(x):

Theseoperators were shown to be bounded on L p(R n ) , 1 < p < 1 , by Coifman,
Rochberg and Weiss [8]. In [36] it was shown that for all 0 < p < 1 and all
w 2 A1 ,

(2:10)
Z

R n

�
� [b;T]f (x)

�
�pw(x) dx � C

Z

R n
M 2f (x)pw(x) dx;

where M 2 = M � M . Hence, if 1 < p < 1 and w 2 Ap , then [b;T] is bounded
on L p(w) . Thus, we can apply Corollaries 1.10 and 1.11 and Theorem 1.2 to get
the following.

Corollary 2.10. Let p( � ) 2 P 0(R n ) .

(a) If there exists 0 < p1 < p� with p( � )=p1 2 B (R n ) , then




 [T; b]f






p( � ) ;R n � C kM 2f kp( � ) ;R n ;

and for all 0 < q < 1 ,










� X

j

�
� [T; b]f j

�
�q

� 1=q








p( � ) ;R n

� C










� X

j

jM 2f j jq
� 1=q









p( � ) ;R n

:

(b) If p( � ) 2 B (R n ) , then




 [T; b]f






p( � ) ;R n � C kf kp( � ) ;R n ;

and for all 1 < q < 1 ,










� X

j

�
� [T; b]f j

�
�q

� 1=q








p( � ) ;R n

� C










� X

j

jf j jq
� 1=q









p( � ) ;R n

:

Very recently , the boundednessof commutators on variable L p spaceswas
proved by Karlovich and Lerner [27].

2.5. Multipliers. Given a bounded function m , de�ne the operator Tm ,
(initially on C1

c (R n ) ) by dTm f = mf̂ . The function m is referred to as a
multiplier. Here we consider two important results: the multiplier theorems of
Marcinkiewicz and H•ormander.
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On the real line, if m hasuniformly boundedvariation on each dyadic interval
in R , then for 1 < p < 1 and w 2 Ap ,

(2:11)
Z

R
jTm f (x)jpw(x) dx � C

Z

R
jf (x)jpw(x) dx:

(SeeKurtz [31].) Therefore, by Corollary 1.11, if p( � ) 2 B (R n ) ,

kTm f kp( � ) ;R � Ckf kp( � ) ;R ;

we also get the corresponding vector-valued inequalities with 1 < q < 1 .
In higher dimensions (i.e., n � 2) let k = [n=2] + 1 and suppose that m

satis�es jD � m(x)j � Cjxj �j � j for x 6= 0 and every multi-index � with j� j � k .
If n=k < p < 1 and w 2 Apk =n then Tm is bounded on L p(w) . (SeeKurtz and
Wheeden[32].) Proceedingas in the caseof the singular integral operators with
\rough" kernelswe obtain that if p( � )=(n=k) 2 B (R n ) , then

kTm f kp( � ) ;R n � Ckf kp( � ) ;R n ;

with constant C independent of f 2 C1
c (R n ) . We also get lq -valued inequalities

with n=k < q < 1 in the sameway.

Remark 2.11. Weighted inequalities alsohold for Bochner{Rieszmultipliers,
so from these we can deduceresults on variable L p spaces. For details, see[17]
and the referencesit contains.

2.6. Square functions. Let ' bea Schwartz function such that
R

' (x) dx =
0, and for t > 0 let ' t (x) = t � n ' (x=t) . Given a locally integrable function f , we
de�ne two closely related functions: the area integral,

S' f (x) =
� Z

j x � y j<t
j' t � f (y)j2

dt dy
tn +1

� 1=2

;

and for 1 < � < 1 the Littlew ood{P aley function

g�
� f (x) =

� Z 1

0

Z

R n
j' t � f (y)j2

�
t

t + jx � yj

� n� dy dt
tn +1

� 1=2

:

In the classicalcase,we take ' to be the derivative of the Poissonkernel.
Given p, 1 < p < 1 , and w 2 Ap , the area integral is bounded on L p(w) .

In the classicalcase,this is due to Gundy and Wheeden[23]; in the general case
it is due to Str•omberg and Torchinsky [43]. Therefore, for all p( � ) 2 B (R n ) ,

kS' f kp( � ) ;R n � Ckf kp( � ) ;R n :

The sameinequality is true for g�
� if � � 2. If 1 < � < 2, then for 2=� < p < 1

and w 2 A �p= 2 , g�
� is bounded on L p(w) . In the classical case, this is due to

Muckenhoupt and Wheeden [34]; in the general caseit is due to Str•omberg and
Torchinsky [43]. Therefore, arguing as before, if p( � )=(2=� ) 2 B (R n ) , then

kg�
� f kp( � ) ;R n � Ckf kp( � ) ;R n ;

with constant C independent of f 2 C1
c (R n ) . For both kinds of squarefunctions

we also get the corresponding vector-valued inequalities.
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2.7. Fractional in tegrals and fractional maximal operators. Given
0 < � < n , de�ne the fractional integral operator I � (also known as the Riesz
potential), by

I � f (x) =
Z

R n

f (y)
jx � yjn � � dy:

De�ne the associated fractional maximal operator, M � , by

M � f (x) = sup
Q3 x

1
jQj1� �=n

Z

Q
jf (y)j dy:

Both operators satisfy weighted norm inequalities. To state them, we need a
di�eren t classof weights: given p, q such that 1 < p < n=� and

1
p

�
1
q

=
�
n

;

we say that w 2 Ap;q if for all cubes Q,

1
jQj

Z

Q
w(x) dx

�
1

jQj

Z

Q
w(x) � p0=q dx

� q=p0

� C < 1 :

Note that this is equivalent to w 2 A r , where r = 1 + q=p0, so in particular, if
w 2 A1 , then w 2 Ap;q . Muckenhoupt and Wheeden34] showed that if w 2 Ap;q

then � Z

R n
jI � f (x)jqw(x) dx

� 1=q

� C
� Z

R n
jf (x)jpw(x)p=q dx

� 1=p

;

� Z

R n
M � f (x)qw(x) dx

� 1=q

� C
� Z

R n
jf (x)jpw(x)p=q dx

� 1=p

:

(These results are usually stated with the class Ap;q de�ned slightly di�eren tly ,
with w replacedby wq . Our formulation, though non-standard, is better for our
purposes.)

As in Remark 2.6, these estimates hold with the integrals restricted to any

 � R n . Thus Theorems 1.8 and 1.2 immediately yield the following results in
variable L p spaces.

Corollary 2.12. Let p( � ); q( � ) 2 P (
) be such that p+ < n=� and

1
p(x)

�
1

q(x)
=

�
n

; x 2 
 :

If there exists q0 , n=(n � � ) < q0 < 1 , such that q(x)=q0 2 B (
) , then

(2:12) kI � f kq( � ) ;
 � kf kp( � ) ;
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and

(2:13) kM � f kq( � ) ;
 � kf kp( � ) ;
 :

Corollary 2.12 follows automatically from Theorem 1.8 applied to the pairs
(jI � f j; jf j) and (M � f ; jf j) , since the estimates of Muckenhoupt and Wheeden
above give (1.8) for all 1 < p0 < n=� and n=(n � � ) < q0 < 1 with

1
p0

�
1
q0

=
�
n

:

Remark 2.13. When 
 = R n , the condition on q( � ) is equivalent to saying
that q( � ) (n � � )=n 2 B (R n ) . If there exists q0 as above such that q( � )=q0 2
B (R n ) , then

q(x)
n=(n � � )

=
q(x)
q0

q0

n=(n � � )
2 B (R n );

sincethe secondratio is greater than one. (Given r ( � ) 2 B (R n ) and � > 1, then
by Jensen'sinequality, r ( � ) � 2 B (R n ) .)

On the other hand, by Theorem 1.2, if q( � ) (n � � )=n 2 B (R n ) then there is
� > 1 such that q( � ) (n � � )=(n � ) 2 B (R n ) . Taking q0 = n�= (n � � ) we have
that q0 > n=(n � � ) and q( � )=q0 2 B (R n ) as desired.

Inequality (2.12) extends several earlier results. Samko [40] proved (2.12)
assuming that 
 is bounded, p( � ) satis�es (1.1), and the maximal operator is
bounded. (Note that given Theorem 1.1, his secondhypothesis implies his third.)
Diening [13] proved it on unbounded domains with (1.2) replacedby the stronger
hypothesis that p( � ) is constant outside of a large ball. Kokilashvili and Samko
[29] proved it on R n with L q( � ) replacedby a certain weighted variable L p space.
(They actually consider a more general operator I � ( � ) where the constant � in
the de�nition of I � is replacedby a function � ( � ) .) Implicit in these results are
norm inequalities for M � in the variable L p spaces,since M � f (x) � CI � (jf j)(x) .
This is made explicit by Kokilashvili and Samko [29].

Inequality (2.13) was proved directly by Capone, Cruz-Urib e and Fioren-
za [6]; as an application they used it to prove (2.12) and to extend the Sobolev
embedding theorem to variable L p spaces. (Other authors have consideredthis
question; see[6] and its referencesfor further details.)

3. The Calder� on{Zygm und inequalit y

In this section we considerthe behavior of the solution of Poisson'sequation,

4 u(x) = f (x); a.e. x 2 
 ;

when f 2 L p( � ) (
) , p( � ) 2 P (
) . We restrict ourselves to the case 
 � R n ,
n � 3.
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We begin with a few de�nitions and a lemma. Given p( � ) 2 P (
) and a
natural number k , de�ne the variable Sobolev spaceW k ;p( � ) (
) to be the set of
all functions f 2 L p( � ) (
) such that

X

j � j� k

kD � f kp( � ) ;
 < + 1 ;

where the derivativesare understood in the senseof distributions.
Given a function f which is twice di�eren tiable (in the weak sense),we de�ne

for i = 1; 2,

D i f =
� X

j � j = i

(D � f )2
� 1=2

:

We needthe following auxiliary result whoseproof can be found in [30].

Lemma 3.1. If 
 � R n is a boundeddomain, and if p( � ); q( � ) 2 P (
) are
such that p(x) � q(x) , x 2 
 , then kf kp( � ) ;
 � (1 + j
 j)kf kq( � ) ;
 .

Theorem 3.2. Given an open set 
 � R n , n � 3, suppose p( � ) 2 P (
)
with p+ < n=2 satis�es (1:1) and (1:2) . If f 2 L p( � ) (
) , then there exists a
function u 2 L q( � ) (
) , where

(3:1)
1

p(x)
�

1
q(x)

=
2
n

;

such that

(3:2) 4 u(x) = f (x); a.e. x 2 
 :

Furthermore,

kD 2ukp( � ) ;
 � C kf kp( � ) ;
 ;(3:3)

kD 1ukr ( � ) ;
 � C kf kp( � ) ;
 ;(3:4)

kukq( � ) ;
 � C kf kp( � ) ;
 ;(3:5)

where
1

p(x)
�

1
r (x)

=
1
n

:

In particular, if 
 is bounded, then u 2 W 2;p( � ) (
) .

Proof. Our proof roughly follows the proof in the setting of Lebesguespaces
given by Gilbarg and Trudinger [22], but also usesthis result in key steps.

Fix f 2 L p( � ) (
) ; without lossof generality wemay assumethat kf kp( � ) ;
 = 1.
Decompose f as

f = f 1 + f 2 = f � f x :j f (x ) j> 1g + f � f x :j f (x ) j� 1g:
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Note that jf i (x)j � jf (x)j and so kf i kp( � ) ;
 � 1. Further, we have that f 1 2
L p� (
) and f 2 2 L p+ (
) since, by the de�nition of the norm in L p( � ) (
) and
since kf kp( � ) ;
 = 1,

Z



f 1(x)p� dx =

Z

f x 2 
: j f (x ) j> 1g
jf (x)jp� dx �

Z



jf (x)jp(x ) dx � 1;

Z



f 2(x)p+ dx =

Z

f x 2 
: j f (x ) j� 1g
jf (x)jp+ dx �

Z



jf (x)jp(x ) dx � 1:

Thus, we can solve Poisson'sequation with f 1 and f 2 (see[22]): more precisely,
de�ne

u1(x) = (� � f 1)(x); u2 = (� � f 2)(x);

where � is the Newtonian potential,

�( x) =
1

n (2 � n) ! n
jxj2� n ;

and ! n is the volume of the unit ball in R n . Since p� and q� also satisfy (3.1),
by the Calder�on{Zygmund inequality on classicalLebesguespaces,u1 2 L q� (
) .
Similarly, since p+ and q+ satisfy (3.1), u2 2 L q+ (
) . Let u = u1 + u2 ; then
u 2 L q� (
) + L q+ (
) . Since u1 and u2 are solutions of Poisson'sequation,

4 u(x) = 4 u1(x) + 4 u2(x) = f 1(x) + f 2(x) = f (x); a.e. x 2 
 :

We show that u 2 L q( � ) (
) and that (3.5) holds: by inequality (2.12),

kukq( � ) ;
 � ku1kq( � ) ;
 + ku2kq( � ) ;


=
1

n (2 � n) ! n

�
kI 2f 1kq( � ) ;
 + kI 2f 2kq( � ) ;


�

� C
�
kf 1kp( � ) ;
 + kf 2kp( � ) ;


�

� C = Ckf kp( � ) ;
 ;

the last equality holds since kf kp( � ) ;
 = 1.
Similarly, a direct computation shows that for any multi-index � , j� j = 1,

jD � �( x)j �
1

n ! n
jxj1� n :

Therefore,
jD � u(x)j � jD � (� � f 1)(x)j + jD � (� � f 2)(x)j

= j(D � � � f 1)(x)j + j(D � � � f 2)(x)j

�
1

n ! n

�
I 1(jf 1j)(x) + I 1(jf 2j)(x)

�
:
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So again by inequality (2.12) we get

kD � ukr ( � ) ;
 � C
�
kf 1kp( � ) ;
 + kf 2kp( � ) ;


�
� C;

which yields inequality (3.4).
Given a multi-index � , j� j = 2, another computation shows that D � � is a

singular convolution kernel which satis�es (2.3). Therefore, the operator

T� g(x) = (D � � � g)(x) = D � (� � g)(x)

is singular integral operator, and as before (3.3) follows from inequality (2.5) and
Remark 2.6 applied to f 1 and f 2 .

Finally , if 
 is bounded, since p(x) � q(x) and p(x) � r (x) , x 2 
 , by
Lemma 3.1 we have that u 2 W 2;p( � ) (
) .

Remark 3.3. In the previousestimateswecould haveworkeddirectly with f .
Had we done so, however, we would have had to check that all the integrals
appearing wereabsolutely convergent. The advantage of decomposing f as f 1 + f 2

is that we did not needto pay attention to this since f 1 2 L p� (
) , f 2 2 L p+ (
) .
We alsowant to stressthat u1 and u2 , assolutions of Poisson'sequation with

f 1 2 L p� (
) and f 2 2 L p+ (
) , satisfy Lebesguespaceestimates. For instance,
as noted above, u 2 L q� (
) + L q+ (
) . However, we have actually proved more,
since L q( � ) (
) is a smaller space. Similar remarks hold for the �rst and second
derivativesof u .

4. The Calder� on extension theorem

In this sectionwe state and prove the Calder�on extensiontheorem for variable
Sobolev spaces.Our proof follows closelythe proof of the result in the classicalset-
ting; see,for example,R. Adams [2] or Calder�on [4]. First, we give two de�nitions
and a lemma.

De�nition 4.1. Given a point x 2 R n , a �nite conewith vertex at x , Cx ,
is a set of the form

Cx = B1 \ f x + � (y � x) : y 2 B2; � > 0g;

where B1 is an open ball centered at x , and B2 is an open ball which does not
contain x .

De�nition 4.2. An open set 
 � R n has the uniform cone property if
there exists a �nite collection of open sets f Uj g (not necessarilybounded) and an
associated collection f Cj g of �nite conessuch that the following hold:

(1) there exists � > 0 such that


 � = f x 2 
 : dist (x; @
) < � g �
S

j
Uj ;

(2) for every index j and every x 2 
 \ Uj , x + Cj � 
 .
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An example of a set 
 with the uniform cone property is any bounded set
whoseboundary is locally Lipschitz. (SeeAdams [2].)

Finally , in giving extension theorems for variable L p spaces,we must worry
about extending the exponent function p( � ) . The following result shows that this
is always possible,provided that p( � ) satis�es (1.1) and (1.2).

Lemma 4.3. Given an open set 
 � R n and p( � ) 2 P (
) such that (1:1)
and (1:2) hold, there exists a function ~p( � ) 2 P (R n ) such that :

(1) ~p satis�es (1:1) and (1:2);
(2) ~p(x) = p(x) , x 2 
;
(3) ~p� = p� and ~p+ = p+ .

Remark 4.4. Diening [13] proved an extension theorem for exponents p( � )
which satisfy (1.1), provided that 
 is bounded and has Lipschitz boundary. It
would be interesting to determine if every exponent p( � ) 2 B (
) can be extended
to an exponent function in B (R n ) .

Proof. Since p( � ) is bounded and uniformly continuous, by a well-known re-
sult it extendsto a continuous function on 
 . Straightforward limiting arguments
show that this extension satis�es (1), (2) and (3).

The extension of p( � ) on 
 to ~p( � ) de�ned on all of R n follows from a
construction due to Whitney [45] and described in detail in Stein [42, Chapter 6].
For easeof reference,we will follow Stein's notation. We �rst consider the case
when 
 is unbounded; the casewhen 
 is boundedis simpler and will be sketched
below.

When 
 is unbounded, (1.2) is equivalent to the existenceof a constant p1 ,
p� � p1 � p+ , such that for all x 2 
 ,

jp(x) � p1 j �
C

log(e+ jxj)
:

De�ne a new function r ( � ) by r (x) = p(x) � p1 . Then r ( � ) is still bounded
(though no longer necessarilypositive), still satis�es (1.1) on 
 and satis�es

(4:1) jr (x)j �
C

log(e+ jxj)
:

We will extend r to all of R n . If we de�ne ! (t) = 1=log(e=2t) , 0 < t � 1=2,
and ! (t) = 1 for t � 1=2, then a straightforward calculation shows that ! (t)=t
is a decreasingfunction and ! (2t) � C ! (t) . Further, since log(e=2t) � log(1=t) ,
0 < t < 1=2, and since r is bounded, jr (x) � r (y)j � C! (jx � yj) for all x; y 2 
 .
Therefore, by Corollary 2.2.3 in Stein [42, p. 175], there exists a function ~r ( � )
on R n such that ~r (x) = r (x) , x 2 
 , and such that ~r ( � ) satis�es (1.1). For
x 2 R n n 
 , ~r (x) is de�ned by the sum

~r (x) =
X

k

r (pk )' �
k (x);
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where f Qk g are the cubesof the Whitney decomposition of R n n 
 , f ' �
k g is the

partition of unit y subordinate to this decomposition, and each point pk 2 
 is
such that dist(pk ; Qk ) = dist( 
 ; Qk ) .

It follows immediately from this de�nition that for all x 2 R n , r � � ~r (x) �
r + . However, ~r ( � ) neednot satisfy (4.1) sowemust modify it slightly . To do sowe
needthe following observation: if f 1 , f 2 are functions such that jf i (x) � f i (y)j �
C! (jx � yj) , x; y 2 R n , i = 1; 2, then min( f 1; f 2) and max(f 1; f 2) satisfy the same
inequality. The proof of this observation consistsof a number of very similar cases.
For instance, suppose min

�
f 1(x); f 2(x)

�
= f 1(x) and min

�
f 1(y); f 2(y)

�
= f 2(y) .

Then
f 1(x) � f 2(y) � f 2(x) � f 2(y) � C! (jx � yj);

f 2(y) � f 1(x) � f 1(y) � f 1(x) � C! (jx � yj):

Hence,

�
�min

�
f 1(x); f 2(x)

�
� min

�
f 1(y); f 2(y)

� �
� = jf 1(x) � f 2(y)j � C! (jx � yj):

It follows immediately from this observation that

s(x) = max
�
min( ~r (x); C=log(e+ jxj)

�
; � C=log(e+ jxj)

�

satis�es (1.1) and (4.1). Therefore, if we de�ne

~p(x) = s(x) + p1 ;

then (1), (2) and (3) hold.
Finally , if 
 is bounded, we de�ne r (x) = p(x) � p+ and repeat the above

argument essentially without change.

Theorem 4.5. Given an open set 
 � R n which has the uniform cone
property, and given p( � ) 2 P (
) such that (1:1) and (1:2) hold, then for any
natural number k there exists an extension operator

Ek : W k ;p( � ) (
) ! W k ;p( � ) (R n );

such that Ek u(x) = u(x) , a.e. x 2 
 , and

kEk ukp( � ) ;R n � C(p( � ); k; 
) kukp( � ) ;
 :

The proof of Theorem 4.5 in variable Sobolev spacesis nearly identical to that
in the classicalsetting. (SeeAdams [2].) The proof, beyond calculations, requires
the following facts which our hypothesesinsure are true.
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{ By Lemma 4.3, p( � ) immediately extends to an exponent function on R n .
{ Functions in C1 (
) are densein W k ;p( � ) (
) . By our hypotheses,the max-

imal operator is bounded on L p( � ) (
) , and the density of C1 (
) follows
from this by the standard argument (cf. Ziemer [47]). For more details, see
Diening [12] or Cruz-Urib e and Fiorenza [9].

{ If ' is a smooth function on R n n f 0g with compact support, and if there
exists " > 0 such that on B " (0) , ' is a homogeneousfunction of degreek ,
k > � n , then k' � f kp( � ) ;
 � C

�
p( � ); '

�
kf kp( � ) ;
 . This again follows from

the fact that the maximal operator is boundedon L p( � ) (
) , and from the well-
known inequality j' � f (x)j � CM f (x) . For more details, seeCruz-Urib e and
Fiorenza [9].

{ Singular integral operators with kernelsof the form

K (x) =
G(x)
jxjn

;

where G is bounded on R n n f 0g, has compact support, is homogeneousof
degreezero on BR (0) n f 0g for some R > 0, and has

R
SR

G dx = 0, are

boundedon L p( � ) (
) . Such kernelsare essentially the sameasthosegiven by
(2.9), and as discussedabove, our hypothesesimply that they are bounded.

Remark 4.6. If p( � ) satis�es (1.1), then C1
c (R n ) is densein W k ;p( � ) (R n ) .

(See [9], [41].) Hence, if the hypothesesof Theorem 4.5 hold, then it follows
immediately that the set f u� 
 : u 2 C1

c (R n )g is densein W k ;p( � ) (
) . However
this result is true under much weaker hypotheses;see[9], [18], [19], [25], [46] for
details.

5. Pro of of Theorems 1.3 and 1.8

SinceTheorem 1.3 is a particular caseof Theorem 1.8 with p0 = q0 , it su�ces
to prove the secondresult.

We need two facts about variable L p spaces. First, if p( � ); q( � ) 2 P 0(
)
and p(x)=q(x) = r , then it follows from the de�nition of the norm that

(5:1) kf kr
p( � ) ;
 =




 jf jr






q( � ) ;
 :

Second,given p( � ) 2 P (
) , we have the generalizedH•older's inequality

(5:2)
Z



jf (x)g(x)j dx �

�
1 +

1
p�

�
1

p+

�
kf kp( � ) ;
 kgkp0( � ) ;
 ;

and the \dualit y" relationship

(5:3) kf kp( � ) ;
 � sup
g

�
�
�
�

Z



f (x)g(x) dx

�
�
�
� �

�
1 +

1
p�

�
1

p+

�
kf kp( � ) ;
 ;
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where the supremum is taken over all g 2 L p0( � ) (
) such that kgkp0( � ) ;
 = 1. For
proofs of theseresults, seeKov�a�cik and R�akosn��k [30].

The proof of Theorem 1.8 beginswith a versionof a construction due to Rubio
de Francia [38] (also see[11], [21]). Fix p( � ) 2 P 0(
) such that p� > p0 , and let
�p(x) = p(x)=p0 . De�ne q( � ) as in (1.9), and let �q(x) = q(x)=q0 . By assumption,
the maximal operator is boundedon L �q0( � ) (
) , so there exists a positive constant
B such that

kM f k �q0( � ) ;
 � B kf k �q0( � ) ;
 :

De�ne a new operator R on L �q0( � ) (
) by

R h(x) =
1X

k=0

M k h(x)
2k B k ;

where, for k � 1, M k = M � M � � � � � M denotesk iterations of the maximal oper-
ator, and M 0 is the identit y operator. It follows immediately from this de�nition
that:

(a) if h is non-negative, h(x) � R h(x) ;
(b) kR hk �q0( � ) ;
 � 2khk �q0( � ) ;
 ;
(c) for every x 2 
 , M (R h)(x) � 2B R h(x) , so R h 2 A1 with an A1 constant

that doesnot depend on h.

We can now argue as follows: by (5.1) and (5.3),

kf kq0

q( � ) ;
 = kf q0 k �q( � ) ;
 � sup
Z



f (x)q0 h(x) dx;

wherethe supremum is takenover all non-negative h 2 L �q0( � ) (
) with khk �q0( � ) ;
 =
1. Fix any such function h; it will su�ce to show that

Z



f (x)q0 h(x) dx � C kgkq0

p( � ) ;


with the constant C independent of h . First note that by (a) above we have that

(5:4)
Z



f (x)q0 h(x) dx �

Z



f (x)q0 R h(x) dx:

By (5.2), (b), and since f 2 L q( � ) (
) ,
Z



f (x)q0 R h(x) dx � C kf q0 k �q( � ) ;
 kR hk �q0( � ) ;


� C kf kq0

q( � ) ;
 khk �q0( � ) ;


� C kf kq0

q( � ) ;
 < 1 :
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Therefore, we can apply (1.8) to the right-hand sideof (5.4) and again apply (5.2),
this time with exponent �p( � ) :

Z



f (x)q0 R h(x) dx � C

� Z



g(x)p0 R h(x)p0 =q0 dx

� q0 =p0

� C kgp0 kq0 =p0

�p( � ) ;
 k(R h)p0 =q0 kq0 =p0

�p0( � ) ;


= C kgkq0

p( � ) ;
 k(R h)p0 =q0 kq0 =p0

�p0( � ) ;
 :

To complete the proof, we needto show that k(R h)p0 =q0 kq0 =p0

�p0( � ) ;
 is bounded by a
constant independent of h . But it follows from (1.9) that for all x 2 
 ,

�p0(x) =
p(x)

p(x) � p0
=

q0

p0

q(x)
q(x) � q0

=
q0

p0
�q0(x):

Therefore,

k(R h)p0 =q0 kq0 =p0

�p0( � ) ;
 = kR hk �q0( � ) ;
 � C khk �q0( � ) ;
 = C:

This completesour proof.

6. Pro of of Corollaries 1.10 and 1.11

The proofs of Corollaries 1.10 and 1.11 require the more general versionsof
the extrapolation theoremsdiscussedin the intro duction. For the convenienceof
the reader we state them both here.

Theorem 6.1. Given a family F and an open set 
 � R n , assumethat for
some p0 , 0 < p0 < 1 , and for every w 2 A1 ,

(6:1)
Z



f (x)p0 w(x) dx � C0

Z



g(x)p0 w(x) dx; (f ; g) 2 F :

Then for all 0 < p < 1 and w 2 A1 ,

(6:2)
Z



f (x)pw(x) dx � C0

Z



g(x)pw(x) dx; (f ; g) 2 F :

Furthermore, for every 0 < p;q < 1 , w 2 A1 , and sequencef (f j ; gj )gj � F ,

(6:3)










� X

j

(f j )q
� 1=q









L p (w ;
)
� C










� X

j

(gj )q
� 1=q









L p (w ;
)
:

Theorem 6.2. Given a family F and an open set 
 � R n , assumethat
for some p0 , 1 < p0 < 1 , and for every w 2 Ap0 , (6:1) holds. Then for every
1 < p < 1 and w 2 Ap , (6:2) holds. Furthermore, for every 1 < p;q < 1 ,
w 2 Ap , and sequencef (f j ; gj )gj � F , (6:3) holds.
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Theorem 6.1 is proved in [11]. The original statement of Theorem 6.2 is
only for pairs of the form (jTf j; f ) , and does not include the vector-valued esti-
mate (6.3). (See [17], [21], [38].) However, an examination of the proofs shows
that they hold without changewhen applied to pairs (f ; g) 2 F . Furthermore, as
we noted before, this approach immediately yields the vector-valued inequalities:
given a family F and 1 < q < 1 , de�ne the new family F q to consist of the
pairs (Fq; Gq) , where

Fq(x) =
� X

j

(f j )q
� 1=q

; Gq(x) =
� X

j

(gj )q
� 1=q

; f (f j ; gj )gj � F :

Clearly, inequality (6.1) holds for F q when p0 = q, so by extrapolation we
get (6.3).

Corollary 1.10 follows immediately from Theorems 1.3 and 6.1. Since (1.11)
holds for somep0 , by Theorem 6.1 it holds for all 0 < p < 1 and for all w 2 A1 .
Therefore, we can apply Theorem 1.3 with p1 in place of p0 to obtain (1.12).
To prove the vector-valued inequality (1.13), note that by (6.3) we can apply
Theorem 1.3 to the family F q de�ned above, again with p1 in place of p0 .

In exactly the sameway, Corollary 1.11 follows from Theorems1.3 and 6.2.
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