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Abstract. We show that many classicaloperators in harmonic analysis|suc h as maximal
operators, singular integrals, commutators and fractional integralsjare bounded on the variable
Lebesguespace LP( ) whenewer the Hardy{Littlew ood maximal operator is bounded on LP( ).
Further, we show that such operators satisfy vector-valued inequalities. We do so by applying the
theory of weighted norm inequalities and extrapolation.

As applications we prove the Calderon{Zygmund inequality for solutions of 4u = f in
variable Lebesguespaces,and prove the Calderon extensiontheorem for variable Soholev spaces.

1. Intro duction

Given an open set R", we consider a measurable function p: !
[1;1), LPC)() denotesthe set of measurablefunctions f on  suc that for
some > 0O,

: s p(x)
it (X)] dx < 1 -

This set becomesa Banad function spacewhen equipped with the norm

: s p(x)
it (X)] ax 1

kfkp( ); = inf >0:

These spacesare referred to as variable Lebesguespacesor, more simply, as vari-
able LP spaces,since they generalizethe standard LP spaces:if p(x) = po is
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constart, then LP()() equalsLPo() . (Here and below we write p( ) instead
of p to emphasizethat the exponert is a function and not a constart.) They have
many properties in common with the standard LP spaces.

Thesespacesand the corresponding variable Sobolev spacesW P ) () | are
of interest in their own right, and also have applications to partial di eren tial
equations and the calculus of variations. (See,for example, [1], [12], [15], [19],
[30], [39], [46] and their references.)

In many applications, a crucial step has beento shaw that one of the clas-
sical operators of harmonic analysis|e.g., maximal operators, singular integrals,
fractional integrals|lis boundedon a variable LP space.Many authors have con-
sidered the question of su cien t conditions on the exponert function p( ) for
given operators to be bounded: see,for example, [13], [15], [27], [28], [29], [40].

Our approad is di erent. Rather than considerestimatesfor individual op-
erators, we apply techniques from the theory of weighted norm inequalities and
extrapolation to show that the boundednessof a wide variety of operators follows
from the boundednessof the maximal operator on variable LP spaces,and from
known estimateson weighted Lebesguespaces.In order to provide the foundation
for stating our results, we discussead of theseideasin turn.

The maximal operator. In harmonic analysis, a fundamertal operator
is the Hardy{Littlew ood maximal operator. Given a function f , we de ne the
maximal function, M f , by

Z
1 . :
Mf(x)=sup— jf(y)jdy;

3x Q) o
where the suprenmum is taken over all cubes cortaining x. It is well known that
M is boundedon LP, 1< p< 1, and it is natural to ask for which exponert
functions p( ) the maximal operator is bounded on LP( )() . For conciseness,
dene P () to bethe setof measurablefunctions p: I' [1;1) sud that

p = essinffp(x):x2 g> 1, p, = esssupfp(x) :x2 g<1:
Let B() bethe setof p( )2 P () sud that M is boundedon LP( () .
Theorem 1.1. Givenan open set R",andp( )2 P () , supposethat

p( ) satises

(1:1) ip(x)  p(Y) Xy2 5 jx oy 1=2

_c .
log(ix  yj)’

(1:2) jp(x)  p(y) oge+ ix)’ Y 2 5 gyl X
Then p( ) 2 B() , that is, the Hardy{Littlew ood maximal operator is bounded
on LPC)() .
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Theorem 1.1 is independenly due to Cruz-Uribe, Fiorenza and Neugebauer
[10] and to Nekvinda [35]. (In fact, Nekvinda replaced (1.2) with a slightly more
general condition.) Earlier, Diening [12] shoved that (1.1) aloneis sucient if

is bounded. Examples show that the continuity conditions (1.1) and (1.2) are
in some sensecloseto necessary: seePick and Ruzicka [37] and [10]. Seealso
the examplesin [33]. The condition p > 1 is necessaryfor M to be bounded;
see[10].

Very recertly, Diening [14], working in the more generalsetting of Musielak{
Orlicz spaceshas given a necessaryand su cien t condition on p( ) for M to be
bounded on LP( )(R™). His exact condition is somewhattechnical and we refer
the readerto [14] for details.

Becauseour proofs rely on duality argumerts, we will not need that the
maximal operator is bounded on LP( )() but on its assaiate spaceLP’( )() ,
where pY ) is the conjugate exponert function de ned by

1 1

o) g T Xl

Since ) .
ip(x)  py)i.

(p 1)2°

it follows at oncethat if p( ) satises (1.1) and (1.2), then so does pY )Ji.e.,
if these two conditions hold, then M is bounded on LP()() and LP°()() .
Furthermore, Diening's characterization of variable LP spaceson which the max-
imal operator is bounded has the following important consequencdsee[14, The-
orem 8.1)).

ipAx)  pAY)i

Theorem 1.2. Let p( ) 2 P (R"). Then the following conditions are equiv-
alent:
@ p()2B(R").
(b) pY )2 B(R")
(c) p( )=g2 B(R") for somel< gq< p .
(d) p( )=q°2 B(R") for somel< q<p .

Weights and extrap olation. By a weight we mean a non-negative, locally
integrable function w. There is a vast literature on weights and weighted norm
inequalities; here we will summarizethe most important aspects, and we refer the
readerto [17], [21] and their referencesfor complete information.

Central to the study of weights are the so-called A, weights, 1 p 1.
When 1< p< 1 ,wesay w2 A, if for every cube Q,

z L Z o1
—  wx)dx —  wx)?! Pdx C<1:
Qo™ g W
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We say that w 2 A; if Mw(x) Cw(x) forae.x. If 1 p<qg< 1, then
Ap  Agy. Welet A; denotethe union of all the A, classes, ] p<1 .
Weighted norm inequalities are generally of two types. The rst is
Z Z

(1:3) jTF (X)jP°w(x)dx C Jf (x)jPow(x) dx;
Rn R"
where T is someoperator and w 2 A, , 1 < pp < 1 . (In other words, T is
de ned and boundedon LP°(w).) The constart is assumedto depend only on the
Ap, constart of w. The secondtype is
Z Z

(1:4) iTf (x)jPow(x)dx C iSf (x)jPew(x) dx;
R" RN

where S and T areoperators, 0< pp< 1 ,w2 A; ,andf issud that the left-
hand sideis nite. The constart is assumedto depend only on the A; constart
of w. Sud inequalities are known for a wide variety of operators and pairs of
operators. (See[17], [21].)

Corresponding to thesetypesof inequalities are two extrapolation theorems.
Asscciated with (1.3) is the classicalextrapolation theorem of Rubio de Francia [38]
(alsosee[17],[21]). He provedthat if (1.3) holdsfor someoperator T, a xed value
Po, 1< po < 1, andevery weight w2 A, , then (1.3) holds with py replaced
by any p, 1< p< 1 ,whenewer w2 A,. Recerly, the analogousextrapolation
result for inequalities of the form (1.4) was proved in [11]: if (1.4) holds for some
Po, 0< pp< 1 andewery w2 A; ,thenit holdsfor every p, 0< p< 1 . (More
generalversionsof theseresults will be stated in Section 6 below.)

1.1. Main results. The proofs of the above extrapolation theoremsdepend
not on the properties of the operators, but rather on duality, the structure of
Ap weights, and norm inequalities for the Hardy{Littlew ood maximal operator.
These ideas can be extended to the setting of variable LP spacesto yield our
main result, which can be summarized as follows: If an operator T, or a pair
of operators (T; S), satis es weighted norm inequalities on the classicalLebesgue
spaces,then it satis es the corresponding inequality in a variable LP spaceon
which the maximal operator is bounded.

To state and prove our main result, we will adopt the approacd takenin [11].
There it wasobsened that sincenothing is assumedabout the operators involved
(e.g., linearity or sublinearity), it is better to replace inequalities (1.3) and (1.4)
with

Z Z
(1:5) f (x)Pow(x)dx C g(x)Pow(x) dx;
Rn R"
where the pairs (f;g) are sud that the left-hand side of the inequality is nite.
One important consequenceof adopting this approad is that vector-valued in-
equalities follow immediately from extrapolation.
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Hereafter F will denoteafamily of orderedpairs of non-negative, measurable
functions (f;g). Whenewer we say that an inequality sud as (1.5) holds for any
(f;992 F and w2 Aq (for someq, 1 g 1 ), wemeanthat it holds for any
pair in F sud that the left-hand sideis nite, and the constart C dependsonly
on po andthe Aq constart of w.

Finally, note that in the classicalLebesguespaceswe canwork with LP where
0< p< 1. (Thus, in (1.4) or (1.5) we can take po < 1.) We would like to
consider analogousspaceswith variable exponerts. Dene P () to be the set
of measurablefunctions p: I' (0;1) sudc that

p = essinffp(x):x2 g> 0; p., = esssupfp(x):x2 g<1:

Given p( ) 2 P °() , we can de ne the spaceLP( )() asabove. This is equiv-
alent to de ning it to be the set of all functions f sud that jfjP 2 L9C)() ,
where0< pp< p and q(x) = p(X)=p 2 P () . We can de ne a quasi-norm on
this spaceby

e 1=po
Kfko( ), = JfiP ).

We will not needany other properties of thesespacessothis de nition will su ce
for our purposes.

Theorem 1.3. Given a family F and an open set R", supposethat
for somepy, 0< pp < 1 , and for every weight w 2 Ay,
Z Z
(1:6) f(x)Pow(x)dx Co  g(x)Pow(x) dx; (f;09 2 F;

where Cy dependsonly on po and the A; constart of w. Let p( )2 P °() be
such that po < p , and p( )=p %2 B() . Then for all (f;g) 2 F sud that
f2LPO)()

(17) kf kp( ): Ckgkp( ): ;

where the constart C is independert of the pair (f; Q).

We want to call attention to two featuresof Theorem1.3. First, the conclusion
(1.7) is an a priori estimate: that is, it holds for all (f;g) 2 F sud that f 2
LPC)() . In practice, when applying this theoremin conjunction with inequalities
of the form (1.3) to shaw that an operator is bounded on variable LP we will
usually needto work with a collection of functions f which satisfy the given
weighted Lebesguespaceinequality and are densein LP( )() . When working
with inequalities of the form (1.3) the nal estimate will hold for a suitable family
of \nice" functions.

Second,the family F in the hypothesisof and conclusionof Theorem 1.7 is
the same,sothe goalisto nd alarge, reasonablefamily F suc that (1.6) holds
with a constart depending only on pg and the A; constart of w.
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Remark 1.4. In Theorem 1.3, (1.7) holds if p( ) satises (1.1) and (1.2).
By Theorem 1.1, setting q(x) = p(X)=p we havethat q( )2 P () and

jp(x)  p(y)j .
po(p =pp  1)*

Remark 1.5. When = R",if 1 po< p ,then by Theorem1.2the hy-
pothesisthat p( )=p %28 (R™) is equivalent to assumingthat p( ) 2 B (R").
As we will seebelow, this will allow usto concludethat a variety of operators are
boundedon LP( )(RM) whenewer the Hardy{Littlew ood maximal operator is.

jdx)  dly)i

Remark 1.6. Our approad using pairs of functions leadsto an equivalent
formulation of Theorem 1.3 in which the exponert py doesnot play a role. This
can be done by de ning a new family F ,; consisting of the pairs (f P°; gP°) with
(f;9) 2 F . Notice that in this case(1.6) is satis ed by F ,, with pp = 1. Thus,
the casepy = 1 will imply that if 1< p and p( )°2 B() then (1.7) holds.
Therefore, if we dene r(x) = p(x)po, we havethat r( ) 2 P %) , po < r ,
(r( )=m)°2 B() and(1.7) holdswith r( ) in placeof p( ). But this is exactly
the conclusionof Theorem 1.3.

Remark 1.7. We believe that a more generalversion of Theorem 1.3 is true,
one which holds for larger classesof weights and yields inequalities in weighted
variable LP spaces.Howewer, proving sud a result will require a weighted version
of Theorem 1.1, and even the statement of such a result has eluded us. For suc
a weighted extrapolation result the appropriate classof weights is no longer A1,
but A, (asin [38]) or A; (asin [11]). We emphasize though, that the classAq,
which is the smallestamong the A, classes,s the natural oneto considerwhen
attempting to prove unweighted estimates.

Theorem 1.3 can be generalizedto give \o -diagonal” results. In the classi-
cal setting, the extrapolation theorem of Rubio de Francia was extended in this
manner by Harboure, Mac as and Segwia [24].

Theorem 1.8. Givenafamily F and an open set R", assumethat for
somepy and v, 0< pp <1 ,andeveryweight w2 Az,
Z 1=qo Z 1=po
(1:8) f (x)%w(x) dx Co g(x)Pow(x)Po~% dx . (f;9)2 F:

Given p( ) 2 P9 sud that pg < p p. < pPoPp=xp Po), dene the
function g( ) by

1 1 1 1
pPX)  dx) P @
If qx)= "2 B () ,thenforall (f;g)2 F sud that f 2 L9 )()
(1:10) Kf Kq( y: Ckgkp( y; -

Remark 1.9. As before,(1.10) holdsif p( ) satises (1.1) and (1.2).

(1:9) X 2
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We can generalize Theorem 1.3 by combining it with the two extrapolation
theoremsdiscussedabove. This is possiblesince A;  Ap,, 1< p 1 . This has
two advantages. First, it makesclear that the hypotheseswhich must be satis ed
correspond to those of the known weighted norm inequalities; see,in particular,
the applications discussedin Section 2 belowv. Second,asin [11], we are able to
prove vector-valuedinequalitiesin variable LP spaceswith essetially no additional
work. All such inequalities are new.

Corollary 1.10. Givena family F and an open set R", assumethat
for some pg ,ZO< Po < 1 , and for eyery w 2 A1,

(1:11) f (x)Pow(x)dx Co  g(x)Pow(x) dx; (f;9)2 F:

Let p( )2 P °() besud that thereexists0< p; < p with p( )=pr 2 B() .
Then for all (f;g) 2 F sudthat f 2 LPC)() |

(112) kf kp( )i C kgkp( )i .
Furthermore, for every 0< q< 1 and sequencef (fj;g)g F ,
X 1=q X 1=q
(1:13) (f;)1 C (gi)*
j p( ); j p( );
Corollary 1.11. Givena family F and an open set R", assumethat

(1:11) holds for some1< pg < 1 , for every w2 A, andfor all (f;g) 2 F . Let
p( ) 2 P () besud that there exists 1 < p; < p with p( )=p 2 B() .

Then (1:12) holds for all (f;g) 2 F sud that f 2 LP()() . Furthermore, for
every 1< g<1 andf(fj;g)g 2 F , the vector-valued inequality (1:13) holds.

The rest of this paper is organized as follows. To illustrate the power of our
results, we rst consider some applications. In Section 2 we give a number of
examplesof operators which are boundedon LP( ). Theseresults are immediate
consequence®f the above results and the theory of weighted norm inequalities.
Someof thesehave beenproved by others, but most are new. We alsoprove vector-
valued inequalities for theseoperators, all of which are newresults. In Section3 we
presert an application to partial dierential equations: we extend the Calderon{
Zygmund inequality (see[5], [22]) to solutions of 4 u = f with f 2 LP()() . In
Section 4 we give an application to the theory of Soholev spaces: we shav that
the Calderon extensiontheorem (see[2], [4]) holds in variable Sobolev spaces.In
Section5 we prove Theoremsl.3and 1.8. Our proof is adapted from the argumerts
givenin [11]. Finally, in Section 6 we prove Corollaries 1.10and 1.11.

Throughout this paper, we will make use of the basic properties of variable
LP spacesand will state someresults asneeded. For a detailed discussionof these
spacesseeKovacik and Rakosnk [30]. As we noted above, in order to emphasize
that we are dealing with variable exponerts, we will always write p( ) instead of
p to denote an exponert function. Throughout, C will denote a positive constart
whoseexact value may changeat ead appearance.
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2. Applications: Estimates for classical operators on LP()

In this section we give a number of applications of Theorems 1.3 and 1.8,
and Corollaries 1.10 and 1.11, to shawv that a wide variety of classical operators
are bounded on the variable LP spaces. In the following applications we will
imposedi erent conditions on the exponerts p( ) to guaranee the corresponding
estimates. In most of the cases,it will suce to assumethat p( ) 2 B(R"), or
in particular that p( ) satises (1.1) and (1.2).

As we noted in the remarksfollowing Theorem 1.3, to prove theseapplications
we will needto usedensity argumerts. In doing sowe will usethe following facts:

(1) LI , bounded functions of compact support, and C! , smooth functions of
compact support, are densein LP( )() . SeeKovacik and Rakosnk [30].

(2) Ifp. <1 andf 2LP-() \ LP () ,thenf 2 LPC)() . This follows from
the fact that jf ()JP®)  jf (X)i® g1goi 19+ BT OIP g oj<10-

2.2. The Hardy{Litttlew o0od maximal function. It is well known that
for 1< p< 1l andforw2A,,
z z

Mf (x)Pw(x)dx C f (x)Pw(x) dx:
R" R"

From Corollary 1.11 with the pairs (M f;jf]), we get vector-valued inequalities
for M on LPC) | provided there exists 1< p; < p with p( )=p1 *2 B (R");
by Theorem 1.2, this is equivalert to p( ) 2 B(R"). To apply Corollary 1.11 we

needto restrict the pairs to functions f 2 L} , but sincetheseform a densesubset
we get the desiredestimate for all f 2 LP( )(R").

Corollary 2.1. If p( )2 B(R"),thenforall 1< gq< 1,

X 1=q X 1=q
(Mf;)d C it :
j p( )iR" j p( );R"

Remark 2.2. From Corollary 1.11 we also get one of the implications of
Theorem 1.2: if p( )=p °2 B (R™) then p( )2 B(R"). It is very tempting to
speculate that all of Theorem 1.2 can be proved via extrapolation, but we have
beenunable to do so.

2.2. The sharp maximal operator. Given a measurablefunction f and
acube Q, de ne 7

1
fo=— f(y)dy:
Q JQJQ(y)y

and the sharp maximal operator by
L Z
M*f(x) = sup —

— jf fojdy:
SUP o) QJ (y) fqidy
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The sharp maximal operator was introduced by Fe erman and Stein [20], who
showved that for all p, 0< p< 1 ,andw2 A; ,
z z
Mf (x)Pw(x)dx C M # f (x)Pw(x) dx:
Rn Rn
(Also seeJourne [26].) Therefore, by Corollary 1.10 with the pairs (Mf; M #f),
f 2L (R"), and by Theorem 1.2 we have the following resuilt.

Corollary 2.3. Let p( ) 2 P °(R") be suc that there exists 0 < p; < p
with p( )=p. 2 B (R"). Then,

(2:1) kKM f Ko y:rn CKM*fky( y:ron;
andforall 0<g< 1,
X 1=q X 1=q

(2:2) (Mf;)d C (M*f;)d
j p( );R" i p( )iR"
Remark 2.4. Corollary 2.3 generalizesresults due to Diening and Ruzicka
[15, Theorem 3.6] and Diening [14, Theorem 8.10], who proved (2.1) with M f
replaced by f on the left-hand side and under the assumptionsthat p( ) and
P ) 2 B(R") with 1< p p. < 1 in the rst paperand p( ) 2 B(R")
in the second. Notice that our result is more general since we allow p( ) to go

below 1 and we only need p( )=p %28 (R") for somesmallvalue0< p; < p .
Furthermore, we automatically obtain the vector-valued inequalities givenin (2.2).

2.3. Singular integral operators. Given a locally integrable function K
de ned on R" nf0g, supposethat the Fourier transform of K is bounded, and K
satis es

x6 0

C . .
ijn; jr K(x)j

Then the singular integral operator T, dened by Tf(x) = K f(x), is a
bounded operator on weighted LP. More precisely given 1< p< 1 ,if w2 Ay,
then

(2:3) JK (X)] W’

Z Z
(2:4) iTf (x)jPw(x)dx C if (X)jPw(x) dx:
R" R"
(For details, see[17], [21].)

From Corollary 1.11,we getthat T is boundedon variable LP provided there
exists 1< py < p with p( )=p °2 B (R™); by Theorem 1.2 this is equivalent
to p( )2 B(R"). Again, to apply the corollary we needto restrict oursehesto a
suitable densefamily of functions. We usethe fact that Ccl isdensein LPC )(RM),
and the fact that if f 2 C; ,then Tf 2, , LP LPC)(R"),
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Corollary 2.5. If p( )2 B(R"), then

(25) KTf kp( );RN C kf kp( YR

andforall 1< g< 1,
X 1=q X 1=q

(2:6) iTf;j C ifji :
j p( )iR" j p( ;RN

Remark 2.6. We can get estimateson sets in the following way: obsene
that (2.4) implies that for any R" we have
Z

Z
JTF (X)jPw(x) dx JTE (X)jPw(x) dx
R7 z
C if ()jPw(x)dx=C jf (x)jPw(x) dx
Rn
for all f sud that supp(f) and for all w 2 A,. Thus, we can apply

Corollary 1.120on  and in particular, if p( ) 2 P () satises (1.1) and (1.2),
then
kTf kp( ) Ckf kp( ) .

We will usethis obsenation below.

Singular integrals satisfy another inequality dueto Coifman and Fe erman [7]:
Z Z
JTF(X)jPw(x)dx C M £ (x)jPw(x) dx;
Rn Rn
forall 0< p< 1l and w2 A; and f sud that the left-hand sideis nite. In
particular, if w2 A;  Ap, then the left-hand sideis nite forall f 2 L! (R").

Thus, by applying Corollary 1.10we can prove the following.

Corollary 2.7. Let p( ) 2 P °%(R") be suc that there exists 0 < p; < p
with p( )=p. 2 B(R"). Then

(27) kKTf kp( ):RP CkMf kp( );RN ;

andforall 0<g< 1,
X 1=q X 1=q

(2:8) jTf;j4 C jMf;jd :
j p( );R" j p( ):R"

Remark 2.8. Inequality (2.5) was proved by Diening and Ruzicka [15,
Theorem 4.8] using (2.1) and assumingthat p( ); p( )=s °2 B (R") for some
0 < s < 1. More recenly, Diening [14] showed that it was enoughto assume
p( ) 2 B(R"). Note that our technigque provides an alternative proof which
also yields vector-valued inequalities. A weighted version of (2.5) was proved by
Kokilashvili and Samko [28].
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Remark 2.9. Theseresults can be generalizedto the so-called Calderon{
Zygmund operators of Coifman and Meyer. Also, the sameestimateshold for T ,
the suprenum of the truncated integrals. We refer the readerto [17], [26] for more
details.

Similar inequalities hold for homogeneoussingular integral operators with
\r ough” kernels Let S" ! denotethe unit spherein R", and suppose

: _ (x3)x)) .
(2:9) K(x) = i
R .
where 2 L"(S" 1), for somer, 1<r 1 ,and sn 1 (y)dy= 0. Then, if
r’<p<1 andw?2 Ap=ro0, inequality (2.4) holds. (SeeDuoandikoetxea [16] and
Watson [44].) To apply Theorem 1.3 we restate theseweighted norm estimatesas
Z Z
T ) Sw(x) dx it (x)j" Sw(x) dx

R R

forevery 1< s< 1 andall w2 As. Weconsiderthe family of pairs jTf jro;jf jro
which satisfy the hypothesesof Corollary 1.11. Then for s( ) 2 P (R") sud that
s( )=, 2B (R") forsomel< s; <s ,wehave

jTEj c jfj"”

s( );R" s( );R”:

By Theorem 1.2, the assumptionson s( ) are equivalernt to s( )2 B (R"). If we
let p(x) = s(x)r° then we seethat T is bounded LP( )(R") for all p( ) suc that
p( )=r2 B(R"). In the sameway we can prove |9-valued inequalities as (2.6)
for all r°< g< 1 . Note in particular that all of theseestimateshold if p > r©°
and p( ) satises (1.1) and (1.2).

Similar inequalities also hold for Banach space valued singular integrals, since
sudh operators satisfy weighted norm inequalities with A, weights. For further
details, we refer the readerto [21]. Here we note one particular application. Let
' 2 L1 be a non-negative function sud that

Ciyi .
X+

]

x y) (X ixj > 2jyj> 0

Let " ¢((x) =t "' (x=t), and de ne the maximal operator M. by
M f(x)= tsu(;))j' ¢ F(X)j:

If 1< p<1l andw2 Ap, then KM: fK oy CkfKioy. (In the unweighted
case,this result is originally due to Zo [48].) Therefore, by Corollary 1.11, M- is
boundedon LP( ) for p( ) 2 B (R"). In particular, it is boundedif p( ) satis es
(1.1) and (1.2); this givesa positive answer to a conjecture madein [9].
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2.4. Comm utators. Given a Calderon{Zygmund singular integral operator
T, and a function b2 BMO, de ne the commutator [b;T] to be the operator

[BiTIF (x) = b(x)T(x)  T(bf)(x):

These operators were shavn to be boundedon LP(R"), 1< p< 1 , by Coifman,
Rochberg and Weiss[8]. In [36] it was shown that for all 0 < p< 1 and all
w2 A,
Z Z
(2:10) [b;T]f (x) pW(x) dx C M 2f (x)Pw(x) dx;
R" R"

where M2=M M. Hence,if 1< p< 1 andw 2 Ap, then [b;T] is bounded
on LP(w). Thus, we can apply Corollaries 1.10and 1.11 and Theorem 1.2 to get
the following.

Corollary 2.10. Let p( )2 P 9(R").
(@) If thereexistsO0< pp < p with p( )=p 2 B(R"), then

[T:Bf | yre  CKM ko yro;
and forall 0< g< 1,
X 1=q X 1=q
[T;bjf; C jM 2f, ja :
j p( );R" j p( );R"
(b) If p( )2 B(R"), then
[T:Bf  )re  CKfkp( yrrs
andforall 1< g< 1,
1=q X 1=q
[T;bf; * C jf;jd :
j p( )iR" i p( )iR"

Very recertly, the boundednessof commutators on variable LP spaceswas
proved by Karlovich and Lerner [27].

2.5. Multipliers. Given a bounded function m, de ne the operator Ty,
(initially on C! (R")) by f.f = mf". The function m is referred to as a
multiplier. Here we consider two important results: the multiplier theorems of
Marcinkiewicz and Hermander.
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On the real line, if m hasuniformly boundedvariation on ead dyadic interval

in R,thenfor1<zp<1 and w2 Ap, 2

(2:12) jTmf (X)jPw(x)dx C jf (X)jPw(x) dx:
R R

(SeeKurtz [31].) Therefore, by Corollary 1.11,if p( ) 2 B(R"),
kTmf kp( ):R Ckf kp( ):R ;

we also get the correspnding vector-valued inequalities with 1< gq< 1 .

In higher dimensions(i.e., n  2) let k = [n=2]+ 1 and supposethat m
satises jD m(x)j Cjxj! | for x 6 0 and every multi-index  with j j k.
If n=k< p<1 and w2 Ay, then T, is boundedon LP(w). (SeeKurtz and
Wheeden[32].) Proceedingasin the caseof the singular integral operators with
\rough" kernelswe obtain that if p( )=(n=k) 2 B (R"), then

kTmf kp( );RD Ckf kp( )R ;
with constart C independert of f 2 C! (R"). We alsoget |9-valued inequalities
with n=k < g< 1 in the sameway.

Remark 2.11. Weighted inequalities alsohold for Bochner{Riesz multipliers,
so from these we can deduceresults on variable LP spaces. For details, see[17]
and the referencest cortains.

R
2.6. Square functions. Let' beaSdwartz function suchthat ' (x)dx =
O,andfort>0let ' ((x) =t " (x=t). Givena locally integrable function f , we
de ne two closelyrelated functions: the areaintegral,

Z 1=2
: ,dtd
S f(x)= AR A0 et
jx i<t t
andfor 1< < 1 the Littlew ood{P aley function

Z 1 Z n 1=2
_ . 5 t dy dt .
g f(x)= ; . f(y)i Tix y] A ;

In the classicalcase,we take ' to be the derivative of the Poissonkernel.

Givenp, 1< p< 1 ,and w2 A, the areaintegral is bounded on LP(w).
In the classicalcase,this is due to Gundy and Wheeden[23]; in the generalcase
it is due to Stromberg and Torchinsky [43]. Therefore, for all p( ) 2 B (R"),

kS f kp( );RD Ckf kp( );RN -

The sameinequality is true for g if 2. 1f 1< < 2,thenfor 2= < p<1
and w 2 A,-,, g is boundedon LP(w). In the classicalcase,this is due to
Muckenhoupt and Wheeden[34]; in the general caseit is due to Stromberg and
Torchinsky [43]. Therefore, arguing as before,if p( )=(2= )2 B (R"), then

kg fkp( );RN Ckf kp( );Rn;

with constart C independent of f 2 C1 (R"). For both kinds of squarefunctions
we also get the corresponding vector-valued inequalities.
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2.7. Fractional integrals and fractional maximal operators. Given
0 < < n, dene the fractional integral operator I (also known as the Riesz
potential), by 7

f(y)
I f(x)= . . dy:
x) ro JX )" Y
De ne the assaiated fractional maximal operator, M , by
Z
M f(X)= sup ——— if j dy:
(X) QSQJle — QJ (y)idy

Both operators satisfy weighted norm inequalities. To state them, we need a
di erent classof weights: given p, q sud that 1< p< n= and

we say that w 2 A, if for all cubes Q,

Z 1 Z q:po
0—
—  w(x)dx —  w(x) PT%dx C<1:
1QI o 1QI ¢
Note that this is equivalert to w 2 A,, where r = 1+ g=f°, soin particular, if

w2 Ay, then w2 Apq. Muckenhoupt and Wheeden34] showved that if w2 Apq

then 7 - 7 -

jlof(x)j9w(x) dx C Jf (x)jPw(x)P=9 dx ;
R" R"
Z ]_:q Z ]_:p

M f (x)%(x) dx C Jf (X)jPw(x)P=9 dx
R" Rn

(These results are usually stated with the class A, de ned slightly dierently,
with w replacedby w9. Our formulation, though non-standard, is better for our
purposes.)

As in Remark 2.6, these estimates hold with the integrals restricted to any

R". Thus Theorems 1.8 and 1.2 immediately yield the following results in
variable LP spaces.

Corollary 2.12. Let p( );q( )2 P () besud that p. < n= and

1 1

P G X°

If there exists gy, n=(n )< p<1,sudthat gx)=p2 B () , then

(212) kl fkq( ) kf kp( )
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and
(213) kM fkq( ); kf kp( ) .

Corollary 2.12 follows automatically from Theorem 1.8 applied to the pairs
(jr fj;jf)) and (M f;jfj), since the estimates of Muckenhoupt and Wheeden
above give (1.8) for all 1< pg < n= and n=(n )< @ <1 with

1 1

Po G N’

Remark 2.13. When = R", the condition on q( ) is equivalernt to saying
that q( ) (n )=n 2 B(R"). If there exists qy as above sud that q( )=¢ 2
B (R"), then

ax)  _ax) @ ny.
=n ) @ n=mn oo R
sincethe secondratio is greaterthan one. (Givenr( )2 B(R") and > 1, then
by Jensen'sinequality, r( ) 2 B(R").)
On the other hand, by Theorem 1.2,if g( ) (n )=n2 B (R") then thereis
> 1 such that q( ) (n )=(n )2 B(R"). Taking o = n=(n ) we have
that g > n=(n ) and g( )= 2 B (R") asdesired.

Inequality (2.12) extends se\eral earlier results. Samko [40] proved (2.12)
assuming that Is bounded, p( ) satises (1.1), and the maximal operator is
bounded. (Note that given Theorem 1.1, his secondhypothesisimplies his third.)
Diening [13] proved it on unbounded domainswith (1.2) replacedby the stronger
hypothesisthat p( ) is constart outside of a large ball. Kokilashvili and Samko
[29] proved it on R" with L9 ) replacedby a certain weighted variable LP space.
(They actually considera more generaloperator | ( y wherethe constart  in
the de nition of | is replacedby a function ( ).) Implicit in theseresults are
norm inequalities for M in the variable LP spacessinceM f(x) CI (jfj)(x).
This is made explicit by Kokilashvili and Samko [29].

Inequality (2.13) was proved directly by Capone, Cruz-Uribe and Fioren-
za [6]; as an application they usedit to prove (2.12) and to extend the Sololev
embedding theorem to variable LP spaces. (Other authors have consideredthis
guestion; see[6] and its referencesfor further details.)

3. The Calder on{Zygm und inequalit y

In this sectionwe considerthe behavior of the solution of Poisson'sequation,
4u(x)="f(x); aex2 ;

when f 2 LPC)() , p( )2 P () . We restrict ourselesto the case R",
n 3.
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We begin with a few de nitions and a lemma. Givenp( ) 2 P () and a
natural number k, de ne the variable Sobolev spaceW*P( )() to be the set of
all functions f 2 LP( )() sud that

X
kD fkp( ); < +1;

ik
where the derivativesare understood in the senseof distributions.
Givena function f which is twice di erentiable (in the weak sense),we de ne
fori= 1,2,
X 1=2
D'f = (D f)?
=i
We needthe following auxiliary result whoseproof can be found in [30].

Lemma 3.1. If R" is a boundeddomain, andif p( );q( )2 P () are
sud that p(x) q(x), x 2 , then kf ky ). (L+] DKkfKg y:

Theorem 3.2. Given an open set R", n 3, supposep( )2 P ()
with p, < n=2 satises (1:1) and (1:2). If f 2 LPC)() , then there exists a
function u 2 L9 )() , where

1 1 2
3:1 [ — = —
(3:1) o) ) n
sud that
(3:2) 4u(x)="f(x); ae.xz2
Furthermore,
(33) kDZUkp( ); C kf kp( ) ;
(3:4) kD ukr( ), Ckfkp ), ;
(35) kqu( ) C kf kp( ); ;
where

1 1 }

p(x) r(x) n’

In particular, if  is bounded,then u2 W2P()() .

Proof. Our proof roughly follows the proof in the setting of Lebesguespaces
given by Gilbarg and Trudinger [22], but also usesthis result in key steps.

Fix f 2 LPC)() ; without lossof generality we may assumethat kf k). = 1.
Decomposef as

f=fi+fo=1F tijrpp1gt f fxif 0 190
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Note that jfi(x)j jf (x)] and so kfiky ). 1. Further, we have that f; 2
LP () and f, 2 LP+() since, by the de nition of the norm in LP()() and
since kf ky( ), =1,
Z Z Z
f1(x)P dx = if (X)jP dx if ()jPX dx 1
7 fo2 jf(x)j> 1g 7

fo(x)P* dx = if (x)jP* dx if O)P®dx 1
fx2:jf(x)j 1g

Thus, we can solve Poisson'sequation with f; and f, (see[22]): more precisely
de ne

ur(x) = fo)(x);  uz2=(  f2)(x);

where is the Newtonian potential,

1 2.
n(2 n)!nJXJ ’

(x)=

and ! , is the volume of the unit ball in R". Sincep and q alsosatisfy (3.1),
by the Calderon{Zygmund inequality on classicalLebesguespaces,u; 2 L9 () .
Similarly, since p, and g satisfy (3.1), u, 2 L% () . Let u = ug + uy; then
u2L9 () +L%() . Sinceu; and u, are solutions of Poisson'sequation,

4 u(x) =4 ui(xX)+ 4 ux(x)=f1(x)+ fa(x) = f(x); a.e. x2
We show that u 2 L9 )() and that (3.5) holds: by inequality (2.12),

Kukg );  Kuikge ); + Kuzkg( )
1
T n@ mr, Mefikao: *Klafakec
C kfikp( ), + kfoky ),

C = Ckf kp( ); ;

the last equality holds since kf k,( ). = 1.
Similarly, a direct computation shaws that for any multi-index ,j j= 1,

. . 1 . 15
D ( x)j n!nJXJ ;

Therefore,
jiD u(x)j jD ( f)X)j+iD (  f2)(x)j
= (D f1)(x)j + j(D f2)(X)]

L1 (jf 1))(x) + T1(jf2))(X) -

n'ny
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Soagain by inequality (2.12) we get
kD Ukr( )i C kflkp( )y, T kfzkp( ); C;

which yields inequality (3.4).
Given a multi-index , j j = 2, another computation shonvsthat D is a
singular convolution kernel which satis es (2.3). Therefore, the operator

Togx)=(@ 9g(x)=D ( 9)x)

is singular integral operator, and as before (3.3) follows from inequality (2.5) and
Remark 2.6 appliedto f; and f».

Finally, if Is bounded, since p(x) q(x) and p(x) r(x), x 2 , by
Lemma 3.1 we have that u2 W2P()() .o

Remark 3.3. In the previousestimateswe could have worked directly with f .
Had we done so, howewer, we would have had to chedk that all the integrals
appearing were absolutely corvergert. The advantage of decomposingf asf;+f»,
is that we did not needto pay attention to this sincef; 2 LP () , f,2 LP+() .

We alsowant to stressthat u; and u,, assolutions of Poisson'sequation with
f12LP () and f, 2 LP+() , satisfy Lebesguespaceestimates. For instance,
asnoted above, u2 L9 () + L% () . Howewer, we have actually proved more,
since L9 )() is a smaller space. Similar remarks hold for the rst and second
derivativesof u.

4. The Calder on extension theorem

In this sectionwe state and prove the Calderon extensiontheorem for variable
Sobolev spaces.Our proof follows closelythe proof of the result in the classicalset-
ting; see,for example,R. Adams [2] or Calderon [4]. First, we give two de nitions
and a lemma.

De nition 4.1. Givenapoint x 2 R", a nite conewith vertex at x, Cy,
is a set of the form
Cx=B1\ fx+ (y x):y2Bj, > 0g;
where B is an open ball certered at x, and B, is an open ball which does not
conain X.

De nition  4.2. An open set R" has the uniform cone property if
there exists a nite collection of open sets f U; g (not necessarilypounded) and an
assaiated collection fC; g of nite conessud that the following hold:

(1) there exists > 0 sudc that

S
=fx2 :dist(x;@ < ¢ Uj;
i

(2) for everyindex j andewery x 2 \ U;, x+ C
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An example of a set  with the uniform cone property is any bounded set
whoseboundary is locally Lipschitz. (SeeAdams [2].)

Finally, in giving extensiontheoremsfor variable LP spaces,we must worry
about extending the exponert function p( ). The following result shows that this
is always possible,provided that p( ) satis es (1.1) and (1.2).

Lemma 4.3. Given an open set R"and p( )2 P () sud that (1:1)
and (1:2) hold, there exists a function p( ) 2 P (R") sud that:
(1) psatises (1:1) and (1:2);
(2) p(x) = p(x), x 2 ;
@) p =p andp. =p..

Remark 4.4. Diening [13] proved an extensiontheorem for exponerts p( )
which satisfy (1.1), provided that  is bounded and has Lipschitz boundary. It

would be interesting to determineif every exponert p( ) 2 B() canbe extended
to an exponert function in B (R").

Proof. Since p( ) is boundedand uniformly cortinuous, by a well-known re-
sult it extendsto a cortinuousfunction on . Straightforward limiting argumerts
shaw that this extensionsatis es (1), (2) and (3).

The extensionof p( ) on  to p( ) dened on all of R" follows from a
construction due to Whitney [45] and described in detail in Stein [42, Chapter 6].
For easeof reference,we will follow Stein's notation. We rst considerthe case
when is unbounded;the casewhen is boundedis simpler and will be sketched
below.

When is unbounded, (1.2) is equivalert to the existenceof a constart p; |,
P p. Pp.,sudthat forall x2

jp(x) P W:
De ne a new function r( ) by r(x) = p(x) p1 . Then r( ) is still bounded
(though no longer necessarilypositive), still satis es (1.1) on  and satis es

C

(4:1) Jr(x)j m3

Wewill extend r to all of R". If wedene ! (t) = 1=log(e=2t), O0< t 1=2,
and ! (t) = 1 fort 1=2, then a straightforward calculation shaws that ! (t)=t
is a decreasingfunction and ! (2t) C! (t). Further, since log(e=2t) log(1=t),
0< t < 1=2, and sincer is bounded, jr(x) r(y)j C!(jx vyj) forall x;y2 .
Therefore, by Corollary 2.2.3in Stein [42, p. 175], there exists a function ~ )
on R" sud that x) = r(x), x 2 , and suc that ~ ) satises (1.1). For
x2 R"n , Kx) is de ned by the sum

X
Hx) = r(p) k(x);

k
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where f Qxg are the cubesof the Whitney decomposition of R" n ™, f' g is the
partition of unity subordinate to this decomposition, and ead point px 2 s
sud that dist(px; Qk) = dist( ; Q).

It follows immediately from this de nition that for all x 2 R", r ~(X)
r. . Howewer, H ) neednot satisfy (4.1) sowe must modify it slightly. To do sowe
needthe following obsenation: if f1, f, are functions sud that jfi(x) fi(y)j
Cl(x vyj),xy2R",i=1;2,then min(fq;f,) and max(f;f,) satisfy the same
inequality. The proof of this obsenation consistsof a number of very similar cases.
For instance, suppose min f1(x);f2(x) = f1(x) and min f1(y);f2(y) = fa(y).
Then

fa(x)  fa(y) fa(x) fa(y) CH(x vy

fa(y) fi(x) fa(y) fa(x) Cl(jx yj):

Hence,

min f1(x);f2(x)  min fi(y);f2(y) =if2(x) fa(y)j CH(x Vi)
It follows immediately from this obsenation that
s(x) = max min(Kx);C=log(e+ jxj) ; C=log(e+ jxj)
satis es (1.1) and (4.1). Therefore, if we de ne
p(x) = s(x) + p1 ;
then (1), (2) and (3) hold.

Finally, if is bounded, we de ne r(x) = p(x) p. and repeat the above
argumert essetially without change.o

Theorem 4.5. Given an open set R" which has the uniform cone
property, and given p( ) 2 P () sud that (1:1) and (1:2) hold, then for any
natural number k there exists an extension operator

E: WKPOI() 1 wkiPC)(RM):
sud that Exu(x) = u(x), a.e.x2 ,and
kEkUkp( ):RD C(p( ),k, ) kUkp( ) .
The proof of Theorem 4.5in variable Sobolev spacess nearly identical to that

in the classicalsetting. (SeeAdams [2].) The proof, beyond calculations, requires
the following facts which our hypothesesinsure are true.
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{ By Lemma4.3, p( ) immediately extendsto an exponert function on R".

{ Functionsin C! () aredensein WXP()() . By our hypotheses,the max-
imal operator is bounded on LP( )() , and the density of C! () follows
from this by the standard argumert (cf. Ziemer [47]). For more details, see
Diening [12] or Cruz-Urib e and Fiorenza [9].

{ If * is asmooth function on R" nf0g with compact support, and if there
exists " > 0 sud that on B-(0), ' is a homogeneoudunction of degreek,
k> n,then k' fky . C p( );" kfkp )y, . This again follows from
the fact that the maximal operator is boundedon LP( )() , and from the well-
known inequality j' f(x)] CMf (x). For more details, seeCruz-Urib e and
Fiorenza [9].

{ Singular integral operators with kernelsof the form

where G is bounded on R" nf0g, has compact support, g homogeneousof
degreezero on Bgr(0) nfOg for some R > 0, and has S Gdx = 0, are

boundedon LP( )() . Sud kernelsare essetially the sameasthose given by
(2.9), and as discussedabove, our hypothesesimply that they are bounded.

Remark 4.6. If p( ) satis es (1.1), then C! (R") is densein WkP( )(R"),
(See[9], [41].) Hence, if the hypothesesof Theorem 4.5 hold, then it follows
immediately that the setfu :u2 C! (R")g is densein WKP()() . However
this result is true under much weaker hypotheses;see[9], [18], [19], [25], [46] for
details.

5. Pro of of Theorems 1.3 and 1.8

SinceTheorem 1.3is a particular caseof Theorem 1.8 with py = p, it su ces
to prove the secondresult.

We need two facts about variable LP spaces. First, if p( );q( ) 2 P °()
and p(x)=qx) = r, then it follows from the de nition of the norm that

(5:1) kf k[)( ) = if i o)

Second,given p( ) 2 P () , we have the generalizedHelder's inequality
z 1 1

(5:2) if (xX)g(x)j dx 1+ b op Kf Ko ). KgKpo( ):

and the \dualit y" relationship
z 1 1
(5:3) Kf Ko y: sgp f (x)g(x) dx 1+ b b Kf Ko y: 5

I+
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wherethe supremum is taken over all g2 LP( )() sudh that kgkye ). = 1. For
proofs of theseresults, seeKovacik and Rakosnk [30].

The proof of Theorem 1.8 beginswith a versionof a construction dueto Rubio
de Francia [38] (also see[11], [21]). Fix p( )2 P °() sud that p > po, and let
p(x) = p(X)=p. Dene g( ) asin (1.9), and let g(x) = g(x)=. By assumption,
the maximal operator is bounded on La% )() , sothere exists a positive constart
B sud that

kM f qu( ); B kf kq0( ) .

De ne a new operator R on L9°C)() by

X MX&h(x)
Rh(x) = KBk ;
k=0
where,fork 1, MkK=M M M denotesk iterations of the maximal oper-

ator, and M © is the identit y operator. It follows immediately from this de nition
that:
(a) if h is non-negative, h(x) Rh(x);
(b) kR hkq0( ); 2khkq0( ); ;
(c) forevery x2 , M(Rh)(x) 2BRhO(x),soRh2 A; with an A; constart
that doesnot depend on h.
We can now argue as follows: by (5.1) and (5.3),
Z

KEk® . = kf%ky ). sup f(x)®h(x)dx;

a( );

wherethe supremum is takenover all non-negative h 2 L9C () with khkg ). =
1. Fix any sud function h; it will suce to shawv that

Z
f(x)®h(x)dx C kgkg‘z ):
with the constart C independert of h. First note that by (a) above we have that
Z Z
(5:4) f (x)%h(x) dx f (X)®R h(x) dx:

By (5.2), (b), and sincef 2 LA )() ,

z
f()®Rh(X)dx Ckf %Ky . KR hkg ).
Ckik® | khkge )
Ckik®  <1:

a( );
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Therefore, we can apply (1.8) to the right-hand side of (5.4) and again apply (5.2),
this time with exponert p( ):
Z Z
f(x)*Rh(x)dx C g(x)P°R h(x)Po=% dx

Co=Po

CHGPIET! KR K™
- gkl KR KED:

To complete the proof, we needto show that k(R h)Po=% kggjp;; is bounded by a
constart independert of h. But it follows from (1.9) that for all x 2

oxy= P _ G dX) _ G g
P P(X) Po  Pod(X) poq( )
Therefore,
k(R h)poqukgg(:p)O; = kR hkq0( ); Ckhqu( ); = C:

This completesour proof. o

6. Pro of of Corollaries 1.10 and 1.11

The proofs of Corollaries 1.10 and 1.11 require the more general versions of
the extrapolation theoremsdiscussedin the introduction. For the convenienceof
the reader we state them both here.

Theorem 6.1. Givenafamily F and an open set R", assumethat for
somepy, 0< pg< 1 ,andforevwery w2 A; ,
Z Z
(6:1) f(x)Pow(x)dx Co g(x)Pow(x)dx; (f;g)2F:
Then forall 0< p<1 andw2A; ,
Z Z
(6:2) f(xX)Pw(x)dx Co g(xX)Pw(x)dx; (f;g9)2 F:

Furthermore, for every 0< p;q< 1 , w2 A; , and sequencef (f;;g)g F ,

X 1=q X 1=q
(6:3) (f;)? C (9)"
j LP(w;) j LP(w;)

Theorem 6.2. Given a family F and an open set R", assumethat
for somepg, 1< pg < 1, and for every w 2 A, , (6:1) holds. Then for every
1<p<1 andw 2 A, (6:2) holds. Furthermore, for every 1 < p;g< 1,
w2 Ap, and sequencef (f;;g)g,  F , (6:3) holds.
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Theorem 6.1 is proved in [11]. The original statemernt of Theorem 6.2 is
only for pairs of the form (jTfj;f), and doesnot include the vector-valued esti-
mate (6.3). (See[17], [21], [38].) Howewer, an examination of the proofs shavs
that they hold without changewhen applied to pairs (f;g) 2 F . Furthermore, as
we noted before, this approad immediately yields the vector-valued inequalities:
givena family F and 1< q< 1, dene the new family F 4 to consist of the
pairs (Fq; Gq), where

X 1=q X 1=q
Fq(x) = (f)Y 5 Gq(x) = (g)* ; f(fiig)g F:
j j

Clearly, inequality (6.1) holds for F 4 when pg = ¢, so by extrapolation we
get (6.3).

Corollary 1.10 follows immediately from Theorems 1.3 and 6.1. Since(1.11)
holds for somepg, by Theorem6.1it holdsforall 0< p< 1 andforall w2 A; .
Therefore, we can apply Theorem 1.3 with p; in place of py to obtain (1.12).
To prove the vector-valued inequality (1.13), note that by (6.3) we can apply
Theorem 1.3 to the family F 4 de ned above, again with p; in place of pg.

In exactly the sameway, Corollary 1.11 follows from Theorems 1.3 and 6.2.
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