Annales Academi Sciertiarum Fennic
Mathematica
Volumen 31, 2006, 265{286

ON ENTIRE FUNCTIONS THA T SHARE
A VALUE WITH THEIR DERIV ATIVES

Jianming Chang and Mingliang Fang
Nanjing Normal University, Department of Mathematics, Nanjing 210097

and Changstu Institute of Tecnology, Department of Mathematics
Changshu, Jiangsu 215500,P. R. China; jmwchang@pub.sz.jsinfo.net

South China Agricultural University, Department of Applied Mathematics
Guangzhou510642,P. R. China; hnmlfang@hotmail.com

Abstract. Let f be a nonconstart ertire function, a a nite complex number, k and m
two distinct positive integers, and (k;m) the greatest common divisor of k and m. If f, f )
and f (M) share a CM, then

c 1 X .
f(Z):Ta+ Ciel?
j=1
where q is a positive integerwith g (k;m), cand C; for 1 j ¢ are nonzeroconstarts, and
j for 1 j g, aredistinct nonzeroconstarts satisfying ( )¢ = ( ;)™ = c, for a6 0, and
()¥=c, (j)™=d,for a= 0, whered is a nonzeroconstart. This answersa question of Yang
and Yi [14] for ertire functions, and extends a result of Csillag [2].

1. Intro duction and main results

Let f and g betwo nonconstart meromorphic functions in the complexplane,
and let a be a nite complex number. If f(z) a and g(z) a have the same
zeroswith the samemultiplicities, then we say that f and g sharea CM.

In 1986, Jank{Mues{V olkmann [8] proved

Theorem A. Let f beanonconstart meromorphicfunction and a a nonzero
nite complex number. If f, f%and f ®“sharea CM, then f  f°.

By Theorem A, the following question was posed.

Question 1 (see([6], [7], [13], [14]). Let f be a nonconstart meromorphic
function, a a nonzero nite complex number, and k, m two distinct positive
integers. Supposethat f, f &) and f (M) sharea CM. Canwegetf f(?

The following example[12] shows that the answer to Question 1is, in general,
negative.
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Example 1. Let k, m be positive integerssatisfying m > k+ 1, b a nonzero
constart such that b = b 6 1 and a= . Set

f(z)=e”?+a 1

Then f, ) and f (M) sharea CM. But f 6 f (k).

In Example 1, f is an entire function, and f, f () and f (™) share a CM.
Although f 6 f (&) wehave f ()  f(m),

Naturally, we posethe following question.

Question 2. Let f be a nonconstart meromorphic function, a a nonzero
nite complex number and k, m two distinct positive integers. Supposethat f ,
f (k) and f (M) sharea CM. Canweget f )  f(m2?

In this paper, we givean a rmativ e answer to Question 2 for ertire functions.
In fact, we have proved the following more generalresult.

Theorem 1. Let f be a nonconstart entire function, a a nite complex
number, k and m two distinct positive integers,and (k; m) the greatestcommon
divisor of k and m. If f, f () and f (M) sharea CM, then

1 xd
(1:1) f(z)= 1 o at Ciel?;
i=1

where q is a positive integer with q (k;m), cand C;, 1 j g, are nonzero

constarts, and ;, 1 j ¢, aredistinct nonzeroconstarts satisfying
(1:2) ()=(j)"=c; foraé 0;

and

(1:3) ()f=c¢ (;)"=d; fora=0;

where d is a nonzeroconstart.
By Theorem 1, we can easily obtain the following results.

Corollary 2. Let f be a nonconstart ertire function, a a nonzero nite
complex number, and k, m two distinct positive integers. Supposethat f , f (K)
and f (M) sharea CM. Then f &) (M),

Corollary 2 givesan armativ e answer to Question 2 for ertire functions.

Corollary 3 ([10, Theorem 1]). Let f be a nonconstart ertire function, a
a nonzero nite complex number and k a positive integer. If f, f ) and f (k*1)
sharea CM, then f 0,
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Corollary 4 ([10, Theorem 2]). Let f be a nonconstart ertire function, a
a nonzero nite complex number and k 2 a positive integer. If f, f%and f (K)
share a CM, then

(1:4) f(z)= 1 %a+ Ce“;

where C and c are nonzeroconstarts with ck 1= 1.

Corollary 5 (Csillag [2], cf. [4, p. 67]). Let f be a nonconstart ertire
function, and k and m two distinct positive integers. If ff &) f(™ g 0, then
f = &2*B where A (6 0) and B are constarts.

Let f beanonconstart meromorphicfunction in the complexplane. Through-
out this paper, we usethe basicresults and notations of Nevanlinna theory (cf. [3],
[4], [11], [14]). In particular, S(r;f) denotesany function satisfying

S(r;f) = of T(r;f)g;

asr ! +1 , possibly outside of a set of nite linear measure,where T(r;f) is
Nevanlinna's characteristic function.
As usual, the order %f) of f is de ned as

. logT(r;f)
%f) =1 — ' 7
AT ) |Tlsup logr
2. Some lemmas
We will use Pq4[f ] to denotea di erential polynomial in f of degree d with

constart coe cien ts which may be dierent at di erent occurrence. We denote
the set of di erential polynomialsin f with constart coe cien ts by P [f].

Lemma 1 (Clunie [1], cf. [4, p. 68]). Let f be a nonconstart meromorphic
function, n be a positive integer, P[f ] and Q[f ] two di erential polynomialsin f
with constart coe cients, and P[f] 6 0. If the degreeof P[f] is at most n and

fhQ[f]= P[f];
then
m(r; Q[f ]) = S(r;f):
Lemma 2 (cf. [9, p. 29{34]). Let f bea nonconstart ertire function, n bea

positiveintegerand &, 0 j n, meromorphic functions with a, 6 0. Suppose
that

(2:1) af"+a, f" '+  +af+a O
Then

X
(2:2) T(r;f) O 1+ T(r;an)

i=0
The following result is an instant corollary of Lemma 2.



268 Jianming Chang and Mingliang Fang

Lemma 3. Let f be anonconstart entire function, n a positive integer and
a8, 0 j n, meromorphic functions satisfying T(r;a;) = S(r;f). If

anf"+a, f" '+ +af+a O

thena Oforj=0;1:::;n.
Lemma 4 ([3, Lemma 3.12]). Let fj(z) (6 0), ] = 1,2,:::;n, be n mero-
morphic functions which are linearly independen sud that

(2:3) fi(2)+ f2(2)+  + (1) L

Thenforeweryj,1 | n,

(2:4) T(r;f) N r;fi + N(r;f;) + N(r; D) + S(r);
k=1 k

where D = W(f;f,;:::;f,) is the Wronskian, and S(r) is a function which
satis es
S(r) =0 max T(r;fg)
1 k n

asr! 1 , possibly outside a set of nite linear measure.

Lemma 5 ([3, Lemmab5.1]). Let a;(z), ] = 0;1;:::;n, beertire and of nite
order % (< 1). Let g(z), ] = 1,:::;n, be also ertire sudh that ead of the
functions g g, i 6 |, is a transcendenal function or a polynomial of degree
greater than % If

X

(2:5) 3 (2)e9 ) ag(2);
j=1

then

(2:6) a(z) 0 j=01::5n

Lemma 6. Let f and benonconstan ertire functions, a a nite complex
number and k a positive integer. Supposethat

(2:7) O =a+ef:
Then for any positiveintegerj, 1 | k 1, wehave

(2:8) FoE =g f + 15 f%  + g 0,
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and j; areertire functions satisfying

0 1 0 1
0j Ao e
(2:9) ©: K= : K
ji Aj ;e
where
L T
Ai1j = ————e (&)Y
(2:10) I!(Jj! ) . o
=qg i () Rl o i

aredi erential polynomialsin °with constart coe cien ts. In particular, Aj 1
1forl1 j k 1.HerePy[9 Oford O.

Proof. We prove this lemma by mathematical induction on j. By (2.7), we
have f «*1) = G f + e 0 sothat (2.8){(2.10) aretrue for j = 1. Now suppose
that (2.8){(2.10) aretrue for j k 2. Thusby (2.8), we get

k+j+l) — 0 0 £0 0 £(j
ple = oj f + 17+ * j;jf(”
(2:11) +oiff+ o+ g f D f0D

oj+f + 1;j+1f0+ T 2 F0) 4 j+1;j+1f(]+l);

where
) _ 0 .
(2:12) 0j+l = 0
_ 0 .
Li+1 = 15t 0
2:13 = 0y
( . ) ijj +1 ij i 1
. - 0 . L.
IR L R H
(2:14) j+Lj+l =g

By (2.11){(2.14), we know that (2.8){(2.10) are true for j + 1. Thus (2.8){(2.10)
aretrue for j = 1;2;:::;k 1. Lemma6 is proved.

Lemma 7. Let f and benonconstan ertire functions, a a nite complex
number and k a positive integer. Supposethat

(2:15) f=a+ef:
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Then for any positiveintegerj ( k) j=sk+1,s 1,0 | k 1,wehave
(2:16) FOD) = g+ gpf + g f%+ + gy fe D,

and j; areertire functions satisfying

0 1 0 P 1
1 aA 1ije +@ [, A 1y (€)' +aA (e )’
0;j AO:l:j e + t=2 AO:t;j (e )t + A0;s+1 i (e )S+1
. : P S : t s+1 .
(2'17) L = Al: 1€ + pt=2 ﬁl;t;j (e ) + AI;s+1 ] (e ) )
1+1 5 Alaje + oo Alrgg () + Agsj ()8
Ps . t s
k 1j Ac 115€ + [ Ak 1 (€ )+ Ak 1sj(e)
where Ai; (2 P [ 9) satisfy
0 1 0 1
A 15 C 15 ( %+ P 1 9
Ao;s+1 Cos+1( '+ P 1[ 9
(2:18) Al 1se1 Ci 1541 %+ Pol 9 :
- AI;s+1 Hl 1 ’
Al+1 s Cierisj ( Ok 1+ P o[ 9
Ak 1s Ck 1 ( AL + P9
and Cis+1;, 1 1 | 1,andCis; , I+ 1 1 Kk 1, arepositive integers,
and
. oo ! G- A i iyp .

Here Pq[ 9 Oford O.
Proof. We prove this lemma by mathematical induction on j . First we prove
that (2.16){(2.19) are true for j = k. By Lemma 6, we have
(2:20) F@ED = g af + e of %%+ gy ofD:
This together with (2.15) yields
f@K) = (f @k 1)y0

_ 0 0 0 0
(2:21) = ok 1f+ 1k fTF 0 Af

: 0 K 1
+ ok 1f%+  + g oox f® Vray g 1+e o1k af

— 0 k 1).
= gkt ookf o af O+ f D
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By Lemma 6, we get
(2:22) 1k = @k 1k 1= ae;
ok = g;k 1t € k 1k 1
(2:23) = (e)W+ (e )%
ik = i(;)k 1t 0 o1k o1
(k 1) (k i) (k 1) (k i)
= 7 +
ik 1 i) i Dik i)
k! -
2:24 = ———(e)* D i=15k L
(2:24) Mk e ) =L
Thus (2.16){(2.19) are true for j = k.
Now we assumethat this lemmais true for agivenj = sk+ | with s 1 and
0 | k 1. Next we showv that this lemmais true for j + 1. First by (2.15)

and (2.16), we get

k+j+1) — 0 0 0 £0 0 k 1
ple = g toogf F ot Tk l;jf( )

0 k 1 :
+oof%+ o+ yfE Vray e oyt

It follows that (2.16) is true for j + 1 with

(2:25) 1j+1 — Ol;j tax 15,
(2:26) 0j+1 = o t€ k 15
(2:27) i+l = ,OJ + g4y P=1200k L

Thusfor | k 2, by the assumptions,

X1 0
1j+1 = aA pe +a A gy (e) +aA gg(e)°
t=2
X 1
(2:28) +a Ag 1,15€ *+ Ax 1t (e )t + Ay 1;s;j (e )S
t=2
= a(A? 11t A 11y + A p1)e

;(1

+a (A° 1 Tt A 1t + Ak 1t )(e )' + aA s +1 (€)%

t=2
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A° 1:s;j +s %A s t Ak 1sij »

X

where A 155 +1 =
0j+1 = Aogj€ + Ao (e )t + Aois+1 (e )S+l
t=2
X 1
+ e Ak 1;1; e +
(2:29) t=2
X 0 0 t
= AO;l;j +1e + (AO;t;j +t Ao;t;j + Ak It 1 )(e )
t=2

Ak 1y (e )+ A 15 (€ )°

+ Ags+1;j+1 (€ )s+1 ;

N 0 — A0 0
where Ag1j+1 = Agay t Aorj o Aos+ij+r T Agseryy T (ST 1) TAgssay +
Ag 1sj,andfor 1 i |,

ij+1 = |OJ o1
x

Aiije +
t=2
X

(2:30) + A e +
t=2

Ai;t;j (e )t + Ai;s +1 5 (e )S+1

Ai 1t (e )t + A 15+l (e )S+1

= Ajgj+€e + (Ai?t;j +1 OAi;t;J' + Ai 1y )(e )t
t=2
+ Ajs+1j+1 (e )S+1 ;

where A 1;+1 = Ai?l;,- + OAi; 1 A 11, Aps+rjer = Ai?s w1t (s+1) OAi;s +1;

+Aj 1s+1j,andfori=1+1,
[+1;+1 = |O+1;j o
X 1 0
= Amn 1€ + Al ] (e )t + Al 'Sij (e )S
t=2
x 1
(2:31) +Agje + A (e )+ A (e )"
t=2
x

= Agae + (Al tj t 1 Arsag + A )(e )
t=2

+1.

+ AI+1 S+l +1 (e )s ’

where AI+1 A+l = A|O+1 15 + OAI+1 | + AI; 1;j » AI+1 s+l +1 — Al;s+1 ) and for
I+2 1 k 1,

- 0
B+l T +
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X 1 0
Ajje + Aitj (e )+ Aisj (e )®
t=2
X 1
(2:32) +Ai e A g (e) + A 1 (e)’
t=2
X 1
= Aigjaae + (A +t A + A 1 )(e ) + Aisg (€)%
t=2

where Ai;l;j +1 = Ai?l;j + OAi; 1; + Aj 1;1;j » Ai;s;j +1 = Ai?s;j +S OAi;s;j + A Lsj -

By (2.28){(2.32), we know that (2.16){(2.19) aretrue for j + 1 whenj = sk+|
with 0 | k 2. Similarly, we can prove (2.16){(2.19) are true for j + 1 when
j = sk+ k 1. Weomit the details here. Thus Lemma 7 is proved.

Lemma 8. Let

o . .

0;j 0;j +1 Ojj+k 1

1;j 1 +1 Lj+k 1
(2:33) | = % . : . : §i

k 1; k 1;j+1 k L;j+k 1

where ; areertire functions de ned in Lemmas6{7 (for1 j k landi> ]
set ; = 0). Denote the determinant of ; by det( j). Then for j = sk + |
( I)withs 0,0 I k 1, wehave

det( ;)= ( Y +Pq 1[ 9 ()"
2:34 (s*lyk+1 1
(2:34) + Ay (e )+ (1) D(e )s+ ket
t=k+1
where Ai; 2P [ 9.
Proof. Obviously, by Lemmas6{7, we have

X
(2:35) det( )= Ay ()

t=k
with k and Atj 2 P [ 9. Thus we needonly to show that
(2:36) = (s+ Dk+1; Ay =( 1)k D;

and

(2:37) Ay = (O +Pq o[ T
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First we prove (2.36). By Lemmas6{7, we have
0

0ij 0;j+1
1;j 1;j+1
M= % . .
I 1; | 1;+1

= (polynomials in e of degrees

0;j +k | 0;j+k I+1

0
% Lj+k | 1j+k 141

I Lj+k | I 1;j+k I+1

1 A0;s+2 Jtk I+l

0 0 1 -
+ (polynomialsin e of degrees s+ 1)
= A (e )%™ + (polynomialsin e of degrees s+ 1), |:
0 . .
l;j l;j +1 j+k 1 1
% I+1 3 1+1;j +1 [+1;j+k 1 | §
k 1 k 1;j+1 k Li+k 11 (k1) (k1)
0 1 Al;s +1 ;) +1 Al;s +1;+k 1 |
_ %O 1 Al+lis+1j+k 1 |§ (e )
0 0 1 k 1) (k1)

+ (polynomials in e of degrees

0 .

j+k | lj +k 1+1
% +1;i +k | +1;j +k 1+1

k Lj+k |k 1j+k I+1
Ais+1i+k | Als+1:+k 141

%AI+1;S+1;j+k I Alsls+lj+k 141

Ak 1s+#1j+k | Ak Ls+lj+k 141

B 1y « n(e )t + (polynomialsin e of degrees

0j+k 1 I
Lj+k 1 1 §

I Lj+k 11 | (k

0;j+k 1
1;j +k 1§

I 1j+k 1
A0;s+2;j+k 1

S)k 1) (k I

Lj+k 1
1+1; +k 1§

k Li+k 1 (k1) |

Al;s+1 Jtk 1
AI+1 s+lj+k 1 §

Ak Lis+l1;j+k 1

1)

s+ 1) « 1

(k 1) 1

Sk 1) (k 1)

(e )S+1
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+ (polynomialsin e of degrees s) 1y |
=Cw 1y 1(e )$*1 + (polynomialsin e of degrees S)k 1) I

where A} ;Bwx 1 « 1)3Cwk 1y 1 are matrices whose elemerts are di erential
polynomials in 9. In particular, A; | and B« 1) (« 1y are upper triangular
matrices whoseprincipal diagonal elemerns equal 1. Thus by (2.33) we get

My M
det( ;)= Ml Mj
= g é(e ) K+ 4 (terms of degree  (s+ Lk + 1 1)

= ( 1)'® Ddet(A)det(B)(e )V k*! + (terms of degree (s+ 1)k+ | 1)
= ( 1)'® D)DKkl 4 (terms of degree (s+ L)k+ | 1);

where 0 = 0| (k 1) isthe zeromatrix, A= A, |, B = B(k ) (k 1) C= C(k N
This proves(2.36).
Next we prove (2.37). By Lemmas6{7, we have

Ao:1; Aog;1j+1 Ao1j+k 1
Aq1 Ag1j+1 Artj+k 1
(2:38) Ak;j =
A 115 Ak 11+ A 11j+k 1
1 1 1
j i+l j+k 1
1 1 1
B i+ ek (9 +Pg Al
I | |
i j+1 j+k 1
kK1 k1 kK 1
where . '
it
i TG )

are the binomial coe cien ts. Since

X _x(x 1) (x i+1)

i i!
is a polynomial in x of degreei, by the calculating properties of determinant
and the well-known Vandermonde'sdeterminant, we seethat Ay = C( 9 +
Pyj 1[ 9, where C is a nonzeroconstart which is equal to

hy 1 1Y
s=1 S 1 it k

This proves(2.37). Thus Lemma 8 is proved.
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3. Pro of of Theorem 1

By the assumptions,there exist two ertire functions (z) and (z) such that

) f(z) a_ (2)
(3:1) fz) a ©
. fiM(z) a_ (2).
(3.2) f(Z)ia - e .

Next we considertwo cases.

Casel. Either or is a constart. Without loss of generality, we assume
that is aconstart. Sete = c. Then by (3.1), we get

(3:3) fO ¢f =@ oa

Solving (3.3), we get

1 xd
(3:4) f(z)= 1 = a+ Ciel?;

c =1
where q (k) is a positive integer, and C;, ; are nonzeroconstarts satisfying
(j)¥=cand ;6 ;,i6]j.By(3.4)and(3.2),it followsthat %e ) 1, where

% (e ) isthe order of e , sothat e = de? , whered (6 0) and are constarts.
Thus by (3.2) and (3.4), we get

xd da xd
(3:5) a+ (j))"Cei?= ?ez +  Cyde it )z
j=1 j=1
Applying Lemma 5 to (3.5), we deducethat = 0 and ( ;)™ = d. Further, if
a6 0,then c= d.
By ( j)k =¢c, (j)™=dandthe factthat j, 1 j q, aredistinct, we

know that g (k;m), where (k; m) is the greatestcommondivisor of k and m.
In fact, by Euclidean division algorithm, there exist integersko and mg suc that
(k;m) = kok + mom. Thus ( ;)M = ( )kJe[( ;)™ ™° = cked™o. Henceby
the factthat ;, 1 j q, aredistinct, it followsthat q (k;m).

Case?2. Both and arenot constarts.
We will prove that this casecannot occur. Without loss of generality, we
assumek < m. Let

(3:6) F(z)=f(2) a
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Then by (3.1) and (3.2), we have

(3:7) FM =a+eF;
(3:8) FM = a+e F:
Set

F(m) Ek)
3.9 = —
(3:9) -
Then by (3.7) and (3.8), we get
(3:10) —e e

Next we considertwo subcases.
Case2.1: 0. Then by (3.10), we get

(3:11) e =e.:
Thus by (3.1), (3.2) and (3.11), we get
(3:12) fm £ =0
Solving (3.12), we get
x3
(3:13) f(z) = b(z) + Ciel?;
j=1
where b is a polynomial with degb k 1, s m Kk is a positive integer, and
Cj, ; arenonzeroconstarts with ( j)™ X =1and ;6 ;,i6 j. By (3.1)
and (3.13), we know that %e ) 1. This together with that is nonconstart

yields that e = Ce**, where C and c are nonzeroconstarts. Thus by (3.1) and
(3.13), we get

x X
(314)  a+r G pre!’=Cla) ae”+  CGel1tIn
i=1 j=1

Applying Lemma 5 to (3.14), we get that ¢ = 0, a contradiction.

Case2.2: 6 0. Then by the logarithmic derivative lemma, it follows from
(3.9) that

(3:15) m(r; )= S(r;F):
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By (3.10), is an ertire function. Thus by (3.15), we get
(3:16) T(r; )= S(r;F):

Since 6 0, by (3.10), we get

e e

(3:17) =1+

Thus by (3.16), (3.17) and the secondfundamertal theorem we deducethat

(3:18) NS +Nrn— +N r;ei +S

S(r;F)+ S r;e—

This together with (3.16) yields that T(r;e ) = S(r;F). It follows from (3.10)
and (3.16) that T(r;e )= T(r;e ) = S(r;F). Thus we get

(3:19) T(r;e )+ T(r;e )= S(r;F):
Now, for 0 | k 1, set
(3:20) Pij = im k+j; 1= L1015k 1
where ;; aredened asin Lemmas6{8. Then by Lemmas6{7, we have

E(m+)) = plk+m k+j)
(3:21)

P 1j+pojF+pyFo+  +pc yFEY j=0L00k L
On the other hand, by (3.8) and Lemma6,for 1 | k 1, wehave

(3:22) FM) = gje F+ qje FO+ +q;e FU);

where g; , i j, aredierential polynomialsin O with constart coe cien ts. In
particular, g 1forj =1,2:::;k 1. Thus by (3.8), (3.21) and (3.22), we
get

(3:23) (F;F%:::F&k DyeQ P)= ;
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where
Po;o Po;1 Pok 1
P1;0 P1;1 Pk 1
(3:24) p=f P P P
Pk 1,0 Pk 121 Pk 1k 1
01 ;1 ok 11
0 1 q]_;k 1
(3:25) Q=0m. . . . ;
0 O 1
(3:26) =(p 10 &P 11, 5P 1k 1)

By (3.23) and the theory of linear equations, we get
(3:27) det(e Q P)F = det(T);

where T is a matrix whose rst lineis and the other lines are the sameasthose
ofeQ P.
Thus by (3.19) and (3.27), we know that

(3:28) dete Q P)=0:

This yields that

(3:29) detle |l R)=0;

where | = Iy  is the kth unit matrix, R = Q P and Q ! is the inverse
matrix of Q. Obviously, the matrix Q ! is alsoan upper triangular matrix whose
elemens are di erential polynomial in °. By (3.29), we get

(3:30) (e) ae) '+  +( D'ae) '+ +( Dfa=0

where a; is the sum of all the principle minors of order t of R. In particular,
ax = det(R) = det(P). Here, for a matrix

ai;;1  ai;2 adin

dp;1 az;2 do:n
A= (aj) = .

an; 1 an; 2 an;n
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and t integersl i1<iy< <it n,wecall

Qii; Qigi, aigi,
iy Qigi, Qi
Qi Qigig Qi

a principle minor of order t of A.

Obviously, by (3.24), (3.25) and the de nition of a;, a;, 1 t k, are
polynomials in e whose coe cien ts are di erential polynomials in ° and °
with constart coe cien ts.

Next we considerthe degreesof these polynomials a;. Since m > k, there
existintegerss land 0 | k 1 sud that

(3:31) m = sk+ I:
It is obvious that if | = O then s> 1. We claim that for | 1,
(3:32) dega) ts+1 1, t=1,2:::;k 1,

and for | = 0,

(3:33) degla)) ts; t=1;2::.;k 1
and
(3:34) deglax) = m = ks+ [:

In order to prove (3.32){(3.34), we rst considerthe degreeof the elemerns of
R = (rij ) which arepolynomialsin e . By (3.20), weseethat for0 j k 1 I,

pi; = (s Lk+j+1s while for k [ J k 1, Pii = isk+j+l k- Thus by
Lemmas6{7, for 0 i;j k 1,
Ss 0 ok 1 L0 i j+l,
) . s 1 if0 j k 1 I,j+I1+1 i k 1,
(3:35) dedPii) Sse1 ik 1) ok LO i j+l K
S ifk | j k 1,j+1 k+1 i k 1

By (3.25), we may assumethat

0 1
1 00;1 Oo;k 1
(3:36) o l= %0 1 | ql;k, Rk
0 0 1
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whereq; , 0 i< k 1, are dierential polynomialsin © with constart
coe cients. Thusby (rij) = R=Q P, we get

(3:37) i = Pij + Gi+a Piety * Giva Piv2y ¥+ G 1Pk 1

Thus by (3.35) and (38.37), we seethat for 0 i;j Kk 1,

> S fo j k 1 1,0 i j+1I,
. s 1 if0 j k 1 ILj+I+21 i k 1,
(3:38) dedrii) Sse1 ik | ) k L0 i j+I Kk
S ifk | j k 1,j+1 k+1 i k 1
Now let
Figiia  Tigsio Figsic
Figia  Tigsiz Figsic
Ligsigrmsic =
Figia  Tigi, Figsiy
be a principle minor of ordert k 1 of R,where0 i;<i;< <it k 1.
By (3.38), for the caseof | = 0, the degreesof all ri; are at most s, so

that the degreeof L, .,..i, isat mostts. It follows that the degreeof a; is at
most ts. This proves(3.33).

Next we considerthe caseof 1 | k 1. By the de nition of determinant,
we have X

Ligigusi, = jrdzsmgelingalizga Tigjes

Let
Le = Figializiiz i
Fort | 1, by (3.38),the degreeof L; isat mostt(s+ 1) ts+ | 1.
Fort |, if there exist x | 1 polynomialsin ri ;,;li,j,: 55 i, With

fl;::;k 1g  figig;:ii;itg. This togetherwith f0;1;:::;1 1g fig;ig;:i:;itg
yieldsthat t Kk, which contradicts t k 1). Hencethe degreeof L is at most
[(s+1)+(s 1)+ (t | 1)s=ts+| 1.1t followsthat deg(Li,:i,:::,) ts+1 1.
Thus (3.32) is proved.

Next we prove (3.34). In fact, it can be seenfrom (3.20), (3.24) and Lemma 8
that

ax = det(P) = det( m «)
= (M Y4 Pem gl T (e )
(3:39) 1
+ Atm k(e )t + ( l)l(k ')(e M

t=k+1
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Thus we get (3.34).

By (3.32){(3.34), weseethat for 1 t k 1, dega;) < degax). Thus by
(3.30) and Lemma 2, it follows that

T(r;e)=0T(r;e) + S(r;e);
T(r;e)=0T(r;e) + S(r;e):

Hencewe get
(3:40) S(r;e )= S(r;e ) = S(r) (say):

Next we prove the following claims.

Claim I. For any rational number = = with 2Z and 2N,
(3:41) T(r;e ) 6 S(r):
Supposeon the cortrary that there exists a rational number = = sud that
(3:42) T(r;e ) = S(r):
Let
(3:43) b(z) = e

Then b(z) 6 0 is ertire and T(r;b) = S(r). By (3.43),

(3:44) e = b(z)e =Dhbz)(e” ):

On the other hand, by (3.20), (3.24) and Lemmas 6{7, we have

(3:45) P=(e )" Po+ (e )P+ +(e)Ps;

where P; are k k matrices whoseelemerts are di erential polynomials in °.
In particular, det(Ps) Axm «k, where Ax.m « is de ned by (2.38). By (3.28),
(3.44) and (3.45), we get

(3:46) det ble® ) Q (e )Py (e )Py (e )Ps = O

If > , then by (3.46), we get

(3:47) det he™ ) Q (e™ )® Pg (e )Ps 1 Ps =0

Since the left side of (3.47) is a polynomial in e~ whose \constant" term is
det( Ps) = ( 1)*Ax.m «, by Lemma 3, we get Ay « = 0. Thus by (2.10),
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(2.19) and the fact that is nonconstart, © is nonconstart. For otherwise, let
9= ¢. Then c6 0, and by (2.10), (2.19), we have
R j ii.
Aig = & (9 5
so that by (2.38), it follows that Ay, « = (KM ¥ & 0, which cortradicts
Axm k = 0. Hence 9 is nonconstart. Thus by (2.37) and Lemma 1, we deduce
that T(r; 9= m(r; 9= S(r; 9, a contradiction.
If < ,then by (3.46), we get

det bQ (e )V Py (e ) P (e* ) Ps =0

Using the sameargument asthat in case > , we deducethat det(bQ) = O.
Thus by det(Q) = 1, we get that b= 0, a contradiction.

If = ,then e = b(z)e . Thus by (3.32){(3.34), we seethat the left side
of (3.30) is a polynomial in e whoseleadingterm is "(e )™, where" = 1isa
constart. Thus applying Lemma 2 to (3.30), we get a cortradiction: T(r;e ) =
S(r).

HenceClaim | is proved.

Claim Il. We have

I 1
(3:48) H= ( D'a(e)' o
t=1

Supposethat H 6 0. Then by the fact that a; are polynomialsin e , we can
rewrite H as
X .
(3:49) H = ag ek U *i
(ti)2T |

where T f1,:::;k 1g and | are nite index sets, a;; 6 O are di erential
polynomialsin ©and ©sudc that all the functions a;; €k Y *' ()2 T |
are linearly independernt.

By (3.39), we rewrite ax as

X .
(3:50) ( Dfa=  age ;
i2J
where J fmg is a nite index set, and ax; (6 0), i 2 J, are dierential
polynomials in  ©.
Henceby (3.30), (3.48){(3.50), we get

. k X Ak ) i X 4 - N
(3:51) e + asi € + aie =0
(ti)2T | i2J
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By (3.51), we get

X X .
(3:52) (ag)e' ™ +  (aje " =1
(ti)2T | i2J

If the functions ( agi)e ' *' , (i) 2 T | and ( ai)e * *' , i 2 J are
linearly independert, then by Lemma 4 and the fact that m 2 J, we get

Tr( agm)e '™ = S(r);
sothat
T(r;e ©*™ )= s(r);

which contradicts Claim |.

Hencethe functions ( ag)e ' *' , (i)2T 1 and( agj)e X *' ,i2J
are linearly dependert. That is, there exist constarts Ci; ;(t;i) 2 T | and Cy;,
i 2 J, at least one of them is not equalto 0, such that

X _ X .
Ciiage ' " + Cuiawie © ' =0
(ti)2T | i2J
so that
X _ X .
(3:53) Ct;i a; gk Oy Criaki€ =0
(ti)2T | i2J

By Lemma 3, at leastoneof C;;(t;i)2 T | isnotequalto 0. SetT; 11 =

(ti)2T 1:C 80 . Then T; 116 ; (empty set). By the assumption that
ag; € U T (i) 2 T | arelinearly independen, at least one of Cy;i;i 2 J

isnot equalto 0. SetJ; = 12J:C,;60 .ThenJ, 6 ;. Leti; 2J;. Then
by (3.53), we get

X X

_Chidi oy +(ioi

_ G A (i i)
Ci:i, ki,

Ci:i, ki,

+ =1

(t;i)ZTl 1 i2J1nfilg

If the functions

C:i ari . .
_ U gk )+ 1) ()2 Ty 1, and
. Criir iy
(3:54) Coa
Ki ki (i i1) . .
——€ 712 3 nfi
Ck:iy i, 1 NHg
are linearly independen, then by Lemma 4, we get for (tp;ig) 2 T1 11,

T s StoiloBoiio gk to) +(io 1) = S(r);
Cii, iy
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so that
T r,e(k to) +(io i1) = S(r)1

which again contradicts Claim |. Thus the functions showed in (3.54) are linearly
dependert. Thus there exist constarts D¢ ;(t;i) 2 T1 11 and Dy;i;i 2 Jynfiig,
at least one of them is not equalto 0, sud that

X Dt;i at;i e(k t) +(i Q1) + X Dk;i Ak e(i i) — o:
(ti)2Ty 14 Chi Ay i2J:nfirg Chi Ay
sothat
X . . X .
(355) Dt;i A e( ) +i + Dk;i ag ;i e' =0
(t;i)ZTl |]_ i2J1nfilg

By Lemma 3, we seethat at leastoneof D¢ ;(t;i) 2 T | isnot equalto 0, sothat
T, lp= (i)2Ty I1:Dy 6 0 6 ;. By the assumptionthat ag; ek O *i
(1) 2 T | arelinearly independert, at leastoneof Dy.i;i 2 Jnfi;g is not equal
to 0, sothat J, = 12 Jynfi;g:Dy; 6 0 6 ;. Let i, 2 J,. Then using an
argumert similar to that in the above step, there exist constarts E¢;;(t;i) 2 T2 12
and Ey.i;i 2 Jo nfi,g, at least one of them is not equalto 0, sud that
X _ X .
Eviag ek Vi o+ Exiai€ =0
£i)2T2 1, i2Jonfizg

Step by step, it follows that J is an in nite set. It is impossible. Hencewe have
proved Claim 11,

Next we cortinue to prove Theorem 1. By (3.30), (3.50) and Claim 1, we get

X .
e + ai€ =0
i2J
sothat
X .
(3:56) ( ai)e * =1
i2J

If the functions ( ax;)€ ¥ ,i2 J, arelinearly independer, then by Lemma 3,
we get
T(riaeme™ X )= S(r);

sothat
T(r;e™ X )=S(r):

This contradicts Claim |.
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Hencethe functions ( ax;)e X ,i2 J, arelinearly dependert. Thusthere

exist constarts Cj, i 2 J, at Is(ast one of them is not equalto 0, sud that
Ci ag:i ei k = 0;
i2J
so that X
Ci ak ;i e' =0:
i2J

This contradicts Lemma 3.

The proof of Theorem 1 is complete.
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