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Abstract. In the metric spacesetting, our aim in this paper is to deal with the boundedness
of Hardy{Littlew ood maximal functions in generalizedLebesguespacesLP( ) when p( ) satis es
a log-Helder condition. As an application of the boundednessof maximal functions, we study
Soholev's embedding theorem for variable exponert Riesz potentials on metric space.

1. Intro duction

Let X beametric spacewith ametric d. Write d(x;y) = jx yj for simplicity.
We denote by B(x;r) the open ball cerntered at x 2 X of radius r > 0. Let
be a Borel measureon X . Assumethat 0< (B) < 1 and there exist constarts
C>0ands 1 sud that

(1:1) (BY o r°

(B) r
for all balls B = B(x;r) and B®= B(x%r9 with x°2 B and 0< r® r. Note

that is a doubling measureon X , that is, there exists a constart C°> 0 such
that

(1:2) B(x;2r) C° B(x;r)

forall x2 X and r > 0.

We de ne the Riesz potential of order for a locally integrable function f
on X de ned by

x yj f(y)
x  BGjx i)

U f(x)= d (y):
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Here > 0. Following Orlicz [26] and Kovacik and Rakosnk [19], we considera
positive continuous function p( ) on X and a function f satisfying

Z

ifMiPYd ()< 1:
X

In this paper we treat p( ) sud that p> 1 on X and p satis es a log-Helder
condition:

ap log log(1=x yj) + ay
log(15x yj) log(15x yj)

ip(x)  p(Y)i

whenewer jx yj < 1, where a; and a, are nonnegative constarts. If a; > 0,
then we can not expect the usual boundednessof maximal functions in LP( ),

accordingto the recert works by Diening [3], [4], Pick and Ruzicka [27] and Cruz-
Urib e, Fiorenza and Neugebauer[2]. Our typical exampleis a variable exponert
p( ) on X sud that

a; log log 1=% (x) N ar
log 1=% (X) log 1=% (x)

P(X) = po +

when % (x) is small, where pp > 1, & 0, a» 0 and % (x) denotesthe
distance of x from a compact subsetK of X .

Our rst taskis then to establishthe boundednessf Hardy{Littlew ood max-
imal functions from LP( ) to someOrlicz classesas an extension of Harjulehto{
Hasto{Pere [13] with a; = 0 in metric setting and the authors' [11, Theorem 2.4]
in Euclidean setting. As an application of the boundednessof maximal functions,
we establish Soholev's embedding theorem for variable exponert Riesz potentials
on metric space;in the casea; = 0, seealso Diening [4] and Kokilashvili{Samk o
[17], [18],

In the borderline caseof Soholev's theorem, we are concernedwith exponertial
integrabilities of Trudinger type, which extend the results by Edmunds{Gurka{
Opic [5], [6], Edmunds{Krb ec [7] and the authors' [9], [22]. We also discussthe
pointwise cortinuity of Riesz potentials de ned in the n-dimensional Euclidean
space,as an extension of the authors [9], [23], [24].

For related results, seeAdams{Hedberg [1], Heinonen[16], Musielak [25] and

Ruzicka [28].
2. Variable exponents

Throughout this paper, let C denote various constarts independert of the
variablesin question.
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Let G be a boundedopensetin X . In this sectionlet us assumethat p( )
is a positive cortinuous function on G satisfying:

(P1) 1< p (G)=infgp(x) supsp(X)=p:(G)<1;

. . ailog log(1=jx yj) az
2 X - . + . =,
(P2) jp(x)  p(Y)] 0g(15x_ Y]) 0g(15x )
whenewr jx yj< i x2 G andy 2 G, for someconstarts a; 0 and

a, 0.
Example 2.1. Let F beaclosedsubsetof G. Fora 0O andb O, consider
P(X) = po+ Lap % (X) ;
where 1< pp < 1 , % (x) denotesthe distance of x from F and
alog log(1=t) N b
log(1=t) log(1=t)

for 0<t ro (< §);set!ap(t) ="!ap(ro) whent > ro and ! 55(0) = 0. Then
we can nd ro> 0 sucien tly small that p satis es (p1) and (p2).
For a proof, we prepare the following result.

Pap(t) =

Lemma 2.2. Let ! be a nonnegative cortinuous function on the interval
[0; o] sud that

(i '(0)=0;

(i) 'Yty Ofor0<t rq;

(i) 19¢%t) Ofor O<t ro.

Then

(2:1) F(s+t) !(s)+!(t) fors;t Oands+t rg.

It iseasyto nd rq 2 O;% sudh that ! 5, satis es (i){(iii) on [O;ro].
- 1=p°(x) = 1 1=p(x):
Then, noting that
p(x)  p(y)
p(x) 1 p(y) 1
_ X)) py) ., fp(x) p(y)g?
p) 1°  p) 1°py) 1

pAy)  pPAX) =
(2:2)

we have the following result.
Lemma 2.3. There exists a positive constart ¢ suc that
ip%x)  pAY)i  'ac(ix yj) whenewerx2 G andy2 G,

wherea= a(x) = a; p(x) 1 2
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3. Boundedness of maximal functions

De ne the LP( )(G) norm by
Z

p(y)
kfkp():kfkp();e=inf > 0: Gm d

(y) 1

and denote by LP( )(G) the spaceof all measurable functions f on G with
Kfkpy <1 .
By the decay condition (1.1), we have

(3:1) B(x;r) Cr®

forall x 2 G and 0 < r < dg, where dg denotesthe diameter of G. For

f 2 LP( )(G), de ne the maximal function
Z

_ 1 o
Mf(x) = SUp—p Ty N G\f(x;r)lf (id (y)
= sup — ifWid )

0<r <d g B (X; r) G\ B(x;r)
Our rst aim is to discussthe boundednessof the maximal functions.

Theorem 3.1. Let a> a; whena; > 0 and a = 0 when a; = 0. Set
A(x) = as=p(x). If kfky , 1,then
Z

Mf(x) log e+ Mf(x) ) PX¥g () c:
G

When a; = 0, Theorem 3.1 was proved by Harjulehto{Heaste{P ere[13], which
is an extensionof Diening [3]. For the boundednesf maximal functions in general
domains, seeCruz-Urib e, Fiorenza and Neugebauer[2].

Remark 3.2. Set ( r;x) = r log(e+ r) ACY PO gor r > 0 and x 2 G.
Then Theorerg 3.1 assuresthe existenceof C > 0 sud that

Mf(x)=C;x d (x) 1 whenewr kfky , 1.
G

As in Edmunds and Rakosnk [8], we de ne
Z
kfk =kfk c=inf >0: fFj=;xd x) 1;

then it follows that
kM f k Ckfkpy forf 2 LPC)(G).

Theorem 3.1 is proved along the samelines asin the authors' [11, Theorem
2.4], but we give a proof of Theorem 3.1 for the readers' corvenience.

To complete the proof, we prepare the following lemma.
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Lemma 3.3. Let f beanonnegative measurablefunction on G with kf ky
1. Then

Mf(x) C Mgx)® log e+ Mg(x) ™ +1;

where g(y) = f (y)P™) and A1(x) = a;S=p(x)?.

Proof. Let f be a nonnegative measurablefunction on G with kf ky )y 1.
First note that

Z
(3:2) f(y)’Pd (y) &
G
Then, if r rq, then
1 z 1 z
(B3) —4—+ fy)d ) —— f1+f(y)*¥gd (y) C
B(X; I’) B (xr) B(X; I’) B (xr)

by our assumption.
For 0O<k 1andr > 0, wehaveby Lemma2.3

Z
1
_ f d
BOCT) s (y)d (y) ]
1 0 1
=K\P V) ¢ f P(Y) g
B 1) B(X;r)(l ) (y) + BOCT) s (y) )

kf (1=k)P’ 1 () 4+ Fg

where F = B(x;r)
ple 2.1. Here, considering

R
C e f )PV (y) and 1 (r) = !4 (r) asin Exam-

k= F 1=0%00+ 1 (Ng = g 1=9°00+  (X)

with  (x) =1 (r)= pAx) pAx)+ ! (r) whenF 1, wehave

Z
1

o f(y)d 2F 17PCO E (N=p°00° .
BOGT) s (y)d (y)

if F <1, then we cantake k = 1 to obtain

Z
1

B B(X;r)f(y)d(Y) 2:
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Henceit follows that
1 Z
— —~0 2
(34) o f)d(y) 2 FFPORIOPT, g
B(x;r) B(x;r)

If r F 1, then we seefrom (3.4) that
1 Z
- fy)d (y) C F¥P joge+ F) *1™) 4 1
B (X; I’) B (x;r)
If ro>r>F 1, then we have by the lower bound (3.1)

FLp00r L (05°007 ¢ B(x;r) PMp st (D=7

vA 1=p(x)+ ! (1)=p%x)>
f(y)PY d (y) ;
B (x;r)
In view of (3.2), we nd
£ 1=p00)+ ! (1)=p°(x)?
Z 1=p(x)+ ! (r)=p(x)?
c B;r) T jog=r) A1 f ()P d (y)
B (x;r)
1=p(x) AL(0) .
C B(xr) log(1=r) " f(y)PY d (y)
B (x;r)
1=p(x) e
C B(xr) (log F)A1®) f(y)PY d (y)
B (x;r)
= CF*PX) (log F)A1():
Now we have established
Z
. 1 1=p(x) A1(x)
(3:5) _ f(y)d (y) CF log(e+ F) +1

B(x;r) B (x;r)

forall r > 0 and x 2 G, which completesthe proof.

Proof of Theorem 3.1. Let pi(x) = p(x)=p for 1 < p; < p (G). Then
Lemma 3.3 yields

fMf(x)g™® C Mg(x) log e+ M g(x) a1s=p1(x) | 4
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for x 2 G, where g(y) = f (y)»¥) and & = a;=p,. Letting a> a; when a; > 0
and a= 0 when a; = 0, we set A(x) = as=p(x)?. Then we can choose p; sothat
a;p; a and

FMF()P®  C Mg(x) log e+ Mg(x) “UIPXITPr 4 q Pr.
which yields
Mf(x) log e+ Mf(x) ~® P cimgx) + 1g™:
Now Theorem 3.1 follows from the boundednessof maximal functions in LP (in

the caseof constart exponert).

Remark 3.4. Let p( ) be a positive cortinuous function on G sud that
1 p(x) p:(G)< 1. Then, asin Harjulehto{H«aste{P ere [13], we can prove
the following weak type result for maximal functions:

p(y)
fy) "

Em ©
G

(y)

whenewer t > 0 and f 2 LP( )(G), where E; (t) = fx 2 G: Mf(x) tg; seealso
Cruz-Urib e, Fiorenza and Neugebauer[2, Theorem 1.8].

To prove this, we may assumethat t = 1. We have for k> 1

Z
1
S — if (y)jd
B 1) B(x;r)J Z(y)J (y) ]
1 0 1
- - 1=K)P ) ¢ + - if (V)iPY)d
B 1) B(X;r)( ) (y) B 1) B(x;r)J (V)i (y)

k (1=K)®P)°+ F ;

R 0
whereF = B(xr) 8 oer) )f (y)j?Y d (y). Here,consideringk = F 15(P+)
when F < 1, we nd

1 2FP-:

so that
1 P« M jfjPC) (x) for x 2 Ef (1),

which provesthe required assertion.

Remark 3.5. For 0<r < 1, let

G="fx=(X1;%X2):0<x1<1 1<x;<1g
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De ne

po + a3 log log(1=x;) =log(1l=x,) whenO< X, rq,

P(X1;x2) = Po whenx, O;

and p(x1;X2) = p(X1;ro) when x, > rq. Setting
G(r) = fx=(X1;%X2) :0< xy<r; r<x2<0g;
we consider

fr(y) = G(r)(y)

and set g = f,=kf ky ).c, where g denotesthe characteristic function of a
measurableset E . Then we claim for 0< r < ir:

(i) kfikpoye = r2=po .
(i) M(gr)(X) Cur #™ for 0< xg<r andr < xp < 2r;
i) M(g)(x) log e+ M(g)(x) " P¥dx  c, loga=r) X* T for
G
A(x) = 2a=p(x)?,
sothat the conclusionof Theorem 3.1 doesnot hold for 0< a< aj.

4. Sobolev's inequalit y

For 0< < s, we considerthe Rieszpotential U f of f 2 LP( )(G) de ned

by
ix yj f(y) d ()

¢ Bjx i)
recall that s is the decay constart in (1.1). In this section, suppose p( ) satis es
(p1), (p2) and

(p3) p. (G) < s=:
Let

U f(x)=

1=p (x) = 1=p(x) =s:

In what follows we establish Soholev's inequality for -potentials on G, as
an extension of the caseof constart exponert which was discussedby Hajlasz
and Koskela [12] and Heinonen [16]; for the Euclidean case, seethe books by
Adams and Hedberg [1] and the secondauthor [21]. In the next two sections,
we are concernedwith the exponertial integrability, which extendsthe results by
Edmunds, Gurka and Opic [5], [6], and the authors [22].

Now we show our result, which givesan extension of Diening [4]; for further
investigations we also refer the reader to the results by Kokilashvili{Samk o [17],
[18], where the index is a variable exponert.
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Theorem 4.1. Letting a> a; whena; > 0 and a= 0 when a; = 0, we
set A(x) = as=p(x)?. Supposep, (G) < s= . Let f be a nonnegative measurable
function on G with kfk, y 1. Then

Z

A(x)

U f(x) log e+ U f(x) PO g x)  C

G

In spite of the fact that the proof of Theorem 4.1 is quite similar to that of
Theorem 3.4 in [11], we give a proof of Theorem 4.1 for the readers' convenience.
For this purpose,we prepare the following two lemmas.

Lemma 4.2. Let f beanonnegative measurablefunction on G with kf kp
1. Then

Z

jX yJ f (y) d (y) C s=p! (x) |Og(1= )Al(X)
GnB(X; ) B(X;JX yJ)

forx2Gand 0< < %, where A1(x) = a;s=p(x)? as before.

Proof. Let f be a nonnegative measurablefunction on G with kf kyy 1.
Then, for k > 1, we have

Z

Xy f(y)
: —d (y)
GnB(X; ) B(X;JX YJ)
Z

X Vi p°(y) Z
K e - d (y)+ f(y)PY d (y)
anB(x ) K B(X;jx i) GnB(x; )
Z . . p°(y)
K XYl d(y)+1:

GnB(X; ) Kk B(X;jX yJ)
Considerthe set
E= y2G:jx yj=k B(xjx vy) >1:

Note herethat by (1.2), (3.1) and Lemma 2.3
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Z ) ) 0
iX Y] p(y)d )

EnB(x ) K B(XJx Vi)

Z o re 1 (i

iX Y] pr(x)+ ! (ix yJ)d )
EnB(x ) K B(Xjx Vi)
Z . 0 j
X i P+ 1 @)
c @) d (y)

i B(x;2 )nB(x;21 1) K B(X;Zj )

X | |
Ck P00 1O (oi )y G+t @ ) (g ) (PEITEE

p°0x) 1 () Iy SP0O+ ! @ s
Ck @2 )

Z,

Ck P00 1) SR () sy 1 gy

Ck P’ 1) (9 (s

Ck P09 1) 0 s [og(q= ) (& IM=(PO) 7

x) 12,

= Ck P00 L) sl g1 ) (¢ )RR

where ! (r) = ! ac(r). Now, letting k= ' ) Jog(1=) ***)  we seethat

Z : - p°(y)
Sl / d@y Cc:
EnB(x; ) K B(Xjx j)

Further we nd
Z . . 0
X Vi P(y)

- - d C:
ere K B(X;jx yj) 2

Consequetly it follows that

z . .
ix oy f(y)

GnB(x; ) B(Xjx yj)

Al(X)

d(y) C ™ jog(1=)

for x2 G and 0< < %, asrequired.
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Lemma 4.3. Let f beanonnegative measurablefunction on G with kf ky
1. Then

Uf(x) C MFfX)PXP® oge+ Mf(x) P @41

Proof. To give the required estimate, we borrow the idea of Hedberg [15]. In
fact, for x 2 G and 0< < % we have by Lemma 4.1

Z o Z o
U f(x) = X VTG gy« X N0 4

cie() BIx ) enB(x ) BOGIX i)
C Mf (X) + C s=p! (x) |Og(l= ) Al(x):

Considering = Mf(x) PX= log e+ Mf(x) ™™ when Mf(x) is large
enough, we obtain the required inequality.

Proof of Theorem 4.1. Let a > a; > O or a= a; = 0, and set A(x) =
as=p(x)2. Then Lemma 4.3 yields

h
C Mf(x) log e+t Mf(x)

n

Opl (x)
Uf(x) logeru f(x) ~™

i
AGO PO g

which together with Theorem 3.1 completesthe proof.
Remark 4.4. In Remark 3.5, we seethat

Ug(x) Car 2P0 jog(a=r) *+¢
for 0< xg < r andr < x < 2r, where A;(x) = 2a;=p(x)*. Hencewe have
Z
] =
U g loge+Ugx) " Pdx ¢4 loga=r) ** 27
G

where A(x) = 2a=p(x)2. This implies that the conclusion of Theorem 4.1 does
not hold when a< aj.

Remark 4.5. By Theorem 4.1 we seethat U f 2 LP( )(G) whenewer f 2
LPC)(G). Then, aswas pointed out by Lerner [20], the inequality
Z Z
jUFeiP¥d (x) € jf(yiPYd (y)
G G

holds whenewer f 2 LP( )(G) if and only if p is constart, under the additional
assumption that

(E)=sup (K)jK E; K :compact
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for every measurablesetE X . In fact, the if part is clear. We hereassumethat p
is not constart. Then wecan nd numbersp; and p, sudhthat 1 p;<pa<1,
and both E; = fx2 G:p(x) pigand E;=1fx2 G:p(x) p2g have positive

measure. Further by our assumption, there exist compact sets K, i = 1;2,
sudh that K; E;. If f = k x, with k> 1, then

Uf(x) Ck (Kqi) for x2 Kj,

sothat 7z

U F(x)P™d (x)  CkP? (Ko):
G

On the other hand, 7
ifOOIPPd (x) kP (Ky):
G

If the inequality holds, then we should have
kP2 Ckpl;

which givesa cortradiction by letting k! 1 .
In the samemanner, we seethat the inequality
Z Z

fMf)PP¥d (x) € WPV d (y)
G G

holds whenewer f 2 LP( )(G) if and only if p is constart.
Remark 4.6. Let ! (r) bea corntinuous function on (0; 1 ) suc that
a; log log(1=r) N a
log(1=r) log(1=r)
forO<r rg< i

7. With a; > 0 and a; > 0; set! (r) = ! (ro) for r > ro.
Consider a variable exponert p( ) onthe unit ball B in R" de ned by

L(r) =

p(x) = po+ ! %x) ;

wherel< pp< n= and %x) = 1 jxj. Take ro sosmallthat p(x) < n= for all
x 2 B. In view of Theorem 4.1, we seethat if a> a; and A(x) = an=p(x)?, then
Z n

A(X)Op] (x)

U f(x) log e+ U f(x) dx C

B

whenewer f is a nonnegative measurablefunction on B with kf k, )y 1.



Soholev embeddingsfor variable exponert Riesz potentials 507

5. Exp onential integrabilit y

For xed Xo 2 G, let usassumethat an exponert p(x) isacorntinuousfunction
on G satisfying

(5:1) p(x) > po when x 6 Xg
and
alog log(19xo X)) b
5:2 X + . - - .
G2 P R g ) 0g(T%e X))
for x 2 B(Xo;ro), where 0 < r0<%,p0:s: ,0<a (s = 2 and b> 0.

Our aim in this sectionis to give an exponertial integrability of Trudinger
type. Before doing so, we prepare seweral lemmas. In view of (2.2) and (5.2), we
have the following result.

Lemma 5.1. Thereexist C> 0 and 0< rg < % such that

(5:3) Py) mo !(ixo i)

for all y 2 By = B(Xo;ro), where p§ = po=(p0 1) = s=(s ) and ! is a
nonnegative nondecreasingfunction on (0;1 ) sud that

a 2 log log(1=r) C
(s )2 log(1=r) log(1=r)

b(r) =

when O<r rg;set! (r)="(ro) whenr > ry asbefore.

Lemma 5.2. If 0< a< (s )= 2, then

Z - . p°(y)
Xyl 1 a?=(s )
: , d C log(1=
BonB(x; )  B(X X Yj) ) 9U=)
andif a= (s = 2, then
Z . . 0
ix yi p°(y)

d (y) Clog log(1=)

BonB(X; ) B(X;jX yJ)

for x2Bg and 0< < o, where0< (< 7.
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Proof. First considerthe case0 < a < (s =2 Llet E= y2Bg:
X yj = B(xjx yj) >1 for xed x 2 Bp. Let jo be the smallestinteger
such that 2° > 2ry. Sincejx yj 3jxo Yyj for y2 BonB(Xo;jXo Xj=2), we
have by (1.2), (3.1) and (5.3)

Z 0
i i P (y)
X
P AN - d (y)
EnfB(Xo;jXo Xj=2)[ B(x; )g B(X1JX yJ)
Yo £ @) pg (@@ * =3)
C Y d (y)
1 B2 mBk2 1) B(G2))
CX0 @ ) @ 1@ =) gy ) (po ' (2 ' =3+
j=1
Xo _
c (@) oNp t@ T =rs
=1
Xo . 2_
C  logl=2 ) * ¢ )
v
3ro a 2=(s

C log(1=t) )t 1dt Clog(1=) * ® ¢ )

for 0< < g,sincel a ?=s )> 0.
Next we give an estimate for

Z . . 0
- X i p-(y) 4 ()
B (Xo0;jXx Xo0j=2)nB(X; ) B(X; jX yJ)

We may assumethat 2jx Xpj > . Then we seefrom Lemma 5.1 that if y 2
B(Xo;jX Xoj=2), then py) pJ+ ,where = C=log(l5xo Xj). Hencewe
obtain by (1.1) and (3.1)

Z . . 0
I, C — 4 o)
B (X0:jX X0j=2) B(X;jXO Xj:2)
. . pg+
c LU +1d (y)
B (X0:jX X0j=2) B (X; JXo XJ:2)
. . pJ+
C B(Xo;jXo Xj=2) X Xol 1

B(X;jxo Xj=2)
0
C ix xof P ) B(xgjxe xj=2) ®* )41 c
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Thus it follows that

Z jX y1 pO(Y)

1 a 2= )
, . d C log(1=
BonB(x: ) B(X;jx Vi) v 9U1=)

for0< < %, which provesthe rst case.

The secondcasea= (s )= 2 is similarly proved.

Lemma 5.3. Let f be a nonnegative measurable function on Bg with
kfkpy 1.01f 1> =1 a?s )=f=(s a 2)=s> 0, then

z . .
ix oy f(y)

(5:4) - -
BonB(x; ) B(X;JX YJ)

d(y) Clog(l=) *

for x2 Bo and 0< < o, where0< < 1.

Proof. Takep; sudhthat 1< py<pdand 1> = 1 a ?=s ) =p >
We may assumethat py) > p; for y 2 Bg.
Let f be a nonnegative measurablefunction on Bo with kfk, y 1. For
k>1and 0< < %, wehaveby Lemma5.2
Z . .
Xyt )
BonB(x; ) B(X;jX YJ)
Z : : P(y) Z
X
K A d (y)+ f ()P d (y)
BonB(x; ) K B(X1JX yJ) BonB(x; )

kK Ck P log(1=)* 2 ™ Dy

’=(s )

Now, considering k such that k P log(1=) L = 1, we have

z . .
ix oy f(y)

: ~—d (y) C log(1=) C log(1=) *;
BonB(x; ) B(X;JX YJ)

asrequired.

In what follows we show that (5.4) remains true with ; replacedby =
(s a ?)=s.

Lemma 5.4. Let f be a nonnegative measurable function on Bg with
kfky ) 1.1f =(s a ?)=s> 0, then

Z _ .
ix oy f(y)

: —d (y) C log(1=)
BonB(x;, ) B(X )X Yj)

for x2Bg and 0< < o, where0< (< 7.



510 T. Futamura, Y. Mizuta and T. Shimomura

Proof. Let f be a nonnegative measurablefunction on Bo with kf k, y 1.

Let = log(1=) 0910902 for smal ,S&% 0< < o< %. Then note from
Lemma 5.3 that

z ix v f()
(5:5) P AT 4 clogl=) * C log(l=)

BonB(X; ) B(X;jx i)

Letting k= log(l=) and B(x) = B(Xo;jX0 Xj=2), we nd

k'(=3) ¢
sothat we obtain from Lemmas5.1 and 5.2 that
z ix i P°(y)
. . d (y)
B(x )nfB(x )[B(x)g K B(Xjx Yj)
z X Vi o ! (ix yj=3)
- - +1.d(y)
B(x )nfB(x )[B(x)g K BXjx i)
Z ; : pd ! (jx yj=3)
Ck ¥ o d ()+C

BonB (x; ) B(X;jx i)
Ck P loga=) 12 Vi c
Henceit follows from the proof of Lemma 5.3 that
‘ X yi @)
B(x )nfB(x )[B(x)g BOGIX Vi)
Next we sr%cw that

(5:6)

d (y) C(log(1=)) :

x i f(y)
B(X)nB (X; ) B(Xjx i)
Since a > 0, we have by the latter half of the proof of Lemma 5.2

(5:7)

d (y) C log(1=)

Z . .
Xy f(y) d (y)
B(X)nB (x; ) B(Xjx i)
Z - : P°(y) Z
X y)
. d (y)+ f ()P d (y)
B (x)nB(x; ) B(X;jx i) B (x)nB(x; )
C:
Now we claim from (5.5), (5.6) and (5.7) that
Z . .
X yi f(y)

. —d (y) C log(1l=)
BonB(x; ) B(Xjx i)

Thus the proof is completed.
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Lemma 5.5. Let f be a nonnegative measurable function on Bg with
kfkpy 1.10f = (s a 2)=s> 0, then

Uf(x) Cloge+ Mf(x) for x 2 Bg.

Proof. We seefrom Lemma 5.4 that

Z o Z o
U f(x) = X NTO) y g+ ix_yi Ty

B(x ) BXjXx Vi) BonB(x, ) B(X X Yj)
C Mf(x)+ C log(1l=)

d (y)

Here, letting

= Mf(x) = loge+ Mf(x)

when M f (x) is large enough, we have

Uf(x) Cloge+Mf(x) ;

asrequired.

It follows from Lemma 5.5 that
expC TUT(X) T e+ Mf(x)

whenewer f is a nonnegative measurablefunction on Bo with kfk, y 1. By
the classical fact that Mf 2 LP (By), we establish the following exponertial
inequality of Trudinger type.

Theorem 5.6. Let 0<a< (s )=2.If =(s a 2)=s, then there
exist positive constarts ¢; and ¢, sud that
Z

expa Uf(x) " dx) o
Bo

for all nonnegative measurablefunctions f on Bo with kf ky y 1.

Remark 5.7. Let Bo be a ball in the n-dimensional spaceR". If f isa
nonnegative measurablefunction on By sud that
Z
f(y)PVdy<1;

Bo
then we claim by applying an idea by Haste [14] that

Z

(5:8) f(y)™ loge+f(y) * dy<1:
Bo
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In fact, if y2E = x2Bg:f(X) jxo Xj loge+jxg Xxj 1) ! , then

f(y)P¥)  Cf(y)™ log e+ f(y)
sothat Z

f(y)™ loge+f(y) * dy<1;
E

which proves (5.8), since0< a< (n )= 2. With the aid of Edmunds{Krb ec
[7] and the authors [22] we also obtain Theorem 5.6 in the Euclidean case.

Finally we are concernedwith the casea = (s =2,

Lemma 5.8. Let f be a nonnegative measurable function on B, with
kfkpy 1.1fa=(s )= 2, then

Uf(X) Cloge+loge+ Mf(x) Po for x 2 Bg.

Proof. Let f be a nonnegative measurablefunction on Bg with kf k, y 1.
Fork>land 0< < (< %, we have by applications of the argumerts in the
proof of Ler%ma 54

ix yi f(y)
BonB(x; ) B(X; jX YJ)
Consequeltiyzit follows that

d (y) C loglogl=) P

z
x oy f(y) ix oy f(y)
Ufx)= : —d (y) + : —d (y)
B ) BXix j) BonB(x; ) B X i)
C Mf(x)+C log log(l=) ™:
Here let 0
1=f p 09

=Mf(x) ¥ log e+ log e+ Mf(x)
when M f (x) is large enough. Then we have

Uf(x) Cloge+loge+ Mf(x) 1:'08;
asrequired.

By Lemma 5.8 and the fact that Mf 2 LP°(By), we establish the following
double exponertial inequality for f 2 LP( )(By).

Theorem 5.9. If a= (s )= ?, then there exist positive constarts ¢; and
C, sud that 7

s=(s )

exp exp c; U f(x)
Bo

for all nonnegative measurablefunctions f on Bo with kf ky y 1.

d (x) o

Remark 5.10. In casef belongsto more generalvariable exponert Lebesgue
spaceswe will be expectedto discussthe correspnding exponertial integrability
asin Edmunds, Gurka and Opic [5], [6]. But we do not go into details any more.
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6. Exp onential integrabilit vy, Il

In this section,let B = B(0; 1) bethe unit ball in R" . We considera variable
exponert p( ) on B which is a continuous function on B satisfying

(6:1) pP(X) > po onB
and

| alog log 1=%x) b
(6:2) pX)  po+ log 1=%x) log 1=%x)

when %x) < ro, where 0< rg < %, a>0,b>0,po=n= and %x) =1 jxj

denotesthe distance of x from the boundary @3 .
For f 2 LP( )(B), the Rieszpotential of order , 0< < n, is de ned by
Z
Uf(x)= ] x yj "f(y)dy:

If a>(n )= 2, then we seefrom Theorem 7.7 below that

jUf(x) Uf@)j Cloglsx z) " &)
whenewer x;z2 B and jx zj < %; for this fact, seealso[10, Theorem 4.3].

In what follows,when0< a (n )= 2, wediscussexponertial inequalities
of U f asin Section5.

As in Lemma 5.1, we have the following result.

Lemma 6.1. There exist positive constarts tgy < % and C sud that

p(x)  po ! %x)
for x 2 B, where! (t)= a 2=(n )2 log log(1=t) =log(1=t) C=log(1=t) for
O<t toand! (t)="(tp) fort> tg.

Lemma 6.2. If 0< a< (n )= 2, then

Z

| ix yj¢ MM dy C log(l=r)
B nB (x;r)

forallx28and0<r<%,where =1 a ?Hn ).
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Proof. First considerthe case1%x) r < 1. Letting E;= y2 BnB(x;r):

J%X)  %y)j > %r , we nd by polar coordinates,

7

C it ox)j( M L 1g
th:]t %x)j>2rg

C (N 1
ft:t>2rg
1=2 .

C log(l=t) * " t ldt+C C log(l=r)
2r

Letting E, = yZZ BnB(x;r):j%x) %y)] 2r ,we nd by polar coordinates,

Ez YA 4r

C rC MPern 19t cr 1 dt C
ft:jt %x)j 2rg 0

Henceit follows th%t
ix yj¢ ™MPWdy C log(1=r)
BnB (x;r )

when 5%x) < 3. In particular, we obtain

;
Z
(6:3) ix yjt MPMdy  C log 1=%x)
B nB (x;%(x)=2)
Next considerthe case0 < r < 19%x). Let E3 = B X; 3%x) nB(x;r). In
view of Lemma 6.1, we nd
pPYy) m ! %x) +C=log 1=%x) p; !i(ix Vi)
fory 2 Egs, Whezre! 1(t) =1 (t) C=log(1=t) for small t > 0. Hence,we seethat

Ey
jX yJ( n)fpg !l(jX yJ)g dy
E
2 % x)=2 a 2=(n
C logl=t) * " Yt ldt C log(1=r)

r
In view of (6.3), w% establish

ix yjil MPOMdy  C log(1l=r)
BnB (x;r )

when0<r < %%x). Thus the required result is proved.
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As in the proof of Lemma 5.4, we can prove the following result.

Lemma 6.3. Let f be a nonnegative function on B sud that kfk, , 1.
If 0O<a<(n )=2and = =@d=(n a 2)=n, then
Z

x yi "f(y)dy C log(1=r)
B nB (x;r )

1
5.

We seefrom Lemma 6.3 that
Z Z

Uf(x)= jx yj "f(y)dy+ ix yj "f(y)dy
B(x; ) BnB(x; )

C Mf(x)+ C log(1=)

whenewer 0< r <

Here, letting
= Mf(x) = loge+ Mf(x)

when M f (x) is large enough, we have
Uf(x) Cloge+ Mf(x) ;

so that -
expC U f(x) e+ Mf(x)

wheneer f is a nonnegative measurablefunction on Bg with kf k, y 1. By the
classicalfact that Mf 2 LP°(B), we establishthe following exponertial inequality
of Trudinger type.

Theorem 6.4. Let 0O<a< (n )=2.1f =(n a 2)=n, then there
exist positive constarts ¢; and ¢, sud that
Z

expca UT(x) Y dx o
B

for all nonnegative measurablefunctions f on B with kf k, ) 1.

Finally we are concernedwith the casea= (n )= 2. The following can be
proved in the sameway asLemma 5.4.

Lemma 6.5. Let f be anonnegative function on B sud that kf k, ) 1.
If a= (n )= 2, then
Z
ix it "POf(y)dy Clog loga=r) " 7

BnB (x;r)

for small r > 0.
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As in the proof of Theorem 6.4, we establish the following double exponertial
inequality for f 2 LP( )(B).

Theorem 6.6. If a= (n )= 2, then there exist positive constarts ¢; and
C, sud that 7

expexpc, U f(x) ™" )
B

for all nonnegative measurablefunctions f on B with kf k, ) 1.

dx Co

7. Contin uity

Let G beaboundedopensetin the n-dimensionalspaceR", and x xp 2 G.
In this section, we deduce the continuity at xo of Riesz potentials U f when
f 2 LPC)(G) with p( ) satisfying

log log(1= i
M 091001 x) LI
log(15xo  Xj) log(15jx0 X))

where a> (n )= 2, b> 0 and x runs over the small ball By = B(Xo; o).
Considera positive continuousnonincreasingfunction ' onthe interval (0;1 )
sud that

(") log(1=t) o (t) is nondecreasingon (0;ro] for some"y > 0 and ro > O;

set ' (r) = '(rp) for r > ro. We seefrom condition (') that ' satis es the
doubling condition.
Set zZ. 2 e
(r)= @) T It ldt

0

Our nal goalis to establishthe following result, which dealswith the corti-
nuity of -potentials in R".

Theorem 7.1. Let p( ) satisfy

n  log' (o xi)
X) = —+ : .
Pe) 0g(lTxe X))

for x 2 Bo = B(Xp; o)

and f 2 LPC )(Bg). If (1) < 1 ,then U f is cortinuousat Xo; in this case,
juf(x) Uf(@j C(jx z)
whenewer x;z2 B Xo; 3l .

Remark 7.2. Let ' (r) = log(e+ 1=r) *. Then (1) <1 if and only if
a> (n )= 2, sothat Theorem 7.1 givesan extension of the authors' [9].

For a proof of Theorem 7.1, we may assumethat xo, = 0 without loss of
generality. Before the proof we prepare the following two results.
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Lemma 7.3. For x2 B 0;3ro andsmall > 0,

Z Z

jx yjp"(y)( Ndy C ' (1) 2=(n )y lgr-
B(x; ) 0

Proof. First note from (2.2) and (' ) that

pAy) p3 ! (yj) fory2Bo,

wherep=n=(n  )and!(r)= 2=5(n )2 log' (r) =log(l=r) C=log(1=r)

for O<r rg;set!(r)=1(rg) forr>rqg. If 0< %jxj, then we have
Z Z
0, X 0,
B(x; ) ; B(x;2 I*1 YnB(x;2 1)
@ 1) mms r@ ) (o i+t yn
Iy | 2
C @y )
j
Z
c ‘() T )y igp
0

where | denotesthe volume of the unit ball. Similarly, if %jxj < < %ro, we
have
Z Z
ix yPmC Mgy ¢ jyjPme M gy
B (x; )nB(x;jxj=2) B(0;3)
3
C t(ry = p g
0

Therefore it follows from the doubling property that
Z Z
ix yPmC Mgy ¢ o) = )p gy
B(x; ) 0

when 0< < 2rq. Now the proof is completed.

Lemma 7.4. Let f be a nonnegative measurable function on Bg with
kf kp( ) 1. Then

Z

2_

x yji "Y(y)dy c ()
BonfB(0; )[ B(x; )g

for x 2 B 0;3ro andsmall > 0.
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Proof. Let f be a nonnegative measurablefunction on Bo with kf k, y 1.
For k > 1 we have
Z
x oy " H(y)dy
BonfB(0; )£B(X; )9
k (x yi " =P dy
BonfBéx; )[B(O: )9
+ f (y)P™) dy
7 BonfB(x; )[B(0; )g

K (x yi " =KPOdy+ 1
BonfB(x; )[ B(O; )g

In view of the assumptionof ' , we obtain
Z
(x yi " l=kPWdy
Bonf B (x; )%B(O; )g
C (x yj " t=kPo!Ody+1
Bonf B (x; EB(O; )9

1
C ok PO) tC 0 DM LN+t 16t 4+ 1

Ck Po+! () ( n 1)(p§ ! ()*+n.

Considering k sudh that k Po*! () (. n (5 '(D*n = 1 we seethat
Z

2

x oy " Mydy ot T
BonfB(0; )[ B(x; )g

asrequired.

Proof of Theorem 7.1. Let f be a nonnegative measurablefunction on By
with kfk, y 1. For 0< k< 1, we have by Lemma 7.3

Z
Cixoyi MHy)dy
BOG) 5
. . 0
k (x yi "=kPO+f(y)PY) dy
B(x; )
Z
kK k "= ) ix yj¢ MPMgy+ 1
B(x; )

k Ck "= I )=t D+
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whenewer x 2 B O;%ro and 0< < %ro. Now, consideringk= ( ), we nd
Z

(7:1) x yi "fy)dy C( )
Bo\ B(X; )

Hence,if x;z2 B 0;2ro and jx zj < %rq, then we have
Z

(7:2) jx yj "f(y)dy C(jx zj:
B (x; 2jx zj)

On che other hand we have

n

X i jz yi "f(y)dy
BonB(X;2jx zj)
Z
Cix zj x oy " M(y)dy
%onB(x;ij zj)
= Cjx  z] xoyi " M(y)dy
7 Bonf B(x;2jx zj)[ B(0;2jx zj)g

+ x oy " H(y)dy
fBo\ B(0;2jx zj)gnB (x;2jx zj)

It ZfoIIows from Lemma 7.4 that

x v " tdy Cixozi t(xoz)
Bonf B(x;2jx zj)[ B(0;2jx zj)g

Moreover we seefrom (7.1) that
Z
x oy " M(y)dy
fBo\ B(0;2)x zj)ng(x;ij zj)
Cix zj * jyi "(y)dy Cix zj *(jx z):
Bo\ B(0;2jx zj)

Since' (r) =nC ( r) by the doubling property of ' , we obtain
Z
n

X yij

BonB(x;2jx zj)

jz yi "f(y)dy C(jx 2z
Further we obtain by (7.2)

Z

jz yi "f(y)dy C(ijx z):

B (x; 2jx zj)

Now, we establish
juf(x) Uf@i C(ix z);

asrequired.
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Remark 7.5. If (1) = 1, then wecan nd f 2 LP()(Bg) sud that
U f(0) =1 , which meansthat U f is not cortinuousat O.

For this purposeset
z 1
2_
ry= (@) T It dt

r
and
fiy)y=iyi @ TPO D (yj) *
Take ro sosmallthat (r) > e when O< r < ro. Note that
ro(mop=e Drn = (0PI D =) (D

for r = jyj and p= p(y). By (' ) we have
Yy TP () *=n ).

so that Z
uf@E= Jjyj " ® 70D (yj) tdy
B
2. i
C @) T ) () tdt=t=1
0
since (0) = 1 by our assumption.
On the other hand, taking a number sudithat 1< < n= and noting by
(") that

(o B B (O B

we have 7 7
f(y)P(y) dy = iVi (n py)=(p(y) 1) Gvi) p(y) dy
Bo BZ
ro 2 _
C @) T ) (1) di=t< 1
0
sincel< < n= p(y) and (0) = 1 , asrequired.
Finally, we considera variable exponert p( ) on the unit ball B suc that
log" %x)
7:3 X) = + 2 N
(7:3) PO = Po+ 10—

for x 2 B, where pp = n= ; assumeas above that
p(x) > po onB.
Theorem 7.6. If (1) <1 andf 2 LP()(B), then
juf(x) uf(@j C(ijx z)

whenewer x;z2 B.
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For a proof of Theorem 7.6, it su ces to shaw that

Z Z

jx yjpo(Y)( Ndy C ' (r) =(n )y Llgr
B(x; ) 0

for x 2 B and small > 0, asin Lemma 7.3. We obtain, in fact, this inequality
in the sameway asin Lemmas6.2 and 7.3.
Remark 7.7. Wedo not know the bestcondition which assureghe corntinuity
of Riesz potentials in the metric spacesetting.
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