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Abstract. In the metric spacesetting, our aim in this paper is to deal with the boundedness
of Hardy{Littlew ood maximal functions in generalizedLebesguespacesL p( � ) when p( � ) satis�es
a log-H•older condition. As an application of the boundednessof maximal functions, we study
Sobolev's embedding theorem for variable exponent Rieszpotentials on metric space.

1. In tro duction

Let X bea metric spacewith a metric d. Write d(x; y) = jx� yj for simplicit y.
We denote by B (x; r ) the open ball centered at x 2 X of radius r > 0. Let �
be a Borel measureon X . Assumethat 0 < � (B ) < 1 and there exist constants
C > 0 and s � 1 such that

(1:1)
� (B 0)
� (B )

� C
�

r 0

r

� s

for all balls B = B (x; r ) and B 0 = B (x0; r 0) with x0 2 B and 0 < r 0 � r . Note
that � is a doubling measureon X , that is, there exists a constant C0 > 0 such
that

(1:2) �
�
B (x; 2r )

�
� C0�

�
B (x; r )

�

for all x 2 X and r > 0.
We de�ne the Riesz potential of order � for a locally integrable function f

on X de�ned by

U� f (x) =
Z

X

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y):
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Here � > 0. Following Orlicz [26] and Kov�a�cik and R�akosn��k [19], we consider a
positive continuous function p( � ) on X and a function f satisfying

Z

X
jf (y)jp(y) d� (y) < 1 :

In this paper we treat p( � ) such that p > 1 on X and p satis�es a log-H•older
condition:

jp(x) � p(y)j �
a1 log

�
log(1=jx � yj)

�

log(1=jx � yj)
+

a2

log(1=jx � yj)

whenever jx � yj < 1
4 , where a1 and a2 are nonnegative constants. If a1 > 0,

then we can not expect the usual boundednessof maximal functions in L p( � ) ,
according to the recent works by Diening [3], [4], Pick and R

�
u�zi�cka [27] and Cruz-

Urib e, Fiorenza and Neugebauer[2]. Our typical example is a variable exponent
p( � ) on X such that

p(x) = p0 +
a1 log

�
log

�
1=%K (x)

� �

log
�
1=%K (x)

� +
a2

log
�
1=%K (x)

�

when %K (x) is small, where p0 > 1, a1 � 0, a2 � 0 and %K (x) denotes the
distance of x from a compact subset K of X .

Our �rst task is then to establish the boundednessof Hardy{Littlew ood max-
imal functions from L p( � ) to someOrlicz classes,as an extension of Harjulehto{
H•ast•o{Pere [13] with a1 = 0 in metric setting and the authors' [11, Theorem 2.4]
in Euclidean setting. As an application of the boundednessof maximal functions,
we establish Sobolev's embedding theorem for variable exponent Riesz potentials
on metric space;in the casea1 = 0, seealso Diening [4] and Kokilashvili{Samk o
[17], [18],

In the borderline caseof Sobolev's theorem,weareconcernedwith exponential
integrabilities of Trudinger type, which extend the results by Edmunds{Gurka{
Opic [5], [6], Edmunds{Krb ec [7] and the authors' [9], [22]. We also discussthe
pointwise continuit y of Riesz potentials de�ned in the n -dimensional Euclidean
space,as an extensionof the authors [9], [23], [24].

For related results, seeAdams{Hedberg [1], Heinonen[16], Musielak [25] and
R

�
u�zi�cka [28].

2. Variable exp onen ts

Throughout this paper, let C denote various constants independent of the
variables in question.
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Let G be a bounded open set in X . In this section let us assumethat p( � )
is a positive continuous function on G satisfying:

(p1) 1 < p� (G) = inf G p(x) � supG p(x) = p+ (G) < 1 ;

(p2) jp(x) � p(y)j �
a1 log

�
log(1=jx � yj)

�

log(1=jx � yj)
+

a2

log(1=jx � yj)
,

whenever jx � yj < 1
4 , x 2 G and y 2 G, for someconstants a1 � 0 and

a2 � 0.

Example 2.1. Let F be a closedsubsetof G. For a � 0 and b � 0, consider

p(x) = p0 + ! a;b
�
%F (x)

�
;

where 1 < p0 < 1 , %F (x) denotesthe distance of x from F and

! a;b (t) =
a log

�
log(1=t)

�

log(1=t)
+

b
log(1=t)

for 0 < t � r 0 (< 1
4 ) ; set ! a;b (t) = ! a;b (r 0) when t > r 0 and ! a;b (0) = 0. Then

we can �nd r 0 > 0 su�cien tly small that p satis�es (p1) and (p2).
For a proof, we prepare the following result.

Lemma 2.2. Let ! be a nonnegative continuous function on the interval
[0; r 0] such that
(i) ! (0) = 0;
(ii) ! 0(t) � 0 for 0 < t � r 0;

(iii) ! 00(t) � 0 for 0 < t � r 0 .
Then

(2:1) ! (s + t) � ! (s) + ! (t) for s; t � 0 and s + t � r 0 .

It is easyto �nd r 0 2
�
0; 1

4

�
such that ! a;b satis�es (i){(iii) on [0; r 0] .

Let
1=p0(x) = 1 � 1=p(x):

Then, noting that

(2:2)

p0(y) � p0(x) =
p(x) � p(y)

�
p(x) � 1

� �
p(y) � 1

�

=
p(x) � p(y)
�
p(x) � 1

� 2 +
f p(x) � p(y)g2

�
p(x) � 1

� 2�
p(y) � 1

� ;

we have the following result.

Lemma 2.3. There exists a positive constant c such that

jp0(x) � p0(y)j � ! a;c (jx � yj) whenever x 2 G and y 2 G,

where a = a(x) = a1
�
p(x) � 1

� � 2
.
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3. Boundedness of maximal functions

De�ne the L p( � ) (G) norm by

kf kp( � ) = kf kp( � ) ;G = inf
�

� > 0 :
Z

G

�
�
�
�
f (y)

�

�
�
�
�

p(y)

d� (y) � 1
�

and denote by L p( � ) (G) the space of all measurable functions f on G with
kf kp( � ) < 1 .

By the decay condition (1.1), we have

(3:1) �
�
B (x; r )

�
� Cr s

for all x 2 G and 0 < r < dG , where dG denotes the diameter of G. For
f 2 L p( � ) (G) , de�ne the maximal function

M f (x) = sup
r > 0

1
�

�
B (x; r )

�
Z

G\ B (x;r )
jf (y)j d� (y)

= sup
0<r <d G

1
�

�
B (x; r )

�
Z

G\ B (x;r )
jf (y)j d� (y):

Our �rst aim is to discussthe boundednessof the maximal functions.

Theorem 3.1. Let a > a1 when a1 > 0 and a = 0 when a1 = 0. Set
A(x) = as=p(x)2 . If kf kp( � ) � 1, then

Z

G

�
M f (x)

�
log

�
e+ M f (x)

� � � A (x ) 	 p(x )
d� (x) � C:

When a1 = 0, Theorem 3.1 wasproved by Harjulehto{H•ast•o{Pere[13], which
is an extensionof Diening [3]. For the boundednessof maximal functions in general
domains, seeCruz-Urib e, Fiorenza and Neugebauer[2].

Remark 3.2. Set �( r; x) =
�

r
�
log(e+ r )

� � A (x ) 	 p(x )
for r > 0 and x 2 G.

Then Theorem 3.1 assuresthe existenceof C > 0 such that
Z

G
�

�
M f (x)=C; x

�
d� (x) � 1 whenever kf kp( � ) � 1.

As in Edmunds and R�akosn��k [8], we de�ne

kf k� = kf k� ;G = inf
�

� > 0 :
Z

G
�

�
jf (x)j=�; x

�
d� (x) � 1

�
;

then it follows that

kM f k� � Ckf kp( � ) for f 2 L p( � ) (G) .

Theorem 3.1 is proved along the samelines as in the authors' [11, Theorem
2.4], but we give a proof of Theorem 3.1 for the readers' convenience.

To complete the proof, we prepare the following lemma.
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Lemma 3.3. Let f be a nonnegative measurablefunction on G with kf kp( � )

� 1. Then

M f (x) � C
�

M g(x)1=p(x ) � log
�
e+ M g(x)

� � A 1 (x )
+ 1

	
;

where g(y) = f (y)p(y) and A1(x) = a1s=p(x)2 .

Proof. Let f be a nonnegative measurablefunction on G with kf kp( � ) � 1.
First note that

(3:2)
Z

G
f (y)p(y) d� (y) � 1:

Then, if r � r 0 , then

(3:3)
1

�
�
B (x; r )

�
Z

B (x;r )
f (y) d� (y) �

1
�

�
B (x; r )

�
Z

B (x;r )
f 1+ f (y)p(y) gd� (y) � C

by our assumption.
For 0 < k � 1 and r > 0, we have by Lemma 2.3

1
�

�
B (x; r )

�
Z

B (x;r )
f (y) d� (y)

� k
�

1
�

�
B (x; r )

�
Z

B (x;r )
(1=k)p0(y ) d� (y) +

1
�

�
B (x; r )

�
Z

B (x;r )
f (y)p(y) d� (y)

�

� kf (1=k)p0(x )+ ! ( r ) + F g;

where F =
�
�

�
B (x; r )

� � � 1 R
B (x;r ) f (y)p(y) d� (y) and ! (r ) = ! a;c (r ) as in Exam-

ple 2.1. Here, considering

k = F � 1=f p0(x )+ ! ( r )g = F � 1=p0(x )+ � (x )

with � (x) = ! (r )=
�

p0(x)
�
p0(x) + ! (r )

� 	
when F � 1, we have

1
�

�
B (x; r )

�
Z

B (x;r )
f (y) d� (y) � 2F 1=p(x ) F ! ( r )=p0(x )2

;

if F < 1, then we can take k = 1 to obtain

1
�

�
B (x; r )

�
Z

B (x;r )
f (y) d� (y) � 2:
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Henceit follows that

(3:4)
1

�
�
B (x; r )

�
Z

B (x;r )
f (y) d� (y) � 2

�
F 1=p(x ) F ! ( r )=p0(x )2

+ 1
	

:

If r � F � 1 , then we seefrom (3.4) that

1
�

�
B (x; r )

�
Z

B (x;r )
f (y) d� (y) � C

�
F 1=p(x ) � log(e+ F )

� A 1 (x )
+ 1

	
:

If r 0 > r > F � 1 , then we have by the lower bound (3.1)

F 1=p(x )+ ! ( r )=p0(x )2
� C�

�
B (x; r )

� � 1=p(x )
r � s! ( r )=p0(x )2

�
� Z

B (x;r )
f (y)p(y) d� (y)

� 1=p(x )+ ! ( r )=p0(x )2

:

In view of (3.2), we �nd

F 1=p(x )+ ! ( r )=p0(x )2

� C�
�
B (x; r )

� � 1=p(x ) �
log(1=r)

� A 1 (x )
� Z

B (x;r )
f (y)p(y) d� (y)

� 1=p(x )+ ! ( r )=p0(x )2

� C�
�
B (x; r )

� � 1=p(x ) �
log(1=r)

� A 1 (x )
� Z

B (x;r )
f (y)p(y) d� (y)

� 1=p(x )

� C�
�
B (x; r )

� � 1=p(x )
(log F )A 1 (x )

� Z

B (x;r )
f (y)p(y) d� (y)

� 1=p(x )

= CF 1=p(x ) (log F )A 1 (x ) :

Now we have established

(3:5)
1

�
�
B (x; r )

�
Z

B (x;r )
f (y) d� (y) � C

�
F 1=p(x ) � log(e+ F )

� A 1 (x )
+ 1

	

for all r > 0 and x 2 G, which completesthe proof.

Proof of Theorem 3.1. Let p1(x) = p(x)=p1 for 1 < p1 < p� (G) . Then
Lemma 3.3 yields

f M f (x)gp1 (x ) � C
�

M g(x)
�
log

�
e+ M g(x)

� � ~a1 s=p1 (x )
+ 1
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for x 2 G, where g(y) = f (y)p1 (y ) and ~a1 = a1=p1 . Letting a > a1 when a1 > 0
and a = 0 when a1 = 0, we set A(x) = as=p(x)2 . Then we can choosep1 so that
a1p1 � a and

f M f (x)gp(x ) � C
�

M g(x)
�
log

�
e+ M g(x)

� � A (x )p(x )=p1 + 1
	 p1 ;

which yields

�
M f (x)

�
log

�
e+ M f (x)

� � � A (x ) 	 p(x )
� Cf M g(x) + 1gp1 :

Now Theorem 3.1 follows from the boundednessof maximal functions in L p1 (in
the caseof constant exponent).

Remark 3.4. Let p( � ) be a positive continuous function on G such that
1 � p(x) � p+ (G) < 1 . Then, as in Harjulehto{H•ast•o{Pere [13], we can prove
the following weak type result for maximal functions:

jE f (t)j � C
Z

G

�
�
�
�
f (y)

t

�
�
�
�

p(y)

d� (y)

whenever t > 0 and f 2 L p( � ) (G) , where E f (t) = f x 2 G : M f (x) � tg; seealso
Cruz-Urib e, Fiorenza and Neugebauer[2, Theorem 1.8].

To prove this, we may assumethat t = 1. We have for k > 1

1
�

�
B (x; r )

�
Z

B (x;r )
jf (y)j d� (y)

� k
�

1
�

�
B (x; r )

�
Z

B (x;r )
(1=k)p0(y ) d� (y) +

1
�

�
B (x; r )

�
Z

B (x;r )
jf (y)jp(y) d� (y)

�

� k
�

(1=k)(p+ )0
+ F

	
;

where F =
�
�

�
B (x; r )

� � � 1 R
B (x;r ) jf (y)jp(y) d� (y) . Here,consideringk = F � 1=(p+ )0

when F < 1, we �nd
1 � 2F 1=p+ ;

so that �
1
2

� p+ � M
�
jf jp( � ) � (x) for x 2 E f (1) ,

which provesthe required assertion.

Remark 3.5. For 0 < r < 1
2 , let

G = f x = (x1; x2) : 0 < x1 < 1; � 1 < x2 < 1g:
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De�ne

p(x1; x2) =
�

p0 + a1
�
log

�
log(1=x2)

��
=log(1=x2) when 0 < x2 � r 0,

p0 when x2 � 0;

and p(x1; x2) = p(x1; r 0) when x2 > r 0 . Setting

G(r ) = f x = (x1; x2) : 0 < x1 < r; � r < x2 < 0g;

we consider
f r (y) = � G(r ) (y)

and set gr = f r =kf r kp( � ) ;G , where � E denotes the characteristic function of a
measurableset E . Then we claim for 0 < r < 1

2 r 0 :

(i) kf r kp( � ) ;G = r 2=p0 ;
(ii) M (gr )(x) � C1r � 2=p0 for 0 < x1 < r and r < x2 < 2r ;

(iii)
Z

G

�
M (gr )(x)

�
log

�
e+ M (gr )(x)

� � � A (x ) 	 p(x )
dx � C2

�
log(1=r)

� 2(a1 � a)=p0 for

A(x) = 2a=p(x)2 ,

so that the conclusionof Theorem 3.1 doesnot hold for 0 < a < a1 .

4. Sobolev's inequalit y

For 0 < � < s, we consider the Rieszpotential U� f of f 2 L p( � ) (G) de�ned
by

U� f (x) =
Z

G

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y);

recall that s is the decay constant in (1.1). In this section, suppose p( � ) satis�es
(p1), (p2) and

(p3) p+ (G) < s=�:

Let
1=p] (x) = 1=p(x) � �=s:

In what follows we establish Sobolev's inequality for � -potentials on G, as
an extension of the caseof constant exponent which was discussedby Haj lasz
and Koskela [12] and Heinonen [16]; for the Euclidean case, see the books by
Adams and Hedberg [1] and the secondauthor [21]. In the next two sections,
we are concernedwith the exponential integrabilit y, which extends the results by
Edmunds, Gurka and Opic [5], [6], and the authors [22].

Now we show our result, which givesan extension of Diening [4]; for further
investigations we also refer the reader to the results by Kokilashvili{Samk o [17],
[18], where the index � is a variable exponent.
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Theorem 4.1. Letting a > a1 when a1 > 0 and a = 0 when a1 = 0, we
set A(x) = as=p(x)2 . Suppose p+ (G) < s=� . Let f be a nonnegative measurable
function on G with kf kp( � ) � 1. Then

Z

G

�
U� f (x)

�
log

�
e+ U� f (x)

� � � A (x ) 	 p] (x )
d� (x) � C:

In spite of the fact that the proof of Theorem 4.1 is quite similar to that of
Theorem 3.4 in [11], we give a proof of Theorem 4.1 for the readers' convenience.

For this purpose,we prepare the following two lemmas.

Lemma 4.2. Let f be a nonnegative measurablefunction on G with kf kp( � )

� 1. Then

Z

GnB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) � C� � s=p ] (x ) log(1=� )A 1 (x )

for x 2 G and 0 < � < 1
4 , where A1(x) = a1s=p(x)2 as before.

Proof. Let f be a nonnegative measurablefunction on G with kf kp( � ) � 1.
Then, for k > 1, we have

Z

GnB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y)

� k
� Z

GnB (x;� )

�
jx � yj �

k�
�
B (x; jx � yj)

�
� p0(y )

d� (y) +
Z

GnB (x;� )
f (y)p(y) d� (y)

�

� k
� Z

GnB (x;� )

�
jx � yj �

k�
�
B (x; jx � yj)

�
� p0(y )

d� (y) + 1
�

:

Consider the set

E =
�

y 2 G : jx � yj � =
�
k�

�
B (x; jx � yj)

� �
> 1

	
:

Note here that by (1.2), (3.1) and Lemma 2.3



504 T. Futamura, Y. Mizuta and T. Shimomura

Z

E nB (x;� )

�
jx � yj �

k�
�
B (x; jx � yj)

�
� p0(y )

d� (y)

�
Z

E nB (x;� )

�
jx � yj �

k�
�
B (x; jx � yj)

�
� p0(x )+ ! ( j x � y j )

d� (y)

� C
X

j

Z

B (x; 2j � )nB (x; 2j � 1 � )

�
(2j � ) �

k�
�
B (x; 2j � )

�
� p0(x )+ ! (2 j � )

d� (y)

� Ck � p0(x ) � ! ( � )
X

j

(2j � ) � (p0(x )+ ! (2 j � )) �
� (B (x; 2j � )

� � (p0(x )+ ! (2 j � ))+1

� Ck � p0(x ) � ! ( � )
X

j

(2j � )( � � s)( p0(x )+ ! (2 j � ))+ s

� Ck � p0(x ) � ! ( � )
Z 1

�
t ( � � s)( p0(x )+ ! ( t ))+ s t � 1 dt

� Ck � p0(x ) � ! ( � ) � ( � � s)( p0(x )+ ! ( � ))+ s

� Ck � p0(x ) � ! ( � ) � p0(x )( � � s=p(x )) �
log(1=� )

� (s� � )a1 =(p(x ) � 1) 2

= Ck � p0(x ) � ! ( � ) � � p0(x )s=p ] (x ) � log(1=� )
� (s� � )a1 =(p(x ) � 1) 2

;

where ! (r ) = ! a;c (r ) . Now, letting k = � � s=p ] (x )
�
log(1=� )

� A 1 (x )
, we seethat

Z

E nB (x;� )

�
jx � yj �

k�
�
B (x; jx � yj)

�
� p0(y )

d� (y) � C:

Further we �nd

Z

GnE

�
jx � yj �

k�
�
B (x; jx � yj)

�
� p0(y )

d� (y) � C:

Consequently it follows that

Z

GnB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) � C� � s=p ] (x ) � log(1=� )
� A 1 (x )

for x 2 G and 0 < � < 1
4 , as required.
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Lemma 4.3. Let f be a nonnegative measurablefunction on G with kf kp( � )

� 1. Then

U� f (x) � C
�

M f (x)p(x )=p] (x ) � log
�
e+ M f (x)

� � a1 �=p (x )
+ 1

	
:

Proof. To give the required estimate, we borrow the idea of Hedberg [15]. In
fact, for x 2 G and 0 < � < 1

4 we have by Lemma 4.1

U� f (x) =
Z

G\ B (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) +
Z

GnB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y)

� C� � M f (x) + C� � s=p ] (x ) � log(1=� )
� A 1 (x )

:

Considering � = M f (x) � p(x )=s
�
log

�
e + M f (x)

� � a1 =p(x )
when M f (x) is large

enough,we obtain the required inequality.

Proof of Theorem 4.1. Let a > a1 > 0 or a = a1 = 0, and set A(x) =
as=p(x)2 . Then Lemma 4.3 yields

n
U� f (x)

�
log

�
e+ U� f (x)

� � � A (x )
op] (x )

� C
h�

M f (x)
�
log

�
e+ M f (x)

� � � A (x ) 	 p(x )
+1

i
;

which together with Theorem 3.1 completesthe proof.

Remark 4.4. In Remark 3.5, we seethat

U� gr (x) � C3r � 2=p] (x ) � log(1=r)
� A 1 (x )

for 0 < x1 < r and r < x2 < 2r , where A1(x) = 2a1=p(x)2 . Hencewe have
Z

G

�
U� gr (x)

�
log

�
e+ U� gr (x)

� � � A (x ) 	 p] (x )
dx � C4

�
log(1=r)

� 2(a1 � a)=p0 ;

where A(x) = 2a=p(x)2 . This implies that the conclusion of Theorem 4.1 does
not hold when a < a1 .

Remark 4.5. By Theorem 4.1 we seethat U� f 2 L p( � ) (G) whenever f 2
L p( � ) (G) . Then, as was pointed out by Lerner [20], the inequality

Z

G
jU� f (x)jp(x ) d� (x) � C

Z

G
jf (y)jp(y) d� (y)

holds whenever f 2 L p( � ) (G) if and only if p is constant, under the additional
assumption that

� (E ) = sup
�

� (K ) j K � E ; K : compact
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for every measurableset E � X . In fact, the if part is clear. Wehereassumethat p
is not constant. Then we can �nd numbers p1 and p2 such that 1 � p1 < p2 < 1 ,
and both E1 = f x 2 G : p(x) � p1g and E2 = f x 2 G : p(x) � p2g have positive
� measure. Further by our assumption, there exist compact sets K i , i = 1; 2,
such that K i � E i . If f = k� K 1 with k > 1, then

U� f (x) � Ck� (K 1) for x 2 K 2 ,

so that Z

G
jU� f (x)jp(x ) d� (x) � Ckp2 � (K 2):

On the other hand, Z

G
jf (x)jp(x ) d� (x) � kp1 � (K 1):

If the inequality holds, then we should have

kp2 � Ckp1 ;

which givesa contradiction by letting k ! 1 .
In the samemanner, we seethat the inequality

Z

G
f M f (x)gp(x ) d� (x) � C

Z

G
jf (y)jp(y) d� (y)

holds whenever f 2 L p( � ) (G) if and only if p is constant.

Remark 4.6. Let ! (r ) be a continuous function on (0; 1 ) such that

! (r ) =
a1 log

�
log(1=r)

�

log(1=r)
+

a2

log(1=r)

for 0 < r � r 0 < 1
4 , with a1 > 0 and a2 > 0; set ! (r ) = ! (r 0) for r > r 0 .

Consider a variable exponent p( � ) on the unit ball B in R n de�ned by

p(x) = p0 + !
�
%(x)

�
;

where 1 < p0 < n=� and %(x) = 1� jxj . Take r 0 sosmall that p(x) < n=� for all
x 2 B . In view of Theorem 4.1, we seethat if a > a1 and A(x) = an=p(x)2 , then

Z

B

n
U� f (x)

�
log

�
e+ U� f (x)

� � � A (x )
op] (x )

dx � C

whenever f is a nonnegative measurablefunction on B with kf kp( � ) � 1.
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5. Exp onen tial in tegrabilit y

For �xed x0 2 G, let usassumethat an exponent p(x) is a continuousfunction
on G satisfying

(5:1) p(x) > p0 when x 6= x0

and

(5:2)

�
�
�
�p(x) �

�
p0 +

a log
�
log(1=jx0 � xj)

�

log(1=jx0 � xj)

� �
�
�
� �

b
log(1=jx0 � xj)

for x 2 B (x0; r 0) , where 0 < r 0 < 1
4 , p0 = s=� , 0 < a � (s � � )=� 2 and b > 0.

Our aim in this section is to give an exponential integrabilit y of Trudinger
type. Before doing so, we prepare several lemmas. In view of (2.2) and (5.2), we
have the following result.

Lemma 5.1. There exist C > 0 and 0 < r 0 < 1
4 such that

(5:3) p0(y) � p0
0 � ! (jx0 � yj)

for all y 2 B0 = B (x0; r 0) , where p0
0 = p0=(p0 � 1) = s=(s � � ) and ! is a

nonnegative nondecreasingfunction on (0; 1 ) such that

! (r ) =
a� 2

(s � � )2

log
�
log(1=r)

�

log(1=r)
�

C
log(1=r)

when 0 < r � r 0 ; set ! (r ) = ! (r 0) when r > r 0 as before.

Lemma 5.2. If 0 < a < (s � � )=� 2 , then

Z

B 0 nB (x;� )

�
jx � yj �

�
�
B (x; jx � yj)

�
� p0(y )

d� (y) � C
�
log(1=� )

� 1� a� 2 =(s� � )

and if a = (s � � )=� 2 , then

Z

B 0 nB (x;� )

�
jx � yj �

�
�
B (x; jx � yj)

�
� p0(y )

d� (y) � C log
�
log(1=� )

�

for x 2 B0 and 0 < � < � 0 , where 0 < � 0 < 1
4 .



508 T. Futamura, Y. Mizuta and T. Shimomura

Proof. First consider the case 0 < a < (s � � )=� 2 . Let E =
�

y 2 B0 :
jx � yj � =�

�
B (x; jx � yj)

�
> 1

	
for �xed x 2 B0 . Let j 0 be the smallest integer

such that 2j 0 � > 2r 0 . Since jx � yj � 3jx0 � yj for y 2 B0 n B (x0; jx0 � xj=2), we
have by (1.2), (3.1) and (5.3)

I 1 =
Z

E nf B (x 0 ;j x 0 � x j=2) [ B (x;� )g

�
jx � yj �

�
�
B (x; jx � yj)

�
� p0(y )

d� (y)

� C
j 0X

j =1

Z

B (x; 2j � )nB (x; 2j � 1 � )

�
(2j � ) �

�
�
B (x; 2j � )

�
� p0

0 � ! (2 j � 1 � =3)

d� (y)

� C
j 0X

j =1

(2j � ) � (p0
0 � ! (2 j � 1 � =3)) �

�
�
B (x; 2j � )

� � � (p0
0 � ! (2 j � 1 � =3))+1

� C
j 0X

j =1

(2j � )( � � s)( p0
0 � ! (2 j � 1 � =3))+ s

� C
j 0X

j =1

�
log1=(2j � )

� � a� 2 =(s� � )

� C
Z 3r 0

�

�
log(1=t)

� � a� 2 =(s� � )
t � 1 dt � C

�
log(1=� )

� 1� a� 2 =(s� � )

for 0 < � < � 0 , since 1 � a� 2=(s � � ) > 0.
Next we give an estimate for

I 2 =
Z

B (x 0 ;j x � x 0 j =2)nB (x;� )

�
jx � yj �

�
�
B (x; jx � yj)

�
� p0(y )

d� (y):

We may assumethat 2jx � x0j > � . Then we seefrom Lemma 5.1 that if y 2
B (x0; jx � x0j=2) , then p0(y) � p0

0 + � , where � = C=log(1=jx0 � xj) . Hencewe
obtain by (1.1) and (3.1)

I 2 � C
Z

B (x 0 ;j x � x 0 j =2)

�
jx � x0j �

�
�
B (x; jx0 � xj=2)

�
� p0(y )

d� (y)

� C
Z

B (x 0 ;j x � x 0 j =2)

��
jx � x0j �

�
�
B (x; jx0 � xj=2)

�
� p0

0 + �

+ 1
�

d� (y)

� C�
�
B (x0; jx0 � xj=2)

�
��

jx � x0j �

�
�
B (x; jx0 � xj=2)

�
� p0

0 + �

+ 1
�

� C
�

jx � x0j � (p0
0 + � ) �

�
B (x0; jx0 � xj=2)

� � (p0
0 + � )+1

+ 1
	

� C:
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Thus it follows that
Z

B 0 nB (x;� )

�
jx � yj �

�
�
B (x; jx � yj)

�
� p0(y )

d� (y) � C
�
log(1=� )

� 1� a� 2 =(s� � )

for 0 < � < 1
4 , which provesthe �rst case.

The secondcasea = (s � � )=� 2 is similarly proved.

Lemma 5.3. Let f be a nonnegative measurable function on B0 with
kf kp( � ) � 1. If � 1 > � =

�
1 � a� 2=(s � � )

�
=p0

0 = (s � � � a� 2)=s > 0, then

(5:4)
Z

B 0 nB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) � C
�
log(1=� )

� � 1

for x 2 B0 and 0 < � < � 0 , where 0 < � 0 < 1
4 .

Proof. Take p1 such that 1 < p1 < p0
0 and � 1 > 
 =

�
1� a� 2=(s� � )

�
=p1 > � .

We may assumethat p0(y) > p1 for y 2 B0 .
Let f be a nonnegative measurablefunction on B0 with kf kp( � ) � 1. For

k > 1 and 0 < � < 1
4 , we have by Lemma 5.2

Z

B 0 nB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y)

� k
� Z

B 0 nB (x;� )

�
jx � yj �

k�
�
B (x; jx � yj)

�
� p0(y )

d� (y) +
Z

B 0 nB (x;� )
f (y)p(y) d� (y)

�

� k
�

Ck � p1
�
log(1=� )

� 1� a� 2 =(s� � )
+ 1

	
:

Now, considering k such that k � p1
�
log(1=� )

� 1� a� 2 =(s� � )
= 1, we have

Z

B 0 nB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) � C
�
log(1=� )

� 

� C

�
log(1=� )

� � 1 ;

as required.

In what follows we show that (5.4) remains true with � 1 replaced by � =
(s � � � a� 2)=s.

Lemma 5.4. Let f be a nonnegative measurable function on B0 with
kf kp( � ) � 1. If � = (s � � � a� 2)=s > 0, then

Z

B 0 nB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) � C
�
log(1=� )

� �

for x 2 B0 and 0 < � < � 0 , where 0 < � 0 < 1
4 .
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Proof. Let f be a nonnegative measurablefunction on B0 with kf kp( � ) � 1.

Let � =
�
log(1=� )

� � log log(1 =� )
for small � , say 0 < � < � 0 < 1

4 . Then note from
Lemma 5.3 that

(5:5)
Z

B 0 nB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) � C
�
log(1=� )

� � 1 � C
�
log(1=� )

� �
:

Letting k =
�
log(1=� )

� �
and B (x) = B (x0; jx0 � xj=2), we �nd

k! ( � =3) � C;

so that we obtain from Lemmas5.1 and 5.2 that
Z

B (x;� )nf B (x;� ) [ B (x )g

�
jx � yj �

k�
�
B (x; jx � yj)

�
� p0(y )

d� (y)

�
Z

B (x;� )nf B (x;� ) [ B (x )g

��
jx � yj �

k�
�
B (x; jx � yj)

�
� p0

0 � ! ( j x � y j=3)

+ 1
�

d� (y)

� Ck � p0
0

Z

B 0 nB (x;� )

�
jx � yj �

�
�
B (x; jx � yj)

�
� p0

0 � ! ( j x � y j=3)

d� (y) + C

� Ck � p0
0
�
log(1=� )

� 1� a� 2 =(s� � )
+ C � C:

Henceit follows from the proof of Lemma 5.3 that

(5:6)
Z

B (x;� )nf B (x;� ) [ B (x )g

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) � C(log(1=� )) � :

Next we show that

(5:7)
Z

B (x )nB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) � C
�
log(1=� )

� �
:

Since a > 0, we have by the latter half of the proof of Lemma 5.2
Z

B (x )nB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y)

�
Z

B (x )nB (x;� )

�
jx � yj �

�
�
B (x; jx � yj)

�
� p0(y )

d� (y) +
Z

B (x )nB (x;� )
f (y)p(y) d� (y)

� C:

Now we claim from (5.5), (5.6) and (5.7) that
Z

B 0 nB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) � C
�
log(1=� )

� �
:

Thus the proof is completed.
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Lemma 5.5. Let f be a nonnegative measurable function on B0 with
kf kp( � ) � 1. If � = (s � � � a� 2)=s > 0, then

U� f (x) � C
�
log

�
e+ M f (x)

� � �
for x 2 B0 .

Proof. We seefrom Lemma 5.4 that

U� f (x) =
Z

B (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) +
Z

B 0 nB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y)

� C� � M f (x) + C
�
log(1=� )

� �
:

Here, letting
� =

�
M f (x)

� � 1=� �
log

�
e+ M f (x)

� � � =�

when M f (x) is large enough,we have

U� f (x) � C
�
log

�
e+ M f (x)

� � �
;

as required.

It follows from Lemma 5.5 that

exp
�
C � 1�

U� f (x)
� 1=� �

� e+ M f (x)

whenever f is a nonnegative measurablefunction on B0 with kf kp( � ) � 1. By
the classical fact that M f 2 L p� (B0) , we establish the following exponential
inequality of Trudinger type.

Theorem 5.6. Let 0 < a < (s � � )=� 2 . If � = (s � � � a� 2)=s, then there
exist positive constants c1 and c2 such that

Z

B 0

exp
�
c1

�
U� f (x)

� 1=� �
d� (x) � c2

for all nonnegative measurablefunctions f on B0 with kf kp( � ) � 1.

Remark 5.7. Let B0 be a ball in the n -dimensional space R n . If f is a
nonnegative measurablefunction on B0 such that

Z

B 0

f (y)p(y) dy < 1 ;

then we claim by applying an idea by H•ast•o [14] that

(5:8)
Z

B 0

f (y)n=� �
log

�
e+ f (y)

� � a�
dy < 1 :
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In fact, if y 2 E =
�

x 2 B0 : f (x) � jx0 � xj � �
�
log

�
e+ jx0 � xj � 1)

� � 1	
, then

f (y)p(y) � Cf (y)n=� �
log

�
e+ f (y)

� � a�

so that Z

E
f (y)n=� �

log
�
e+ f (y)

� � a�
dy < 1 ;

which proves (5.8), since 0 < a < (n � � )=� 2 . With the aid of Edmunds{Krb ec
[7] and the authors [22] we also obtain Theorem 5.6 in the Euclidean case.

Finally we are concernedwith the casea = (s � � )=� 2 .

Lemma 5.8. Let f be a nonnegative measurable function on B0 with
kf kp( � ) � 1. If a = (s � � )=� 2 , then

U� f (x) � C
�
log

�
e+ log

�
e+ M f (x)

� �� p0
0 for x 2 B0 .

Proof. Let f be a nonnegative measurablefunction on B0 with kf kp( � ) � 1.
For k > 1 and 0 < � < � 0 < 1

4 , we have by applications of the arguments in the
proof of Lemma 5.4

Z

B 0 nB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) � C
�
log

�
log(1=� )

� � 1=p0
0 :

Consequently it follows that

U� f (x) =
Z

B (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y) +
Z

B 0 nB (x;� )

jx � yj � f (y)
�

�
B (x; jx � yj)

� d� (y)

� C� � M f (x) + C
�
log

�
log(1=� )

� � 1=p0
0 :

Here let
� = M f (x) � 1=� �

log
�
e+ log

�
e+ M f (x)

� �� 1=f �p 0
0 g

when M f (x) is large enough. Then we have

U� f (x) � C
�
log

�
e+ log

�
e+ M f (x)

� �� 1=p0
0 ;

as required.

By Lemma 5.8 and the fact that M f 2 L p0 (B0) , we establish the following
double exponential inequality for f 2 L p( � ) (B0) .

Theorem 5.9. If a = (s � � )=� 2 , then there exist positive constants c1 and
c2 such that Z

B 0

exp
�
exp

�
c1

�
U� f (x)

� s=(s� � ) � �
d� (x) � c2

for all nonnegative measurablefunctions f on B0 with kf kp( � ) � 1.

Remark 5.10. In casef belongsto moregeneralvariable exponent Lebesgue
spaces,we will be expected to discussthe corresponding exponential integrabilit y
as in Edmunds, Gurka and Opic [5], [6]. But we do not go into details any more.
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6. Exp onen tial in tegrabilit y, I I

In this section, let B = B (0; 1) be the unit ball in R n . We considera variable
exponent p( � ) on B which is a continuous function on B satisfying

(6:1) p(x) > p0 on B

and

(6:2)

�
�
�
�p(x) �

�
p0 +

a log
�
log

�
1=%(x)

� �

log
�
1=%(x)

�
� �

�
�
� �

b
log

�
1=%(x)

�

when %(x) < r 0 , where 0 < r 0 < 1
4 , a > 0, b > 0, p0 = n=� and %(x) = 1 � jxj

denotesthe distance of x from the boundary @B .
For f 2 L p( � ) (B ) , the Rieszpotential of order � , 0 < � < n , is de�ned by

U� f (x) =
Z

B
jx � yj � � n f (y) dy:

If a > (n � � )=� 2 , then we seefrom Theorem 7.7 below that

jU� f (x) � U� f (z)j � C
�
log(1=jx � zj)

� (n � � � a� 2 )=n

whenever x; z 2 B and jx � zj < 1
2 ; for this fact, seealso [10, Theorem 4.3].

In what follows, when 0 < a � (n � � )=� 2 , we discussexponential inequalities
of U� f as in Section 5.

As in Lemma 5.1, we have the following result.

Lemma 6.1. There exist positive constants t0 < 1
4 and C such that

p0(x) � p0
0 � !

�
%(x)

�

for x 2 B , where ! (t) =
�
a� 2=(n � � )2

�
log

�
log(1=t)

�
=log(1=t) � C=log(1=t) for

0 < t � t0 and ! (t) = ! (t0) for t > t0 .

Lemma 6.2. If 0 < a < (n � � )=� 2 , then

I �
Z

B nB (x;r )
jx � yj( � � n )p0(y ) dy � C

�
log(1=r)

� 


for all x 2 B and 0 < r < 1
2 , where 
 = 1 � a� 2=(n � � ) .
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Proof. First considerthe case 1
2 %(x) � r < 1

2 . Letting E1 =
�

y 2 B nB (x; r ) :
j%(x) � %(y)j > 2r

	
, we �nd by polar coordinates,

I 1 �
Z

E 1

jx � yj( � � n )p0(y ) dy

� C
Z

f t :j t � %(x ) j> 2r g
jt � %(x)j( � � n )( p0

0 � ! ( t ))+ n � 1 dt

� C
Z

f t :t> 2r g
t (n � � ) ! ( t ) � 1 dt

� C
Z 1=2

2r

�
log(1=t)

� � a� 2 =(n � � )
t � 1 dt + C � C

�
log(1=r)

� 

:

Letting E2 =
�

y 2 B nB (x; r ) : j%(x) � %(y)j � 2r
	

, we �nd by polar coordinates,

I 2 �
Z

E 2

jx � yj( � � n )p0(y ) dy

� C
Z

f t :j t � %(x ) j� 2r g
r ( � � n )p0

0 + n � 1 dt � Cr � 1
Z 4r

0
dt � C:

Henceit follows thatZ

B nB (x;r )
jx � yj( � � n )p0(y ) dy � C

�
log(1=r)

� 


when 1
2 %(x) � r < 1

2 . In particular, we obtain

(6:3)
Z

B nB (x;%(x )=2)
jx � yj( � � n )p0(y ) dy � C

�
log

�
1=%(x)

� � 

:

Next consider the case0 < r < 1
2 %(x) . Let E3 = B

�
x; 1

2 %(x)
�

n B (x; r ) . In
view of Lemma 6.1, we �nd

p0(y) � p0
0 � !

�
%(x)

�
+ C=log

�
1=%(x)

�
� p0

0 � ! 1(jx � yj)

for y 2 E3 , where ! 1(t) = ! (t) � C=log(1=t) for small t > 0. Hence,we seethat

I 3 �
Z

E 3

jx � yj( � � n )p0(y ) dy

�
Z

E 3

jx � yj( � � n ) f p0
0 � ! 1 ( j x � y j )g dy

� C
Z %(x )=2

r

�
log(1=t)

� � a� 2 =(n � � )
t � 1 dt � C

�
log(1=r)

� 

:

In view of (6.3), we establish
Z

B nB (x;r )
jx � yj( � � n )p0(y ) dy � C

�
log(1=r)

� 


when 0 < r < 1
2 %(x) . Thus the required result is proved.
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As in the proof of Lemma 5.4, we can prove the following result.

Lemma 6.3. Let f be a nonnegative function on B such that kf kp( � ) � 1.
If 0 < a < (n � � )=� 2 and � = 
 =p0

0 = (n � � � a� 2)=n, then
Z

B nB (x;r )
jx � yj � � n f (y) dy � C

�
log(1=r)

� �

whenever 0 < r < 1
2 .

We seefrom Lemma 6.3 that

U� f (x) =
Z

B (x;� )
jx � yj � � n f (y) dy +

Z

B nB (x;� )
jx � yj � � n f (y) dy

� C� � M f (x) + C
�
log(1=� )

� �
:

Here, letting
� =

�
M f (x)

� � 1=� �
log

�
e+ M f (x)

� � � =�

when M f (x) is large enough,we have

U� f (x) � C
�
log

�
e+ M f (x)

� � �
;

so that
exp

�
C � 1�

U� f (x)
� 1=� �

� e+ M f (x)

whenever f is a nonnegative measurablefunction on B0 with kf kp( � ) � 1. By the
classicalfact that M f 2 L p0 (B ) , we establish the following exponential inequality
of Trudinger type.

Theorem 6.4. Let 0 < a < (n � � )=� 2 . If � = (n � � � a� 2)=n, then there
exist positive constants c1 and c2 such that

Z

B
exp

�
c1

�
U� f (x)

� 1=� �
dx � c2

for all nonnegative measurablefunctions f on B with kf kp( � ) � 1.

Finally we are concernedwith the casea = (n � � )=� 2 . The following can be
proved in the sameway as Lemma 5.4.

Lemma 6.5. Let f be a nonnegative function on B such that kf kp( � ) � 1.
If a = (n � � )=� 2 , then

Z

B nB (x;r )
jx � yj( � � n )p0(y ) f (y) dy � C

�
log

�
log(1=r)

� � (n � � )=n

for small r > 0.
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As in the proof of Theorem 6.4, we establish the following double exponential
inequality for f 2 L p( � ) (B ) .

Theorem 6.6. If a = (n � � )=� 2 , then there exist positive constants c1 and
c2 such that Z

B
exp

�
exp

�
c1

�
U� f (x)

� n= (n � � ) ��
dx � c2

for all nonnegative measurablefunctions f on B with kf kp( � ) � 1.

7. Con tin uit y

Let G bea boundedopenset in the n -dimensionalspaceR n , and �x x0 2 G.
In this section, we deduce the continuit y at x0 of Riesz potentials U� f when
f 2 L p( � ) (G) with p( � ) satisfying

�
�
�
�p(x) �

�
n
�

+
a log

�
log(1=jx0 � xj)

�

log(1=jx0 � xj)

� �
�
�
� �

b
log(1=jx0 � xj)

;

where a > (n � � )=� 2 , b > 0 and x runs over the small ball B0 = B (x0; r 0) .
Considera positivecontinuousnonincreasingfunction ' on the interval (0; 1 )

such that

(' )
�
log(1=t)

� � " 0 ' (t) is nondecreasingon (0; r 0] for some "0 > 0 and r 0 > 0;

set ' (r ) = ' (r 0) for r > r 0 . We seefrom condition (' ) that ' satis�es the
doubling condition.

Set

�( r ) =
� Z r

0
' (t) � � 2 =(n � � ) t � 1 dt

� (n � � )=n

:

Our �nal goal is to establish the following result, which dealswith the conti-
nuit y of � -potentials in R n .

Theorem 7.1. Let p( � ) satisfy

p(x) =
n
�

+
log ' (jx0 � xj)
log(1=jx0 � xj)

for x 2 B0 = B (x0; r 0)

and f 2 L p( � ) (B0) . If �(1) < 1 , then U� f is continuous at x0 ; in this case,

jU� f (x) � U� f (z)j � C�( jx � zj)

whenever x; z 2 B
�
x0; 1

2 r 0
�
.

Remark 7.2. Let ' (r ) =
�
log(e + 1=r)

� a
. Then �(1) < 1 if and only if

a > (n � � )=� 2 , so that Theorem 7.1 givesan extension of the authors' [9].

For a proof of Theorem 7.1, we may assumethat x0 = 0 without loss of
generality. Before the proof we prepare the following two results.
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Lemma 7.3. For x 2 B
�
0; 1

2 r 0
�

and small � > 0,

Z

B (x;� )
jx � yjp

0(y )( � � n ) dy � C
Z �

0
' (r ) � � 2 =(n � � ) r � 1 dr:

Proof. First note from (2.2) and (' ) that

p0(y) � p0
0 � ! (jyj) for y 2 B0 ,

where p0
0 = n=(n � � ) and ! (r ) =

�
� 2=(n � � )2

� �
log ' (r )

�
=log(1=r) � C=log(1=r)

for 0 < r � r 0 ; set ! (r ) = ! (r 0) for r > r 0 . If 0 < � � 1
2 jxj , then we have

Z

B (x;� )
jx � yjp

0(y )( � � n ) dy �
X

j

Z

B (x; 2� j +1 � )nB (x; 2� j � )
jx � yjp

0(y )( � � n ) dy

�
X

j

(2� j � )( � � n )( p0
0 � ! (2 � j � )) � n (2� j +1 � )n

� C
X

j

' (2� j � ) � � 2 =(n � � )

� C
Z �

0
' (r ) � � 2 =(n � � ) r � 1 dr;

where � n denotesthe volume of the unit ball. Similarly, if 1
2 jxj < � < 1

3 r 0 , we
have

Z

B (x;� )nB (x; j x j=2)
jx � yjp

0(y )( � � n ) dy � C
Z

B (0 ;3� )
jyjp

0(y )( � � n ) dy

� C
Z 3�

0
' (r ) � � 2 =(n � � ) r � 1 dr:

Therefore it follows from the doubling property that

Z

B (x;� )
jx � yjp

0(y )( � � n ) dy � C
Z �

0
' (r ) � � 2 =(n � � ) r � 1 dr

when 0 < � < 1
3 r 0 . Now the proof is completed.

Lemma 7.4. Let f be a nonnegative measurable function on B0 with
kf kp( � ) � 1. Then

Z

B 0 nf B (0 ;� ) [ B (x;� )g
jx � yj � � n � 1f (y) dy � C� � 1 ' (� ) � � 2 =n

for x 2 B
�
0; 1

2 r 0
�

and small � > 0.



518 T. Futamura, Y. Mizuta and T. Shimomura

Proof. Let f be a nonnegative measurablefunction on B0 with kf kp( � ) � 1.
For k > 1 we have

Z

B 0 nf B (0 ;� ) [ B (x;� )g
jx � yj � � n � 1f (y) dy

� k
� Z

B 0 nf B (x;� ) [ B (0 ;� )g
(jx � yj � � n � 1=k)p0(y ) dy

+
Z

B 0 nf B (x;� ) [ B (0 ;� )g
f (y)p(y) dy

�

� k
� Z

B 0 nf B (x;� ) [ B (0 ;� )g
(jx � yj � � n � 1=k)p0(y ) dy + 1

�
:

In view of the assumption of ' , we obtain

Z

B 0 nf B (x;� ) [ B (0 ;� )g
(jx � yj � � n � 1=k)p0(y ) dy

� C
� Z

B 0 nf B (x;� ) [ B (0 ;� )g
(jx � yj � � n � 1=k)p0

0 � ! ( � ) dy + 1
�

� C
�

k� p0
0 + ! ( � )

Z 1

�
t ( � � n � 1)( p0

0 � ! ( � ))+ n t � 1 dt + 1
�

� Ck � p0
0 + ! ( � ) � ( � � n � 1)( p0

0 � ! ( � ))+ n :

Considering k such that k � p0
0 + ! ( � ) � ( � � n � 1)( p0

0 � ! ( � ))+ n = 1, we seethat

Z

B 0 nf B (0 ;� ) [ B (x;� )g
jx � yj � � n � 1f (y) dy � C� � 1 ' (� ) � � 2 =n ;

as required.

Proof of Theorem 7.1. Let f be a nonnegative measurablefunction on B 0

with kf kp( � ) � 1. For 0 < k < 1, we have by Lemma 7.3

Z

B (x;� )
jx � yj � � n f (y)dy

� k
Z

B (x;� )

�
(jx � yj � � n =k)p0(y ) + f (y)p(y) 	 dy

� k
�

k� n= (n � � )
Z

B (x;� )
jx � yj( � � n )p0(y ) dy + 1

�

� k
�

Ck � n= (n � � ) �( � )n= (n � � ) + 1
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whenever x 2 B
�
0; 1

2 r 0
�

and 0 < � < 1
2 r 0 . Now, considering k = �( � ) , we �nd

(7:1)
Z

B 0 \ B (x;� )
jx � yj � � n f (y) dy � C�( � ):

Hence,if x; z 2 B
�
0; 1

2 r 0
�

and jx � zj < 1
4 r 0 , then we have

(7:2)
Z

B (x; 2jx � zj )
jx � yj � � n f (y) dy � C�( jx � zj):

On the other hand we have
Z

B 0 nB (x; 2jx � zj )

�
� jx � yj � � n � jz � yj � � n

�
� f (y) dy

� Cjx � zj
Z

B 0 nB (x; 2jx � zj )
jx � yj � � n � 1f (y) dy

= Cjx � zj
� Z

B 0 nf B (x; 2jx � zj ) [ B (0 ;2jx � zj )g
jx � yj � � n � 1f (y) dy

+
Z

f B 0 \ B (0 ;2jx � zj )gnB (x; 2jx � zj )
jx � yj � � n � 1f (y) dy

�
:

It follows from Lemma 7.4 that
Z

B 0 nf B (x; 2jx � zj ) [ B (0 ;2jx � zj )g
jx � yj � � n � 1f (y) dy � Cjx � zj � 1 ' (jx � zj) � � 2 =n :

Moreover we seefrom (7.1) that
Z

f B 0 \ B (0 ;2jx � zj )gnB (x; 2jx � zj )
jx � yj � � n � 1f (y) dy

� Cjx � zj � 1
Z

B 0 \ B (0 ;2jx � zj )
jyj � � n f (y) dy � Cjx � zj � 1�( jx � zj):

Since ' (r ) � � 2 =n � C�( r ) by the doubling property of ' , we obtain
Z

B 0 nB (x; 2jx � zj )

�
� jx � yj � � n � jz � yj � � n

�
� f (y) dy � C�( jx � zj):

Further we obtain by (7.2)
Z

B (x; 2jx � zj )
jz � yj � � n f (y) dy � C�( jx � zj):

Now, we establish
jU� f (x) � U� f (z)j � C�( jx � zj);

as required.
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Remark 7.5. If �(1) = 1 , then we can �nd f 2 L p( � ) (B0) such that
U� f (0) = 1 , which meansthat U� f is not continuous at 0.

For this purposeset

 (r ) =
Z 1

r
' (t) � � 2 =(n � � ) t � 1 dt

and
f (y) = jyj � (n � � )=(p(y) � 1)  (jyj) � 1:

Take r 0 so small that  (r ) > e when 0 < r < r 0 . Note that

r � (n � � )p=(p� 1)+ n = r � (n � �p )=(p� 1) = ' (r ) � �= (p� 1)

for r = jyj and p = p(y) . By (' ) we have

' (r ) � �= (p� 1) � C' (r ) � � 2 =(n � � ) ;

so that

U� f (0) =
Z

B 0

jyj � � n � (n � � )=(p(y) � 1)  (jyj) � 1 dy

� C
Z r 0

0
' (t) � � 2 =(n � � )  (t) � 1 dt=t = 1

since  (0) = 1 by our assumption.
On the other hand, taking a number � such that 1 < � < n=� and noting by

(' ) that
' (r ) � �= (p� 1) � C' (r ) � � 2 =(n � � ) ;

we have
Z

B 0

f (y)p(y) dy =
Z

B 0

jyj � (n � � )p(y)=(p(y) � 1)  (jyj) � p(y ) dy

� C
Z r 0

0
' (t) � � 2 =(n � � )  (t) � � dt=t < 1

since 1 < � < n=� � p(y) and  (0) = 1 , as required.
Finally , we considera variable exponent p( � ) on the unit ball B such that

(7:3) p(x) = p0 +
log '

�
%(x)

�

log
�
e=%(x)

�

for x 2 B , where p0 = n=� ; assumeas above that

p(x) > p0 on B .

Theorem 7.6. If �(1) < 1 and f 2 L p( � ) (B ) , then

jU� f (x) � U� f (z)j � C�( jx � zj)

whenever x; z 2 B .
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For a proof of Theorem 7.6, it su�ces to show that

Z

B (x;� )
jx � yjp

0(y )( � � n ) dy � C
Z �

0
' (r ) � � 2 =(n � � ) r � 1 dr

for x 2 B and small � > 0, as in Lemma 7.3. We obtain, in fact, this inequality
in the sameway as in Lemmas6.2 and 7.3.

Remark 7.7. Wedo not know the bestcondition which assuresthe continuit y
of Rieszpotentials in the metric spacesetting.
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