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Abstract.  We study the number of sign changesof St (t) (related to Hede L -functions
attachedto holomorphic cuspforms of even positive integral weight with respectto the full modular
group) over shorter intervals.

1. Intro duction

Let
S(ty=  ‘targ L+t ;

where the argumert is obtained by corntinuous variation along the straight lines
joining 2, 2+ it and %+ it , starting with the value zero. When t is equalto the
imaginary part of any zeroof (s), we put

S(t) = '!ilmo% S(t+ ")+ S(t ") :
As for Atle Selberg's commert on a deepresult of Littlew ood on S(t), A. Ghosh
establishedthat (see Theorem 1 of [5] and also the paper of Selberg [16]) S(t)
changesits sign at least

T(logT)exp A( )(loglogT)(logloglogT) *=2*

times in the interval (T;2T). Here is any arbitrarily small positive constar,
and A( ) > 0 depending only on . In fact, he proved this result over shorter
intervals.

Let f (2) = i:l an€ " beaholomorphic cuspform of evenintegral weight
k > 0 with respect to the full modular group = SL(2;Z). We de ne the
assaiated Hede L -function

X

(1:1) Lt (s) = a,n °

n=1
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for Res > (k + 1)=2. Throughout this paper, we assumethat f (z) is a Hedke
eigenformwith a; = 1. It is known (see[7]) that L; (s) admits analytic continu-
ation to C asan ertire function and it satis es the functional equation

(1:2) ) (9)Le(s)=( 122 ) & I (k s)Li(k 9):
Lt (s) hasan Euler-product represemation (for Res> (k + 1)=2)

Y
(1:3) Li(s)= 1 ap S+p<lp% &

p

The non-trivial zerosof L (s) lie within the critical strip (k 1)=2 < Res <
(k+ 1)=2. Thesezerosare located symmetrically to the real axis and they are also
symmetrical about the line Res = k=2. The Riemann hypothesisin this situation
assertsthat all the non-trivial zerosare on the critical line Res = k=2. From
Deligne's proof of Ramanujan{P etersson'sconjecture (see[1] and [2]), we have the
bound for the coe cien ts

(1:4) janj d(n)ntk D=2

Seeral interesting deepresults about the Hedke L -functions have beenestablished
lately. As a sample, a certain averagegrowth of these L -functions in the weight
aspect on the critical line hasbeeninvestigatedin the papersof Peter Sarnak (see
[15]) and of Matti Jutila and Yoichi Motohashi (see[9]).

Let N¢ (T) denotethe number of zeros +1i of L¢(s) for which 0< < T.
If T is equalto the ordinate of any zero, then we de ne

(1:5) N¢ (T) := ,!i!mo%fo (T+"+ N (T "o
Now, one can show that (following Theorem 9.3 of [18])

(1:6) Nf(T):IIOQI I+1+Sf(T)+O % ;
where

a:7) Sk (t) = Earg Lt ;+ it

The argumert is obtained by a cortin uousvariation alongthe straight lines joining
the points 1k+ 1, 2k+ 1+it and Zk+ it, starting with the value 2(k  1). Hence
the variation of S (t) is closely connectedwith the distribution of the imaginary
parts of the zerosof L (s).

We now de ne, for k=2, T landH T,

(1:8) Nf( ;T;T+H)=# +i :Li( +i)=0; ;T T+H

In [14], we proved the following two theorems:



On the sign changesof S; (T) 215

Theorem A. Fort 2,2 x t2, wehave

1 X (n)sin(tlogn)
n xt logn

X £ (N
+0 (xt k=2) nx;f.‘ (+it)
n<x 3 ’

St (1) =

n<x 3

+ O ( xt k=2)logt ;

where
wt = k=2+ 2max( k=2; 2=logx);

%=+ i running over those zerosfor which
it x¥ ogx) 4
and : (n) isasin (2.6).
As corollaries we obtained (by choosing x = P logt)
St (t) = O(logt)
unconditionally, and assumingthe Riemann hypothesisfor L; (s), we got

logt

S(H=0 loglogt

Theorem A°. Let B beany xed small positive constart. Let

19 N 13:505B

BO= =
20 5

and B%< 1. Then for T H T, wehave
H (B=(1 BY)( k=2
TB?

N¢( ;T; T+ H) H logT

uniformly for k=2 (k+ 1)=2.

As an application to the above TheoremsA and A°, the object of this paper
IS now to prove

Main theorem. Let B9 bethe constart asin TheoremA®°. Let B%< 1.
If (T + 1) H T and > 0 is an arbitrarily small real number, there is an
A=A(; )>0anda Typ= To(; )> 0 sudc that when T > Ty, S (t) changes
its sign at least

H(logT)exp A(loglogT)(logloglogT) @=2*

times in the interval (T;T + H).
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Remark 1. This main theorem is an analogousresult of the theorem in the
caseof S(t) related to the ordinary Riemann zeta-function, which was established
by A. Ghosh (seeTheorem 1 of [5]). In the caseof S(t), B? can be replacedby %
(or even by a better positive constart).

Remark 2. If we assumethe Riemann hypothesisfor Lt (s), then the main
theorem is true with 0< 1.

The proof requires asymptotic formulae for integrals of the type

ZTiH
jSt (1)} dt
.
and Z 1o
jSif (t+h) Sy ()2 dt;
.
where ya

Sy (1) = . St (u) du

with the error terms uniform in integers| 1 and h > 0 with a suitable value
of h. It should be mentioned that the asymptotic formulae for higher momerts
of S(t) over shorter intervals have been extensiwely studied earlier in [3], [4], [5]
and [6].

In fact, rst we establishthe following theoremsfrom which the main theorem
follows. The constarts B and B° occurring in the sequelare asin Theorem A°,
which we do not mertion hereafter.

Theorem 1. Let B%< 1. T H T, then there is an absolute
positive constart A; = A;( ) sud that for any integer | satisfying

1 | (loglogT)*=3;
we have
ZT+H ( )I 1 2|
jSr(jfdt= 5= o= H(oglogT)'+0 ALl' “H(loglogT)" ¢ ;
T :

where the implied constarts depend at most on

Theorem 2. Let B®< 1. If (T + h) H T, then there is an
absolute positive constart A, = A( ) sud that for any integer |, with

1 | (loglogT)=3;
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and any h satisfying
1

(logT)™ < h 1< mIogT;
we hzave
THH _ 2)) h 2
Cisuen) Sy de= S8 Hiogh Y

+ 0 Abl' @ Hh?(loglogT)" *=2

Remark 3. Theorems1 and 2 are analogousresults of Theorems 2 and 3
of [5]. Howewer, herethe rangeof | aswell asthe error terms have beenimproved.
In fact, Theorems2 and 3 of [5] hold with this range of | aswell aswith this error
term, which can be easily noticed from our argumerts.

As a consequencef Theorems1 and 2, we obtain

Theorem 3. Let B%< 1.IfT H T, then for any given > 0, we

have
T+H

]St (t)jdt = 92: ;(bg log T)®=2
T
+0 H (loglogT)(logloglogT) @=2+ ©7 .
where the implied constarts dependon  and

Theorem 4. Let B%< 1. If (T + h) H T, then for any given
> 0 and any h satisfying

- logT
logT)!?<h t<"—2—;
(logT) 1IogIogT
for somesuitable constart "; = "1( ) > 0, we have

Z1+H 2 Hh
iSuf (t+h) Sy (Djdt= p——(logh )=
;

+ O Hh (loglogT)(log loglogT) =2+ 17 .

where the implied constarts dependon  and

Remark 4. We prove Theorems 1 and 2 in detail adapting the approad
of [5]3to our situation. Howewver, we need an asymptotic estimate for the quan-
tity b x ag logp=g¢ ! which is proved in Section 4 using Shimura's split of the
Rankin{Selberg L -function into the ordinary Riemann zeta-function and the sym-
metric square L -function assaiated to a Hede eigenform f for the full modular
group. Apart from this, Theorem A° plays a crucial role (on the whole) particu-
larly in proving the main theorem over shorter intervals.

Acknowledgemen. The author wishesto thank the anonymous refereefor the
careful reading of the manuscript and for valuable commerts.
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2. Notation and preliminaries

Throughout the paper, the implied constarts A are e ectiv e absolute positive
constarts and they neednot be the sameat ead occurrence. When k is even, it is
known that a, sarereal. In fact, they aretotally real algebraicnumbers. Hencea,
is real from (1.1) and (1.3). By Deligne's estimate, we also have jap) p(k D=2,
We de ne a real number AS such that a, = 2A0p* V=2, and hence,jASj 1.

Let $ and J bethe roots of the equation x? ZAgx + 1 0 and we note that

] gj = 1. Therefore, from the Euler product of L (s), we can write
Y 1 1
(2:1) Li(s)= (1 pp®) (1 “pp°)

p

with j pj= p% Y=2 and a, = ,+ . Taking the logarithm and di eren tiating
both sidesof (2.1) with respectto s, we nd that

(2:2) L@ _ X (p* )P ™(ogp):
Le(s) 1 P
Now we de ne
(2:3) t(n)=( o+ p")ogp) if n=p"; Ootherwise
Hencewe obtain
LP(s) _ % .
(2:4) MO = . ¢(n)n ° (in Res> (k+ 1)=2):
Note that
(2:5) ¢(n) 2(logn)nk D=2

For x > 1, we de ne

S £ (n); ifl n X,
x3 2 x2 2
% log Y 2 log Y o

(2:6) xf(n)=
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3. Some lemmas

Lemma 3.1. Let Dbe a real positive number and supposethat (n) are
complex numbers satisfying

jp(mi €
for some xed constart C > 0. Then, for any integer | 1, we have
Sy = * (p)  (p) (@) (9)
P1: Py (pl Prth Q)
q1: 9| <y
P1 PI=4d1 q
X 2 I X 2 X
= ]I (p) +0 CZI” p 2 p 4
p2
p<y p<y p<y

Proof. See,for example,Lemma 1 of [5]. o

For x 2, t> 0, wedene the number ,; by
xt = K=2+ 2max k=2;2=logx ;
where %=+ i runs over all zerosof L¢ (s) for which

it j x3 K2A@ogx) i

Lemma 3.2. Supposeothat T H T, where B%< 1and x 2,
1 x8 x3 2 (H=TB)¥. Then, for O 8!, we have
Z 14w
Iy = " kw2 a M
T 2 (logx)
logT 4 +

' |
+ A" HlogT () logx log H=T°
!

1 4
logx log H=TB°

+()

Proof. The proof follows using Theorem A° at the appropriate place of the
proof of Lemma 12 of [16]. o

Lemma 3.3. Let H > 1,1 1landl<y H¥. Supposethat , are
complex numbers satisfying

- o] _
(3:3:1) j pl < 81@ forp<y:
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Then, we have

Zy x 2l
(3:3:2) op @72 1 dt  (ABZI)'H;
O py
andif j ,j < By, then we have
Zy x 2l
(3:3:3) op 12 dt (ABZI)'H:
O py

Proof. See,for example,Lemma 3 of [5]. o

Remark. It should be mentioned here that a general mean-\alue theorem
for the Dirichlet polynomial with a better error term is also available, for which
we refer to [10].

Lemma 3.4. Let BO< 1, T H Tandx=T( BY560) Then,
forT t T+ H, wehave

1 X + ) sin(tlo
St(t) + = (o p)kzz (tlogp)
p<x 3 P
— X f (p) x;f (p) it
=0 k=210 P
p<x 3 p gp
X 2
xt (P7) _ ot E
"o p<x 3=2 pk |ng P +O Xt 2 IOgT
Z,
+0 xt K x( xt (k=2) x (k=2) X x;f (p)Jr'gg(Xp) d
2 k=2 p<X 3 p

Proof. From Theorem A (stated in the intro duction), we obtain
1X s (psin(tlogp) 1 X 4 (pP)sin(tlogp?)

Si(t) =

xit 2 xit 2
s P logp ey P (logpf)
k X x;f (p)
+0 . = e
2 pex s P '
+0 . E X X;f (pZ)
. X; 2 o +210t
(3.4.1) 2 prex 3 p i
+0 X (p") sin(tlogp')
vos P (ogp)
k X X;f (pr) Kk
+ O Xt E W + O x:t E |Ogt

pf<x 3
r>2
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Note that ,; 1k and

ioxt (Mij ()i 2(lognn® D=2
Now, it is easyto seethat

r H r
w (P)sintlogy) _ oy g logT

(3:4:2)
o P (logpn)
r>2
ke X w®) Ly o Kk
! rex 3 pr xt trit xit 2
(3:4:3) P
=0 K logT
= x:t 5 g
and
k X x;f (pZ) _ k
< ez DO kg 00X
(3:4:4)
=0 E logT
- X;t 2 9

Now, we write the rst four terms on the right-hand side of (3.4.1) in the following
manner, namely,

X s .
St (t) + 1 (ot p)kfm(t logp)
p<x 3 P
-0 X i@ x o«
p<x 3 p*=2logp
X
xt (P) (k=2) wt yp i
+ O P Ioglo(1 p )p
p<X
k X 5
(3:4:5) tO o 3 Xxft EF.?
p<x 3 P
+0 X x;f (pZ)p 2it
e 422 pklogp
X (0) |
+ 0 xf (P 1 pk 2w 2it
p<X s pk |ng ( p )p

K
+ O x;t E IOgT
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We note that

X 1 (PP) -
Q = Xt 1 kK 2yt 2it
T L Pgpt PR
X 2(logp)p* *
A < I A N 1 k 2 x;t
(3:4:6) - o< logp @ p )
X 4 4 k1
< Xt p2 ng:O x;t %k logT ;
p<x 3=2
since
k, 4
27 logx

and 1 e * < x. Further, we have

AT (> PR S

Q2= gox =2logp ~ " P
(3:4:7) _ zZ
— o X xif (p) d © X x;f (p) d °
- e s D 0+ jt k=2 pex 2 p 0+ it

z
X a P L owen ke N (P(0gxp)

p O+ jt 0 , p + it
(3:4:8) pex Z, p<;(
w xt (k=2) x(k=2) xf (p)(IQg Xp) d -
k=2 p<x 3 p + it )
and therefore, from (3.4.7) and (3.4.8), we get
z
(3:49) Q xit K xw G2 1 x (k=2) X (P)logxp) .
) 2 k=2 e , p + it
Now, the lemma follows from (3.4.5), (3.4.6) and (3.4.9). o
Lemma 3.5. Let B? < 1 and supposethat T H T. Put
x=TC( B)=60D  Then, for | logT, we have
Z T+H X N 2
1 + I
St(t) + = (p* p)sintlogn) =y a2y,

k=2
T p<x 3 p
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Proof. Let
X X (o, + ~3)sin(tlogp)
e . P P :
(3:5:1) () := o2 ;
1 p<x 3
(3:5:2) Eq(t) = X t () x;f (p)p it .
p<x 3 p=?logp |
X a (@)
3:5:3 Ea(t) := xt WP i
( ) 2() p<x s pk |ogp p
(3:5:4) Es(t) = xt %k logT;
and
21 (p) log(xp)
(3:5:5) E4(t) = xt sk xCx (k=2) x (k=2) xif p+_tg P) g
k=2 . p !
p<x
Now, clearly from Lemma 3.4, we have
X 21
356) S(ty+ () ALJEL()]F + JEa(1)]* + JEs(1)]® + JE4(t)i? :
1
If we take
_ (@ xt (P,
" pk Y=2logp

then from the de nition of ¢(n) and «: (n), we easily nd that

p=0 for2 p x

o logp 2 _logp )
J pl log X 2Iogx forx p x5
and |
o ogp 2 3.
J pl 6—|ng for x p Xx°
Therefore,
. lo
i pi Bllogs forp x°

with someabsolute positive constart B;. Similarly, if we take

x;f (p2) .

0= XA\ 7
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then from the de nition of 4 (n), we nd that

it (p?)  9p¢ *(logp);

and so we get j 8] < B, with some absolute positive constart B,. Therefore,
from Lemma 3.3, ((3.3.2), (3.3.3), respectively), we obtain

Z1in
(3:5:7) jE1(D)j% dt  (AD'H
T
and
AR SU¥
(3:5:8) iE2(0)j% dt  (Al)'H:
T
Note that we have xed x = T( B9=69)  From Lemma 3.2, with = 1 and
= 2, we get
Z1in
(3:5:9) iEs()j?dt A1) +12 H  Allen? *H APH;
T
since,
(3:5:10A) @)y @n? ! forl 1
(3:5:10B) |
logT 4 1 1 4

S;:=HlogT ()! +()

!
logx log H=TB"° logx log H=TB"’

| H

“(logx)(log T) 1
and
(3:5:100) H A'l?H:

e (log x) '
Now, we notice that
Z1iH
(3:5:11) JE4()j? dt  Q3Qq
T
where Z 1o 1
Qs := i Sk XA (=) gy

T
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and
Zriw £ X 4l 1=2
- . log x
Qa4 = x (k=2) x;f (p)E itg p) q dt
T k=2 p<x 3 p
From Lemma 3.2, (with = x*, = 4l), we obtain

| 1=2

(3:5:12) Q3 A'(1*" + 1(4DHH (log T) * A2 H2(1og T) 2

By Helder's inequality, we get

Z+ty 24 4 1
Q X2 g
T k=2
Z1 X i (P)logxp)
x(K=2) dl =T d dt
k=2 3
= p<x
(3:5:13) Z,
(lOg X)l 4| X(k=2)
k=2
Z T+H X

41
wr (P)logxp) *

p+it d

T p<x 3

By taking
_ _xf (p)(log xp) .

we obsene that j pj 10logp=logx. Now, by (3.3.2), we obtain

AR Y X 4
(3:5:14) xf (p)(log xp) q

it
T p

t  (AB2)?H(logx)®":

p<x 3
Therefore, we get from (3.5.13) and (3.5.14)
(3:5:15) Q2  (ABZ2I)?H (logx)™:

From (3.5.11), (3.5.12) and (3.5.15), with our choice of x, we get
Z1iH

(3:5:16) JEa()j® dt  AlIP"H™?(log T) #(AB{l1)'H*(log x)?
fro T

All'H:

This provesthe lemma. o
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226
Lemma 3.6. Let B®< land T H T. Then,if | 1isaninteger
and
x3 = T( B %=(201) 7 le';
we have
£Tem 1X ( p+ p)sin(tlogp) * I 2
(3:6:1) Qs = St (t) + — = dt A'lI“H:
T p<z p

Proof. We clearly have
X ( p+ ) sin(tlogp) it

Z T+H 1
Qs 4 Se(t)+ = =
T p<x 3 p
(3:6:2) Zriw ¥ N
+ 4 p 42 T gt
T x3 p<z

From Lemma 3.5, we obsene that
T 2l
X (p* Tp)sin(tlogp) * iy

1
. Sf (t) + - pk:2
p<x 3

Z 14w

(3:6:3)

From (3.3.2) (with B, = O(1)), we have
Z1in X 2l
p ® t dt  A'l'H:

(3:6:4)
T x3 p<z
In the notation of Lemma 3.3,

logplogz logp
p = 1=
logzlogp logz

sothat (3.3.1) is satis ed with z in placeof y. This provesthe lemma. o
, . P
4. Prime number theorem related to the Diric hlet series ﬁzl az=n®

We know that
Y 0 . 1 _ hs an

4:1 Lt (s) = 1 P i
(4:1) t(S) : o5 e .

nS



On the sign changesof S; (T) 227

is an ertire function, j pj= pk V=2, o =pk Landa,= ,+ 5. Now, let
Ro2
(4:2) Ls2(s) := &n
nS
n=1
and
Y 2 1 — 1 —2 1
(4:3) Lt ¢(s) = 1 2 1 2P 1 2
. p° pe pe
where the symbol in (4.3) denotesthe Rankin{Selberg corvolution. The im-

portant relation between(4.2) and (4.3) is given by (see[12], [11], [17] and [13])
(4:4) (s k+1Ls ()= (2s 2k+ 2)Ls2(s);

where (s) is the ordinary Riemann zeta-function. It has beenproved by Rankin
(see[12]) that Ls2(s) hasa simple pole at s= k with residuek ( is a certain
constart). Therefore,the series L?(k 1+ s) =L¢2(k 1+ s) hasasimple
pole at s= 1 with residue 1.

We de ne
(4:5) 8
S(M+ M )™+ ()™ )™ logp P
(n)=. pn(k D) - Th=p
-0 otherwise.

We have the usual von Mangoldt's function, namely,

) _ logp; ifn=pm,
(4:6) (n)= 0; otherwise.

Wealsodene (,(x) and ¢2(x) by

X

(4:7) f2(X) = (nN)(x n)
and

Z X Z X
(4:8) f2(X) = . f2(u)du= . ¢2(u) du:
It is obvious that

X

(4:9) f2(X) = (n):

The aim of this sectionis to prove:
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Theorem 4.1. For X Xg, we have
DI—
f2(X) = x+ O xe © logx .

To prove this theorem, we needthe following lemmas.

Lemma 4.1. There exists a positive constart C (> 0) sudc that

C

sz(k 1+ 5)60|n >1 W

Proof. See,for example, [8]. o

Lemma 4.2. Supposethat L2(s) hasno zerosin the domain
>1  (tj);

where (t), for t 0, a decreasingfunction, hasa cortinuousderivative 9qt) and
satis es

() 0< (<3
(i %Yt)! 0 as t! 1;

(i) %: O(logt) as t! 1:

Let 9 bea xed number satisfying 0< 9 < 1. Then,

L2 (s)
= O log?(jtj
PO g°(jtj)
uniformly in the region 1 9 (tj) ast! 1

Proof. Sincewe have an Euler-product represemation for Ls2(s) from (4.3)
and (4.4), the proof of this lemmafollowsin a similar fashionto that of Theorem 20
of [8]. o

Lemma 4.3. Under the conditions of Lemma 4.2, we have
() = Ix2+ 0 x%e '

asx! 1 ,where! (x) isthe minimum of (t)logx + logt for t 1.
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Proof. First of all, we note that (for C > 1)

(4:3:1) Z
e N S S U S
=7 O Ss¥ D) Lok 1vg B
_ 1 feril ysn LP.(k 1+5s)  929) . %2s)
S 2 iZC 4 s(s+ 1) Li2(k 1+s) (2s) (2s)
_ i C+i1l xS+1 L? f(k 1+ S) O(S) .\ 0(28) g
21 ¢ s(s+1l) L s(k 1+59) (s) (2s)
C+il s+1 Lo k 1+ s 0
= — . r ol ) (s) ds+ O x™* ;
21 ¢ s(s+1l) L s(k 1+59) (s)
since
20 ¢ci1 s(st+1)  (2s) 20 ¢ s(st1l) (29
XC+1
+ 0
T
Now, by moving the line of integration to = %, we seethat the horizontal

portions cortribute an error which is in the absolute value at most O(x¢*! =T),
and the vertical portion cortributes at most O(x’#). We can chooseC = 1+ "
(" is a small positive constart) and T = x'*2. From (4.3.1), we get

(4:3:2) Z
2(X) 1 TCrIL ys it L? ((k 1+s)  qs)

_ 1=4y.
X2 27 .., Ss+1D) L (k 1vs (5 USTOx T

Now, we move the line of integration of the integral appearing on the right-hand
sideof (4.3.2)to =1 9 (jtj). Therefore, this lemma follows when applying
Lemmas4.1 and 4.2.

Now, from Lemma 4.3, Theorem 4.1 follows by standard argumerts (see,for
example, [8]). o

5. Pro of of Theorem 1

We x z=T7 6D Notice that ,+ ~ = a,. Let uswrite

ap sin(tlogp) .
pk=2 ’

X
(5:1) S = (t):=S(t)+ 1

p<z
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Then, from the binomial theorem, we have

X : 2]

S (1) 2l _ 1 ap smitzlzogp)

p
p<z
5:2 pa _ X i 2l j
(5:2) .\ gl (1) 1X g smIEt:Izog p)
j=1 J p<z P
= Qe+ Q7; s
We obsene that
. o . X aysin(tlo 21
Qs 4Ij(1j j(u* T+ % :
p<z P

Therefore, we obtain (using Helder's inequality)

Z TiH VAR SU¥ X ; 2l

. . 1 a, sin(tlo
Q= iSOPd 8 SIU00P) ™
T T p<z P
Z T+H z T+H X ;
AL (o dee Al esintlogp) S'gﬁi'fgp)
) T T p<z

(5:3) Z1in

Al i ( 0)j?dt
T
Z 1.y 1=21 L 141 X : 2]
+ Al i ( t)jz' dt ap sin(t logp)

_ dt
T T p<z pk=2

P .
Let 1:= 1(t):= ., ap ** ', and hence,
X .
(5:4) a,p “sin(tlogp) = |§

p<z

1 1 -

Therefore, from the binomial expansion,we obtain
Z .
T+H X g, sin(tlogp)

Qg = - dt
T e P
21 2 YA T+H
- 1 (1 2 1@ D) g
(5:5) j=Oz b
2l (ZI)' THH ; 21
= (2 j ()i dt
+0 4' J7@ D dt

j=0;1;: 521 J T

2l 1

dt

1 (1=21)
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We note that the integral in the error term of (5.5) is

X 8p,  8pdg gy Pr B
5 log ————
o we  (PL PG G2 ) G G2 j)

(5:6)

We note that japj 2pk V=2 and z= T = 4D Since

'b g

(5:7) min 5

Q| =

for any two distinct positive integersa and b, from (5.6) and (5.7) (for j 6 |), we
get,
VAR BuY _ _ X 2l
(5:8) 7@ Dat 22 japjp ¥ Al AH:
T p<z

Therefore, the error term in (5.5) is

(5:9) Al
Now,
Z T+H
2= j 1(t)j? dt
ToXx
=H ap, Ap, Aq, ag,
p1op<z (pl plq]_ q)k=2
(5:10) R
P1 PI=4d1 Q)
!
+ 0 X 8p, apadg 3 l0g PP
Py P <z (pl P th q)k=2 % 9
ayi i) <z

P1 P16d1 q

Arguments similar to (5.6) yield the error term in (5.10) as

(5:11) A'H:
Since japj  2pk V=2 we have j (p)j := jap=p* V=2 2. Therefore, choosing
C=2and = % in Lemma 3.1, we obtain the rst term on the right-hand side
of (5.10) as

X a2 | X | 2 X
(5:12) =HIl 2 +0 H2AIl p! p?

p<z P p<z p<z
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We note that (from Theorem 4.1),

X X atlo P—
(5:13) ;2(x) = (n) = pk7%p+ O x¥2logx = x+ O xe © logx .
n x p X P
and hence,using Abel's identit y, we obtain
X a2
(5:14) p—l'f = loglogz + O(1) = loglogT log(5l) + O(1):
p z
Hence,from (5.10), (5.11), (5.12) and (5.14), we get
T+H
(5:15) i 1(0)j%dt= 1H(loglogT)"' + O A'll(log)H (loglogT)" * :
T

Therefore, from (5.5), (5.9) and (5.15), we nd that

Z1in X ap Sinitzlzogp) ’ dt = @4 '"H (loglog T)'

(5:16) pr P '

+ O A'll(logH (loglogT)' 1

A'l'H (loglog T)";
sincel | (loglogT)*3. Note that we have used

|
% = 2|I 22
From Lemma 3.6 and (5.16), we seethat the right-hand side of (5.3) is
(5:17) (A2H + ATH*2 All' TH(loglogT)' * “72;
since(for | 1) we have
(5:18) I R
Therefore, the right-hand side of (5.17) becomesthe total error, which is
(5:19) (ADZH + All' @=2H (loglogT)! 1=2):
Note that
121" =2 (loglogT)' @2 provided| (loglogT)(! 1=2)=(1+1 =2)).
and | 1 1 1
A S A

Hence, Theorem 1 holds with this error term
O A'l' ®*2H (loglogT)" =2 ;
provided 1 |  (loglogT)*3. This proves Theorem 1.
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6. Pro of of Theorem 2

First, we write

X aysin(tlo X
(W= (D=smr 1 B g 1T,
p<z P 2
Then,
Z t+h YA t+h X z t+h
Sif(t+h) Sy (t) = St (u) du = ! (u) du + ( u)du:
t t 5 t
Therefore,
Z t+h 2l Z t+h X 2
S(udu = —; (u) du
t t 2
Z t+h 2l
(6:1) +0 Al ( u)du
t
Z t+h Z t+h X 2l 1
+0 Al ( u)du (u) du
t t 2
exactly asin (5.3). We notice that
Z tin 2l Z tin

( u)du h? 1 i ( wj?du;

and hence,by Helder's inequality, we get

Z1in Ltan 2l

Q1o := St (u)du dt
T t
1 VAR Y Zt+h)( 2|
= — (u)ydu dt
T t 2
Z1in L tan
(6:2) +0 Alh? 1 i ( uj? du

T t
Z1in L an 1=2|
+0 Al h?1? i ( wj?dudt
T t
Z1in Lisny 2l 1 (=21
(uydu dt

T t 2



234 A. Sanlaranarayanan

We notice that

Z1in L tan Zh  Ztiysn
(6:3) i( wj?dudt=  du i (02 dt;
T

t 0 T+u

and hence,by Lemma 3.6, with (T + h) H T,B%% 1 and

(T+h)( B % =(201) 7 le';

we have
Z1iH
(6:4) i()j#dt  (AHZH:
T
With theserestrictions, we have
6:5
( ) VA T+H VA t+h 2l
Quo = St (u)du dt
T t
1 VA T+H Z t+h X 2l
= — (uydu dt
T t 2
Z1in Lianyx 20 1 (1=21)
+ 0 (ADZh?H + A'lH¥?h (uydu dt

Now, the main term on the right-hand sideof (6.5) (apart from the constart ~ ?')
IS

| VAR PUVEN ap cos(t+ h)logp  costlogp) 2 _
(6:6) 2| dt:
T p<z p*~=logp
We put
X (k=2) it 17 ih
(6:7) 2= 2()=  ap (logp) “(p 1);
p<z
sothat
X a, cos(t+ h)logp cogtlogp) b+
(6:8) =21q = > :
p<z Y ap
The integral in (6.6) becomesequal to
o @ VA T+H X 2| VA T+H

(6:9) 2 j 2()j?dt+0 4

(1?2 +
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Now, (for j 6 1)

Z1in _
Q11 = L@ 1D dt
T
X apl apj aCIl afl(2| i)
piic 0y (L PG Ya )P
(6:10)
Vom 4 Yid oy o omop ]
, (logpm)  _, (logtn) G G2 j)
X 2l
A2|22|h2| p 1=2
p<z
sincejap,j 2ptk V=2 and
ip"  1j= 2sin hl(;gp hlogp:
Hence,the error term in (6.9) is
(6:11) A'h?'H
by taking z= T = 6,
Now, we have
ZTiH
Q12 = j 2(1)j? dt
Tox
= H ap, Ap, Ag, dg
(6:12) o e (PL PG G)<P
q1:nq | <z
P1 PI=0a1 9
Y (gh 1) M 1
(pj )(q )+ O(AIhZIH),

., (ogp)(ogq)

in the exact way as we obtained (5.10) and (5.11). Now, by Lemma 3.1, with

2’ 8 ph
a 1
2 (kpll() D o o,
(p) = (|09 Pi)
) =
ap (pJ 1) .
(le)2 forl+1 j 2,

(logp;)
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and C = 2h, the main term in (6.12) becomesequal to

X a2iph 152 ! X I 2
7‘{‘) i H+0 22n?l pt H
o, P<(logp) o<z
(6:13) " 4X a_g sin 1hlogp
R logp

+ O A'l'n?H (loglogT)" 2 :

Q3 :=I!

2 1

Now, assumingthat 1< h ! < logT=(10l) < logz, we write the sum on the
right-hand side of (6.13) as

X X 2 gjn L 2
(6:14) N a_IIS sin shlogp
et e e PO 100D
The rst sumin (6.14) is
h2 X a2 X a2 h2
(6:15) T 2+ 0 h? —2h?(logp)® = — logh L+ O(h?);
p<e 1=h p<e 1=
since
X a2
(6:16) — = loglogx + O(1)
p x P

asin (5.14), and in the error term, we have usedaj  4p* * and

X (logp)?
p

(6:17) = O (logx)? :

P X

The secondsumin (6.14) is

X logp Z 1

— 2 v 3dv h%
, Pllogp)® 14

(6:18)

el:h p<
Hence,we obtain from (6.14), (6.15) and (6.18)

X a2 sin lhlogp 2 _h2

logh 1+ O(h?):

p<z
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Therefore, from (6.12), (6.13) and (6.19), we get

Z 1w
(6:20) i 2(0)j2 dt=1"Hh? logh 1+ 0O(@) '+ 0 A'l'n?H (loglogT)' 2 :

T
Substituting (6.11) and (6.20) in (6.5) and using the inequality I' I' * for | 1,
we arrive at

Z T+H Z t+h 2l
Q1o := St (u)du dt
T t
6:21 2
(6:21) - (@) II) 21 H(ogh 1"+ O(A'1?h?H)
+0 A Hh2| I (1= 2)(|Og |og-|-)| (1=2)

from which Theorem 2 follows.

7. Completion of the pro of of the main theorem

The proofs of Theorems3 and 4 are verbatim the sameasin [5] (seeSection5
and 6 of [5]). Hence,the proof of the main theorem follows from the argumerts
similar to thosein Section 7 of [5].
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