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Abstract. Let G be a Kleinian group G acting on B", n 2. We show that if the
orders of the elliptic elemeris in G which have non-degenerate xed set are bounded, then G
carries non-constart G-automorphic quasimeromorphic mappings. This together with an earlier
non-existencetheorem by Srebro givesa complete characterization of Kleinian groupsthat admit
non-constart quasimeromorphicautomorphic mappings.

1. Intro duction

Denition 1.1. Let D R" beadomainn 2andletf:D! R" bea
cortinuous mapping. f is called

(1) quasiregular if and only if (i) f belongsto W
K 1 sud that:

(1:1) if 0" KJi(x) a.e.
wheref {x) denotesthe formal derivativeof f at x, jf Ax)j = supp;=; jf Ax)hj,
and where J; (x) = detf {x).
(2) quasionformal if andonlyif f: D! f (D) isaquasiregulghomeomorphism.
(3) quasimeomorphic if and only if f: D! R", R" = R" flg is quasireg-
ular, where the condition of quasiregularity at f (1 ) can be cheded by
conjugation with auxiliary Meobius transformations.
The smallestnumber K that satis es (1.1) is called the outer dilatation of f .

One can extend the de nitions above to oriented, connectedC! Riemannian
manifolds as follows:

1;n
loc

(D) and (i) there exists

De nition 1.2. Let M", N" be oriented, connected C! Riemannian n-
manifolds, n 2, andlet f: M" ! N" be a corntinuous function. f is called
locally quasiregular if and only if for every x 2 M ", there exist coordinate charts
(UX;I X) and (Vf (x) s f(X)), sud that f(UX) Vs (x) and 0= f(x) f Lis
guasiregular.

If f islocally quasiregular,then Tyf: T, (M") ! T;,)N" exist for a.e. x 2
M".

X
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De nition 1.3. Let M", N" be oriented, connected C! Riemannian n-
manifolds, n 2, andlet f:M" ! N" be a continuous function. f is called
quasiregular if and only if

(i) f islocally quasiregular
and

(ii) thereexists K, 1 K <1, sud that

(1:2) " K (x)
fora.e.x2 M.

Recall that a group G of homeomorphismsacts properly discontinuously on
a locally compact topological space X if and only if the following conditions hold
forany g2 Gy, x 2 X : (a) the stabilizer Gx = fg2 Gj g(x) = xg of x is nite;
and (b) there exists a neighbourhood Vy of x, sud that (b;) g(Vx)\ V¢ = ;, for
any g2 GnGy; and (b)) g(Vx)\ V¢ = V.

De nition  1.4. A discortinuous group of orientation-preserving isometries
of B" is called a Kleinian group.

It is well known that a discortinuous group is discrete (see[Ms]).

De nition 1.5. Let f:B" ! Rn, and let G be a Kleinian group acting
upon B". The function f is called G-automorphic if and only if:

(1:3) f gix) =f(x); for any x2 B" andforall g2 G;
Recall the de nition of elliptic transformations:

De nition 1.6. A Mebius transformation f: B" ! B", f 6 Id is called
elliptic if and only if f hasa xed point in B".

The existenceof non-constart automorphic meromorphic functions in dimen-
sion n = 2 represerts a classicalresult which follows from the existenceof mero-
morphic functions on Riemann surfaces(see[Fo], [K]).

The questionwhether quasimeromorphicmappings(or gm-mappings,in short)
exist in any dimensionn 3 wasoriginally posedby Martio and Srebroin [MS1];
subsequetly in [MS2] they proved the existenceof the fore-mertioned mappings
in the caseof co- nite groups,i.e., groups sud that Volyy, (B"=G) < 1 (the im-
portant caseof geometrically nite groupsbeing thusincluded). Also, it waslater
proved by Tukia ([Tu]) that the existenceof non-constart gm-mappingsis assured
in the casewhen G acts torsionlessupon B". Moreover, since for torsionless
Kleinian groups G, B"=G is an (analytic) manifold, the next natural questionto
askis whether there exist non-constart gm-mappingsf: M" ! Rn"; where M" is
an orientable n-manifold. A partial a rmativ e answer to this question is due to
Peltonen (see[Pe]); to be more precise she proved the existenceof gm-mappings
in the casewhen M " is a complete, connected,orientable C! -Riemannian man-
ifold.

Our main result is the following theorem:
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Theorem 1.7. Let G beaKleinian group G actingon B", n 2. If the or-
dersof the elliptic elemerts of G which have non-degeneratexed setare bounded,
then G admits non-constart G-automorphic quasimeromorphicmappings.

In cortrast with the above results it was proved by Srebro ([Sr]) that, if
G is a Kleinian group acting on B", n 3, containing elliptic elemers with
non-degenerate xed set, of arbitrarily large orders,then G doesnot admit non-
constart G-automorphic gm-mappings; and shaved that sudch groups exist in all
dimensionsn 3.

This non existenceresult, together with Theorem 1.7 givesa complete charac-
terization of thoseKleinian groupswhich admit G-automorphic quasimeromorphic
mappings. Namely:

Theorem 1.8. Let G be a Kleinian group acting on B". Then G admits
non-constart automorphic gm-mappingsif and only if :
(1) n=2;
or

(2) n 3, and the orders of the elliptic elemerns of G having non-degenerate
xed setsare uniformly bounded.

Remark 1.9. Givenany nitely generatedKleinian group acting on B2 the
number of conjugacy classesof elliptic elemerts is nite (see[FM]). Howewer, this
is not true for Kleinian groupsacting upon B", n  4; (for counterexamples,see
[FM], [Po] and [H]).

Remark 1.10. Hamilton ([H, Theorem 4.1]) constructed examples of
Kleinian groups G acting on B# sud that there exists an in nite sequence
ffnonan G of elliptic transformations, with ord(f,) ! 1 and sud that
the xed setof ead f, is degenerate.(For the relevant de nitions, seeSection 2
below.) (Here ord(f,) denotesthe order of f.)

Note that by Remark 1.9 we have the following corollary:

Corollary 1.11. Let G be a nitely generatedKleinian group acting upon
B3. Then there exists a non constart G-automorphic gm-mapping f: B3! R3.

The classical methods employed in proving the existencein the casen =
2 do not apply in higher dimensions|indeed, for n 4, B"=G is not even a
manifold, but an orbifold. Therefore, di erent methods are needed. Following
other researters, we shall employ the classical\Alexander trick" (see[Al]).

A uniform bound for the dilatations can be attained (see[MS2], [Tu]) if the
consideredtriangulation is fat, i.e. sud that ead of its individual simplices may
be mapped onto a standard n-simplex, by a L -bilipschitz map, followed by a
homothety, for a xed L. (For a precisede nition of fatnessseeSection3 below.)

The idea of the proof of Theorem 1.7 is, in a nutshell, as follows: Based
upon the geometry of the elliptic transformations construct a fat triangulation
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T, of N, where N, is a certain closed neighbourhood of the singular set of
B"=G. Since M, = B" nFix(G) =G, Fix(G) = x 2 B" | there existsg 2
Gnfldg; g(x) = x is an orientable analytic manifold, we can apply Peltonen's
result to gain a triangulation T, of M,. Therefore, if the triangulations T, and
T, are chosenproperly, eat of them will induce a triangulation of N, nNeO, for
a certain N,°( N, (seeSection2).

‘Mash' T; and T, (in N, nN.? i.e. ensurethat the given triangulations
intersect into a new triangulation T, (see[Mun, Theorem 10.4]). Modify T to
receive a new fat triangulation T of B"=G.

In the presenceof degeneratecomponerts Ay = A(fx) of the xed setof G,
where the transformations f may have arbitrarily large orders, a modi cation of
this construction is needed;seeSection 4.

Apply Alexander's trick to receive a quasimeromorphicmapping f : B"=G!
R". The lift f~of f to B" represens the required G-automorphic quasimero-
morphic mapping.

In [S3] we shaved how to build T, using a generalization of a theorem of
Munkres ([Mun, 10.6]) on extending the triangulation of the boundary of a mani-
fold (with boundary) to the whole manifold. Munkres' technique also provided us
with the basic method of mashingthe triangulations T1 and T,. In this paper we
presert a more direct, geometricmethod of triangulating N, and mashingthe two
triangulations. We already employed this simpler method in [S1], wherewe proved
Theorem 1.7 in the casen = 3. The original technique usedin [S1]for fattening
the intersection of T1 and T, is, howewver, restricted to dimension 3. Therefore
here we make appeal to the method employed in [S3], which is essetially the one
deweloped in [CMS].

This paper is organized as follows: in Section 2 we shov how to triangulate
the closedneighbourhood N, of the singular setof B"=G. Section 3 is dedicated
to the main task of mashing the triangulations and fattening the resulting com-
mon triangulation. In Section 4 we shov how to apply the main result in the
construction of a G-automorphic quasimeromorphicmapping from B" to R".

2. Geometric neigb ourho ods

If G is adiscrete Mobiusgroupandif f 2 G, f 6 Id is an elliptic transfor-
mation, then there exists m 2 such that f™ = Id. The smallest m satisfying
this condition is called the order of f, and it is denoted by ord(f). In the 3-
dimensional casethe xed point set of f, i.e. Fix(f) = fx 2 B3 j f(x) = xg,
is a hyperbolic line and will be denoted by A(f)|the axis of f. In dimension
n 4 the xed set(or axis of f) of an elliptic transformation is a k-dimensional
hyperbolic plane, 0 k n 2. An axis A is called degeneate if and only if
dim A = 0. In dimensionshigher than n = 3, dierent elliptics may have xed
setsof di erent dimensions.
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If G is a discrete group, G is courtable and sois the set of elliptics and the
set of connectedcomponerts of Fix(G), which we denote by ffig , and fC;g,
respectively.

Moreover, by the discretenessof G, the setsA = fA; ogland henceS =
fC;glha ve no accunulation points in B".

Figure 1. Geometric neighbourhood for n = 3 and m = 4. Here f4g denotesthe regular
(hyperbolic) polygon with 4 sides.

Hence we can choose disjoint, G-invariant neighbourhoods N; and Nj0 of

Si NjO( N;j . Indeed, rst choosea neighbourhood N; of C;, sudch that N\
P2 C; = ;; then recursivelyé)uild a neighbourhood Ny of Cy, sud tléat Nk
B'n(Ns[ [Nk 1) andNy\ ~;,, Cj =, forall k 2. DenoteNe= ",y Nj,

N= ",y NP Dene N, = (Ne\ B")=G, N,°= N\ B")=G.

To producethe desiredclosedneighbourhood N, of the singular setof B"=G
and its triangulation T, we rst considerthe casewhere C; = A(f), for some
f 2 G, and then construct a standard neighbourhood N; = N A(f) of the axis
of ead elliptic elemern of G such that Ny ' A(f) 1" K where A(f) = Sk and
where | " K denotesthe unit (n k) -dimensionalinterval. The construction of N¢
proceedsasfollows: By [Cox, Theorem 11.23]the fundamental region for the local
action of the stabilizer group of the axisof f, G = Ga(r) = fg2 Gjg(x) = xg
is a simplex or a product a simplices. Let S; be the fundamenrtal region (see
Figure 2).

Then we can de ne the generalizedprism (or simplotope|see [Som, VII.25])
S, dened by translating St in a direction perpendicular to S¢, where the
translation length is distny, St¢;A(f) . It naturally decomposesinto simplices
(see[Som, VI 1.25], [Mun, Lemma 9.4]). We have thus constructed an f -invariant
triangulation of a prismatic neigbourhood N; of A(f). We canreducethe mesh
of this triangulation as much asrequired, while cortrolling its fatnessby dividing
S into similar simplicesand partitioning N; into a nite number of radial strata
of equal width % In the special casewhen the minimal distance between axes
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= min disthy, A(f);A(g) | g elliptic, g6 f is attained we can chose %=

= o, for someinteger o, and further partition it into “slabs'of equalhight h. (In
particular onecan usethis approad in the casewhen G actson B* and it cortains
no order two elliptics, sincein this particular case,accordingto a result of Gehring
and Martin [GM1], the minimum exists and is strictly positive.) Henceforth we
shall call the neighbourhood thus produced, together with its fat triangulation, a
geometric neightourhood.

youn

\ A;, is a nite subgroup of O (n), and sincein any dimension there exist
only a nite number of sucd groups of orders Mg, for any My 2 N (see[Cox,
Chapter 11]), the anglesbetweenthe axesof transformations of orders mg admit

abound = (mg;n). Therefore, the intersection N (A1...k) = N¢, \ \ Ns,
of the geometric neighbourhoods of seweral axesis alsoendoved with a natural fat
triangulation, invariant under the group G = hGs,;:::;Gs, 1. (In the particular

casen = 3 one can choose as a geometric neighbourhood of A a regular or a
semi-regular polyhedron together with its interior (seeFigure 3 below).

If g2 B";dimqg= 0, is a degenerateelemern of the singular locus, we replace
the tubular neighbourhood consideredaboveby P ([ intP ¢, where P 4 isaregular
polytope invariant under the stabilizer G4 of g in G, together with its canonical
simplicial subdivision (see[Cox, 7.6]). Indeed, every nite group generated by
re ections is the symmetry group of a regular polyhedron P (see[Cox, p. 209]).
Moreover, the rotation group of P hasorder nl=2, where | is the number of faces
of P (see[Cox, pp. 227{231]).

Remark 2.1. As noted above, if G is a Kleinian group acting with torsion
onB",then M, = B"nFix(G) =G is a completeorientable manifold. Moreover,
sincethe isotropy groups of any point in Qg = B"=G are subgroupsof O* (n), it
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%

Figure 3. A Euclidean semi-regularpolyhedron and two of its fundamental tetrahedra (n = 3).

follows that B"=G is complete orientable orbifold (see[Dr, p. 46]). The singular
locus o, = Fix(G)=G of Qg corntains all the non-manifold points of Qg, yet
the two sets are not equal. Indeed, in dimension n = 2 (n = 3) any orbifold
(orientable orbifold) is homeomorphicto a manifold. The local structure of g
at a point xq 2 Qg is determined by the stabilizer in G of its preimagein B",
i.e. by the nite subgroupsof O* (n). (For instance,in dimension n = 3 only two
in nite families and three more special casesof branching points (of Fix(G) and
thus of o, ) can occur|see [Thl, 5.6]). Howewer, the global structure of o
can be very complicated (see[Th1, 5.6]).

3. Mashing and fattening triangulations

We presen the main steps of the Munkres ([Mun, Chapter 10]) and Cheeger
([CMS, pp. 432{440]) techniques, and we indicate how to adapt them to our par-
ticular setting. First let us establish somede nitions and notation:

De nition 3.1. Let M" be a PL-manifold. Two triangulations T1;T, of
M " intersect transversally if and only if for any p2 M ", there exist neighbour-
hoods Uy, U,, Uz of pin jT4j, jT,j and M", respectively, such that the triple
(U1; Uz; Ug) is PL-homeomorphicto a neighbourhood of 0 in (R" 0;0 R";R"
R™).

To ensurethe fatnessof the common triangulation we needto make appeal
to a stronger notion of transversality, namely:

Denition 3.2. Let ; 2 K, dim ; = k;, i = 1;2; such that diam 1
diam ,. Denoteby [ ;] the ane subspaceof RN generatedby ;, andlet h ;i
denote the subspaceparallel to [ ;], sucdh that 02 h ;i RN;i=1;2. Wesa

that 1, » are -transverseif and only if

() dim([ 1]\ [ 2]) = max(0;ky + k2 n);

(i) 0< < 1 1L 2D, where ] ([ 1I;[ 2D) = 1 (h 1i;h 2i), and where
] (h1i;h2i) = ming, ¢,) arccos(er; &), & 2 (h i\ h 11)?\ hii, kek = 1,
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i = 1;2; where (e1; &) denotesthe standard inner product on R"; andif 3 1,
4 >, sudh that dim 3+ dim 4 < n=dmK, then
(i) dist( 3; 4)> di, whered; = diam ;.
In this casewe write: 1t 5.

De nition  3.3. Let R"; 0 k n bea k-dimensional simplex. The
fatness' of is de ned asbeing:

. Vol( )
1 L= = f ;
(3:1) () m diam]
The inm um is taken over all the facesof , < , and Volg,( ) and

diam stand for the Euclidean |-volume and the diameter of , respectively. (If
dim = 0, then Volg,q( ) = 1, by convertion.)

A simplex is ' o-fat, for some' o > 0, if ' () o. A triangulation (of
a submanifold of R") T = f g2, is ' o-fat if all its simplicesare ' o-fat. A
triangulation T = f ;gip, is fat if there exists ' o > 0 such that all its simplices
are ' o-fat.

Remark 3.4. There exists a constart c(k) that depends solely upon the
dimension k of sud that

(3:2) a5 O mn 1) O

and

33) O g

where ] ( : ) denotesthe (internal) dihedral angle of < . (For a formal

de nition, see[CMS, pp. 411{412],[Som].)

Remark 3.5. The de nition above is the one introduced in [CMS]. For
equivalent de nitions of fatness,see[Cal], [Ca2], [Mun], [Pe], [Tu].

The rst stepis that of mashingthe triangulations T, To:

We approximate the triangulation T, of M, by a locally nite Euclidean
triangulation, by meansof the secah map (see[Mun, p. 90]). Also, the hyperbolic
simplicesof T, can be approximated arbitrarily well by Euclidean simplices, by
considering diam ; 2 T; small enough(see[Tu]). Therefore the mashing and
fattening of triangulations reducesto that of Euclidean ones.

Next we ensurethat the given triangulations intersect into a new triangu-
lation To. This is rst done locally by modifying these local triangulations co-
ordinate chart by chart, so they will be PL-compatible wherewer they overlap.
More precisely we rst apply in nitesimal moves of the vertices so that the two
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triangulations will intersect transversally. Next we perform suitable barycertric
subdivisions of the closed,corvex polyhedral cells = ;\ o, {2 T;,i=12;
in the following manner: supposeead cell @ already has a subdivision into

J(p; i), 1= 1:::;p; and considerall their simplices(see[Mun, 10.2{10.3]).

To extend the local triangulations to a global triangulation T, we work in
R", by using the coordinate charts and maps. Here again we have to approximate
the given triangulation by a PL-map, sud that the given triangulation and the
one we produce will be PL-compatible (see[Mun, Theorem 10.4]). The existence
of the common triangulation T, follows immediately (see[Mun, Theorem 10.5]).

We next presert the main stepsof the fattening procesyfor details see[CMS]):

One beginsby triangulating and fattening the intersection of two individual
simplices belonging to the two given triangulations, respectively. First one shows
that if two individual simplicesare fat and if they intersect -transversally, then
one can choosethe points p sud that the barycertric subdivision will be
composedof fat simplices. (See[CMS, Lemma 7.1].)

Next one shows that given two fat Euclidean triangulations that intersect -
transversally, it is possibleto in nitesimally move any given point of one of the
triangulations sud that the resulting intersectionwill be  -transversal, where
dependsonly on , the common fatness of the given triangulations, and on the
displacemen length (see[CMS, Lemma 7.3]).

By repeatedly applying this results to the simplices of dimensions0;:::;n,
of the intersection of two fat triangulations, one can now prove the main fattening
result:

Prop osition 3.6 ([CMS, Lemma®6.3]). Let Ty, T, betwo fat triangulations
of opensetsU;;U, R", B,(0) U;\ U, having common fathess ' o and
sudhthat d; = inf o1, diam 1 d;=inf ,,t,diam ;. Then thereexist' ,-fat
triangulations T2TL, ' =" o(' o), of opensetsV1;Vo, B, (0), such that

(1) T.9e, 60,0 = TilB, 0,0 1= 12
(2) T,°and T, agreenear their common boundary.
Moreover:

(3) inf oppodiam P 3d;=2, inf op7 odiam 9 ds.

We apply Proposition 3.6 above to our particular context in the following
manner: Let T;, T, be the triangulations of N, nNeO constructed above. To
gain a globally fat triangulation from the mashing of T, and T,, we start by
partitioning N, nNe0 into (almost) cubes Q. If the diameters of the sets Q are
small enoughwe can apply Proposition 3.6, for Q instead B, (0). Extend T, by
T, on the face included in @ and by T; on the other faces,to receiwe the
desiredtriangulation T . (Further fattening of the triangulations induced on the
lower dimensional facesmay be necessary Howewer, by the locally niteness of
the triangulation, the number of stepsrequired for fattening the lower dimensional
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intersectionsis nite and depends solely upon the dimension n.) This givesthe
required globally fat triangulation of B"=G.

4. The existence of quasimeromorphic mappings
We rst prove the following lemma:

Lemma 4.1 ([MS1], [Pe]). Let M" RN be an orientable n-manifold,
let T be a chessloard fat triangulation of M", let 2 T, = (po;:::;pPn)
and let o = (Po:1;:::;pon) denote the equilateral n-simplex inscribed in the
unit sphere S" 1. Then there exists a orientation-preserving homeomorphism
h=nh:jj! R" sudh that

(1) h( j)=j oj,if is positively oriented and h(j j) = R" nj o], otherwise.
(2) h(pi) = po;i, i =0 05N

(3) hjg j is a PL-homeomorphism.

(4) hjingj j Is quasiconformal.

Proof. If det(po;:::;pn) > O, then the PL-mapping h de ned by condition
(2) above also satis es conditions (1), (3) and (4). If det(po;:::;pn) < 0, we
dene h asfollows: h=" 1 J ' hg, where' is the radial linear stretching

' o! R", J denotesthe re ection in the unit sphereS"  and ho:j j! | o
is the orientation-reversing PL-mapping de ned by condition (2). Recallthat ' is
onto and bilipschitz (see[MS2]). Moreover, by a result of Gehring and Veisala, '
is also quasiconformal(see[V]). We canextend' to R" by dening ' (1 )=1 .
It followsthat h indeedrepresens the required PL-homeomorphism. o

The existencetheorem of quasimeromorphic mappings now follows immedi-
ately:

Proof of Theorem1.7. Let T bethe ' ,-fat chesshoard triangulation of B"=G
constructed in Section 3 above. Let f: B"=G! R" bedened by: fjj;=h,
where h is the homeomorphism constructed in the lemma above. Then f is a
local homeomorphismon the (n  1)-skeleton of T too, while its branching set
Bf isthe (n 2)-skeleton of . By its construction f is quasiregular and its
(outer) dilatation dependsonly ' , and on the dimension n (see[Tu, Lemma E]).
The lift f~of f to B" represens the required G-automorphic quasimeromorphic
mapping.

In the caseof degeneratecomponerts Ay of the xed set S , the proof is
essetially the sameas in the classical case of Riemann surfaces(see, e.g. [Fo,
pp. 233{238]). More precisely we proceedas follows: We excisefrom B" disjoint
ball neighbourhoods By of Ax. Let S = @x. Then egm of the quotients
Sk=G admits a fat triangulation Ty . The manifold B" n |, , By =G admits
a fat triangulation that extends the fat triangulation of Sy (see[CMS, p. 444]
and [S3, Theorem 2.9]). We build the simplices Py with vertex Ax=G and base
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Tk, where Ty, are simplicesbelongingto Ty . Then ead of the simplices P, can
be quasiconformally mapped onto a half-space, with bounded dilatation which
dependsonly on n and not on the anglesat the vertices A;, even if the orders
of the transformations f¢ are not boundedfrom above (see[Car, Theorem 3.6.10
and Theorem 3.6.13]). o
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