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Abstract. Considera nite complexRadonmeasure in the plane whoseCauchy transform
vanishes -almost everywhere on the support of . It looks like, excluding sometrivial cases,
should be the zero measure.We show that this is the caseif certain additional conditions hold.

1. Intro duction

Let bea nite complexRadonmeasurein the planeandlet C( ) = (1=2)?
be its Caudhy transform. Being the convolution of the locally integrable function
1=z with a nite measure, C( ) is a locally integrable function (with respect
to planar Lebesguemeasure dA) and thus it is de ned almost everywhere with
respect to dA. Let S be the closedsupport of the measure . For z 2 S, the
value C( )(z) doesnot needto be de ned -almost everywhere,because may
be singular with respectto dA. We set

Z
_ d (w)
cOD=
and Z q
C( )2)= "Ii!mva-( )(z) = P:V: . (V\\z;

whene\er the principal value integral exists. Notice that for z 2 S the above
limit exists everywhere and coincideswith the value of the locally integrable func-
tion C( ).

Melnikov and Volberg raisedthe following question. Assumethat C( ) exists
and vanishes -almost everywhereon S. Doesit then follow that = 07?

A rst remark is that the answer is obviously no for a point mass. On the
other hand, we do not know any example without point massesthat provides a
negative answer.
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A secondremark is that if for any reason C( ) turns out to be corntinuous
everywhere and S is compact, then the answer is yes, just by the maximum
principle. This happens, for instance, if the Newtonian Potential (1=jzj) ? is
continuous and S is compact; in particular, if = f dA with f a compactly
supported function in 2 LP(C), p> 2.

In this paper we provide two su cien t conditions that ensurethat the answer
to our problem is positive. In fact we strongly believe that the answer should be
yesexcept for the caseof measureswith point masses.

Theorem 1. Let = fdA with f acomplexvalued function in L!(dA) and
assumethat C(f dA) vanishesdA -almost everywhere on the support of f . Then
f = 0dA-almost everywhere.

To state the next result we needto introduce somenotation and recall some
well-known facts.

Given a positive Radon measure in the plane the total Menger curvature
(see[Mel]) of is

2727

()= L d@dmd ()

R(z;w; )

where R(z;w; ) is the radius of the disc through z;w and (the inverse of
R(z;w; ) is called the Menger curvature of the triple (z;w; )).
The one-dimensionalfractional maximal function of is de ned by

M1 (2) = sup

D (z;r).
r>0 r ’
where D (z;r) is the open disc with certer z and radius r.
We will alsousethe standard Hardy{Littlew ood maximal operator assaiated
to areameasure,namely

D (z;r)

MZ (Z): sup r2

r>0

and the Hardy{Littlew ood maximal operator assaiated to a positive Radon mea-
sure
Z

1
M f(z) = sup———— if (w)jd (w); f 2LL :
(2) r>cF)) D) D(Z;r)J (w)jd (w) oc( )

where z is in the support of
The upper one-dimensionaldensity of is (x) = limsup,, , D(x;r) =r.
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It is a deeptheorem of Leger[Le]that if ¢?( )< 1 and 0< (2)< 1,
-almost everywhere, then  vanishesout of a recti able set, that is, out of a
courtable union of recti able curves.

Using this, it was proved in [Tol] that if ¢?( ) < 1 and M; (2) < 1

-almost everywhere, then the principal value integral C( )(z) exists -almost
everywhere. To get readily a more completeand symmetric statemernt, set (z) =
lim; o D(x;r) =r, whenewer the limit exists.

We now obtain the follpwing: if  is a nite positive Radon measureon C
sudh that ?( )< 1 and (Mi )2d < 1 ,then (z) and the principal value
integral C( )(z) exist -almosteverywhere.Indeed,let F =fz2 C: (z)> Og.
From the results in [Le] it follows that F is rectiable. SinceM; (x) <1, -
a.e., there exists a non negative function f sud that ;¢ is absolutely cortinuous
with respect to length measureon F and has density f . By the recti abilit y of
F and Lebesgue'sdi erentiation theorem, (z) exists and coincideswith f (z)
at -almostall z2 F. On the other hand, for z2 F we have (z) = 0. The
existenceof C( ) in the principal value sense almost everywhere follows now
from the results in [MaMe] and [Tol].

The surprising new relevant fact is that we can moreover obtain the following
preciseidentit y.

Thggrem 2. Assumethat isapositive nite Radon measurewith ()<
1 and (M; )?d < 1 . Then we have

Z
2
. 1
1) KC()KEz( )= ImMKC Koy = o (2%°d @+ S );
where C( ) is understood in the principal value sense.
In particular, if C( ) = 0 -almost everywhere,then = 0.

Notice that the latter statemert follows readily from the former, becauseif
C( ) vanishes -almost everywhere,then the total Menger curvature of is zero,
which means that is supported on a straight line. Since the density (2)
alsovanishes -almost everywhereand is absolutely continuouswith respect to
length on that line, must be the zero measure.

Let usremark that the identit y (1) hasalready beenprovedin [To4, Lemma 6]
in the particular casewhere is the arc length measureon a nite collection of
pairwise disjoint compact segmets.

For somerecert results concerning principal values of Caudy integrals, see
[Mal], [MaP], [To2] and [JP]. Seealso [Ma2, Section 6] for other related open
problems and [To3] for another connectedquestion.

Section 1 contains the proof of Theorem 1 and Section 2 the proof of Theo-
rem 2. We usestandard notation and terminology. In particular, the letter C will
denote a constart that doesnot depend on the relevant parametersinvolved and
that may vary from one occurrenceto another. The notation A . B is equivalent
to A CB.
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2. Pro of of Theorem 1
The next lemma is folklore. We include a proof for the reader's corvenience.

Lemma 3. Let be a positive nite Radon measure. Then
1 k k2
w2C: —?2 (w)>t C—

12) t

where JE| denotesthe areaof the set E ..

Proof. Set 1
E= w2C: —? (w)>t
1]
Then 7 - 1Z .
iEj - =7 A = — — 7 A X
Bl T 7 WdAW=T 22 edA ()d ()
We now take R = jE'klz2 and write: .
1 1 1
— ? g dA = — z) dA(z) + z) dA(2):
iz E () IO e (2) dA(2) oo R ] e (2) dA(z)

The rst integral is estimated by 2 R and the secondby jEj=R = jEj'*2. Hence
N 1. .-
JEj CLIEfTk Kk

which provesthe lemma. o

Let beacomplex nite Radon meas%eand set

F@= e ="

D (z;").

n 1

d (w);

2= Am,

and 1 Z d (w)
w

B (2= -P:V: z we

Notice that the above expressionsexist dA-almost everywhere. Indeed, ~ coin-

cides dA-almost everywhere with the absolutely continuous part of  (and thus

vanishesif is singular with respectto dA) and B( ) is the Beurling transform

of . We areinterestedin the di erentiabilit y properties of F. Recall that

@ @
— = and — =B ;
@ @
in the senseof distributions. Thus we setfor w 6 z
jJF(w) F(z) B (z(w z) ~(2)(Ww 2)
ow:)=Q (wz= FW F@ B @W 2 -@W 2
wZ
It is not true that F is di erentiable at dA-almost all points z, but the following
wealker substitute result is available (the method is inspired by [St, Chapter 8]).
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Lemma 4. For dA-almostall z2 C we have

'!ilmO% supt fw2 D(z,"):Q (W;2) > tg = O
: >0

Proof. Notice that the conclusion of the lemma holds if  is of the form
" dA, with ' a compactly supported in nitely dierentiable function, or if s
supported on a closedset of zeroarea. Therefore the set of measuresor which the
conclusion of the lemma holds is densein the spaceof all nite complex Radon
measuresendaved with the total variation norm. Considerthe sub-linear operator

T (2) = sup% supt fw2 D(z;"): Q (w;z) > tg =2,
>0 t0

By the opening remark it is clearly enoughto show that T satis es the weaktype
inequality

fz2C:T (2)>1tg %k K;
which follows from
2 T (z CfM; (2)+B (29 z2C;
where B stands for the maximal Beurling transform, that is,

B (2) = supjB- (2)j
—0

and
17 d (w) |

5 (Z): B jw o zj>" (Z W)Zl

To prove (2) take z= 0, w6 0 andset = jwj. Then

jF(w) F@O) B (Ow ~0)w]
jF(w) F(@Q) Bz (O)wj+jwjjB2 (0) B (0)j+ jwjM2 (0)
JF(w) F(©) Bz (O)wj+ 2jwjB (0) + jwjM2 (0)

and, since we can assumewithout lossof generality that  is a positive measure,

Z

Fw) FO) B, Qwj =+ L

+}d()

j2'<2W
1
+ =

1 1 w
+—+—d()=1+1I

jj>2 W
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We rst estimate the term 11 . Obsernethat if ] j > 2 then
. -2 . .2
L L ﬂz I > J.W.JS:
w wo) ) 1)
Thus 7

jwij? o
o 224 () ciwiM, (0);
jj>2
wherein the last inequality we usethe standard idea of decomposing the domain
of integration in annuli certered at 0 whosedistanceto O is of the order of 2".
The term | is times the integral
Z

jwj o1 d
L2 Wi ()= 777 pez)jy W)

Since = jwj we obtain using Lemma 3

t 1 1=
- w2D(0;"): j_jf) pE2)— (W)>t
1 d 1=
- w2 D(O,") j_] ? D(0;2") 7 (W) >t
Z
© 40 cwm, (o)
Do;2) 1

where in the last inequality we decompose again the domain of integration in
annuli certered at 0 whosedistanceto 0 is of the orderof "2 ". o

Proof of Theorem 1. Let S be the closedsupport of the function f and set
E=fz2S:F(z)=0andf(z) 6 Og, sothat we have to showv that JEj = 0. We
will prove that almost all points of E are not points of density of S. Take a point
z 2 E which is a Lebesguepoint of f and at which the conclusionof Lemma 4
holds. Assumethat z = 0 and considerthe R -linear mapping L: C! C de ned
by L(w) = aw+ bw, wherea= B (0); = fdA and b= f(0). Sinceb6 O L is
not identically 0. We distinguish two cases.

Casel: the kernelof L is f0g. Then for some > 0 we have

jaw + bwj
jwj

3) v jwy = L
Write, asin the proof of Lemma 4,

F2)= Sc( )2);
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where = f dA, and

JF(w) aw bwj,
jwj ’

Q(w) = w6 O:

Take t = % (in fact, any other any positive number t lessthan  would work).

Taking into accourt that F vanisheson S dA-almost everywhere and (3), we
obtain

t2fw2 D(0;"): Q(w)>tg _t2fw2D(0;")\ S:Q(w) > tg
np - n2
.\ t2fw2 D(0;")nS: Q(w) > tg
np
t2jD(0;")\ Sj.
ll2 -

Thus Lemma4 tells usthat jD(0;")\ Sj="2? tendsto O with ", which meansthat
0 is not a point of density of S.

Case2: the kernel of L is one-dimensional. Assumewithout lossof generality
that L(1) = 0. Then Lgw) = aw aw = a2 Im(w). Thus, on the cone K =
w2 C:jim(w)] jwj= 2 , we have the inequality
M = zjajm péjaj = >0
W) W)

where the last identity is a de nition of . Take now any positive number t less
than . As beforewe have

t2fw2D(0;"): Q(w) >tg  t3D(0;")\ S\ Kj
) )

and therefore by Lemma 4

im iD(O; )"\ZS\ Kj _ o:
"0

On the other hand

jD(0;")\ SnKj jD(O;")nKj 1,
n2 n2 2’

and hence O is not a point of density of S. o
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3. Pro of of Theorem 2

To prove Theorem 2 we will needsomepreliminary lemmas. The rst oneis
the following well-known estimate.

Lemma 5. Let be a positive Radon measureon C, and z 2 C. For
O0<ri<r, 1, wehave

z 1 C D(ZiR) M1 (@)

—d (w — su
WJZ ( ) rl ra Rpr2 R I'1

rij z wj rp 1z

The next lemma is also easy
Lemma 6. Let be a positive Radon measureon C, and z 2 C sud that
(z) = 0. Then, 7

. 1
limr

. —d (w)=0:
rt o jz wj r )2 WJZ ()

Proof. Let K > 1 be somebig constart. For any r > 0, by the preceding
lemma we have

z r z r
. —~d (w) = . —d (w)
jz wj r ) WJZ riz wj Kr 1z WJZ
r
+ - —d (w
jiz wji>K r 1z WJZ ( )
D(z;R) 1
sup ———+ — M1 (2):
r R FI)<r R K ! ( )
As a consequence,
z 1
lim sup d (w). ra My (2):

o jz ow rlZ WJZ

SinceM; (z) < 1 and K is arbitrary, the lemma follows. o

The following version of Cotlar's inequality has been proved in [Vo, Lemma
5.1] (to be precise,there are somelittle di erences between[Vo, Lemma 5.1] and
the following result; however the argumerts are almost the same):

Lemma 7. Let beapositive Radonmeasureon C. Then,at -a.e.z2 C

we have
supjC- (2] CfM (C )(2)+ M1 (2)g;

where the constart C doesnot depend on



Vanishing Caudhy transforms 487

Notice that in this lemmaonedoesnot needto assumethe L?( ) boundedness
of the Caudhy integral operator.
Recall the identity proved in [MeV]:

2727

1
KC: ko y = 5 2w S(z;w; )2d (2)d (w)d ()
jz >
(4) zzz"™ 1
+ 2w - —d (z)d (w)d ():
PO e w o et
Jw 1>
: : : : R
It is well known that the last integral in (4) is boundedabove by C (M. )?d .
Indeed, for z, w, sudthat jz wj ",jz j>"andjw |j>" wehave
jz j jw j,andsoby Lemma5, for any given z we get
7 1 ZZ
zw—d w)d . iz owi " T —d (w)d
o ]z wj wd () o ] Zj? (wyd ¢)
jw o j> w7
1
(5) D(z;" : —d
") iz i 7P O
) M, @2

and our claim follows. So by the assumptionsin the theorem, it turns out that
KC: k_2( y is bounded uniformly on " > 0. As a consequencepy the preceding
version of Cotlar's inequality and monotone corvergence,we have kC = ki 2( § <
1 ,whereC (z)= sup. ¢JC (2)j. By dominated corvergencethis implies

kC k|_2( ) = I!ilmoka- k|_2( ) < 1:

The identity (4) alsotells us that

. 7727 L
lim kC: k2, , = Zc*( )+ lim i Wi
"0 ()" 6 "o iz () (W)

jwo >t

d (z2)d (w)d ():

Therefore, in order to prove the theorem we onfy have to show that the triple
ftegral on the right side above corvergesto % 2 (z)°d . By the assumption
M; 2d < 1, (5), and dominated corvergence,to prove this statemert it

suces to shov that at -a.e.z2 C we have
6) i L gwd ()=~ @~
o R (2 w) 3 '

jwoj>"
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If  (z) = 0 this is easy: from (5) we get

22 1 My (2)
iz wj » —————d (w)d : D(z;" ! ;
e T WO D@ =

jwo >

which tendsto 0 becauseM; (z) < 1 .

Supposenow that  (z) > 0. In this casez belongsto the recti able set
F introduced above. We want to reduce the problem to the casewhere is
supported on a Lipschitz graph. To this end, recall that there isacgurtable family
of Lipschitz graphs , andasetZ with (Z) = 0 sud that F , nl Z. Let
z be a density point of , (i.e. D(z;r)n )= (D(z;r) ' Oasr! 0). Let
us seethat

zZ
(7) lim iz wi " =
' o iz () w)

jwo >t
w2 p or 2 p

d (w)d ()=0:

By estimatesanalogousto the onesin (5) it is straightforward to ched that
ZZ 1
li iz wj " = U
(8) A o2 )z W dwd()=0
wo g
Sowe may assumethat jz j "2 in the integral in (7). We consider rst the
casew 2 :

z7 .
iz wj " —d d
e N TR (wyd ()
w2z o 7 .
DEIN 0 d O
D(z"yn , M1 (2)
_ D(=z")n n D(Z")
= Dz ") . M1 (2)
D(;;("Z);?) " M; (22! 0 as"! O,

assumingM; (z) < 1 . The case 2 |, is similar. The details are left to the
reader.

By (7), when proving (6) for z 2 F, we may assumethat is supported on
a Lipschitz graph ,. We show that (6) holds in this casein a separatelemma.
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Lemma 8. Let be a Lipschitz graph and a Radon measuresupported
onit sucd that = gdH;* and () <1 . Then,

7

) 1
©) Mo Tt w

w 1>

2
d (wyd ()= 39(2)2

at -ae.z?

Proof. First we considerthe casewhere coincideswith the reallineand =
H jé . The proof of (9) in this situation is basically contained in [To4, Lemma 7].
Howewer, for completenesswe will also shav the detailed calculations here. We
may assumethat z = 0. By (8), shawing that (9) holds is equivalernt to proving

that 77 X

1
Iul = - I - n I .
ML 2 ) dydz 3 as 0;

iy zj>"
where dy and dz denote the usual integration with respect to Lebesguemeasure
in R. On the other hand, by symmetry it is easyto chedk that
ZZ
|t=2

g dydz:
<jn 12 2z )

iy zjp>"

Thus Z. Z . 1 Z w1=2
dz +

0 n=2 Z(Z Y) y+r 2z Y)
Sincea primitiv eof 1= z(z y) (with respectto z)isy llogjl y=z, it follows
that

dz dy:

Z.
y

2 1
11=2 “logl+ 2 + Zlog1l
o Y y

y
ni=2

}—%Iog 1+ % dy:

If we split the integral into two parts and we changevariables, we get

Z 1 1 Z nl=2 1
(10) Il=4 flogj1+ tjdt+ 2 n logjl tj logjl+ tj dt:
0 0
It is well known that 7
1 1 2
—logjl+ tjdt= —:
o 1 0g] J 1
On the other hand, the last integral in (10) tendsto 0 as " ! 0 becausethe
function inside the integral is bounded in O;% . Thus 1! % 2as"! 0,and

sothe lemmaholdsfor =R and = Hjé.
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Consider now the caseof a general Lipschitz graph. Let A be a Lipschitz
function sudh that = sS;A(S) :s2 R . Assumethat z 2 is a Lebesgue
point of g with respect to Hjl, that M; (z) < 1 ,that s;A(Ss) = z and that
A is di erentiable at s. Moreover, without lossof generality, we may supposealso
that s= 0 and A(0) = AY0) = 0 and that O is a Lebesguepoint of A°, sincethe

term 1=(  2) w) isinvariant by translations and rotations* of z;w; . By
(8), shawing that (9) holds for this z is equivalent to proving that

7

m o
10 wjjonl
jwo >

2
- - 2.
( \md(Md() 390~

11
N

To prove this we will comparethe integral above with

27

2 Cai
9@ i =2 t(tS)

is tj>

dsdt;

where ds and dt denote the usual Lebesguemeasureon R. The latter integral
corvergesto : 2, asshown above. Let us denote (S) = s+ i A(s). We have

3
zZ7 L zZ7 .
<JJ J-J ...1=2 ( W) ( ) ( ) g( ) --<.J-J”-J.--l=2 t(t S)
i j>" js tj>"
27 1
jwi + —=—===d (w)d ()
< rie2 ( W)
zz" -
0
w39 gh twyd ()
iz (W)
zz"'"
0
b e 29 gnwya ()
<igr (W)
zz "
0 2
PO TRV TRTS
iz (W)

1 One needsa rotation in order to get A%0) = 0. Howewer a little problem (easyto x) may

appear: when one rotates a Lipschitz graph one obtains the Lipschitz graph of another function
if the rotation angleis small enough. To ensurethat the rotation angleis small, if necessaryone
can assumethat the Lipschitz constart of the graph is small, or even one can supposethat A° is
continuous and then argue locally, etc.
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9(0)?
fam (W)

2
i () Ldsdt

<t (1) (1) ()
j (z)z (t)j>"
1 1
+ g(0)° RO S dsdt
<o (1) (1) ()  Ht s
ZZJ (s) (O)jp>"
1
+ g(0)? i (s)] " ——— dsdt
9(0) < jJ ((t))jj n1=2 t(t s)
77 jo(s)y (1)j>"
1
jsj " — _dsdt
w w122 t(t )

js tj>

dH ;*(w) dH ;*( )

= D+ + Ds5:

We will showv that ead term Dq;:::;Ds tendsto 0 as" ! 0, and we will be
done.

Let us dealwith D, rst:

ZZ 1
D; . wi " j7]9!(W) g(0)jdH *(w)d ()
"< wl=2
wo g
z 1 T o
—d () = jg(w)  9(0)jdH ;" (w)

NI jwj<
The rst factor on the right sideis boundedabove by M; (0), and the last factor
tendsto O becauseO is a Lebesguepoint of g. Thus D;! Oas"! 0.

We now considerthe term D,. Using again the fact that 0 is a Lebesgue
point of g, we get

ZZ
0). :
Do Si0) oOcH W) dH ()
gy oni=2
i p>"
. o)
~ "g(0) jo( )j j2@J( )] dH ()
< oma=2

Z
1

@5 sw T () gOjdH()! 0 as"t O

O<r <" 172 i

wherewe applied Lemma5 to measurejg( ) g(0)jdH jl( ) in the last inequality.
Let usturn our attention to D3. We have
ZZ 1
11) D3 . g(0)? e
(11) Ds. g(0) . ((t)>j1 e ()2

io(s) ()"

1+ A%s)))P2(1 + Aqt)H)? 1 dsdt:
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Since A is bounded, we get

1+ AYDH?@+ AUDH? 1
1+ AYH L+ AP+ (@ ATDD? 2
. JA%s)i + JAYD):
We wish to replacethe conditions on w = (s) and = (t) in the domain of
integration of D3 by similar conditions on s and t. To this end, notice that

w=s1+01) and =1t1+o0(1) as"! 0 since AQ0) = 0 and jsj
jti "'¥2. As a consequence,

w s g jwosi+j g (wj+j)o(l) 2 jo(l). jw  jo(1)

andsojw j=js tj 1+ o(1l) . Therefore,for " small enoughwe have
ZZ 1
Ds. g(0)? isi 2t o) jAYs)j + jAYt)] dsdt

"=2<jtj 2n1=2
js tj>"= 2

Z

jAYs)j ds+ "g(0)2 JATDS o
isj 2" =ocjtj 2n1=2 Ut

9(0)2 ©

2
99 iAYs)jds+ g(0)2 sup +  jAYDjdt
jsj 2" o<r 2n1=2 [ jitj r

Since AY0) = 0 and O is a Lebesguepoint of A% we deducethat D3 ! 0 as

"1 0.
Let us considerD4. For s, t and w= (s), = (t) asin the integral in
D4 we have
1 1 1 1 N 1 1
( w) tt s ( w tC w t w ¢t s
it 0 titiw s
Joowjj it gt wijt s
o(1)
itiz”
Thus, 77
Ds. g(0)? P %dsdt. g(0)% o(1):
"= 2<jtj 2"1%
js tj>'= 2

So D4 alsotendsto O when" ! O.
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Finally we estimate Ds. Let S be the symmetric di erence between

(s;t)2 RZ:jwj<™ "<jj "¥2%j

JW j > n
and
(s;t) 2 R%:jsj< ™ "<jtj "¥2js tj>" :
RR
We have D5 . g(0)®> (1=t?) dsdt. We split the integral as follows:
Z7Z Z7Z Z7Z
1
t—Zdet fiwj "g4f sj "g + o gsio2
S "= 2<jtj 2v1=2 i j>" g4ff tj>" g
7 7 s ti= 2 js tj>'= 2
+ isi 2"
jtj>'= 2
fi§ 1=2gaf tj "1%2g
77 js tj>= 2
+ jsi 2"
jtj>"= 2
fis tj> gaffi w > g
=1+ + 14:
Let us deal with |1:
z 1
.. HYfs:j (s)] "g4fs:jsj "g = dt
jti>=2t
1. . . C
—H ~ fs:j (9)j g4f s:js g:
Since js (s)j = jsjo(1) "o(1), we have
H!fs:j (s)] "g4f s:jsj "g "o(1);
and ;! Oas"! 0. Considernow |,:
Z
n 1
Is. ) dt:

> g4 1> gt
Sincej j=] (t)j=jtj 1+ o(1) , we have
ft:) ()j>"gdf t:jtj>"g B 0;" 1+ 0o(1) nB 0;"(1 o0o(1))

In the annulus A(") we have jtj ". Moreover H 1 R\ A(")
infer that 1, . o(1).

= A(M):
"0(1). Sowe

The estimatesfor the integrals | 3 and |4 are analogous.o
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