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A FUNCTIONAL MODEL FOR A FAMIL Y OF
OPERA TORS INDUCED BY LA GUERRE OPERA TOR

HATAMLEH RAED

The paper generalizesthe instruction, suggestedby B. Sz.-Nagy and C.
Foias, for operatorfunction induced by the Cauchy problem

( thoQt) + (1 t)h%t) + Ah(t) = 0
h(0) = ho(th9(0) = hy

A unitary dilatation for Tt is constructed in the presert paper. then a translational
model for the family T: is presented using a model construction scheme, suggested
by Zolotarev, V., [3]. Finally , we derive a discrete functional model of family T and
operator A applying the Laguerre transform
Z,
f(x)! f(x)Pn(x)e *dx
0

where Py (x) are Laguerre polynomials [6, 7]. We show that the Laguerre transform
is a straightening transform which transfers the family Tt (which is not semigroup)
into discrete semigroup e ™ .

Intr oduction

Functional models for corntraction semigroupsZ; = exp(itA) and T", (t

0; n 2 Z*) have beenconstructed by B. Sz.-Nagyand C. Foias[2] at the beginning
of 70-s.The basesof this method is a signi cant conceptof dilatation of cortraction
semigroup.A spectral realization of the dilatation and subsequeh narrowing upon
the original spaceleadsto a functional model of the cortraction semigroup. As
a result an operator A(T) in this caseis realized by operators which carry out
multiplication by independert variable in a speci ¢ functional space.The basis of
the conceptis the Fourier transform of spacel 2.
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1. Preliminar vy inf ormation on the functional
model in a Fourier represent ation

1.1. Werecall [1] that operator collegation ,

1 = (AH; E; )

is a collection of Hilbert spacesH and E and of linear operators A : H ! H,
'H! E, :E! E ( = ) wherethe collegation condition holds:

2 A A =i

It is customary to assaiate with the collegation (1) an open system [1] which is
de ned by relations

idh(t)+Ah(t) = u(t);
h(0) = ho; (t 0);
(3) v(t) = u(t) ih (t)

where h(t), u(t), v(t) are vector functions from Hilbert spacesH and E respec-
tively. An important role in the further construction of the model represenation
plays the consenation Law [1].

Theorem 1.1. For the opensystem(3) associate with the collegation (1) the

conservation Law holds

4 khok? + hu();u()id = kh(T)k?+ hv();v()id
0 0
forany T,0 T 1.

If operator A is selfadjoint then = 0, = 0, and Cauchy problem (3) in

induced by the semigroup
Zi = exp(itA); i.e. h(t)= Zihp

and the consenation Law (4) yields Z;.
1.2. Let us considera contractiv e semigroupZ; = exp(itA) (t 0), which hasa
property kZ:hk khk for all h2 H.

A unitary dilatation of cortractive semigroupZ; in H is said to be a unitary
semigroupU; in H [2] such that the following relation holds:
) H H; PyuUjn = Z; (t 0
where Py is an orthoprojector on H. The dilatation U; in H is saidto be minimal
if
(6) H = sparfUh; t2 R; h2 Hg
where span in (6) denotesa closedlinear span of the vectors Uih for any t 2 R
andany h2 H.

A signi cant role in the theory of dilatation of cortractiv e semigroupZ; plays
the following Theorem 1.2.
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Theorem 1.2. Any contracting semigioup Z; in H has a unitary dilatation U
in H. Moreover the minimal dilatation U; is de ned up to isomorphism.

We presert a construction of the dilatation U; according to the paper [3].
A contractibilit y of the semigroup Z; means [2, 3] that A is dissipative, i.e.
i(A A) 0. Consequetly including A into the collegation (1) we can
assumethat = |. Therefore the consenation law (4) hasthe form
Z+ Z+
@) khak + ku( )k?d = kh(T)k?+ kv( )kd
0 0
We de ned [3] a dilatation space H, which forms vector-functions f( ) =
us( );h;u () sothatu ()2 E andSuppu ()2 R fora nite norm
Zy Z,
(8) kf k2 = kus ( )k?d + khk? + ku ()k?®d <1 :
1 0

We de ne adilatation U; in H by the formula

9) (Uf)( )= ue(t )heu (6)

whereu (t; )= Pgr,u ( +1t); hy = y(0), and y;( ) is a solution of the Cauchy
problem

i)+ Ay()= u (+1);

yi( 1) =0; 2( t0);

and at last u+ (t; ) = u«(t+ )+ P cofu ( +1t) iy ()g wherePr, and
P¢ o) are operators of narrowing (projection operators at set R. and ( t;0)
respectively), t 0.

It is not dicult to show that unitary of U; (9) in H is a consequenceof the
consenation law (1). By the dilatation construction U; one can seethat the space
H hasthe form

(10) H=D. H D

where the subspaceD . is found by vector-function of the form u. ( );0;0 2 H
and the subspaceD is formed by vector-function 0;0;u ( ) from H, respec-
tiv ely.

The subspacesD have the following properties:

UD. D, (t 0);

(11) UuD D t 0):

Thus D, is outgoing subspaceand D is incomming subspacein the senseof
P.D. Lax and R. S. Phillips [4]. In accordancewith the paper [3], we de ne a free
unitary group V; in the spaceL3(E), which will act as

(12) Mo()=9( +1)
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and vector-function g( ) 2 E, 2 R is such that
z 1

kg( )k?d <1 :
1

It is evidertly that D after identi cation belongsto L2(E) also.
Wave operators W play a signi cant role in the scattering theory. They are
de ned [3, 4] as

(13) W =s tII{m U:Pp V¢

wherePp are orthoprojectors on subspaced . The following theorem holds [3].

Theorem 1.3. The waveopemtors W exist as strong limits (13) are isometries
from LZ(E) to H, and the relations

(14) W Vi=UW ; (8t); W Py =Pp

are valid.

The scattering operator S is de ned by the wave operator W in a corventional
way [3, 4]
(15) S=W,W

From Theorem 1.3 there follows a proposition.
Theorem 1.4. The operator S (15) is a contraction, i.e. kSk 1 and has the
properties:

SVi = V,S; SLZ L3 (E);

ae SLZ(E) = LR(E)

1.3. Werecall that the collegation (1) is simple [1{3] if H = sparf A" g; n2
Z.; g2 Eg. Let us de ne the following subspacesn H,

< =W L3(E):
The following theorem givesa su cien t condition for the completenessf the wave
operators W , [3].

Theorem 1.5. If the collegation is simple then the relation H = spanff. +
f ;f 2< gholds.

Now we construct a translational model [3]. Let fi( ) 2 LZ(E), (k = 1;2). We
de ne a mapping

1) o()= W fi( )+ Wafa( )2 H:
fa()
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Then using isometry of W and the form of operator S (15) it is not dicult to
show that
z 1

(17) k p( )= <

I s fi()
N S |

. fa() .
fa( ) * f2() '
Using Theorem 1.5 we may assert, that space H is isomorphic to the space

L2 LS which is formed by vector-functions f ( ) = f()
S 1 fa()

norm (17) is nite. By virtue of conditions (14) the dilatation U; on , will act

for which the

as a shift. Thereforeif f( )2 L? é f then the dilatation U, is transformed
into
(18) Bf()=f( +1):

Applying again (14), one can easily deducethat the spacesD are realized now
in the form

_ L& (E) . _ 0
(19) b = Ro b, = L2 (E)

Thus the initial spaceH acquiressuch model form

-2 1S L2 (E)
TSt LZ (E)
(20) A
_ fi ;2 1S f1+Sf2L% (E)
- fy S 1 ' Sfi+f2LE (E)

and in the virtue of the dilatation the action of semigroup Z; is transformed to
the shift semigroup

(21) 2i()=Py T( +1)

wheref () 2 mp (20). Thus the following theorem is proved.

Theorem 1.6. A minimal unitary dilatation U; in H of the contraction semigioup
Z; = exp(itA) in H, wher A is dissipative operator of a simple collegation is

S
S 1
the contraction semigoup Z; is unitary equivalent to the shift semigoup ) (21)
in the spaceItPp respetively.

unitary equivalentto a translation group 0, (18) in the spacel ? , and

The Fourier transform by formula
z 1
(22) &)= f()e' d
1
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in the virtue of Plancherel theorem [2, 3] is a unitary operator in L4(E). By the
virtue of Wiener-Paley theorem

EZ (E)= H?(E); EZ (E)= HZ(E)

where H2 (E) are Hardy spacesof E -value function from LZ(E) which are holo-
morphically cortinued into lower (upper) half-plane. Let us apply the Fourier
transform (22) to translational model (18) { (21) and take advantage of the fol-
lowing Theorem 1.7

Theorem 1.7. The Fourier transform of the scattering operator S (15) transfers
the operator S into opetator performing multiplication by characteristic function

S ()=1 A 1)t ; e
&) )=5s () ):

As it is known & + t) = €t f§ ), therefore we derive such functional model.

(23)

Theorem 1.8. A minimal unitary dilatation U; in H of the contraction semigioup
Zi = exp(itA) in H, wher A is dissipative operator of a simple collegation is
unitary equivalent to the group

(24) 6f()=¢€"f()

I S ()

wheref ()2 L? and contraction semigioup Z; is unitary equiv-

S () I
alent to semigoup Zf ( ) = P,q}peit f( ), wher f( ) belongsto the space
_ . b l S () ;fi+S ()22HE(E)
Bo= 12, 02 s() 17 s O a2 H2(E)

Here the main operator & in 1§, act as multiplication opertor by independent
variable

(26) Rf(la):Pﬁpf();f()Zlqp:

In the next section we will generalizethis construction on the caseof the La-
guerre transform.

2. A functional model for the Laguerre represent ation
2.1. Let usconsidera di erential operator

N d
(27) = tF + (1 t)a
in what follows called the Laguerre operator; it acts on functions form C? = (R;).
We denote by L2R+ (e tdt) the following space:
z 1
(28) L2 (ehdt)= f(t); t2R.;  jf(1)j% 'dt< 1
0
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Prop osition 2.1. An operator ~ is symmetric in the spaceL§+ (e 'dt) under the
self-adjoint boundary conditions, i.e. h'x; yi = hy;yi for all x;y 2 C?(Rs) such
that tx (t)ji=0 = O, ty(t)jt=0 = 0 and tyqt)j=0 < 1, txYt)jt=o < 1 .

Pro of. We calculate
z 1

hx;yi  hxyi = %+ @ x99y x(ty®+ @ t)yY e ‘dt
z,
= te '(xy y%) ‘dt= te 'x¥ y%) ji =0

0
by virtue of the boundary conditions.

Let us considernow an open system of special form, generatedby the Laguerre
operator (27) and corresponding to the collegation  (1):

2 h(®)+ AN = u(D);
(29) . h(0) = ho(th%(0) = hy;
v(t) = u(t) ih (t):
The following assertionis valid, similar to Theorem (1.1).

Theorem 2.1. For the opensystem(29) associat@ with collegation  the law of
conservation of eneigy is valid, i.e.

;
hu( );u( )ie d + hBo;Roi
(30) Z’;
=  hv()v()ie d +hBr;RByi
0
_ 0 i _ ho _ h(T) .
where | = i 0 and hg = he , ht = e TThYT) for any nite T > 0.
Pro of. We calculate
hh;hi hh;hi=h u Ah;hi th; u Ahi
:hu;uivi h“l—v Ui HA A )h:hi

ihuu vi+ihu v; ui ih h; hi

ihuu vi+ihu v; ui ih(u v);u v

ih u;ui ih v;vi:
Now we integrate the derived equality:
Z: Z:
h v;vie 'dt h u;uie 'dt
0 0
Zq
i Kh;hi  hh;hi e 'dt
0
i e'th®hi m;hd j]

Hho;hoi HHT;hTi
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which provesour assertion.

2.2. Let us make useof the energyconsenation law (30) to construct a dilatation
for operator T; generatedby the Cauchy problem

(31) h(t) + Ah(t) = 0;
h(0) = ho; (th9(0) = ha;
where Ty(ho; h1) = h(t);thqt) . We will call an unitary operator-function Uy in
H adilatation of family Ty in H,if H H, Ty = Py Uijy .

Here we do not supposethat T; and U; is semigroup. Moreover, the unitary
property of U; may hold not necessarilyin Hilbert metric but in inde nite one.
The following analog of Theorem 1.2 is valid.

Theorem 2.2. The opermator-function T; genesmted by the Cauchy problem (31)
with dissipative operator A of collegation (1) (i.e. = 1) possesseshe unitary
(in inde nite metric) dilatation U;, where the minimal dilatation is determined up
to isomorphism.

Pro of. To prove the theorem we bring a construction of dilatation U; by analog
with (8), (9).
Let us considera Hilb ert space

H=1f = u( );h;v();u( );v( )2 E; suppv2 R ; suppu?2 Ry ;
Z0
h= Mo ‘h2 H; kik?= kv( )k?e d + kRK?

1

+ ku( )k’e d <1
0

We set inde nite metric H
z 0 z 1
(33) Hi2= kv( )k%e d + hB;Ri + ku( )k%e d

1 0
where | hasthe form indicated in Theorem 2.1.

We construct the dilatation U; in H,
(34) Uf =fout )R ) e

Let us considerfurther the Cauchy problem

@4 b(t; )= 0;
€]
(39) b(0; )=u(); 2R+,

where ™ is operator = (27) with respect to
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Solution of the problem is easily obtained. In fact, let
X .
o(t;, )= e " Chgn()
n2z,

where g, ( ) are the Laguerre polynomials [5] which are the solutions of equation
Y gn( )+ ngn( ) = 0and have the form

1 o
gn()—med—n(e )

and make a complete system of orthogonal polynorjals in L%+ (e d). The coef-
cients C, are obtained from the initial condition  C,gn( ) = u( ).

Thereforeb(t; ) possessethe property suppb(t; ) = suppb( ) R.:.Now we
determine u(t; ) in (34) by the formula

(36) u(t; )= Pr, b(t; +t)e z:
To sethB; (34), we considerthe following Cauchy problem

8 t
2 Y()+AY()= b, +tez; 2( t0);

(37) S y( )= ho;
( e'y( t)=hg;
and put B; = (t;/g)o()o)

Finally, to setv(t; ) (34) we considerthe similar equation
Q2+ )bt )=0;

(38)
bO; )=v(); 2R

andput v(t; )=e zb(t, +t)+ Pg fb(t; +te z iy ()g. Weshow that U
(34) has property of isometry in the metric (33). To this end we calculate,
z 0 z 1
MiZ= kvt )k%e d +HR;Ri+  ku(t )k% d
Zl t 7 . 0
= kb(t; +t)k?’e 'd + kbt +tle 7 iy ()kPe d
1 t
z 1
+ hB;hRi + ku(t; +t)k’e 'd
z . 0 Z,
= kb(t; + t)k?%e 'd + HBg;Roi + ko(t; +t)k’e 'd
1 t
z 0 z 1

= kb(t; )k?’e d + hRg;Roi + ko(t; )k%e d
1 0

= Ii2
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In this calculation we have made use of the consenation law (30) and of the fact
that norms of solutions of Cauchy problems b(t; ), f(t; ) (35) and (38) coincide
with norms of initial data u( ) andv( ) in the spaces. 3 (e 'dt) andL3 (e 'dt)
by virtue of selfadjointnessof operators ~ in the spaces.

In order to prove that U; hasthe property of being unitary, it is necessaryto
ascertainthat from U, f = Oimplies f = 0. It is easyto show that U, will act by
the formula

(39) U f = ut )Rov ) -
Herev(t; ) = Pr fo(t; t)ez wheret(t; ) is a solution of problem (38).
In order to obtain gt, it is necessaryto considerdual to (37) problem
2 Y()+AY()= B(;  ter;

(40) . Y(®) = ho;
e "tyXt) = hy;
and put B = (ti//(())o()o) . Finally,

ut; )= bt  t)er + Pr, it t)e? +iy ()g;
where b(t; ) is the solution of Cauchy problem (35).
Thuslet U, f = 0,then b(t; ) = Oandsob(t; ) = 0and f(t; tez+iy ()=
0 thereforeu( ) 0. Now, by substituting fa(t; t)= iy ()e z in (40) we
obtain a homogeneousquation
Ty+tAy+i oy =0

with zerocondition in the origin R = 0. By virtue of uniquenessof Cauchy problem
solution, this yields that y( ) 0, therefore ta(t; t) = 0 on interval (O;t).
Accourting that fa(t; t) = Owith (1 ;0), nally we concludethat v( ) = 0.
Thusf = 0. This provesthe property of being unitary for U; (34) and completes
the proof of the theorem.

2.3. Let us passto constructing wave operators. To this end we de ne a \free"
group by analogy with (38)
(41) Vig( ) = gt );
where g(t; ) is a solution of Cauchy problem
g+ ot )=0;
9(0; )=g()2 L3 d):
It is evidert that V; (41) is unitary. Now we de ne the operators
W =s tIIirpl UiPr, V t;

(42)

(43) W, =s tII{m U Pr V

By analogy with Theorem 1.3 we have
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Theorem 2.3. The waveopemtors W exist as strong limits (43), are isometries
from L3(e d ) to H, and the following relations are valid:

UW =W VWU W, = W, V, ; t O
(a4) b by Uy W VA ( )
WPR :PR

Pro of. We provethe assertionof the theoremfor W  (for W, the proofis similar).
The main matter of the theorem consistsof existenceproof of W  sincethe relation
(44) is proved by analogy with argumerts givenin Section 1; sec[2, 3]. Let

ft=UPr, Vg= Vv(t )ihu(t )
then u(t; ) = PR, g( ). We considerthe Cauchy problem

TYO)+AY()= a9( )

49) y( )=0;y( t)=0; 2( t0):

_ Yy
Then B = Jo0)

We denoteby K ( ; ) a Cauchy function of the problem (45) (i.e. K( ; ) = 0,
K9 ; )= 1), then a solution y( ) of (45) hasthe form
Z

yi( ) = K(;) g()d:

t

Therefore V(t; ) hasthe form

V(t )=Pro 9() 1y ()
Thus,
Z, R ! '

. °K(@©; ) g()d '
—_ . . t . .
fi= Priog o) 1K) g0)d ' q0; ) ol )d Proo( ) :

We show that f; is a Cauchy sequencej.e kf (. fik?! Oast! 1 .Since
z 0
(46)  kf.  fk%= kvi(t+ ;) vt )k?e d + kB,  Bk?:
1
It is sucient to show that eadh summand approachesto zeroast! 1 .We
shaw that kR, Bk! Owhent! 1 andwewill provethis property componert
by componert. It is obvious that
zZ 2
kR RK? K(@©; ) g()d
)

(t
Zt Zt

KK (0; )k%e d e k kZkg( )k2d
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and sincethe function K (0; )e is bounded (see[6, 7]), we obtain that
t

khy+ hek? Ck k2 kg( )k’¢ d ! 0 as t! 1

sinceg( ) 2 L4(e d).

The convergenceof secondcomponerts B, R, to zerois provedin a similar
way. We show that the rst summandin (46) approachesto zerotoo.
In fact,

Z. z
A= . kP« . na() Pt g : K(;) 9()d
Z
fi K (:) g )dKe d
tt Zy
= kg( )k’e d + kPt Yt () PCrogyi()k’e d
v, t 1
+ 2lm ()Pt Y () Prrogyl()ie d

t
It is obvious that the rst and third summandsin the given sum approacesto
zeroast! 1 becauseg( ) 2 L(e d ). We evaluate the secondsummand:
0

B = KP(+ Yt () P(ro)yi()k’e d
z
= h vy, vyie d;
1
where
Yy=Pit oY+ () Prroy t():
Then 2 2
0 0
A= h y; yie d = A.A y; y e d
1 7, 1 I
= 2Im h g vy, yie d
Z:LO YA 0
= 2Im h g yie d + 2Im h vy, yie d
1 1

the rst summand approacesto zeroagain on accourt of g( ) 2 L2(e d ), and
the secondone yields after integration by parts

ke ykjo! O (t! 1)

since B! 0. The theoremis proved.

As before, we de ne the operator S by the formula (15). Then the following
theorem holds.
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Theorem 2.4. The opemtor S (15) is a contraction from L2(e d) to
LZ(e d ) and possesseshe following properties:

SVi = V,S; SLE. (e d) L& (e d);

SLZ(e d)=Lie d):

2.4. Further we supposethat the collegation (1) is simple and asin subsection
1.3 we set a mapping

p( =W f1()) + Wifo()
from L3(e d )+ Li(e d)to H. It is obvious that

I S

p()2L? s | e d
Action of dilatation in this spaceagain reducesto a translation
(47) Bf()=1( +1);

since

U p( ) =W f1( + 1)+ UW.f2()
W fi( + 1)+ UW. V;, ifa( )
W fi( +t)+ UU W ifo( )= p( +1):

As eatrlier, it is obvious that

LZ (e d) 0
D R+ : Dy =
0 * LZ (e d)
and the model spaceH hasthe form
1's LE (e d)
48 Hp= L2 e d :
(48) P S 1 LZ (e d)
and in addition T; passedo shift semigroup
(49) Rf()=1( +1):
Now we considera Laguerre transform
z 1
(50) Lh = e *Pn(x)f (x)dx
0
where Ph(x) = %e x(g("n (xe *) are a Laguerre polynomials, and f(x) 2

L§+ (e *dx). The transform (50) ascertainsisomorphism betweenL%+ (e *dx) and
~2

We extend the Laguerre transform (50) on R in a symmetric way. Then an
imageof this map yieldsaspace’? . Let 2 = *2 + "2 is a spaceof squaresummable
two-sidedsequencesJust asfor the caseof Fourier transform (seeTheorem 1.7 in
Section 1) a theorem the proof of which repeats the reasoningsbrought out in [3]
holds.
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Theorem 2.5. The Laguerre transform of scattering operator S transfers the
opemtor S into an operator of multiplication by a characteristic function S (n) =
Il i (A nl)! ,n22Zie.

(51) Ln(S9) =S (N)on

where g, = L, (0).

After realizing the Laguerretransform, the spaceL ? IS IS e d passes
. o I S (n) . . . .
into the space’5 S (n) | and dilatation € (47) is corverted into
(52) B, (n)f, =e ™f,:

SupspacedD will have the form

’
+N

Therefore H,, is converted to the form

I S (n) fl+sS (nf22°2

63 K= fn= S | s (nfi+f22?

1

3 277
n

and a \semigroup" T; will have the form

(54) Fi(n)fn = Py e o

Thus the following theorem is proved.

Theorem 2.6. The minimal unitary dilatation U; (34) in H (32) of the family
of operators T; (31) with a scattering operator A of collegation (1) is unitary

I S (n) .
s (n) | , and the family T; (31)

is unitary equivalentto % (n) (54) in the spacel4,.

equivalentto 8;(n) (52) in the space2
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