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The paper generalizes the instruction, suggestedby B. Sz.-Nagy and C.
Foias, for operatorfunction induced by the Cauchy problem

Tt :

(
th 00(t ) + (1 � t )h0(t ) + Ah (t) = 0

h(0) = h0 (th 0)(0) = h1

A unitary dilatation for Tt is constructed in the present paper. then a translational
model for the family Tt is presented using a model construction scheme, suggested
by Zolotarev, V., [3]. Finally , we derive a discrete functional model of family Tt and
operator A applying the Laguerre transform

f (x) !
Z 1

0
f (x) Pn (x) e� x dx

where Pn (x) are Laguerre polynomials [6, 7]. We show that the Laguerre transform
is a straigh tening transform which transfers the family Tt (whic h is not semigroup)
into discrete semigroup e� itn .

Intr oduction

Functional models for contraction semigroups Z t = exp(itA ) and T n , (t �
0; n 2 Z+ ) have beenconstructed by B. Sz.-Nagyand C. Foias [2] at the beginning
of 70-s.The basesof this method is a signi�can t conceptof dilatation of contraction
semigroup.A spectral realization of the dilatation and subsequent narrowing upon
the original spaceleads to a functional model of the contraction semigroup. As
a result an operator A(T) in this caseis realized by operators which carry out
multiplication by independent variable in a speci�c functional space.The basisof
the concept is the Fourier transform of spaceL 2.
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1. Preliminar y inf orma tion on the functional
model in a Fourier represent ation

1.1. We recall [1] that operator collegation �,

(1) � = (A; H ; �; E ; � )

is a collection of Hilb ert spacesH and E and of linear operators A : H ! H ,
� : H ! E , � : E ! E (� � = � ) where the collegation condition holds:

(2) A � A � = i� � � � :

It is customary to associate with the collegation (1) an open system [1] which is
de�ned by relations

�
i d

dt h(t) + Ah(t) = � � � u(t) ;

h(0) = h0; (t � 0) ;
v(t) = u(t) � i�h (t)(3)

where h(t), u(t), v(t) are vector functions from Hilb ert spacesH and E respec-
tiv ely. An important role in the further construction of the model representation
plays the conservation Law [1].

Theorem 1.1. For the open system(3) associated with the collegation � (1) the
conservation Law holds

(4) kh0k2 +
Z T

0
h� u(� ) ; u(� )i d� = kh(T)k2 +

Z T

0
h� v(� ); v(� )i d�

for any T, 0 � T � 1 .

If operator A is selfadjoint then � = 0, � = 0, and Cauchy problem (3) in
induced by the semigroup

Z t = exp(itA ) ; i.e. h(t) = Z t h0

and the conservation Law (4) yields Z t .

1.2. Let us considera contractiv e semigroupZ t = exp(itA ) (t � 0), which has a
property kZ t hk � khk for all h 2 H .

A unitary dilatation of contractiv e semigroup Z t in H is said to be a unitary
semigroupUt in H [2] such that the following relation holds:

(5) H � H ; PH Ut jH = Z t (t � 0)

wherePH is an orthopro jector on H . The dilatation Ut in H is said to be minimal
if

(6) H = spanf Ut h; t 2 R; h 2 H g

where span in (6) denotesa closed linear span of the vectors Ut h for any t 2 R
and any h 2 H .

A signi�can t role in the theory of dilatation of contractiv e semigroupZ t plays
the following Theorem 1.2.
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Theorem 1.2. Any contracting semigroup Z t in H has a unitary dilatation Ut

in H . Moreover the minimal dilatation Ut is de�ned up to isomorphism.

We present a construction of the dilatation Ut according to the paper [3].
A contractibilit y of the semigroup Z t means [2, 3] that A is dissipative, i.e.
� i (A � A � ) � 0. Consequently including A into the collegation � (1) we can
assumethat � = I . Therefore the conservation law (4) has the form

(7) kh2
0k +

Z T

0
ku(� )k2d� = kh(T)k2 +

Z T

0
kv(� )k d�

We de�ned [3] a dilatation space H, which forms vector-functions f (� ) =�
u+ (� ); h; u� (� )

�
so that u� (� ) 2 E and Supp u� (� ) 2 R� for a �nite norm

(8) kf k2 =
Z 0

�1
ku+ (� )k2 d� + khk2 +

Z 1

0
ku� (� )k2 d� < 1 :

We de�ne a dilatation Ut in H by the formula

(9) (Ut f )( � ) =
�
u+ (t; � ); ht ; u� (t; � )

�

where u� (t; � ) = PR+ u� (� + t); ht = yt (0), and yt (� ) is a solution of the Cauchy
problem �

i d
d� yt (� ) + Ay t (� ) = � � u� (� + t) ;

yt (� t) = 0 ; � 2 (� t; 0) ;

and at last u+ (t; � ) = u+ (t + � ) + P( � t; 0) f u� (� + t) � i�y t (� )g where PR+ and
P( � t; 0) are operators of narrowing (pro jection operators at set R+ and (� t; 0)
respectively), t � 0.

It is not di�cult to show that unitary of Ut (9) in H is a consequenceof the
conservation law (1). By the dilatation construction Ut onecan seethat the space
H has the form

(10) H = D+ � H � D �

where the subspaceD+ is found by vector-function of the form
�
u+ (� ); 0; 0

�
2 H

and the subspaceD � is formed by vector-function
�
0; 0; u� (� )

�
from H, respec-

tiv ely.
The subspacesD � have the following properties:

(11)
Ut D+ � D+ (t � 0) ;

Ut D � � D � (t � 0) :

Thus D+ is outgoing subspaceand D � is incomming subspacein the senseof
P. D. Lax and R. S. Phillips [4]. In accordancewith the paper [3], we de�ne a free
unitary group Vt in the spaceL 2

R(E ), which will act as

(12) (Vt g)( � ) = g(� + t)
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and vector-function g(� ) 2 E , � 2 R is such that
Z 1

�1
kg(� )k2 d� < 1 :

It is evidently that D � after identi�cation belongsto L 2
R(E ) also.

Wave operators W� play a signi�can t role in the scattering theory. They are
de�ned [3, 4] as

(13) W� = s � lim
t !�1

U+ PD � V� t

wherePD � are orthopro jectors on subspacesD � . The following theorem holds [3].

Theorem 1.3. The waveoperators W� exist as strong limits (13) are isometries
from L 2

R(E ) to H , and the relations

(14) W� Vt = Ut W� ; (8t) ; W� PD � = PD �

are valid.

The scattering operator S is de�ned by the wave operator W� in a conventional
way [3, 4]:

(15) S = W �
+ W� :

From Theorem 1.3 there follows a proposition.

Theorem 1.4. The operator S (15) is a contraction, i.e. kSk � 1 and has the
properties:

(16)
SVt = Vt S ; SL 2

R+
� L 2

R+
(E ) ;

SL 2
R(E ) = L 2

R(E )

1.3. We recall that the collegation � (1) is simple [1{3] if H = spanf An � � g; n 2
Z+ ; g 2 Eg. Let us de�ne the following subspacesin H ,

< � = W� L 2
R(E ) :

The following theorem givesa su�cien t condition for the completenessof the wave
operators W� , [3].

Theorem 1.5. If the collegation � is simple then the relation H = spanf f + +
f � ; f � 2 < � g holds.

Now we construct a translational model [3]. Let f k (� ) 2 L 2
R(E ), (k = 1; 2). We

de�ne a mapping
�

f 1(� )
f 2(� )

�
! 	 p(� ) = W� f 1(� ) + W+ f 2(� ) 2 H :
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Then using isometry of W� and the form of operator S (15) it is not di�cult to
show that

(17) k	 p(� )k2 =
Z 1

�1
<

�
I S�

S I

� �
f 1(� )
f 2(� )

�
;
�

f 1(� )
f 2(� )

�
> d� ;

Using Theorem 1.5 we may assert, that space H is isomorphic to the space

L 2

�
1 S�

S 1

�
which is formed by vector-functions f (� ) =

�
f 1(� )
f 2(� )

�
for which the

norm (17) is �nite. By virtue of conditions (14) the dilatation Ut on 	 p will act

as a shift. Therefore if f (� ) 2 L 2

�
1 S�

S 1

�
then the dilatation Ut is transformed

into

(18) bUt f (� ) = f (� + t) :

Applying again (14), one can easily deducethat the spacesD � are realized now
in the form

(19) bD � =
�

L 2
R+

(E )
0

�
; bD+ =

�
0

L 2
R�

(E )

�
:

Thus the initial spaceH acquiressuch model form

(20)

bHp = L 2
�

1 S�

S 1

�
	

�
L 2

R+
(E )

L 2
R�

(E )

�

= f =
��

f 1

f 2

�
2 L 2

�
1 S�

S 1

�
;

f 1 + S� f 2 2 L 2
R�

(E )
Sf 1 + f 2 2 L 2

R+
(E )

�

and in the virtue of the dilatation the action of semigroup Z t is transformed to
the shift semigroup

(21) bZ f (� ) = P bH P
f (� + t)

where f (� ) 2 bHp (20). Thus the following theorem is proved.

Theorem 1.6. A minimal unitary dilatation Ut in H of the contraction semigroup
Z t = exp(itA ) in H , where A is dissipative operator of a simple collegation � is

unitary equivalent to a translation group bUt (18) in the spaceL 2

�
1 S�

S 1

�
, and

the contraction semigroup Z t is unitary equivalent to the shift semigroup bZ t (21)
in the space bHp respectively.

The Fourier transform by formula

(22) ef (� ) =
Z 1

�1
f (� ) e� i�� d�
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in the virtue of Plancherel theorem [2, 3] is a unitary operator in L 2
R(E ). By the

virtue of Wiener-Paley theorem

eL 2
R+

(E ) = H 2
� (E ) ; eL 2

R�
(E ) = H 2

+ (E )

where H 2
� (E ) are Hardy spacesof E-value function from L 2

R(E ) which are holo-
morphically continued into lower (upper) half-plane. Let us apply the Fourier
transform (22) to translational model (18) { (21) and take advantage of the fol-
lowing Theorem 1.7

Theorem 1.7. The Fourier transform of the scattering operator S (15) transfers
the operator S into operator performing multiplication by characteristic function

(23)
S� (� ) = I � � (A � �I ) � 1� � ; i.e.

( fSf )( � ) = S� (� ) ef (� ) :

As it is known ef (� + t) = ei�t ef (� ), therefore we derive such functional model.

Theorem 1.8. A minimal unitary dilatation Ut in H of the contraction semigroup
Z t = exp(itA ) in H , where A is dissipative operator of a simple collegation � is
unitary equivalent to the group

(24) eUt f (� ) = ei�t f (� )

where f (� ) 2 L 2

�
I S�

� (� )
S� (� ) I

�
and contraction semigroup Z t is unitary equiv-

alent to semigroup eZ t f (� ) = P eH p
ei�t f (� ), where f (� ) belongsto the space

eHp =
�

f =
�

f 1

f 2

�
(� ) 2

�
I S�

� (� )
S� (� ) I

�
; f 1 + S�

� (� )f 2 2 H 2
+ (E )

; S� (� )f 1 + f 2 2 H 2
� (E )

�

Here the main operator eA in eHp act as multiplication operator by independent
variable

(26) eAf (la) = P eH p
�f (� ) ; f (� ) 2 eHp :

In the next section we will generalizethis construction on the caseof the La-
querre transform.

2. A functional model f or the La guerre represent ation

2.1. Let us considera di�eren tial operator

(27) ` = t
d2

dt2 + (1 � t)
d
dt

in what follows called the Laguerreoperator; it acts on functions form C2 = (R+ ).
We denote by L 2

R+
(e� t dt) the following space:

(28) L 2
R+

(eit dt) =
�

f (t); t 2 R+ ;
Z 1

0
jf (t)j2e� t dt < 1
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Prop osition 2.1. An operator ` is symmetric in the spaceL 2
R+

(e� t dt) under the
self-adjoint boundary conditions, i.e. h̀ x; yi = hy; `y i for all x; y 2 C2(R+ ) such
that tx (t)j t =0 = 0, ty(t)j t =0 = 0 and ty 0(t)jt =0 < 1 , tx 0(t)jt =0 < 1 .

Pro of. We calculate

h̀ x; yi � hx; `y i =
Z 1

0

�
(tx 00+ (1 � t)x0)y � x(ty00+ (1 � t)y0)

	
e� t dt

=
Z 1

0

�
te� t (x0y � y0x)

	 0
dt =

�
te� t (x0y � y0x)

	
j10 = 0

by virtue of the boundary conditions. �

Let us considernow an open systemof special form, generatedby the Laguerre
operator (27) and corresponding to the collegation � (1):

(29)

8
><

>:

`h(t) + Ah(t) = � � � u(t) ;

h(0) = h0(th0)(0) = h1 ;

v(t) = u(t) � i�h (t) :

The following assertion is valid, similar to Theorem (1.1).

Theorem 2.1. For the open system(29) associated with collegation � the law of
conservation of energy is valid, i.e.

(30)

Z T

0
h� u(� ); u(� )i e� � d� + hI bh0; bh0i

=
Z T

0
h� v(� ); v(� )i e� � d� + hI bhT ; bhT i

where I =
�

0 � i
i 0

�
and h0 =

�
h0

ht

�
, hT =

�
h(T)

e� T Th0(T )

�
for any �nite T > 0.

Pro of. We calculate

h̀ h; hi � hh; `h i = h� � � u � Ah; hi � hh;  � � u � Ahi

= h� u;
u � v

i
i � h

u � v
i

; � ui � h(A � A � )h; hi

= ih� u; u � vi + ihu � v; � ui � i h� � � �h; hi

= ih� u; u � vi + ihu � v; � ui � i h� (u � v); u � vi

= ih� u; ui � i h� v; vi :

Now we integrate the derived equality:
Z T

0
h� v; vi e� t dt �

Z T

0
h� u; ui e� t dt

= i
Z T

0

�
h̀ h; hi � hh; `h i

�
e� t dt

= i
�

e� t t
�
hh00; hi � hh; h0i

�	
jT0

= hI bh0; bh0i � hI bhT ; bhT i
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which provesour assertion. �

2.2. Let us make useof the energyconservation law (30) to construct a dilatation
for operator Tt generatedby the Cauchy problem

(31)
�

`h(t) + Ah(t) = 0;

h(0) = h0 ; (th0)(0) = h1 ;

where Tt (h0; h1) =
�
h(t); th0(t)

�
. We will call an unitary operator-function Ut in

H a dilatation of family Tt in H , if H � H , Tt = PH Ut jH .
Here we do not suppose that Tt and Ut is semigroup. Moreover, the unitary

property of Ut may hold not necessarilyin Hilb ert metric but in inde�nite one.
The following analog of Theorem 1.2 is valid.

Theorem 2.2. The operator-function Tt generated by the Cauchy problem (31)
with dissipative operator A of collegation � (1) (i.e. � = I ) possessesthe unitary
(in inde�nite metric) dilatation Ut , where the minimal dilatation is determined up
to isomorphism.

Pro of. To prove the theorem we bring a construction of dilatation Ut by analog
with (8), (9).

Let us considera Hilb ert space

(32)

H =
�

f =
�
u(� ); bh; v(� )

�
; u(� ); v(� ) 2 E ; suppv 2 R� ; suppu 2 R+ ;

bh =
�

h0

h1

�
; hk 2 H ; kf k2 =

Z 0

�1
kv(� )k2e� � d� + kbhk2

+
Z 1

0
ku(� )k2e� � d� < 1

	
:

We set inde�nite metric H

(33) hf i 2
I =

Z 0

�1
kv(� )k2e� � d� + hI bh; bhi +

Z 1

0
ku(� )k2e� � d�

where I has the form indicated in Theorem 2.1.

We construct the dilatation Ut in H ,

(34) Ut f = f t
�
u(t; � ); bht ; v(t; � )

�
:

Let us consider further the Cauchy problem

(35)
� �

i @
@t + ` �

�
bu(t; � ) = 0 ;

bu(0; � ) = u(� ) ; � 2 R+ ;

where ` � is operator ` (27) with respect to � .
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Solution of the problem is easily obtained. In fact, let

bu(t; � ) =
X

n 2 z+

e� itn Cn gn (� )

where gn (� ) are the Laguerre polynomials [5] which are the solutions of equation
` � gn (� ) + ngn (� ) = 0 and have the form

gn (� ) =
1
n!

e� dn

d� n (� e� � )

and make a completesystemof orthogonal polynomials in L 2
R+

(e� � d� ). The coef-
�cien ts Cn are obtained from the initial condition

P
Cn gn (� ) = u(� ).

Therefore bu(t; � ) possessesthe property suppbu(t; � ) = suppbu(� ) � R+ . Now we
determine u(t; � ) in (34) by the formula

(36) u(t; � ) = PR+ bu(t; � + t)e� t
2 :

To set bht (34), we consider the following Cauchy problem

(37)

8
><

>:

` � y(� ) + Ay(� ) = � � bu(t; � + t)e� t
2 ; � 2 (� t; 0) ;

y(� t) = h0 ;

(� t)et y(� t) = h1 ;

and put bht =
�

y(0)
(ty0)(0)

�
.

Finally, to set v(t; � ) (34) we consider the similar equation

(38)
�

(i @
@t + ` � ) bv(t; � ) = 0 ;

bv(0; � ) = v(� ) ; � 2 R� ;

and put v(t; � ) = e� t
2 bv(t; � + t) + PR� f bu(t; � + t)e� t

2 � i�y (� )g. We show that Ut

(34) has property of isometry in the metric (33). To this end we calculate,

hf t i 2
I =

Z 0

�1
kv(t; � )k2e� � d� + hI bht ; bht i +

Z 1

0
ku(t; � )k2e� � d�

=
Z � t

�1
kbv(t; � + t)k2e� � � t d� +

Z 0

� t
kbu(t; � + t)e� t

2 � i�y (� )k2e� d�

+ hI bht ; bht i +
Z 1

0
ku(t; � + t)k2e� � � t d�

=
Z � t

�1
kbv(t; � + t)k2e� � � t d� + hI bh0; bh0i +

Z 1

� t
kbu(t; � + t)k2e� � � t d�

=
Z 0

�1
kbv(t; � )k2e� � d� + hI bh0; bh0i +

Z 1

0
kbu(t; � )k2e� � d�

= hf i 2
I
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In this calculation we have made useof the conservation law (30) and of the fact
that norms of solutions of Cauchy problems bu(t; � ), bv(t; � ) (35) and (38) coincide
with norms of initial data u(� ) and v(� ) in the spacesL 2

R+
(e� t dt) and L 2

R�
(e� t dt)

by virtue of selfadjointnessof operators ` � in the spaces.
In order to prove that Ut has the property of being unitary , it is necessaryto

ascertain that from U �
t f = 0 implies f = 0. It is easyto show that U �

t will act by
the formula

(39) U �
t f =

�
u(t; � ); bht ; v(t; � )

�
:

Here v(t; � ) = PR� bv(t; � � t)e
t
2 where bv(t; � ) is a solution of problem (38).

In order to obtain bht , it is necessaryto considerdual to (37) problem

(40)

8
><

>:

` � y(� ) + A � y(� ) = � � bv(� ; � � t)e
t
2 ;

y(t) = h0 ;

e� t ty0(t) = h1 ;

and put bht =
�

y(0)
(ty0)(0)

�
. Finally,

u(t; � ) = bu(t; � � t)e
t
2 + PR+ f bv(t; � � t)e

t
2 + i�y (� )g ;

where bu(t; � ) is the solution of Cauchy problem (35).

Thus let U �
t f = 0, then bu(t; � ) = 0 and sobu(t; � ) = 0 and bv(t; � � t)e

t
2 + i�y (� ) =

0 therefore u(� ) � 0. Now, by substituting bv(t; � � t) = � i�y (� )e� t
2 in (40) we

obtain a homogeneousequation

` � y + A � y + i� � �y = 0

with zerocondition in the origin bht = 0. By virtue of uniquenessof Cauchy problem
solution, this yields that y(� ) � 0, therefore bv(t; � � t) = 0 on interval (0; t).
Accounting that bv(t; � � t) = 0 with (�1 ; 0), �nally we conclude that v(� ) = 0.
Thus f = 0. This provesthe property of being unitary for Ut (34) and completes
the proof of the theorem. �

2.3. Let us pass to constructing wave operators. To this end we de�ne a \free"
group by analogy with (38)

(41) Vt g(� ) = g(t; � ) ;

where g(t; � ) is a solution of Cauchy problem

(42)
� �

i @
@t + ` �

�
g(t; � ) = 0 ;

g(0; � ) = g(� ) 2 L 2
R(e� � d� ) :

It is evident that Vt (41) is unitary . Now we de�ne the operators

(43)
W� = s � lim

t ! + 1
Ut PR+ V� t ;

W+ = s � lim
t !�1

U �
t PR� V �

� t :

By analogy with Theorem 1.3 we have
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Theorem 2.3. The waveoperators W� exist as strong limits (43), are isometries
from L 2

R(e� � d� ) to H , and the following relations are valid:

(44)
Ut W� = W� Vt ; U �

t W+ = W+ V �
t ; (t � 0)

W� PR� = PR�

Pro of. Weprovethe assertionof the theoremfor W� (for W+ the proof is similar).
The main matter of the theoremconsistsof existenceproof of W� sincethe relation
(44) is proved by analogy with arguments given in Section 1; sec[2, 3]. Let

f t = Ut PR+ V� t g =
�
v(t; � ); ht ; u(t; � )

�

then u(t; � ) = PR+ g(� ). We consider the Cauchy problem

(45)
�

` � y(� ) + Ay(� ) = � � g(� ) ;

y(� t) = 0 ; y0(� t) = 0 ; � 2 (� t; 0) :

Then bht =
�

y(0)
(ty0)(0)

�
.

We denote by K (� ; � ) a Cauchy function of the problem (45) (i.e. K (� ; � ) = 0,
K 0(� ; � ) = I ), then a solution y(� ) of (45) has the form

yt (� ) =
Z �

� t
K (� ; � )� � g(� ) d� :

Therefore V (t; � ) has the form

V (t; � ) = P( � t; 0)
�

g(� ) � i�y (� )
	

:

Thus,

f t =

 

P( � t; 0)
�

g(� ) � i�
Z 0

� t
K (� ; � )� � g(� )d�

	
;

 R0
� t K (0; � )� � g(� )d�

R0
� t K

0(0; � )� � g(� )d�

!

; PR+ g(� )

!

:

We show that f t is a Cauchy sequence,i.e kf t +� � f t k2 ! 0 as t ! 1 . Since

(46) kf t +� � f t k2 =
Z 0

�1
kvt (t + � ; � ) � v(t; � )k2e� � d� + kbht +� � bht k2 :

It is su�cien t to show that each summand approaches to zero as t ! 1 . We
show that kbht +� � bhk ! 0 when t ! 1 and we will provethis property component
by component. It is obvious that

kbht +� � bhk2 �












Z � t

( � t � �)
K (0; � )� � g(� ) d�












2

�
Z � t

� t � �
kK (0; � )k2e� d� �

Z � t

� t � �
e� � k� � k2 kg(� )k2 d�
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and since the function K (0; � )e� is bounded (see[6, 7]), we obtain that

kht +� � ht k2 � � Ck� � k2
Z � t

� t � �
kg(� )k2e� � d� ! 0 as t ! 1

sinceg(� ) 2 L 2
R(e� � d� ).

The convergenceof secondcomponents bht +� � bht to zero is proved in a similar
way. We show that the �rst summand in (46) approachesto zero too.

In fact,

A =
Z 0

�1
kP( � t � � ;� t ) g(� ) � iP ( � t � � ;0) �

Z �

� t � �
K (� ; � )� � g(� ) d�

+ i
Z �

� t
�K (� ; � )� � g(� ) d� k2e� � d�

=
Z � t

� t � �
kg(� )k2e� � d� +

Z 0

�1
kP( � t � � ;0) �y t +� (� ) � P( � t; 0) �y t (� )k2e� � d�

+ 2Im
Z � t

� t � �
hg(� ); P( � t � � ;0) �y (� ) � P( � t; 0) �y (� )i e� � d�

It is obvious that the �rst and third summands in the given sum approaches to
zero as t ! 1 becauseg(� ) 2 L 2

R(e� � d� ). We evaluate the secondsummand:

B =
Z 0

�1
kP( � t � � ;0) �y t +� (� ) � P( � t; 0) )�y t (� )k2e� � d�

=
Z 0

�1
h� � y; � � yi e� � d� ;

where
� y = P( � t � � ;0) yt +� (� ) � P( � t; 0) y� t (� ) :

Then

A =
Z 0

�1
h� � � � y; � yi e� � d� =

Z 0

�1

�
A � A �

i
� y; � y

�
e� � d�

= 2Im
Z 0

�1
h� � g � `� y; � yi e� � d�

= 2Im
Z 0

�1
h� � g; � yi e� � d� + 2Im

Z 0

�1
h̀ � y; � yi e� � d�

the �rst summand approachesto zero again on account of g(� ) 2 L 2
R(e� � d� ), and

the secondone yields after integration by parts

k� e� � � yk j � =0 ! 0 (t ! 1 )

since� bht ! 0. The theorem is proved. �

As before, we de�ne the operator S by the formula (15). Then the following
theorem holds.
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Theorem 2.4. The operator S (15) is a contraction from L 2
R(e� � d� ) to

L 2
R(e� � d� ) and possessesthe following properties:

SVt = Vt S ; SL 2
R+

(e� � d� ) � L 2
R+

(e� � d� ) ;

SL 2
R(e� � d� ) = L 2

R(e� � d� ) :

2.4. Further we supposethat the collegation � (1) is simple and as in subsection
1.3 we set a mapping

	 p(� = W� f 1(� )) + W+ f 2(� )

from L 2
R(e� � d� ) + L 2

R(e� � d� ) to H . It is obvious that

	 p(� ) 2 L 2
��

I S�

S I

�
; e� � d�

�

Action of dilatation in this spaceagain reducesto a translation

(47) bUt f (� ) = f (� + t) ;

since

Ut 	 p(� ) = W� f 1(� + t) + Ut W+ f 2(� )

= W� f 1(� + t) + Ut W+ V �
t Vt f 2(� )

= W� f 1(� + t) + Ut U �
t W+ Vt f 2(� ) = 	 P (� + t) :

As earlier, it is obvious that

D � =
�

L 2
R+

(e� � d� )
0

�
; D+ =

�
0

L 2
R�

(e� � d� )

�

and the model spaceHp has the form

(48) Hp = L 2
��

1 S�

S 1

�
e� � d�

�
	

�
L 2

R+
(e� � d� )

L 2
R�

(e� � d� )

�

and in addition Tt passesto shift semigroup

(49) bTt f (� ) = f (� + t) :

Now we considera Laguerre transform

(50) L n =
Z 1

0
e� x Pn (x) f (x) dx

where Pn (x) = 1
n ! e

� x dn

dx n (xe� x ) are a Laguerre polynomials, and f (x) 2
L 2

R+
(e� x dx). The transform (50) ascertainsisomorphismbetweenL 2

R+
(e� x dx) and

`2.
We extend the Laguerre transform (50) on R� in a symmetric way. Then an

imageof this map yields a spacè 2
� . Let `2

Z = `2
� + `2

+ is a spaceof squaresummable
two-sidedsequences.Just as for the caseof Fourier transform (seeTheorem 1.7 in
Section 1) a theorem the proof of which repeats the reasoningsbrought out in [3]
holds.
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Theorem 2.5. The Laguerre transform of scattering operator S transfers the
operator S into an operator of multiplication by a characteristic function S� (n) =
I � i� (A � nI ) � 1� � , n 2 Z, i.e.

(51) L n (Sg) = S� (n)gn

where gn = L n (g).

After realizing the Laguerretransform, the spaceL 2

��
I S�

S I

�
e� � d�

�
passes

into the space`2
Z

�
I S�

� (n)
S� (n) I

�
and dilatation cUt (47) is converted into

(52) bUt (n)f n = e� itn f n :

SupspacesD � will have the form

D � =
�

`2
�

0

�
; D+ =

�
0

`2
+

�
:

Therefore Hp is converted to the form

(53) eHp =
�

f n =
�

f 1
n

f 2
n

�
2 `2

Z

�
I S�

� (n)
S� (n) I

�
;

f 1
n + S�

� (n)f 2
n 2 `2

+
S� (n)f 1

n + f 2
n 2 `2

�

�

and a \semigroup" Tt will have the form

(54) eTt (n)f n = P eH p
e� itn f n :

Thus the following theorem is proved.

Theorem 2.6. The minimal unitary dilatation Ut (34) in H (32) of the family
of operators Tt (31) with a scattering operator A of collegation � (1) is unitary

equivalent to eUt (n) (52) in the space`2
Z

�
I S�

� (n)
S� (n) I

�
, and the family Tt (31)

is unitary equivalent to eTt (n) (54) in the space eHp.
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