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CLUSTERING OF VAGUEL Y DEFINED OBJECTS

LIBOR ZAK

Abstra ct. This paper is concerned with the clustering of objects whose
properties cannot be described by exact data. These can only be described
by fuzzy sets or by linguistic values of previously de ned linguistic variables.
To cluster these objects we use a generalization of classic clustering methods
in which instead of similarit y (dissimilarit y) of objects, used fuzzy similarit y
(fuzzy dissimilarit y) to de ne the clustering of fuzzy objects.

1. Intr oduction

The clustering analysishas beenusedfor tens of years. Its aim is the formation
or discovery of suitable or existing groups whosenumber is either predetermined
or discovered. These groups must be as homogeneousas possibleinternally while
being asdi erent eat from other as possible. Before starting the processof clus-
tering, it is necessaryto measure,weight,. ..the objects, i.e. we must choosea
list of features describing satisfactory the object. Mostly we can describe the
object using a list of quantitativ e and qualitativ e data. Such a list usually con-
sists of a n-tuple of numbers. Clustering methods and algorithms can work with
such described objects. Recerily the clustering methods have been used also in
branches, in which we cannot describe the objects with su cien t accuracy using
only n-tuples of numbers, such objects are described mostly by vagueterms. This
expressionoccurs very often in medicine, biology, scciology, etc.

Classical clustering methods cannot work on this way de ne objects. To use
them, we must use, instead of a vague expression, the exact one, but suc a
substitution leadsto loosinginformation cortained in the vagueterms. Thereforeit
is usefulto intro ducea suitable description of this object and to de ne a clustering
processfor these objects.

| describe such \v ague" objects using fuzzy sets(de ned asfuzzy objects). | am
trying to generalizeasmuch aspossiblenot only the objects, but all the clustering
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of \v ague" objects, and to do it us similar as possibleto clustering performed by
man.

2. Base Notions of Classical Clustering

Let us have n objects, ead object characterized by m parameters: O =

It is possibleto de ne the basic matrix of data: X = (Xj )n;m , Wherex; 2 R and
h-th raw is equal to h-th object O,. The objects can be displayed as points in
R™,

Important for clustering is the notion of similarit y measure of two objects.
Wedene afunction :0O O! R™,that satises

(On;0s) O;
(On;Os) = (Os;0n):
A dissimilarit y measure of objects is often used instead of a similarity in
clustering methods. The dissimilarity of objects is denotedby d : O O! R*
and it must satisfy
d(On;0s) = 0, On = Os;
d(On; Os) 0;
d(On;Os) = d(Os; Op):

d is often equalto any metric on R™ in real situations.

We try to divide objectsinto clusters. We call a cluster such a subsetA of set
O, that satis es

. * . < 1 . :
oi%?éAd(O" ) o 2A'0 ezxd(ok’ol)

|

Let us supposewe want to divide the set of objects O in to c clusters, where
1 < ¢ < n. We denote the set of clustersbhy S: S = fS;;:::;S.g  P(0O),
Si  O;pi = jSij wherethe following conditions have to be met

[C
S = 0O; Si\Sj:; fOI’iSj; ; Si O:
i=1
This can be written in a dual represeration. Let us de ne a matrix U = (Uj )cn
whereu; = 1if O; 2 §; and uy = 0if G; 625;. Then we demand
xe X
uj =18 =1;:::;n and 0< uj <n8i=1:::;c:
i=1 i=1
We call the matrix U a c-analysis of S. Let us denote M. the setof all c-analysis,
satisfying the following rules
n Xe X0 o]
Mc= U2 Ve uj 210;198i;j; uj = 18j; 0< Uj < n8i
i=1 j=1
where V¢, is a vector spaceof the dimensioncn.
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The dissimilarit y of clusters D can be de ned on the baseof dissimilarity

Ai 2 08i = 1:::;kand B; 2 O 8) = 1;:::;t. D must satisfy the following
conditions

D(A;A) = 0;
D(A;B) O;
D(A;B) = D(B;A):

The most frequertly used method to de ne the dissimilarity of clusters is the
nearest neigh bourho od metho d:
D(A;B) = A zmlg,- 2de(Ai;Bj)g:

Clustering methods are de ned on the basis of dissimilarity of objects and
dissimilarity of clusters. These methods are divided into two basic groups: hi-
erarc hical clustering methods and non-hierarc hical clustering methods. The
fundamertal di erence betweenthesemethods is that hierarchical methods do not
require the setting of the number of clusters and the resulting clusters form a
hierarchy. More about methods of clustering seein [1-3, 7, 10, 11].

3. The Insufficience  of Classical Clustering

Objects clustered by the classical clustering are described by meansof signs.
The signsof objects may be of three fundamertal types:

guantitativ e: | the value of the sign represerts quantity. Most often the
sign of this type is described by numbers belonging to a numerable or

can be depicted as points in R™.

qualitativ e: | the value of the sign is chosenfrom a nite set of possi-
ble states X;. The values are regarded under disjoint values or disjoint
intervals.

binary: | the value of the sign is chosenfrom a two-elemen set. Most
often this setis de ned asfO0,1g.

An object may also cortain a combination of thesetypes.

In practice, we often meet with objects that cannot be described by the above-
mentioned types of signs. Such an object cortains signswith valuesthat cannot
be de ned precisely(i.e. there exists a sign of the object that may assumese\eral
values at the sametime or, for a given sign, there exists \uncertainty" in repre-
serting the values of this sign). Then, the classicalclustering cannot be applied
directly to such typesof objects. It is usefulto include theseobjectsin the cluster-
ing process,too. We usefuzzy setsto describe the \uncertainty”. Objects de ned
in this way are called fuzzy objects.

My aim is to set up a clustering algorithm that approximates human activities
asmuch aspossible. This meansthe clustering of objects is described by fuzzy sets
- fuzzy objects. In this case,generalizedstandard clustering methods are used.
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Fuzzy dissimilarity is intro duced, rather than dissimilarity, and, using this notion,
the clustering of the fuzzy objects is de ned.

4. Fuzzy Objects

In this paragraph the basicde nitions and basictheoremsare intro ducedwith-
out proofs. The more detailed description, see[15, 16, 18].

Deniton 1. Let U;j;j = 1;:::;m be universal sets being linear spacesand
let fx; = (Uj; [);j = L:iii;m be normal and convex fuzzy sets over uni-
versal set Uj. The values of the membership function | are in lattice L=

Hierarchical and non-hierarchical clustering methods are usedto compare dis-
similarities (distances) of objectsto nd the smallestdissimilarity. The dissimilar-
ity of fuzzy objects is de ned in terms of fuzzy set on universalR. Then we must
de ne the comparison of fuzzy setsfrom F (R) (F (R) is the set of all fuzzy sets
on the universalR). We will de ne it using the extension principle.

De nition 2. Let (U; ) be a partial by ordered setand A; B fuzzy setson the
universalU: A = (U; a);B = (U; g). Then we de ne the partial ordering on
the set of fuzzy sets

A_B — (U, A_B); A_B(Z): sup f minf A(a); B(b)gg

z=max fa;bg
= 0 otherwise

andwedene A B, A _B=BandA<B, A BandA 6 B. If
A_B6 B andA _B 6 A, the fuzzy setsA; B are called incomparable .

such that
f (f Oh;th) 0;
f (fOn;fOs)=1f (fOs;fOn)

where 0 = f(0;1)g is fuzzy set containing 0 with membership value 1 and is
a partial ordering on the set of fuzzy setsF (R) a fuzzy similarit y of the fuzzy
objects. f (f On;f Os) = (R; L;S) is a fuzzy set over universalsetR.
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More we call the mapping fd : FO(U1;Uz;:::;Um) FO(U1;Uz;:::;Um)) !
F (R), that satis es
fd(f On;fOn) O;
fd(f On;fOs) O;
fd (f Op;f Os) = fd (f Os; f Op)
where 0 = f(0;1)g is fuzzy set containing 0 with membershipvalue 1 and isa

partial ordering on the set of fuzzy setsF (R) a fuzzy dissimilarit y of the fuzzy
objects. fd(f On;f Os) = (R; L‘l) is a fuzzy set over universal setR.

There are more ways of de ning the dissimilarity of fuzzy objects. One of them
usesthe extension principle .

objects. Then we de ne the fuzzy dissimilarit y fd : FO(U1;Uz;:::;Up)
FO(U1;Uz;:::5;Up)) ' F(R) of fuzzy objects f Op;f Os by fd(f On;f Og) =
(R; 1) where

@ = sup  fminf Xi(xn1)iii e (m )i S (Xe)iiiir A (Xsm)og
z=d(0On;0s)
= 0 otherwise

8h;s = 1;2;:::;n and d(On;Os); On = (Xn1;:::;Xmm);Os = (Xs1):::;Xsm) IS
the dissimilarity of classicalobjects.

Theorem 1. Let d be a dissimilarity of classi@l objects. Then fd (Def. 4)
satis es the conditions of fuzzy dissimilarity of fuzzy objects.

Theorem 2. Let a dissimilarity d : (U;y ::: Up) Uz i Up)! R
be a continuous mapping, fd from Def. 4, 2 (0;1i, f On;f Os be fuzzy objects.
Then (fd(f On;f Os)) = d((fOn) ;(fOs) ) = fz;z = d(xy);x 2 (fOp) ;y 2
(f Os) gwher (A) is -cut of fuzzysetA.

ilarit y of clusters fD must satisfy these conditions

fD(A;A)  O;

fD (A;B) O;

fD (A;B) = fD(B; A)
where0 = f(0;1)gand s a partial ordering on the set of fuzzy setsF (R).
Denition 6. Let fOq;:::;fOk, O = (fXig;:ifXim);TX; = (Uj; fj) be
fuzzy objects. The centroid of fuzzy objects f Oj;:::;f Ok is the object f T =
(fty;fto;:::;ftym) where

fty=(U; ) j@=  sup fminf (xa); 3 (x2)ii:: § (xk)gg:

X1+ i+ X
2= X1 K
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(fty;ftor i ftm) 2 FO(Ug; Ug; iU ) and f tj is normal and convexfuzzy set
8 = 1;::i;m) and (ftj) = h((fO1) ;:::;(fOk) ).
If, moreover (fx; ) is a closa@ interval 8i = 1;:::;k, then (ft;) is closd

interval and (ftj) = % :;1 (fxj) wherte the multiplying by constants and the
summing are arithmetic operations on intervals.

Denition 7. We de ne a dissimilarity of clusters fA = ff Az;:::;fAxg; B =

The nearest neigh bourho od metho d:

fD (fA;fB) = fAi2f/r31;|ani2fofd(f Ai;fBj)g:

The centroid metho d:
fD (fA;fB) = fd(fa;fb)

wherefa is the certroid of fuzzy objects from cluster fA and fb is the certroid of
fuzzy objects from clusters fB.

Av erage dissimilarit y metho d:
1 X!
D (fA;fB) = o fd(f Ai;fBj):
(i)

5. Clustering  of Fuzzy Objects

With the dissimilarity of fuzzy objects and clustersde ned, we can now proceed
to methods dividing the set of fuzzy objects fO into clusters. For classicalobjects,
there is a large number of thesemethods. For fuzzy objects, we shall focus on two
major types: hierarc hical and non-hierarc hical methods. Thesetypesof meth-
ods are basedon the dissimilarity of objects and dissimilarity of clusters. For fuzzy
objects, the algorithm of these methods is the same, we only use fuzzy dissimi-
larity of fuzzy objects instead of dissimilarity of objects, and fuzzy dissimilarity
of clusters instead of dissimilarity of clusters. In addition, in classicalclustering
methods, the dissimilarities are compared and, on the basis of this comparison,
the least dissimilarities are chosen. For fuzzy objects, the dissimilarities are fuzzy
setsabove the universalsetR ; and thus we must usethe comparisonof fuzzy sets
to comparedissimilarities. The form of result of clustering of fuzzy objects will be
similar to the clustering of classicalobjects where the membership to cluster of a
fuzzy objects is an elemern of the setf0; 1g.

5.1 Hierarc hical Clustering Metho ds of Fuzzy Ob jects.

De nition 8. The hierarc hy on the set of fuzzy objects fO isasetH P(fO)
that satis es
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1)fo 2 H,
2)ffOig2 H 8fO; 2 fO,
3) if Ai\ Aj 6 ;, then A Aj OI‘AJ' Aj 8Ai;Aj 2 H.

For every set of fuzzy objects fO the hierarc hical clustering method nds a

sequenceof its analyses o; 1;:::; n 1 into clustersand assignseat elemen A
of the analysis ; afuzzy seth(A) = (R5; *).
Algorithm 1.

1. In the rst step of the algorithm we choosea fuzzy dissimilarity of clusters

only oneobject Ag; = ff O;g. Toead cluster Ag; fuzzyseth(Ao;j) = (Rg; o) =
f(0; 1)g = 0O is assigned.
2. Supposethat in the i-th step of the algorithm (0O < i n 2) we have the
analysis i = fA;.1;Ai2;::5; Ain  10. We chooseonecoupleof clusters (A ; Aiv )
satisfying

fD (Aiu; Aiv) = A 2 min. ) 1D (Aixk ; Ais)g:

ik i A iis

can be obtained from ; this way: let us merge those clusters A;., ; Aiy whose
dissimilarity fD is the smallestto one cluster Aj, [ Aiv = Ai+1; and assigna
fuzzy setto cluster Aj.q 4 in the form h(Ais14) = (Rg; A1)- The other clusters
in analysis j+; aretakenfrom analysis ;.

3. The processis stopped by analysis , 1, which includes one cluster containing
all the objects , 1= fA, 1.19= fO whereh(A, 1.1) = (Rgy; A ;). Fuzzysets

0, 1,--+5 n 1:

The result of a hierarchical clustering of classical objects (non-fuzzy objects)
is often depicted in the form of a similarity tree. The similarit y tree is a hier-
archical clustering whosefunction h : P(O) ! R* satises: A B ) h(A)
h(B) for A; B 2 P(O).

Wede ne h(Ag;j )= defuzz(h(Agj))= o;:::;h(An 1;1) = defuzz(h(An 1:1)) =

n 1, Where defuzz is any defuzzi cation method. If o; 1;:::; n 1 satisfy
i i+1 8i 2 f0;1;:::;n 29, then the analyses o; 1;:::; n 1 can be
depicted as similarity tree, too.

Example 1. Example of the hierarchical clustering method for fuzzy objects. Let
us choosen = 10,m = 2, U; = R, U, = R. Let the elemens of fuzzy objects be
in the form : fO = (fx1; fx2), fxa = (R; %), fx2=(R; %). Each elemen of
object have membership function in the form of two-sided Gaussiancurve

(x_cx)? (x_cx)?
TxX)=e 2 for x Cx and (x)=e 2% for x> Cy;
(y cy)? (y cy)?

y)=e for y Cy, and 3(y)=e for y>Cy:
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To simplify this expressionwe used 6-tuple of parametersfor fuzzy object: f O =
(Cx;Cy;Sx: SE:Sy; S7). Then

fO1 = (12;3;05; 1.5, 1:0; 1:0);  f O, = (16;19; 2:3; 0:2; 0:9; 1.9) ;
f O3 = (21;13,0:7;1:9;1:9; 3:0); fO4 = (20;23;2:7;0:3; 1:7;0:4) ;
fOs = (8;20;0:4;3:1;2:4,0:5); fOg = (16;9;0:9;1:7; 1:7;0:7) ;

fO7 = (1;231:0;1:3; 1:8; 2:3);  f Og = (25; 20;0:3; 1:1; 3:3;0:4) ;
fOg = (18;6;0:6;0:6,0:7; 1.7);  fO10 = (5;28, 1.0; 1.0, 0:5; 0:5) :

If we think fuzzy objects in the form fO = (R R;minf }(x); %(y)g), then
the fuzzy objects can be depicted in R3 as shavn Fig. 1.

: ‘
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Figure 1.

Let us choosethe extension of Euclidean metric fdg (f Oy ;f Os), the nearest
neighbourhood method for D (S;; S;) and defuzzis equalto certroid defuzzication
method. Then we obtain the result in the form of a similarity tree (Fig. 2.). Fuzzy
objects are represerted by numbers 1-10, numbers at nodes are clustering levels
belongingto analyses o; 1;:::; o.

If we transform fuzzy objects into classical objects, for example, by taking
only the points in which the membership function is equalto 1 (for examplef O3
is transformed to Oz = (21;13)) and use the hierarchical clustering of classical
objects with the same parameters , then we get the tree showvn at Fig. 3.
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5.2 Non-Hierarc hical Clustering Metho ds of Fuzzy Ob jects

Non-hierarc hical methods for classical objects try to nd sudc an analysis

of set O to clusters S = fSy;:::;Scg, for which a previously chosen functional
of quality of the analysis assumesextreme values. The objectiv e functional
method is one of the most frequert methods usedin non-hierarchical clustering.
Let us denotethe functional J, : M:! R™ :

XX 5
Jw(U) = uij (Djj )
j=1 i=1
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whereU = (u; ) 2 M and Dj = D(fO;0;S) is the dissimilarity of clustersf O; g
and S;. For D(O;;S;) is often usedthe certroid method. Then Jy, : M¢ R !
R* isdened as

XX
Jw(U;v) = uj (dj )?
j=1 i=1
whereU = (ujj ) 2 M¢, dj = d(Oj;vi) and v = (vy;:::;Vc); Vi is the certroid of
cluster S;.
For fuzzy objects, we de ne the non-hierarchical method the sameway. We try

previously chosenfunctional of quality of analysis assumesextreme values.

De nition 9. Let fO be fuzzy objects. We de ne functional fJy, : M ! F(R)
as

XX
fJW(U) = Uij (f Dij )2
j=1 i=1
whereU = (u;j) 2 M¢c and fDy; = fD(ff O;0;Si) is the fuzzy dissimilarity of
clustersff O;g and S;. If we choosethe certroid method for the dissimilarity of
clusters,then fJy, : M (FO(Uyg;:::;Upn))¢ ! F(R),

XX
fJW(U;f V) = Uij (f dij )2
j=1 i=1
whereU = (uj ) 2 M¢ , fdy = fd(fO;;fvi) andfv = (fvy;:::;fve); Ty isthe
certroid of fuzzy objects from cluster S;.
In thesede nitions we de ne the sum and square of fuzzy set using the exten-
sion principle.

Remark 1. Wede ne the function f J,, usingthe extensionprinciple: Let f D =
D (ff0;g;Si) = (R; |°). Then fJ,(U) = (R; ™),
”(z): sup minf iij(Dij); j=L:5n 0= 1000 c0;
z=J(D)
XX )
J(D) = uj (D)% D= (Dj)2R™:
j=1 i=1

Similarly we de ne certroid method: Let fd; = fd(f O;;fvi) = (R; ifjd). Then
fIw(Uifv) = (R; 9),

(2) = Sgl(r()j)minf {jd(dij); j=2L::5n 0= 100 c0;
z=

XX
J(d) = uj (dj )% d=(dj)2 R

j=1 i=1
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A local minimum of an objective functional is de ned as the optimal analy-
sis of fuzzy objects fO to clusters. We nd a minimum f J,,(U;fv) on M¢
(FO(Uy1; Uz;:::;Un )¢ by an iterative method.

Algorithm 2.

1. In the rst step, we choosea number of clusters c, the initial clusters ¢ =
fSo:1;:::; So.cg and calculate their certroids fvO = (fv§;:::;f v°)

2. Let us have i |n the k-th step anaIyS|s fO to c clusters: k = = fSk.1;: : RS |

set of fuzzy objects fO to ¢ clusters k#1 = FSk+1:1;:1:; Sk+1 ¢ holds: for eadh
fuzzy object f O; 2 fO, we have
fO 2 Sksrn, fA(FO;FVE) = min Cffd(fOi;fvjk)g 8i=1;2:::;n

1=15200

Then for ead cluster Sx+1; we calculate its certroid ka"l

3. We compareanalyses ¢ and g+ . Then:

a) There exists Sy;, of analysis  satisfying: Sk;n 6 Sk+1; forj = 1;:::;¢c. Then

we go to step 2.

b) No Sy.n of analysis | satisfying: Sg;n 6 Sk+1 for j = 1;:::;c exists. Then

the analyses ¢ and 41 are madeup of the samesubsetsand we stop the algo-

rithm. The analysis = fSk.1;:::;Sk:cg IS the resulting analysis and its subset
Sk:1;:::1; Sk arethe resulting clusters.

Remark 2.

a) Step2canbe changed Let ushavein the k-th step, analysisof the setofobjects
to cclusters = fSy.1;:::; Sk.cg and their certroids f vk = (f vk;:::;fvK). Then
we create the following analysis of the set of objects fO to c clusters 4+ =
fSi+1:15:01; Sk+1,cQ in this way: we chooseone object f O, 2 Sy;q S0, that

fd(fO,;fvh) = mln ffd(fO.,fv Jgand h 6 g
I

Then S+ th = Sk;h [ ffOrg;Sk+1 q = Sk;q ffO,g, Sk+1 i = Sk;j fij 2
f1;:::;cg fh;gg and we recalculate the certroids of Clusters that have been
changed. If we cannot choosesuc objects, wedene (+1 = .

b) If there exists no minimum (i.e. fuzzy sets are incomparable) we get it using
somedefuzzi cation method.

¢) We can choose some parameters for fuzzy objects that have e ect upon the
clustering algorithm.

Splitting parameter is the fuzzy setP = (R; p): if \diameter" of cluster A is
greater then P (for example max: o, ;f o, 2affd (f O;; f Oj)g > P), then the cluster
A is split into two clustersA1; Az : A1\ Az = ;;A1[ Az = A and \diameters" of
clusters Aj; A, are lessthen P.

Merging parameter is the fuzzy setL = (R; L): if distance of certroids of
clusters Ai; Ay is lessthan L (for examplefd (f v4;f v2) < L), then clusters are
mergedinto onecluster: A; [ A, = A.
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We can also de ne other parameters: the maxim um of the number of
clusters, the minim um of the number of clusters, the minim um of the
number of objects in cluster ,... Theseparametershave an in uence the clus-
tering algorithm and we must choosethem corveniertly.

Example 2. An example of the non-hierarchical clustering method for fuzzy
objects. Let us choosen = 10,m = 2, U; = R, U, = R. Similar Example 1,
every fuzzy object is de ned by two fuzzy set (two-sided Gaussiancurve) in form
fO= (fx1;fx2), fxs=(R; %), fx2=(R; %), where

(x_cx)? (x_cx)?

TxX)=e 2 for x Cyx and (x)=e 2% for x> Cy;
v _cy)? v _cy)?
(y)=e % for y Cy and 3(y)=-e 25§ for y>Cy:

To simplify the expressionwe write it as 6-tuple f O = (Cy;Cy;Sy; S%;S): SP),
too. Then

fO1 = (10;19,1:7;0:9; 2:9;0:3);  f O, = (20;23;1:3;1:7; 2:1; 1:8) ;

f O3 = (22;16;1:4;0:9;0:2;2:.7); fO4 = (10;12;2:5;0:3; 1:1; 2:1) ;

f Os = (20;11;1:9;0:9; 2:4,0:4); f Og = (16; 25;0:7; 1:8; 2:4;0:3) ;

fO7 = (14;10,0:1; 2:7;1:3;1:7);  fOg = (7;9;0:7;1:2; 0:4; 2:5) ;

fOg = (15;20;0:5;2:8;0:3;2:1); Oy = (23,8;2:9;0:3;2:3,0:5) :

The fuzzy objects can be depicted at R2 as shown in Fig. 4.

Figure 4.
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We will cluster theseobjectlg usmg,the non-hierarchical clustering method with
the functional f Jy, (U; fv) = i=1 -1 Uy (f d )2 where f dj = fde(f O;;fvi),
fv; is the certroid of cluster S;. Let us choose c = 3 and the initial clusters
Sy = ffOq;fOs;fO3;f Oy; f O5g, S, = ffOqfOy;f Ogg, S; = ffOqg;f 0109.
We will get the clusters S; = ff Oy;f O3;f Og;f Ogg, S; = ff Os;f O7;f O100,
S; = ff Oy;f O4; f Ogg after 6 iterations. If wetransform the fuzzy objects into the
classicalobjects (in the sameway asin Example 1.) and usethe non-hierarchical
clustering of classicalobjects with the same parameters , then we getthe clusters
S1 = f01;02;06;090; Sz = fO3;05;0100; Sz = fO4; O7; Ogg after 5 iterations.
After comparing results of both the examples(for example fuzzy object f O, in
this example, belongsto the same cluster with objects f Os, f O19 and does not
belong to cluster with fuzzy objects f O4, f Og) we can say, that the clustering
using fuzzy objects correspond better to the idea of the clusters of vaguely de ned
objects.

6. CONCLUSION

Since computers are more employed nowadays, they are also usedfor decisions
previously made by man. The use of fuzzy sets enablesthem to solve problems
on which the prior mathematical methods failed. This approach alsoincludesthe
clustering of objects by their properties. The clustering of fuzzy objects can be
broadly used instead of human decisionsin casewhere classical methods fail or
causedi culties.  This is mainly in areas dealing with objects that cannot be
easily described by qualitativ e or quartitativ e values. Such a typical areacan be
medicine with the object \patient". The description of such an object cortains
a great deal of non-preciselyde ned data - for example his condition, quality of
sleep, intensity of pain, etc. On the basis of these \v ague” terms the physician
hasto determine the correct right diagnosis, which meansthat he must put the
patient in somecluster. In engineeringwe usually work with exactly described
objects, but the inherent dicult y of such a description can be so great, that it
is practically unusable. For example a description of the structure of material
may include the number of grains, their size, shape, distance, etc. In such a case,
it would be better to describe the structure by less exact but more corveniert
means. This way, we transform the classicalobjects into fuzzy onesand can use
the methods for clustering fuzzy objects.

This paper is a continuation of [12, 13, 17] dealing with other various de nition
of the similarity (dissimilarity) of fuzzy objects are dealt with.
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