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Dedicated to the memory of Prof. Ljub omir Davidov

In this paper some types of complex vector systems of partial linear
and non-linear functional equations are solved.

0. Intr oduction

In the rst part of the paper two types of complex vector systems of linear
functional equations are solved. The rst type of these systemsare the systems
of linear complex vector functional equations in which ead equation cortains
all of the unknown functions. The last two theoremsrepresen the secondtype of
systemsof partial linear functional equationsconsideredin which not all equations
cortain all the unknown functions.

The complex vector systemsof nonlinear partial functional equationspresened
in the secondpart may be sorted in two types. The rst three systemssolved
are consideredas complex vector systemsof partial quadratic functional equations
with real parameters. The last three systems solved represernt complex vector
systemsof partial functional equations of higher order without parameters.

The results preserted here expand the results which were obtained in [16].

Now we will introduce the following notations:
Let V; V°be nite dimensional complex vector spaces. Throughout the paper

the componerts z(t) (1 j n) are complex functions, and O = (0;0;:::;0)"
is the zerovector in V or V% We alsodenoteby V° the subspaceof all real vectors
inV (thusV = V° V%), and by L (V°; V9 the spaceof linear mappingsV°! VC
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1. Complex Vector Systems of Linear Partial Functional Equations

1.1. Systems in whic h each equation contains all the unkno wn func-
tions.

Now we prove the following results.
Theorem 1.1. The geneal solution of the systemof functional equations
fo(Z1:2Z2) + T1(Z22,Z3:Z4) + 1(Z1, 23, Z4)
+ 12(Z3:Z4;Z5,Z6) + 92(Z1:23;Z5,Z6) = O

fo(Z1;22) + 11(Z22;23;Z4) + Q1(Z1;2Z3;Z4) + Q(Z3;24;Z5; Z6)
+12(Z1;23;Z5;Z6) = O

(1.1)

(1.2)

is determined by

fo(Z1;Z2) = F1(Z1) Fa(Z2);
f1(Z1;22;Z3) = Fa(Z1) + Gi(Z2;Z3) ;
(1.3) Q1(Z1;Z2;Z3) = Fi1(Z1) + Ga(Z1:Z3)  Gu(Z2:Z3) + Go(Z2;Z3) + A,
f2(Z21,22;23;24) = Ga(Z1;Z2) + G3(Z3;24) ;
02(Z1:22;23;Z4) =  G2(Z13Z2)  Gs(Z3;Z4) A,

where F1; Fy; G, (r = 1;2;3) are arbitrary functions with valuesin V° and A is
an arbitrary constant complexvector from V°,

Pro of. By putting Z; = G (r = 3;4;5;6) into (1.1), we obtain
(14) fo(zl;ZQ) = Fl(Zl) FQ(ZQ);
where we intro duced the notations

Fi(Z1) = a(Z1:GG) 021G G G);
Fa(Z2) = 11(Z2;G; Q) + 12(G; G G G)

By virtue of the expression(1.4), by putting Z, = G (r = 1;5;6) into (1.1) we
get

(1.5) f1(Z2;23;24) = Fa(Z2) + G1(Z3;24);
where
Gi(Z3iZ4) = Fu(G) *(GiZ3iZa) fa(Z2324:GG) (G2 G G):
If weput Z, = G (r = 5;6) into (1.1), in view of (1.4), (1.5) we have

(1.6) 01(Z1;Z3;Z4) = F1(Z1) Gi(Zz;Za) + GX(Z3;Z4) H(Z1:Z3);
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where we intro duced the notations
GY(Z3;Za) = f2(Z3:Z4:GiG); H(Z1:Z3) = %2(Z1:23:G; ) :
By substituting (1.4), (1.5) and (1.6) into (1.1) and (1.2), the systembecomes
(1.7) G3(Z3;Z4) H(Z1;Z3) + 12(Z23;Z4;Z5;Z6) + 02(Z1,Z3;Z5,Z6) = O
(1.8) G3(Z3;Z4) H(Z1,Z3) + 0(Z3:Z4;Z5;Z6) + T2(Z1;23,Z5,Z6) = O:

By putting Z, = G (r = 1;3) into (1.8), after replacing Z4 by Z3 and putting
Z1 = G into (1.7), the equations(1.7) and (1.8) become

(1.9)  G3(Zs;Z4) H(CiiZs) + f2(Z3;Z4;Z5;Z6) + 0(Gi; Z3;Z5;Z6) = O
(1.10) G3(GiiZs) H(GiG)+ 0(GiiZ3;Zs:Ze) + f2(G1i Gii Z5:Z6) = O
By subtracting (1.10) from (1.9), we obtain
(1.11) f2(Z3:Z4;Z5;Z6) = Fa(Zs) G3(Z3;Za) + Ga(Zs; Ze) ;
where
Fa(Z3) = G3(GiiZs) H(CiiG) + H(GiiZs);
G3(Zs:Z6) = 12(C; G Zs; Ze) -
From (1.7) and (1.11) we obtain
(1.12) 02(Z1;Z3;Z5;Z6) = H(Z1;Z3) F3(Z3) G3(Zs;Zs):

We substitute the functions f, and g, determined by (1.11) and (1.12) (with
Z3;Z4 replacedby Z1;Z3 and vice versd into the equation (1.8) and obtain

(1.13) G(Z3;Z4) + H(Z3;Z4) F3(Z4) = GX(Z1;Z3) + H(Z1;Z3) Fa(Z1):

It is clearthat both sidesof this equality are a function just of Z3, say, F4(Z3).
Then we have

(1.14) GI(Z3;Z4) + H(Z3:Z4) = F(Zs) + Fa(Zs):
If in (1.14) we replaceZs;Z4 by Z1;Z3, we obtain
G3(Z1:Z3) + H(Z1:Z3) = F3(Z3) + Fa(Z1):
The last two equalities, together with (1.13), yield
(1.15) Fs(Z1) Fa(Z1) = Fa(Z3) Fa(Zs):

It is clearthat both sidesof this equality are equalto a constart complexvector
A, and
Fa(Z3) = F3(Z3) A:

On the basisof this, the equation (1.14) takeson the form

(1.16) H(Z3;Z4) = G2(Z3;Z4) + F3(Z4) A;
where we intro duced a new function
(1.17) Ga(Z3;Z4) = G(Z3;Z4) F3(Z3):

From (1.16), (1.15), (1.12), (1.11), (1.6), (1.5) and (1.4) there follows the result
(1.3).

This theorem generalizesthe result given in [6].



80 I. B. RISTESKI, K. G. TREN CEVSKI, V.C. COVACHEV

Theorem 1.2. The geneal solution of the systemof functional equations

f0(Z1,Z2) + 11(Z2,Z3,Z4) + 91(Z1,2Z3,2Z4)
+12(Z231241Z5,Z6) + B2(Z1;,23;Z5;Z6) = O

fo(Z1;Z2) + 01(Z2,Z3;Z4) + T1(Z1,Z3;Z4)
+12(Z3,24,Z5,Z6) + Q2(Z1;23;Z5;Z6) = O

(1.18)
(1.19)

is determined by

fo(Z1;22) = Fi(Z1) Fa(Z2);
f1(Z1;Z2,Z3) = Fo(Z1) + F3(Z2) + G2(Z2,Z3),;
(1.20) 01(Z21;22;Z3) = Fa(Z1)  Gi(Z2;Z3) Ga(Z2;23);
f2(Z1,22,23,Z4) = G1(Z1;Z2) H(Z1;,23;Z4);
®(Z1,Z2;Z3,Z4) = F1(Z1) Fa(Z1) Fs(Z2) + H(Z2;Z3,24);

where F, (r = 1;2;3); G; (j = 1,2) and H are arbitrary functions with valuesin
Ve

Proof. If weput Z; = G (r = 3;4;5;6) into (1.18), we obtain
(1.21) fo(Z1;Z2) = F1(Z1) Fa(Z2);

where

Fi(Z1) = a(Z1:GiG) @0(Z21:G G G);
Fa(Z2) = 11(Z2;G; Q) + 12(G; G G G) -

By putting Z, = G (r = 2;4) into (1.18), by virtue of the expression(1.21) we
get

(1.22) 02(Z21;23;Z5;Z6) =  Fa(Z1) G(Z1;Z3) + H(Z3;Z5;Z6) ;
where

H(Z3:Z5Z6) = f1(Q:Z3:G)  fa(Z23,GiZs;Z6) + FaQ)
G(Z1:Z3) = u(Z1:Z23:G):

By virtue of the expressions(1.21) and (1.22), if weput Z, = G (r = 1;2) into
(1.18), we get

(1.23) f2(Z3;24;2Z5,26) = H(Z3;Zs;Z6) + G1(Z3;24);
where we have put

Gi(Z3;Z4) = T1(GZ3:Z4) (G Z3;24) + G(GC; Z3) + Fo(G) -



SOME COMPLEX VECTOR SYSTEMS OF PARTIAL FUNCTIONAL EQUATIONS 81

In view of the expressions(1.21), (1.22) and (1.23), the system of functional
equations (1.18) and (1.19) becomes

(1.24) f1(Z2,Z3,Z4)+ 01(Z1;Z3,Z4) Fo(Z2) G(Z1,Z3)+ G1(Z3;24)=0;

(1.25) 01(Z2:Z3;Z4)+T1(Z1,Z3;Z4) Fa(Z2) G(Z1;Z3)+ Gi1(Z3;Z4)= O

By putting Z, = G into (1.24), after exchanging the roles of Z; and Z; in
(1.25), subtracting (1.24) from (1.25), we get

f1(Z2;23;24) = Fo(Z1) + G(Z2;Z3) G(Z1;Z3) + T1(G;Z3;Z4) FoAG);
or if we put Z; = G, we obtain
(1.26) f1(Z2;Z3,24) = G(Z2,2Z3) + Ga(Z3;Z4);

where
G2(Z3;Z4) = 11(G;Z3;Z4) G(G;Z3):

From (1.25) and (1.26) it follows that
(127) gl(ZZ;Zg;Z4) = FQ(ZQ) 61(23;24) Gz(Zg;Z4) :

We substitute the functions f1 and g; determined by (1.26) and (1.27) into the
equation (1.24) and nd

G(Z2:Z3) Fa(Zz2) = G(Z1;Z3) Fa(Z1):

It is clearthat both sidesof this equality are equalto a function F3(Z3) (inde-
pendent both of Z; and Z,), thus

(1.28) G(Z2;Z3) = Fa(Z2) + F3(Z3):

Thus, on the basis of the equations (1.28), (1.27), (1.26), (1.23), (1.22) and
(1.21), we obtain (1.20).

Theorem 1.3. The geneal solution of the systemof functional equations

fo(Z1;22) + T1(Z22;Z3;Z4) + h(Z1;2Z3;24)

1.29
(1:29) + 12(Z31Z4;257Z6) + Q(21723;Z5:Z6) = O

fo(Z1;22) + Qu(Z2;Z3;Z4) + T1(21; 23, Z4)

1.30
(1.30) + 0(Z3;Z4;Z5;Z6) + T2(Z1;23;Z5;Z6) = O
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is determined by

fo(Z1;Z2) = Fi(Z1) Fa(Z2);
f1(Z1;Z2,2Z3) = Fo(Z1) + G1(Z2,Z3);
(1.31) 01(21;Z2;Z3) = Fo(Z1) + F(Z2) + F3(Zs) Gai(Z2;Z3) A;
f2(Z1,Z22,23;Z4) = F3(Z1) F(Z1) Fs(Z2) + Ga(Z3;Z4) + A,
0(Z1;22;Z3;Z4) = F3(Z1) F(Z1) Fa(Zz) Ga(Z3;Z4);

where F, (r = 1;2;3); G; (j = 1,2) and H are arbitrary functions with valuesin
V% F = F; + F, + F3 and A is an arbitrary constant complexvector from V°.

Pro of. By putting Z, = G (r = 3;4;5;6) into (1.29), we obtain
(1.32) fo(Z1;22) = F1(Z1) Fa(Z2);

where

Fi(Z1) = u(Z1;GG) %(Z21:G;G;G);
Fo(Z2) = T1(Z22; G G) + T2(G G G G)

If weput Z, = G (r = 1;5;6) into (1.29), in view of the expression(1.32) we
get

(133) fl(ZQ;Zg;Z4) = Fz(Zz) + G1(23;Z4) ;
where
Gi(Z3;Z4) = Fiu(Q) au(G;Z3;Z4) f2(Z2324:GG) (G236 G)

By putting Z;, = G (r = 1;5;6) into (1.30), by virtue of the expression(1.32)
we obtain

(1.34) 01(Z2;23;24) = Fa(Z2) + G(Z3;Z4);
where we have put
G(Z3;Z4) = Fiu(C) f1(CiZ3iZa) 0(Z23:Z24:GG)  F2(Cr 23 G G)

On the basisof the expressiong1.32), (1.33) and (1.34), the systemof functional
equations (1.29) and (1.30) becomes

F1(Z1) + Fa(Z1) + G1(Z3;Z4) + G(Z3;2Z4)

1.35
(1.35) + f2(23;24;Z5,Z6) + G2(Z21;,23;Z5;Z6) = O ;

F1(Z1) + Fa(Z1) + G1(Z3;Z4) + G(Z3;2Z4)

1.36
(1.36) + 0(Z3;Z4:Z5,Z6) + T2(Z1;2Z3,Z5,Z6) = O
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Weput Z;, = G (r = 1;3) into (1.36), and further we replaceZ, by Z3. Also,
we put Z; = G into (1.35). By subtracting the equations obtained, we get

(1.37)  f2(Z3;Z4;Z5;Z6) = F3(Z3) Gu(Z3;Z4) + Ga(Zs;Ze)  G(Z3;Z4);
where we intro duced the notations
F3(Z3) = G1(G;Z3) + G(GC;Z3);  Ga(Zs; Ze) = f2(G; G Zs5 Ze) -
From the equation (1.35), on the basisof the expression(1.37), we get
(1.38) 02(Z1;Z3;Z5;Z6) = F1(Z1) Fa(Z1) F3(Z3) Ga(Zs;Z6):

We substitute the functions f, and g, determined by (1.37) and (1.38) into the
equation (1.36) and nd

F1(Z1) + Fa(Z1) + Fa(Z1)  Fu(Z3) Fa(Z3) Fs(Za)
(1.39) + Gu1(Z3;Z4) + G(Z3;24)  Gi(Z1;Z3) G(Z1;Z3)= O

If weput Z; = G, the equation (1.39) becomes
(1.40)  Gu(Z3;Z4) + G(Z3;Z4) = Fa(Z3) + Fa(Zs) + Fs(Z3) + F3(Zs) A;

since
Gi1(G;Z3) + G(G;Z3) = F3(Z3);

=]
where we have put A = - Fi (Q).

i=1
On the basis of the expression(1.40), the equalities (1.34) and (1.37) obtain
respectively the forms

(1.41) 01(Z2;Z3;Z4) = F2(Z2) + F(Z3) + F3(Z4) Gi(Z3;Z4) A;
(1.42)  fao(Z3;Z41ZsZ6) = Fs(Z3) F(Zs) Fs(Za)+ Ga(Zs;Ze) + A;
where we intro duced the new function

x3
(1.43) F(Z3)=  Fi(Zs):

i=1

On the basis of the equalities (1.43), (1.42), (1.41), (1.38), (1.33) and (1.32),
we obtain the equalities (1.31).
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Theorem 1.4. The geneal solution of the systemof functional equations

fo(Z1;Z2) + T1(Z2;Z3;Z4) + 01(Z1;Z3;2Z4)
(1.44) + 12(Z3;24;Z5,2Z6) + 02(Z21;23;Z5;Z6) = O

fo(Z1;22) + 11(Z22;23;24) + 01(Z1;Z3;Z4)
(1.45) + 02(Z23;Z24;Z5;Z6) + T2(Z21523;Z5,Z6) = O ;

fo(Z1;22) + 01(Z2;23;2Z4) + T1(21;23;Z4)
(1.46) +12(Z23;24;Z5,Z6) + G2(Z1;23;Z5;Z6) = O

is determined by the equalities

fo(Z1:Z2) = Fi(Z1) Fa(Z2);
f1(Z1,22;2Z3) = Fa(Z1) + Gi1(Z2;Z3) ;
(1.47) 01(Z1;Z2;Z3) = Fa(Z1) + F1(Z2) + F2(Z2)  Gu(Z2;Z3) + K ;
f2(Z21;22,25;24) = Fu(Z1)  Fa(Z1) + G(Z35;24);
02(Z1;22;23;Z4) = F1(Z1) Fao(Z1) G(Z3;Z4) K

wher Fi; F,; G; G; are arbitrary functions with valuesin V° and K is an
arbitrary constant complexvector from V°,

Pro of. The equations (1.44) and (1.45) form the system of functional equations
givenby (1.1) and (1.2). Consequetly, the functions determined by the equalities
(1.3) satisfy the equations (1.44) and (1.45).

In order for the functions (1.3) to satisfy the equation (1.46) we must have
(148) Fl(Zl) + Fg(zl) 62(21;23) = Fl(ZQ) + FQ(ZQ) Gz(Zg;Z4) =0:

It is clear that both sides of equality (1.48) are equal to a constart complex
vector M, thus

(1.49) G2(Z1;Z3) = F1(Z1) + F2(Z1) + M ;

whereM = G2(G;G)  Fi(G)  Fa(G).
If we introduce a new function G by

G(Z1,Z2) = G3(Z1,Z2) + M

and denoteK = A 2M, from (1.49) and (1.3) there follows (1.47).



SOME COMPLEX VECTOR SYSTEMS OF PARTIAL FUNCTIONAL EQUATIONS 85

1.2. Systems in whic h not all equations contain all the unkno wn func-
tions.

Theorem 1.5. The geneal solution of the systemof functional equations
(1.50) fo(Z1;Z2) + f1(Z2:Z3;Z4) + 91(Z1;Z23;Z4) = O;;

(1.51) fo(Z1:Z2) + 01(Z2;Z3;Z4) + F1(Z1,Z3;Z4) + F2(Z3; 24525, Z6) = O;
is given by the equalities

fo(Z1;Z2) = F(Z1) F(Z2);
f1(Z1;Z2,Z3) = F(Z1) G(Z2;Z3);
1(Z1;Z2;Z3) = F(Z1) + G(Z2;Z3);
f2(Z1,22;23;24) = O;

(1.52)

where F and G are arbitrary functions with valuesin V°.

Pro of. The generalsolution of the functional equation (1.50) is

fo(Z1:Z2) = Hi(Z1) Fu(Z2);
(1.53) f1(Z21:22:2Z3) = F1(Z1) Gi(Z2;Z3);
Q(Z1:Z2:Z3) = Ha(Z1) + Gi1(Z2:Z3);

where F1; H; and G; are arbitrary functions with valuesin V°,

We substitute the functions fo; f1 and g; determined by the equalities (1.53)
into the equation (1.51). We must have

(1.54) F1(Z1) + Hi(Z1) Fi(Z2) Hu(Z2) = f2(Z3;Z4,Z5,Z6):

It is obvious that both sidesof this equality are constart. By putting Z; = Z»
into (1.54), we get

(1.55) f2(Z3;Z4;Z5;2Z6) = O;
and further
(1.56) Fi(Z1) + Hi(Z1) = F1(Z2) + H1(Z2) = 2A;

where A is a constart complex vector from V°.
By introducing new functions F and G by the following equalities

F(Z1) = Fi(Z1) A;
G(Z1;22) = G1(Z1;Z2) A;

on the basis of the expressions(1.56), (1.55) and (1.53), we obtain (1.52).
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Theorem 1.6. The geneal solution of the systemof functional equations
fo(Z1;22) + 11(Z2;Z3;Z4) + G1(Z1;23;Z4) = O;
fo(Z1:Z2) + 01(Z22,Z3;Z4) + 1(Z1,Z3,Z4) + T2(Z3Z452Z5,Z6) = O
fo(Z1;Z2) + 11(Z2,Z3;Z4) + 01(Z1,Z3;Z4)

+ 12(Z3;Z45Z5,Z6) + 92(Z21;,23;Z5;Z6) = O

5( 1

fo(Z1;Z7) + O (Zr+1:Zr423000Z2r42)
=1
1

-

r=1

fo(Z1;Z2)+  f0(Zvs1iZvs2:iiiZ2r42)

r=1
X
+ G (Z1;Z3;:00 2041 Zors2) = O
r=1
['¢ 1
fo(Z1;Z2) + O (Zre1iZrs2 ;i Z2r42)
r=1

fo(Z1;Z2)+  fi(Zes1:Zrs2;i00Zor42)

r=1
is given by
fo(Z1;Z2) = F(Z1) F(Z2);
f1(Z1;Z2,23) = F(Z1) G(Z2;Z3);
01(Z1;Z2;Z3) = F(Z1) + G(Z2;Z3) ;
fr=g=0 (2 r m);
where F and G are arbitrary functions with valuesin V°.
Pro of. The proof of this theorem follows from Theorem 1.5.

We have noticed that this approad to the solution of systemsof linear complex
vector functional equationsis not consideredin the referenceq7, 8, 9].
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2. Some Complex Vector Systems of
Nonlinear Partial Functional Equations

In this section the unknown functions depend on argumens in an arbitrary
nite dimensional complex vector spaceV and take valuesin the eld of complex
numbers C sothat their products make sense.

2.1. Systems of quadratic functional equations.
Considerthe system of functional equations

(2.1)

where

f(Z1:22;Z3;:01Zon 1,Z2n) = [F(Z1;Z2) + F(Z3;Za) +  + F(Z2r 1:Z2)]
[F(Zar+1:Z2n) + F(Z2r+2:Zon 1)+ + F(ZreniZrena)ls

(2122235000 Zon 13 Z2n) = [G(Z15Z2) + G(Z3;Z4) +  + G(Zar 1:Z2r)]
[G(Z2r+1:Z2n) + G(Z2r+2:Z2n 1)+ + G(Zr+n;Zrene)l;

h(Z1,Z2;2Z3;::0Zon 132Z2n) = [F(Z1:Z2) + F(Z3;Z4) +  + F(Zar 1,Z2)]
[G(Z2r+1:Z2n) + G(Z2r+2:Z2n 1)+ + G(Zr+niZr+n+1)ls

K(Z1:Z2,Z3;:: 0 Zon 1:Z2n) = [G(Z1;Z2) + G(Z3;Z4) +  + G(Z2r 1, Z2]
[F(Zar+1:Z2n) + F(Zar+2:Z2n 1)+ + F(ZreniZrena)l;

F;G :V?! C arearbitrary complex functions, a is a real constart and n > 2,
1 r n 1.

De nition  2.1. A solution (F(U;V);G(U;V)) of system(2.1) is called isotropic
if (F(U;V);G(U;V)) 6 (0;0) and

(2.3) F2(U;V)+ G%(U;V) O:

The geneal solution of system (2.1) includes all solutions of this system with
the possibleexception of the isotropic ones.
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Theorem 2.1. The geneal solution of the system(2.1) is given by the formulas
(2.4) F(U;V)=PWUU) P(\V);

(2.5) G(U;V)=Q(U) Q(V);

where P and Q are arbitrary complexfunctions de ned in V.
Each isotropic contin uous solution of (2.1) hasthe form

F(U;V)=PWU) P(V); GU;V)= i(PU) P()
(i = 1, we take the samesign for all vectors U;V 2 V).
Pro of. Let F(U;V), G(U;V) represen an isotropic cortinuous solution of sys-
tem (2.1). This meansthat for any pair of vectors (U;V) 2 V2 we have
(2.6) G(U;V)= iF(U;V)

(both signsare possible). It is clearthat the real dimensionof V2 is4dim V, the real
codimension of the setf(U;V) 2 V2: F(U;V) = 0gis 2. Henceits complemert
is a connectedset in which the function G(U;V)=F(U;V) is cortinuous, thus it
cantakejust oneof the valuesi or i. Henceforth, whenwewrite i (asin (2.6)),
we mean only one of thesetwo signs.

By virtue of (2.6) system (2.1) implies

2.7)

The generalsolution of this equation for n > 2 accordingto [12] is (2.4):
F(U;V)=PU) P(V);
whereP(U) = F(U;A) for some xed vector A. Then
G(U;V)= i(P(U) P(V)):

Next we are looking for solutions of system (2.1) not satisfying (2.3). We will
distinguish the following cases:

1. Let a< 0. In this casethe system of complex vector functional equations
(2.1) will be
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If we substitute all the variablesZ, (1 r 2n) in the system(2.8) by U,
then we obtain

F2(U;U) G%U:U)=0; 2F(U;U)G(U;U) = 0;
sothat
(2.9 F(U;U)=0; G(U;U)=0:

For any nontrivial solution of the system (2.8) there exists at least one pair of
vectors (A ; B) 2 V? sud that

(2.10) F2(A;B)+ G3(A;B) 6 0:

a) Let r = 1. If we executethe substitutions Zs = Zg = = Zon =21 =
Z, = A; Z3 = B; Z4 = U, on the basis of the equalities (2.9) the system (2.8)
becomes

F(A;B)F(U;A)+ F(A;U)]  G(A;B)[G(U;A) + G(A;U)] = 0;

(2.11)
G(A;B)IF(U;A)+ F(A;U)]+ F(A;B)IG(U;A) + G(A;U)] = O:

In view of (2.10), from (2.11) it follows that
(2.12) F(A;U)= F(U;A); G(A;U)= G(U;A):

By putting Zs = Zg = =Zm;m=21=A;Z,=V,; Z3=B; Z,= U into
(2.8), on the basisof the expressions(2.9) and (2.12) we get
F(A;B)F(U;V) F(U;A)+F(V;A)]
G(A;B)IG(U;V) G(U;A)+G(V;A)] = 0;
G(A;B)[F(U;V) F(U;A)+F(V;A)]
+F(A;B)IG(U;V) G(U;A)+G(V;A)] = 0;

(2.13)

whence
F(U;V) F(U;A)+F(V;A)=0; G(U;V) G(U;A)+ G(V;A)=0;
which implies (2.4), (2.5):

F(U;V)=PU) P(V); G(U;V) = Q(U) Q(V);

where we have introduced the notations P(U) = F(U;A); Q(U) = G(U;A).

by Letl1<r<n 1. ForZ,=2Zs= =Zm=21=A;2Z,=B; Z3=U,
the system (2.8) becomes(2.11) and again we have (2.12).
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By putting Zs = Zg = =2y =21=A; Z,=U; Zz3=V; Z4 = B,
on the basis of the equalities (2.9) and (2.12) the system (2.8) takeson the form
(2.13). In view of (2.10) this again leadsto (2.4), (2.5), whereP(U) = F(U;A)
and Q(U) = G(U;A).

c) Letr = n 1. If we substitute all variables Z1; Z3; :::; Zon 1 (except
for Z, and Z,,) by A, and if we put Z, = U; Z,, = B, then the system (2.8)
becomes(2.11), which implies (2.12).

If we substitute in the system (2.8)
Z3=24= =2y 2=2Z1=A; Z=V,; Zyx 1=B;, Zxn=U;
on the basis of equality (2.12) we obtain (2.13), and we nd (2.4), (2.5).
Consequettly, if a < 0, the theorem is proved.
2 . Let a= 0. In this casethe system (2.1) becomes

(2.14) +  +K(Z1;Z2n3Z2;000Zon 1) = O

The rst equation of the system (2.14) is (2.7), henceits general solution for
n > 2 accordingto [12]is (2.4):

F(U;V)=PU) P(V);
whereP(U) = F(U;A).

In the secondequation of the system (2.14), if we put Z; = B and substitute
all the other variablesZ, (2 r 2n) by A sothat F(A;B) 6 0, we obtain

F(A;B)G(A;A) = 0;
whence

(2.15) G(A;A) = O:

Now, we will distinguish three cases.

a) If r = 1, by putting Zs = Zg = =2y = Z1=A; Z, =V, Z3 =
B; Z4 = U, the secondequation of the system (2.14) in view of the equalities
(2.4) and (2.15) becomes

F(A;B)G(U;V)+ F(A;B)G(A;U)+ F(B;A)G(A;V)

+ G(A;B)F(U;V)+ G(A;B)F(A;U) + G(B;A)F(A;V)
(2.16) + F(A;V)G(A;U)+ F(A;V)G(U;A) = 0:
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If we put V = A into (2.20), on the basis of the expression(2.15) we obtain
G(A;U)= G(U;A), and then (2.16) becomes

G(U;V)=Q(U) Q(V);

where Q(U) = G(U; A).

b) Inthecasel< r < n 1,if wesubstitute all variablesZ1;724;Zs;:::;Z 1,
Zon (except for Z, and Z3) by A, and if we put Z, = B; Z3 = U, the second
equation of the system (2.14) becomes

F(A;B)[G(A;U) + G(U;A)] = 0;

whence
(2.17) G(A;U)= G(U;A):
For Zg = Z¢g = =2y =21=A;Z,=U; Z3=V; Z, = B, on the basis

of the equality (2.17) and (2.4), the secondequation of the system (2.14) takeson
the following form

G(UIV) = Q) Q(V);
where Q(U) = G(U; A).

C)Ifr=n 1,for23:Z4: :ZZn]_:Z]_:A;ZZZU;ZQn:B,
by virtue of the equality (2.4), from the secondequation of the system (2.14) we
obtain (2.17).

By putting Z3z = Z4 = =Zo 2=21=A;Z=V;, Zyy 1=B;Z;»=U,
on the basisof the equality (2.4) and (2.17) from the secondequation of the system
(2.14) we nd

G(U;V)=Q(U) Q(V);
where Q(U) = G(U;A), i.e. Theorem 2.1 is provedif a= 0.

3. If a> 0, then the system(2.1) becomes

(2.18)

If we introduce new functions S and T by the formulas

(2.19) S(U;V)=F(U;V)+ G(U;V); TU;V)=FU;V) GU;V);
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the system (2.18) becomes

+  +t(Z1;Zan; 22550220 1) = O;
+  +8(Z1;Zon; 22 Zon 1) (213225235000 Z0n)
(2.20) t(Z1;Z2n3Z2;: 00522 1) = 0;
where
S(Z1;Z2; 2350520 152Z2n) = [S(Z1;Z2) + S(Z3;Z4)+  + S(Zor 1;Z2r)]
[S(ZZr+l ;ZZn) + S(22r+2 1 Zon 1) + + S(Zr+n;zr+ n+1 )].
t(Z1;Z2; Z35::0Zon 152Z2n) = [T(Z21;22) + T(Z3;Z4) +  + T(Zar 1;Z20)]

[T(Zor+1:Z2n) + T(Z2r+2:Zon 1) + + T(Zrsn;Zr+ns)]:

Comparing the equations of the system (2.20), we nd

(2.21)

The generalsolution of the system (2.21) is
(2.22) S(U;V)Y=M(@U) M(V); TU;V)=H(@U) H(V)

whereM and H are arbitrary complex functions.
On the basisof the equalities (2.19) and (2.22), we obtain

F(U;V)=P(U) P(V); G(U;V)=0Q(U) Q(V);

where

P(U)= ZMU)+ HLU)T  QMU)= 3IM(U) HU):
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Next we considerthe system of functional equations

f(Z1,22,2Z3)f (Z4:Z5;Z6) + T (22,21, 24)F (23,25, Z6)
f(Z1,22,Z5)f (Z3:Z4;Z6) + T (22,21, Z6)f (23524, Z5)

+ a[9(Z1;22,Z3)9(Z4;Z5;Z6) + 9(Z2;Z15Z4)9(Z3; Z5; Zs)
9(Z1:Z2,Z5)9(Z3;Z4,Z6) + O(Z2:Z1;Z6)9(Z3, Z4;Z5)] = O,
f(Z21:22,23)9(Z4;Z5;Z6) + T(Z2:21;,24)9(Z3;Z5; Z6)
f(Z1,22,Z5)9(Z3;Z4;Z6) + T(Z2:21;,Z6)9(Z3;Z4;Z5)
9(Z1,Z2,Z3)f (Z4:Z5,Z6) + O(Z2,Z1,Z4)F (23,25, Z6)
(Z1;Z2;Zs)f (Z3;24;Z6) + I(Z2;Z1;Z6)f (235245 Z5)
DO(Z1;Z2;Z3)9(Z4;Z5;Z6) + 9(Z2;Z1;Z4)9(Z3;Z5; Zs)
9(Z1:Z2,Z5)d(Z3;Z4,Z6) + O(Z2,Z1;Z6)9(Z3,Z4;Z5)] = O;

+

+

(2.23)

+ o+ o+ o+

wheref;g:V3! C and a and b are real constarts.

De nition  2.2. Letk?=4+a< 0. A solution (f (U;V;W);g(U;V;W)) of system
(2.23) is called isotropic if

(f(U;V;W);0(U;V;W)) 6 (0;0);

(2.24) f2(U;V; W)+ bf(U;V;W)g(U;V;W)) ag’(U;V;W)) 0:

The geneal solution of system (2.1) includes all solutions of this system with
the possibleexception of the isotropic ones.

Theorem 2.2. The geneal solution of the system(2.23) is given by the following
formulas
1if BP=4+a= p?> (p>0):

2pf (U; VW) = [ Hi(U);H2(V); (2p+ BH3(W)]
[ K1(U);K2(V);2pH3(W) + bK3(W)]
+ [ Hi(U);K2(V);2pK3(W)  bH3(W )]
(2.25) + [ K1(U);H2(V); 2pK3(W)  bH3(W)];

po(U; VW) = [ Ki(U);K2(V);Ks(W)] [ Hi(U);H2(V ) Ha(W)]
(2.26) + [ K1(U);H2(V);H3(W)] + [ Hi(U);K2(V);Hs(W)]
for the continuous isotropic solutions we have

2pf (U;V ;W) =2p  bi)[ Hi(U);H2(V);Ha(W)];

(2.27) .
po(U;V ;W) = i[ Hi(U);H2(V);Hs(W)));
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2 if P=4+a=0

g(U;ViW) = [ Hi(U);Hz(V);Ha(W)]
(229) # [ Ha(U)K2(V); Hs(W)] + [ Ka(U):Ha(V); Ha(W)
F(UIVIW) = [ Ha(U)Ho(V) Ha(W) DK (W)

(2.29) g[ H1(U);K2(V); Ha(W)] g[ K1(U);Ha(V);Ha(W)];

3 if =4+ a=p> (p>O0):

4pf (U;V;W) = (2p B[ Ha(U);H2(V); H3(W)]

(2.30) + (2p+ b [ Ki(U);K2(V);Ks(W)I;
2pg(U; VW) = [ Hy(U);Ha(V); Ha(W)]
(2.31) [ Ki(U);K2(V);Ks(W)];

where H;; K; (r;j = 1;2;3) are arbitrary complexfunctions de ned in V, and

Hi(U) Hz(U) Hsz(U)
[ Hi(U);H2(V);Ha(W)] = Hi(V) Ha(V) Hs(V)
Hi(W) H2(W) Hz(W)

Pro of. If we introduce the function h by
2.32) R(UIVW) = F(USViW) + DUV W)

the system of functional equations(2.23) becomes

h(Z1;Z2;Z3)N(Z4;Z5;Z6) + N(Z2;Z1;Z4)N(Z3;Z5; Zs)
+N(Z1;Z2,Zs5)N(Z3;Z4,Z6) + N(Z2,Z1;Z6)N(Z3;2Z4;Z5)
+(0P=4 + a)[9(Z1;Z2;Z3)0(Z4; Z5; Z6) + O(Z2;Z1: Z4)(Z3: Z5; Zs)
+0(Z1;22,Z5)9(Z3; 243 Z6) + I(Z2;Z1;Z6)9(Z3; Z4;Z5)] = O;

N(Z1;Z2;Z3)9(Z4;Z5,Z6) + W(Z2;Z21;Z4)9(Z3;Z5; Z6)
+N(Z1;22,Z5)9(Z3;Z4,2Z6) + W(Z2,21,26)9(Z3; 24, Z5)
+0(Z1;22,Z3)0(Z4;Z5;Z6) + 9(Z2;Z15Z4)N(Z3;Z5; Zs)
+0(Z21,Z2,Z5)N(Z3;Z4;Z6) + 9(Z2,Z1;Z6)N(Z3;Z4;Z5) = O

(2.33)

According to [1,17], we will distinguish three cases:
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1.LletkP=4+ a= p?(p> 0). In this casethe system (2.33) will be

h(Z1,Z2,Z3)N(Z4;2Z5;Z6) + h(Z2;Z1,Z4)N(Z3;2Z5;Z6)
+N(Z1;2Z2;Z5)0(Z3;Z4;2Z6) + h(Z2;21;Z6)N(Z3;Z4;Z5)

[K(Z1;Z2;Z3)K(Z4;Z5,Ze) + K(Z2:Z1,Z4)K(Z3;Z5,Z6)
+K(Z1;Z2;Z5)K(Z3;Z4;Z6) + K(Z2;Z1;Z6)K(Z3;Z4;Z5)] = O;

(2.34)
h(Z1;Z2;Z3)Kk(Z4;Zs;Z6) + N(Z2;Z1; Z4)K(Z3;Z5; Z6)
+N(Z1,Z2,Z5)k(Z3;Z45Z6) + NW(Z2;Z1;Z6)K(Z3;Z4,Zs5)
+K(Z1,Z2,Z3)0(Z4;Z5;Z6) + K(Z2:Z1,Z4)N(Z3;Zs5, Zs)
+K(Z1;Z2;Zs)N(Z3;Z4;Z6) + K(Z2;Z1;Z6)N(Z3;Z4;Z5) = O;
where
(2.35) k(U;ViW) = pg(U;V;W):

Supposethat (f (U;V;W);g(U;V;W)) is a cortinuous isotropic solution of
system (2.23). The relation (2.24) by virtue of the changes(2.32) and (2.35)
becomes

h2(U;V;W) + k3(U;V;W) 0;

ie.
(2.36) k(U;V;W)= ih(U;V;W):

Ag in Theorem 2.1 we must take the samesignfor all triples of vectors(U;V ;W) 2
V=,
In view of (2.36) system (2.34) becomes
(2.37) N(Z1;Z2;Z3)N(Z4;Z5;Z6) + W(Z2;Z1;Z4)0(Z3; 255 Z6)
+ N(Z1;Z2;Z5)0(Z3;Z4;Z6) + h(Z2;Z1;Z6)N(Z3;24;Z5) = O
The generalsolution of the equation (2.37) according to [4] is given by
(2.38) h(U;V;W)= [ Hi(U);H2(V);Hz(W)] (Hi:V! C;i=123);
where

h(A;B;U) .
h(A;B;O) ’

h(A;U; Q)

Ha)= nABIO

Ho(U) = H3(U) = h(B;U;0);

are arbitrary complex functions and A; B; C are vectors from V suc that
h(A;B;C) 6 0.
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From (2.32), (2.35), (2.36) we nd
2pf (U; VW) = (2p  bi)h(U;V;W); pgU;V;W) = ih(U;V;W);

and (2.38) leadsto (2.27).

Next we are looking for solutions of (2.23) not satisfying (2.36).
By putting Z1 = Z, = = Zg = U, the system (2.34) becomes

h%(U;U;U) k?(U;U;U) =0; h(U;U;U)k(U;U;U) = 0;
whence
(2.39) h(U;U;U) = 0; k(U;U;U) = 0:
ForzZ,=272,=23=24=U; Zs=Zg =V, the system (2.34) yields
h%(U;U;V) k?(U;U;V)=0; h(U;U;V)k(U;U;V) = 0;
sothat we obtain
(2.40) h(U;U;V) = 0; k(U;U;V) = 0:
If weput Z, = Z4=25=2=U; Z,=Z3 =V, from (2.34) we obtain

2h?2(V;U:U)+h(U;V;U)h(V;U;U) 2k*(V;U;U)
k(U;ViU)k(V;U;U) = 0;
4h(V;U;U)k(V;U;U)+h(U;V;U)k(V;U;U)
+h(V;U;U)k(U;V;U) = 0:

(2.41)

By putting Z1 = Z3=V; Z,=2Z4=2Zs= Zg = U into (2.34), we obtain

h?(V;U;U) + 2h(V;U;U)h(U;V;U)
k?(V;U;U)  2k(V;U;U)k(U;V;U) = 0;
h(U;V;U)k(V;U;U)+ h(V;U;U)k(V;U;U)
+h(V;U;U)k(U;V;U) =0:

(2.42)

Comparing (2.41) and (2.42), we nd
h?(V;U;U) k*(V;U;U)=0; h(V;U;U)k(V;U;U) = 0;
i.e. we obtain

(2.43) h(V;U;U) = 0; k(V;U;U)=0:
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By the substitutions Z; = Z4, = V; Z, = Z3 = Zs = Zg = U, the system
(2.34) becomes

h2(U;V;U) k3(U;V;U)=0; h(U;V;U)k(U;V;U) = 0;
ie.
(2.44) h(U;V;U) = 0; k(U;V;U) = 0:
For any solution of the system(2.34) there exist at leastthree vectorsA; B; C2 V
such that h?(A;B;C) + k?(A;B;C) 6 0.

If weput Z1=U; Z,=V,; Z3=A; Z,= B; Zs = Zg = Cinto (2.34), on the
basis of the equalities (2.39), (2.40), (2.43) and (2.44) we obtain

(2.45) h(U;V;Q = h(V;U;0; k(U;V;0 = k(VV;U;O:

Using (2.45), the system (2.34) for Z1 = A; Z, = B; Z3 = Zg = C, Z4 =
U; Zs = V yields

(2.46) h(U;V;0 = h(CU;V); k(U;V;0) = k(GU;V):

If weput Z; = A; Z,=B; Z3=25=C, Z4,= U; Zg = V, the system(2.34)
becomes

(2.47) h(CGU;V)= h(U;CV); k(GU;V)= k(U;CV):

On the basisof the equalities (2.44), (2.45) and (2.46), if weput Z1 = A; Z, =
B; Z3=C Z4=U; Zs = V,; Zg = W, the system (2.34) yields

h(U;V W) =qHi(U)F(V; W) Hi(V)FU;W) + H (W)F(U;V)
K1(U)G(V;W) + K1(V)G(U;W)  Ky(W)G(U;V)]

+ r[H(U)G(V;W)  Hi(V)G(U;W) + Hi(W)G(U;V)

(2.48) + Key(U)F(V; W) Kao(V)F(U;W) + Kiy(W)F(U; V),
kK(U;V;W) = qH1(U)G(V;W)  Hi(V)G(U; W) + Hi(W)G(U; V)

+ Ky(U)F(V; W) Ka(V)F(U; W) + Kiy(W)F(U; V)]

+ r[Hi(U)F(V;W)  Hi(V)F(U;W) + Hi(W)F(U;V)

(2.49) K1(U)G(V;W) + K (V)G(U;W)  Kyi(W)G(U;V)I;

where we have introduced the notations

H1(U) = h(A;B;U); K1(U) = k(A;B;U);
(2.50) F(U;V)=h(U;V;0; G(U;V) = k(U;V;0;
q h(A;B; 0 . k(A;B;C)

T h(AB.O+K(ABO' T h2(AB.O+ K(AB.O
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ForZ,=2724,=C, Z,=S; Z3=T; Zs = U; Zg = V in view of notations
(2.50), the system (2.34) becomes
F(SST)F(U;V)+ F(S;U)F(V;T)+ F(S;V)F(T;U)
G(S;T)G(U;V) G(S;U)G(V;T) G(S;V)G(T;U) = 0;
F(S;T)G(U;V) + F(S;U)G(V;T) + F(S;V)G(T; U)
+G(S;T)F(U;V)+ G(S;U)F(V;T)+ G(S;V)F(T;U) = 0:

(2.51)

The general solution of the system (2.51) according to [17] is given by the
formulas
F(U;V) = [ Hi(U);aHZ(V) + rK3(V)]
+ [ K2(U)irHE(V) gk 3(V)I;
G(U;V) = [ Ka(U);gHI(V) + rK (V)]
+ [ Ha(U);0K3(V) TrHIV)I:

(2.52)

On the basisof the equalities (2.32), (2.35), (2.48), (2.49) and (2.52) we obtain
(2.25) and (2.26), with the following notations

Ha(U) = (@ rHHIU) + 2rKJ(U); KaU) = (r2 ?)KIU)+ 20rHI(U):

The functions f and g givenby the formulas (2.25) and (2.26) arereally solutions
of the system (2.23). Consequetly, in the caset’=4 + a = p? (p > 0) all
functions f and g which are solutions of the system(2.23) and do not satisfy (2.24)
are determined by the formulas (2.25) and (2.26). The functions H,; K; (r;j =
1; 2; 3) which appear in thesesolutions are arbitrary complex functions de ned in
V.

2 . Let ®=4+ a = 0. In this casethe rst equation of the system (2.33) takes
on the form (2.37):

N(Z1;Z2;Z3)0(Z4;Z5;2Z6) + N(Z2;21;Z24)0(23;Z5;Z6)
+Nh(Z1,2Z2,Z5)N(Z3;Z4;Z6) + NW(Z2;Z1;,Z6)N(Z3,Z4;Z5) = 0,

and its generalsolution accordingto [4] is given by (2.38):
h(U;V ;W) = [ Hi(U);H2(V);Hs(W)l (Hi:V! C;i=123);

where

h(A;B;U) .
h(A;B;C ’

h(A;U; Q) |

Hi(U) = hABO

Ho(U) = H3(U) = h(B;U;0);

are arbitrary complex functions and A; B; C are vectors from V suc that
h(A;B;C) 6 0.
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If weput Z, = Z,=2Z4=25=C, Z3= U; Zg = V, the secondequation of
the system (2.33) yields

(2.53) h(U:CV)g(G:CO) = 0:

Using the equality h(U;C, V) = h(U;V;0), which follows from (2.38), and
by putting U = A; V = B, from (2.53) we obtain g(C;C,C) = 0.

ForZ, = A; Z,=B; Z3= Z4= Zs = C, Z¢ = U the secondequation of the
system (2.33) becomesg(C,CU) = 0. If weput Z; = A; Z, = B; Z3 = Zs =
Ze = C, Z4 = U, the sameequation yields g(U;C;C) = 0.

Finally, the substitution Z; = Z, = Zs = C, Z, = U; Z3 = A; Zg = B reduces
the secondequation of the system (2.33) to g(C;U;C) = 0.

By putting Z; = U; Z,=V; Z3= A; Z4, = B; Zs = Zg = C, on the basis of
the above result we obtain

(2.54) gU;v;0 = g(V;U;0O:

For Z, = A; Z, = B; Zz3 = Zg¢ = C, Z4 = U; Zs = V, the sameequation
yields

(2.55) g(u;Vv;Q=g(CU;V):
Also, basedon the previous results, for Z; = A; Z, = B; Z3= Z5=C, Z4 =
U; Zg = V, the secondequation of the system (2.33) is reducedto
(2.56) gGuU;V)= 9g(U;GV):
By putting Z1 = A; Z,=B; Z3=C, Z4,=U; Zs = V; Zg = W, on the basis
of (2.54), (2.55) and (2.56) the secondequation of the system (2.33) becomes
h(A;B;Olg(U;V W) Ha(U)g(ViW; Q) + Hy(V)g(U; W Q)
Hi(W)g(U; VO] + g(A;B;Qh(U;V ;W)
9(A;B;UR(V; W C) + g(A;B;V)h(U; W C)
(2.57) g(A;B;W)h(U;V;C = 0:
Forz,=24=C, Z,=S; Z3=T; Zs = U; Zg = V and with the notations
(2.50) the system(2.33) is reducedto
FSTIF(U;V)+ F(SU)F(V;T) + F(SV)F(T;U) = 0;
F(S;T)GU;V)+ F(S;U)G(V;T) + F(S;V)G(T; V)
+G(S;T)F(U;V)+ G(S;U)F(V;T)+ G(S;V)F(T;U) = 0;

The solution of this systemaccordingto [17] is given by the formulas

F(U;V)= [ Hza(U);H3(V)];

@) ) | ” e
(U;V) = [ Ka(U);Hs(V)]+ [ Hz(U);K3(V) mH3(V)];
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where

g(A;U; 0
h(A;B;C’

_ 9(A;B;C) .

K2(U) = " hABO.

K3U) = g(B;U;0);

On the basisof the equalities (2.57) and (2.58) we obtain (2.28), where

~ KO : _ 9(A;B;U)
On the basisof the expressions(2.32), (2.52) and (2.28) we get (2.29).

The functions (2.28) and (2.29) are really solutions of the system(2.23). Conse-
quertly, the generalsolution of the system(2.23) in the casel? + 4a = Qis given by
the formulas (2.28) and (2.29), whereH,; K;j (r;j = 1;2;3) are arbitrary complex
functions de ned in V and m is an arbitrary constart.

3. Let =4+ a = p? (p> 0). Introducing the new functions M and N by
the formulas
M(U;ViW) = h(U;V;W)+ pg(U;V;W);

(2.59)
NU;V;W)=h(U;V;W) pglU;V;W);

the system(2.33) becomes

M (Z1;Z2;Z3)M (Z4;Z5;Z6) + M (Z2;Z1;Z4)M (Z3;Z5; Zs)
+M(Z2;21,Z5)M (Z3;24,Z6) + M (22,21, Z6)M (Z3;Z4;Z5)
+N(Z1;Z2,Z3)N(Z4;Z5,2Z6) + N(Z2;2Z1,Z4)N(Z3;Z5,Zs)
+N(Z1;Z2;Z5)N(Z3;Z4;Z6) + N(Z2;21;Z6)N (Z3;Z4;Z5) = O;

M(Z1,22,Z3)M (Z4,Z5,Z6) + M(Z2,21,Z4)M (Z3;Z5,Zs)
+M (21,22, Z5)M (Z3;Z4;Z6) + M (Z2;Z1;Z6)M (Z3;Z4;Z5)

N(Z1;Z2,Z3)N(Z4;Z5,2Z6) N(Z2;Z1,Z4)N(Z3;Z5,Z6)

N(Z1;Z2;Z5)N(Z3;Z4;Z6) N(Z2;Z1;Z6)N(Z3;Z4;2Z5) = O;

(2.60)

Comparing the equations of the system (2.60), we nd

M (Z1,Z2,Z3)M (24, 2Z5;Z6) + M (Z2,Z1;Z4)M (Z3;Zs; Ze)
+M(Z1;Z2;Z5)M (Z3;Z4;Z6) + M (Z2;Z1;Z6)M (23, Z4;Z5) = O;

N(Z1,Z2;Z3)N(Z4;2Z5,Z6) + N(Z2;Z1;Z4)N(Z3;2Z5;Z6)
+N(Z1;22;Z5)N(Z3;Z24;2Z6) + N(Z2;21;Z6)N(Z3;Z4;Z5) = O:

(2.61)

The generalsolution of this systemaccording to [4] will be

M(U;V; W)= [ Hi(U);H2(V);Hs(W)I;

(2.62)
N(U;V ;W) = [ Ki(U);Ka(V); Ka(W)I;
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whereH,; Kj (r;j = 1,2;3) are arbitrary complex functions de ned in V.
On the basisof the equalities (2.32), (2.59) and (2.62), we nd (2.30) and (2.31).
The functions (2.30) and (2.31) are solutions of the system (2.23).
Consequetly, the generalsolution of the system (2.23) in the caseb’=4 + a =
p? (p> 0) is given by the formulas (2.30) and (2.31) whereH,; K;j (r;j = 1;2;3)
are arbitrary complex functions de ned in V.

Now we will prove the following generalresult.

Theorem 2.3. The geneal solution of the systemof functional equations

f(Z1,Z22;::0, 2,
f(Z1,Z2;::1,Zn
f (21,2251, 20

f(Z1;,Z2;::

0(Z1;2Z2;:::,Zn
0(Z1;Z2;::5Z
21725
(2.63) 9(21:22
f(Z1;22;:::;Zn
f(Z1;Z2;:::,2Z0
f(Z1;22;:::;Zn
f(Z1;22;::
+ 0(Z1;22;::0,Zn
0(Z1;Z2;::0:Zq
9(Z1;Z2;:::,Z
0(Z1;Z5;::
where f;g:V"!
1.if a<0o,
(2.64)
(2.65)
2.if a>0,

(2.66)

C and a is a real constant, is given by the following formulas:
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(2.67) [ Ki(U);K2(U2); i Kn (U,

Hi(U1) Hi(Uz2) i Hi(Up)

H2(U1) H2(U2) i1 Hz(Up)
(2.68) =

Ha(U1) Hn(U2) 5 Ha(Un)

+ [ Hi(U1);K2(U2);Hz(U3s);: i Hn(Un)]
(2.69) + 4 [ Hi(U1);H2(U2); 5 H 1(Un 1);Ka(Un)];

where H,; K; (1 r;j n) arearbitrary complexfunctions de ned in V.

Pro of. 1. Let a< 0. Introducing new functions M and N by the formulas
(2.70)

(i2= 1) the system (2.63) becomes

(2.71)

On the basisof the equalities (2.71) and (2.70), we nd (2.64) and (2.65), where
H:; K; : V! C arearbitrary complex functions.

2 . Let a> 0. Introducing the functions M and N by

(2.72)
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the system (2.63) is reducedto (2.71). On the basis of the equalities (2.71) and
(2.72) there follow (2.66) and (2.67).

3. Let a= 0. In this case,the rst equation of the system (2.63) is reducedto

(2.73) +  +1(Z20;2Z2:000Z0 13Zo0)f (Znwa i Zne23 00 Zon 13 20)

According to [18], the generalsolution of the equation (2.73) is given by (2.68).
Further in the proof of this theorem, we will usethe following

Lemma. If A, 2V (@ r n)aresuchthat

(2.74) f(An;U1sUz 5 Un 2;A,) = O

Pro of of the Lemma. By putting

Zy = Ay @ r n),
Zn+1 =Zon=An; Zj=Uj n1 (=n+2n+3::5;2n 1);

the equality (2.73) becomes

LetE, 2=11;2;3;:::;n 2g,andletS (0< n 2)beasubsetof E, ;
which cortains elemens. For = n 2wehaveS, , = E, 2. Replacinginto
(2.73) all variablesby A ,, we obtain
(2.76) f(AniAniiiAg) = 00

We assumethat

(2.77) f(AL;V;Vao iV 2;AR) =0
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holds, where

AL, r2S ;

(2.78) V, =
Yy; r2E, onS :

Using this assumption, we will prove that

(2.79) f(Ans W, Woiiiii Wy 2;A,) = 0]
where

An, r2S g;
(2.80) W, =

Y,; r2E, 2nS 1:

Putting U, = W, (1 r n 2)into (2.75), on the basis of the hypothesis
(2.77) we obtain

if the hypothesis(2.77) is true.
Consequetly, by induction we proved that

if there exist just (0 n 2) elemens amongU;U5;:::;U, 2 equalto
A n-
For = 0, the lemma follows.

We will prove that (2.69) holds by induction.

If n= 2, then
(2.81) f(Ug;Uz2) = [ Hi(U1);H2(Uy)];
where
Hi(Uq) = % H2(Uz2) = f(B;U>)
and

f(Z21,22)9(Z3:Z4) T(Z1:23)9(Z2:24) T(Z1:24)9(Z3;22)
+ 0(Z21,22)f (Z3:24)  O(Z1,Z3)F (Z2;2Z4)
(282) g(Zl; Z4)f (Zg; Zg) = 0:
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For any nontrivial solution of the equation (2.82) there exists at least one pair
of complex vectors (A ; B) such that f (A;B) 6 0.

If weput Z, = A; Z3=B; Z, = U; and Z4 = U, then the equation (2.82)
takesthe following form

f(A;U1) )
Wg(Bauz)

g(A;U3)
f(A:B)

f(A;Uy) )
WQ(B,Ul)

g(A;U>)
f(A:B)

g(U1;U») =

g(A;B)

(2.83) + fAD)

f(B;U>) f(B;U1) f(Ug;U2):

Using the notations

g(A;U4) _
f(A;B)

g(A;B) _
f(A;B)

K1(U1); 9(B;U1) = K3(Uy);

on the basis of the relations (2.83) and (2.81) we nd
9(U1;Uz) = [ Hi(U1);K(U2)] + [ K1(U1);H2(U2)]+ m[ Hy(U1);Ha(U2)];
i.e.

g(U1;U2) = [ Ke(Ua);Ha(U2)+ [ H1(U1);K2(U2)];

where
K2(U) = KJQU) + mH,(U):

Assumethat this theorem holds for n 1, sothat the generalsolution of the
functional equation

f(Z1;:00Zn 2:Z0+1)U(ZnsZn 1;Zn+2500 0220 2)
f(Z1;:552Zn 20220 2)9(ZniZnsr; it Zon 3520 1)

0(Z1;::5Zn 2;Zn+1 ) (ZnsZn 1,202,500 Zon 2)

O(Z1;::5Zn 2:Zon 2)T(ZniZnsrsiiiZon 320 1) = 0

+  + [ Hy(U1);Hz(U2);
(2.85) iitiHn 2(Un 2)iKn 2(Un 1)
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(2.86)

On the basisof the equalities (2.84) and (2.85), we nd the generalsolution of
the equation (2.86) which is

(2.87) + o+ Hl(Ul) H2(U2) """ Hn 2(Un 2);Kn 1(Un 1)1

whereH, (U);K;(U) (1 r;j n 1) arearbitrary complexfunctions de ned in
V.
If we put

Zr=A; @ r n 1);
Zon=U1; Zpna =An; Znsk=Ux (2 k n)

into the secondequation of the system (2.63), we obtain

f(Al,Az;::“A )g(Ul,Uz;:::' n)

(2.88) g(A1;A2 Ay )f(Ul,Uz;:::;U ):
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On the basisof the properties (2.68) and (2.87), we obtain

(2.89)

@ r<j n 1):

f(AL i A)) T (ALnAN
g(A1;:: AR) _ .
f(AL: AL m

by Kn(Un).

Now we will provethat the functions (2.64) and (2.65), (2.66) and (2.67), (2.68)
and (2.69) are solutions of the system (2.63).

We intro duce the following notation

D(F1;F2;:::,Fn;G1;G2;:::;Gn)

Fi(U1) F2(U1) i Fn(U1) 0 0 i 0
Fi1(Uz) Fa2(U2) =i Fnp(U2) 0 0 BN 0
Fi(Un 1) Fa(Un 1) 5 Fa(Un 1) O o = 0
Fi(Un) F2(Un) = Fn(Un) Gi(Un) G2(Un) =t Gn(Un)

Fl(Un+1) F2(Un+1) o Fn(Un+1) Gl(Un+1 ) Gz(Un+1 ) o Gn(Un+1)

Fl(lJZn) F2(U2n) =t Fn(U2n) Gi(U2n) G2(Uzn) i Gn(U2n)
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Let

D(H1;Hz i Ha Ha He it HR) = 0

By the Laplace rule, if we evaluate the determinants which appear in the pre-
vious identities, we obtain that the functions (2.66) and (2.67) in the casea > 0
are a solution of the system (2.63).

In the casea < 0, we can analogouslyshaw that the functions (2.64) and (2.65)
represert a solution of the system (2.63).

If a= 0, we will show that the functions (2.68) and (2.69) are a solution of the
system (2.63).

The function (2.68) satis es the rst equation of the system (2.63).

Now we will provethat the functions (2.68) and (2.69) satisfy the secondequa-
tion of the system (2.63).

Let us considerin this casethe following identit y

(2.90) + D(Hy;H2+ Koy Hsg;iirHy Ha Ho + Ko Has it Hp)

By the evaluation of the determinants which are found in the identity (2.90),
we obtain that (2.68) and (2.69) satisfy the secondequation of the system (2.63).
Consequettly, the functions (2.68) and (2.69) represert a solution of the system
(2.63)if a= 0.



SOME COMPLEX VECTOR SYSTEMS OF PARTIAL FUNCTIONAL EQUATIONS 109

2.2. Systems of higher order functional equations.

Theorem 2.4. The geneal solution of the systemof functional equations

f(Z21,22)f (Z3;Z4) + 1 (21, Z3)F (Z4;Z2) + £ (Z1;24)F (Z2;Z3) = O;
9(Z1;22)9(Z3;Z4) + I(Z1;23)9(Z4;Z2) + I(Z1;Z24)U(Z2; Z3)
+0(Z1:22)f 321 (Z3;Z4) + 9(Z1; Z3)F 327 (24, 22)
+0(Z1:24)F 32 1(Z2;Z3) + 9(Z3; 24)F 327 (21, Z2)
+ O(Z4;Z2)F 32 1(Z1;Z3) + 9(Z2; Z3)F 327 (21, Z4)
+ (B8+ 2r)f (Z1;Z22)f (21, Z3)f (Z1; Z4)F (Z3;Z4)f (Z4;Z2)f (Z2;Z3)
[f2(Z1;Z2)f 2(Z3;Z4) + T (Z1;22)F (Z1;Z3) (Z3;Z4)F (Z4;2Z2)
+12(Z1;Z3)f %(Z4;22)]" = O;

h(Z1;Z2)h(Z3;Z4) + h(Z1;Z3)h(Z4;2Z2) + h(Z1;Z4)0(Z2;2Z3)

+ N(Z1;22)[0(Z3: Z4) + 327 (Z3; 24)]%")

+ N(Z1;Z3)[9(Z4: Z2) + 13727 (Z4;Z2)°)

+ h(Z1;Z4)[9(Z2: Z3) + £3*27(Z; Z3)]3

+ 3+ 2)[0(Z1;Z2) + 327 (Z1; Z2)I[9(Z1; Z3) + 1327 (Z1;Z3)]
[0(Z1:Z4) + £327(Z1; Z)I[9(Z3; Z4) + 13727 (Z3; Z4)]
[0(Z4:Z2) + T327(Z4; Z)N9(Z2; Z3) + 13727 (Z2; Z3)]
fFlO(Z1;Z4) + £327(Z1; Z2)P[9(Z2; Z3) + £3°27(Z2; Z3))?
[0(Z1;Z2) + £327(Z1; Zo))[0(Z1: Z3) + £ 327 (Z1; Z3)]
[0(Z3;Z4) + £ 327 (Z3; Za)I[0(Z4: Z2) + 1327 (Z4; Z2)]d = O;

(2.91)

wher f; g; h: V2! C are arbitrary complexfunctions and r;j 2 f0;1;2g, is
given by the formulas

Fi(U) Fa(U)

(2.92) FUV) = ) may)

3+2r
(2.93) g(U;V)= gig\% gig\% Eig\% E;E\% ; r 2 f0;1; 29
342

Hi(V) HaV)  Gy(V) Go(V)
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where Fy; Gg; Hg (k = 1;2) are arbitrary complexfunctions de ned in V.

Pro of. The rst functional equation of the system (2.91) according to [13, 14]
has a generalsolution given by (2.92).

The complex function f (U; V) satis ed the condition
(2.95) f(U;u) 0; fU;V)+f(V;U)=0:

The functions g(U ; V) and h(U; V) from the second respectively third equation
of the system (2.91) also satisfy the sameconditions for Z; = Z, = Z3 = Z4 =
U6 OorZ,=12Zs.

Sincef 3*27(Z,; Zx) have distinct powersin the secondequation of the system
(2.91) for r 2 fO0;1;2g, we obtain that the rst equation of the system (2.91)
implies

f3(Z1;Z2)F 3(Z3; Za) + 13(Z21;Z3)F 3(Z4; Z2) + 1 3(Z1; Z4) 3(Z2; Z3)
=3f (Zl; Zg)f (Zl; Zg)f (Zl; Z4)f (Zg; Z4)f (Z4; Zz)f (Zz; Z3) ;

f3(Z1;Z2)F °(Z3; Z4) + T 3(Z1; Z3)F >(Z4; Z2) + T °(Z1; Z4)F °(Z2; Z3)
= gf (Z15Z2)8 (21, Z3)F (21, Z4)F (235 Z4)F (Z4;Z22)F (22, Z5)
GO0 22, 2,0 225 Za) + 1220 200 2203 Z0) 1 2203 Za) (203 Z):

F(Z1;Z2) 1(Z3:Z4) + £ 7(215Z3)F (243 Z2) + £ 7(Z1:Z4)F (22 Z3)
7
= 21f (Z1;Z2)f (Z1; Z3)T (Z1; Z4)T (Z3; Z4)f (Za; Z2)T (Z2;Z3)
[f 2(Z1;Z2)f 2(Z3;Z4)+ T 2(Z1; Z3)F 2(Z4; Z2) + 1 2(Z1; Z4)F 2(Z2; Z3))>
If we apply the formulas (2.96) to the secondfunctional equation of the system
(2.91), then we obtain the following equation
[0(Z1:Z2) + 327 (Z1; Z)119(Z3; Z4) + £3*27(Z3; Z4)]
+[0(Z1;Z3) + £ 32 71(Z1; Za)l[9(Z4; Z2) + £3727(Z4; Z2))]
(2.97) + [0(Z1;Z4) + £327(Z1; Z2)1[9(Z2: Z3) + 1327 (Z2: Z3)] = O:

By repeating the previous procedureto the last equation of the system (2.91),
we obtain

fh(Z1;Z2) + [0(Z1;Z2) + 1327 (Z1; Z5)*% 1 g
f h(Zs;Z4) + [9(Z3;Z4) + 13727 (Z3;Z4)]3 2 g
+fh(Z1;Z3) + [0(Z1;Z3) + 327 (21, Z3)]%? 1 g
f N(Z4;2Z2) + [9(Za; Z2) + 3427 (24;22))%? 1 g
+Th(Z1;Z4) + [0(Z1;Z4) + 327 (215 24)]%? 1 g
(2.98) f h(Z2;Z3)+ [9(Z2;Z3) + £327 (25, 23)**?1 g = O:
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The system of vector functional equations (2.91) with the unknown functions
f; g0 h: V21 Candr;j 2 f0;1;2g is equivalert to the system formed by
the rst equation of the system(2.91) and the equations (2.97) and (2.98), whose
generalsolution is given by (2.92), (2.93) and (2.94).

Theorem 2.5. The generl solution of the following system of functional equa-
tions
f(Z21,22,Z3)F (24325, Z6) + T (225215 Z4)F (23525, Zs)

+ 1 (Z1;22,Z5)f (Z3;24;Z6) + (22,21, Z6)f (Z3;Z4;Z5) = O;

0(Z1;Z22,Z3)9(Z4;Z5;Z6) + (22521, Z4)9(Z3;Z5; Zs)
+ 0(Z1:22,Z5)9(Z3:Z4;Z6) + O(Z2,Z1,Z6)Y(Z3, Z4;Zs)
+ 0(Z1;22;Z23)f 3(Z4; Z5; Z6) + 9(Z4;Z5;Z6)f 3(Z1; 22, Z3)
(2.99) + 0(Z2;Z21;Z24)F 3(Z3;Z5, Zo) + O(Z3; Z5; Z6)f 3(Z2;Z1; Z4)
+ 0(Z1;22;Z5) 3(Z3;Z4;Z6) + O(Z3;Z4;Z6)f 3(Z1; 22 Z55)
+0(Z2,21;Z6)f *(Z3;Z4;Z5) + O(Z3;Z4;Z5)f 3(Z2:Z1;Z6)
+ 3 (Z21:22,23) (Z22: 21, Z4)F (24, Z5, Z6)f (23,25, Z6)
[f(Z1,22,Z5)f (Z3,Z4,Z6) + T (Z2,Z1;Z6)f (23,24, Z5)]
+ 3 (Z1,22,Z5)f (2221, Z6) (23524, Z6)f (£3, 24, Z5)
[f (Z1,Z2:Z3)f (Z4:Z5;Z6) + F(Z22:Z21:Z4)F (23,255 Z6)] = O;
where f; g:V3! C are arbitrary complexfunctions, is given by the following
formulas

Fi(U) F(U) Fs(U)
(2.100) FUViW) = Fi(V)  Fa(V)  Fs(V)
Fi(W) Fa(W) F3(W)

(2.101)
Gi(U) Gp(U) Gs(U)  Fi(U) Fa(U) Fa(U) °
gU;ViW) = Ga(V) Ga(V) Gs(V) Fi(V) Fa(V) Fs(V)
Gi(W) Gao(W) Gs(W) Fi(W) F(W) Fs(W)
where F;; G; (r = 1;2;3) are arbitrary complexfunctions de ned in V.
Pro of. For the rst equation of the system (2.99), the general solution is given
by (2.100).

We can rearrange the terms in the secondequation of the system (2.99) as
follows

[0(Z1;Z2;Z3) + T3(Z1;Z2; Z3)[0(Z4; Z5; Ze) + T 3(Z4; Z5; Z6)]
+[0(Z2;Z1;Za) + 3(Z2; 21, Za)19(Z3; Z5; Ze) + T 3(Z3; Z5; Z6)]
+[0(Z1;Z2;Zs) + 13(Z1; 22, Zs)[9(Z3; Z4; Z6) + T 3(Z3;Z4; Z6)]
+[0(Z2;Z1;Z6) + T3(Z2; 21, Z6)I9(Z3; Z4; Z5) + 3(Z3;Z4;Z5)] = O;

(2.102)
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by using the identity
A®+B3®+C®*+D3®=3AB(C+D)+3CD(A+B) if A+B+C+D=0:

Therefore, the system (2.99) with two unknown functions f; g: V3! C is
equivalent to the systemformed by the rst equation of the system (2.99) and the
equation (2.102), whosegeneral solution is given by (2.100) and (2.101).

Theorem 2.6. The geneal continuous solution of the following system of func-
tional equations

f110(Z1;Z2+ Z3) + F21(Z2;Z3 + Z1) = f31(Z3; 21+ Z2) 5
f12(Z1:Z2+ Z3) + 2010(Z21;Z2 + Z3)F21(Z25Z3 + Z1)

+120(Z2;Z3+ Z1) = T32(Z3;21 + Z3);
f13(Z1:Z2+ Z3) + 3f12(Z21;Z2 + Z3)F21(Z2;Z3 + Z1)

+ 3f11(Z1:Z2 + Z3)f22(Z2; Z3 + Z1) + T23(Z2;Z3 + Z1)

= f33(Z3;Z1 + Z2);
f14(Z1;Z2+ Z3) + 4 13(Z21;Z2 + Z3)F21(Z2Z3 + Z1)
(2.103) + 6f12(Z21;Z2 + Z3)f22(Z2; 23+ Z1)

+ A 11(Z15Z2 + Z3)f23(Z2;Z3 + Z1)

+ F24(Z2,Z3+ Z1) = F34(Z3 21+ Z2) ;
f15(Z1;Z2+ Z3) + 5F14(Z1;Z2 + Z3)F21(Z2;Z3 + Z4)

+ 10f13(Z1;Z2 + Z3)f22(Z22,Z3 + Z1)

+ 10 12(Z1;Z2 + Z3)f23(Z22,Z3 + Z1)

+ 5F11(Z15Z2 + Z3)f24(Z2;Z3 + Z1)

+ fo5(Z2;Z3+ Z1) = f35(Z23; 21+ Z3)

where fq,; for; fa, 0 V21 C (1 r  5) are arbitrary complex functions, is
given by the formulas

fri(U;V)=F(U+V)Re(2U V)+ Fp(U+V)Im(2U V)
+GU+V)  (r=12);

(2.104) f32(U;V) = F1 (U + V)Re(V 2U)+ Fp(U +V)Im(V 2U)
+ G (U+V)+Gy(U+V);
fro(U;V)=L(U+V)Re(U V)+Lo(U+V)Im(@U V)
2 . - 1. .
(2.105) +H U+ V)+f5(U;V) (r=12);

fao(U;V)=Ly(U+ V)Re(V 2U)+ Lo(U+V)Im(V 2U)
+ Hy(U+ V)+ HyU+V)+f2(U;V);
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fr3(U;V)=Mi(U+V)Re(2QU V)+ MyU+V)Im@U V)
+ K (U+V)+35U; V) (U;V) 2(3(U;V)
(r=12);
fa3(U;V)=M(U + V)Re(V 2U)+ My(U+V)Im(V 2U)
+ Ky(U + V) + Kp(U + V)
+3f5(U;V)fa(U;V)  2(3(U;V);

(2.106)

fra(U;V)=P(U+V)Re(2U V)+Py(U+V)Im(@2U V)
+Qr (U + V) + 4f 3(U; V), 1(U;V)
12, 2(U;V)FA(U; V) + 3F5(U; V) + 6F 4 (U; V)
(2.107) (r=1,2);
faa(U;V) = Pi(U+ V)Re(V 2U)+ Py(U+V)Im(V 2U)
+ QU+ V) + Qa(U + V) + 4f33(U; V)fa(U; V)
12f3(U;V)F2(U; V) + 3f5(U; V) + 6f 5,(U;V);

frs(U;V)=Ri(U+V)Re(2U V)+Ry(U+V)Im(@2U V)
+ S (U+ V) + 5f4(U;V)f1(U;V)
20f,3(U; V)F 2 (U; V) + 60f,2(U; V)3 (U;V)
30 2(U; V)f 1(U; V) + 10f,3(U;V)f,2(U; V)
24 % (U;V) (r=12);

fas(U;V)=Ri(U+ V)Re(V 2U)+ Ry(U+V)Im(V 2U)
+ S1(U+ V) + Sp(U + V) + 5fg(U;V)fa(U;V)
20f 33(U; V)F 2 (U;V) + 60f32(U; V)ES (U;V)
30F Z,(U;V)far(U;V) + 10f33(U; V) 52(U; V)
24f 2, (U;V);

(2.108)

whee Fr; Ly My P Rt VL L(VY%C); Gy Hes K Qr; St VIE C(r =
1, 2) are arbitrary complexfunctions.

Pro of. The generalcontin uoussolution of the rst equation of the system(2.103)
accordingto [15]is given by the functions (2.104).

Now, if weusethe rst equation of the system(2.103), then the secondequation
takeson the following form

[F12(Z1;Z2+ Z3) T4(Z1;Z2+ Z3)] + [f22(Z2; 23 + Z1)

(2.109) - -
f51(Z22; 23+ Z1)] = [f32(Z23; 21+ Z2) T51(Z23;Z1+ Z))]:



114 I. B. RISTESKI, K. G. TREN CEVSKI, V.C. COVACHEV

This equation hasa form like the rst equation of the system (2.103).
If we take into accourt the previous two equations, then the third equation of
the system (2.103) becomes

[(f13(Z1;Z2+ Z3)  3f12(Z1;Z2+ Z3)f11(Z1, 22 + Z3)
+ 2A3(Z1,Z2+ Z3)] + [f23(Z2: Zs + Z1)
(2.110) 3f02(Z2;Z3+ Z1)f 21(Z2;Z3+ Z1) + 23,(Z2;Z3 + Z1)]
= [fs3(Z3;Za+ Z3)  3f32(Z3iZa+ Zo)f31(Z5;Z21 + Z2)
+ 2(31(Z3,Z1+ Z2)]:

The equation (2.110) hasalsoaform likethe rst equation of the system(2.103).

If we apply the above two equations, then the fourth equation of the system
(2.103) takeson the form

[(f14(Z1,Z2+ Z3) 4f13(Z1;Z2 + Z3)f11(Z21;,Z2 + Z3)
+ 12 15(Z1; 2o+ Za) 321522+ Z3)  3(5(Z1iZ2+ Zs)
6f 11(Z1;Z2 + Z3)] + [f24(Z2;Z3 + Z1)
4 23(Z2;Z3+ Z1)f21(Z2;Z3 + Z1)
(2.111) + 12 00(Z2;Z3+ Z1)F2(Z2;Z3+ Z1)  3f5(Z2;Z3+ Z1)
6f 31 (Z2;Z3 + Z1)]
= [f3a(Z3:Z1+ Z2) A 33(Z31Z1+ Z5)f31(Z3; 21 + Z5)
+ 12 35(Z3; 21 + Z2)f 2 (23,21 + Z5)
32,(Z3;Z1+ Z2) 6 3(Z3;Z1+ Z2)]:

Thus alsothe equation (2.111) has a form like the rst equation of the system
(2.103).

Similarly, the last equation of the system (2.103) is reducedto the following
equation

[f15(Z1;Z2+ Z3) 5f14(Z1;Z2+ Z3)T11(Z21;Z2 + Z3)
+ 20f 13(Z1; 22 + Z3)f 2(Z1;Z2 + Z3)
60F 12(Z1;Z2 + Z3)f 2(Z1;Z2 + Z3)
+ 30F (213 Z2 + Z3)f 11(Z1;Z2 + Zs)
10f 13(Z1;Z2 + Z3)f12(Z1;Z2 + Z3)

+ 24D (Z1;Z2 + Za) + [fo5(Z2: Z3s + Z2)
5f04(Z2;Z3+ Z1)f21(Z2;Z3+ Z1)
+ 20f p3(Z2; Z3 + Z1)F 2,(Z2;Z3 + Z1)
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60f 22(Z2; 23+ Z1)F 2 (Z2;Z3 + Z1)
+ 30F2,(Z2; Z3 + Z1)f21(Z2; 23 + Z1)
10 23(Z2; Z3 + Z1)f 02(Z2; Z3 + Z1) + 24F 3(Z2; 23 + Z1)]
= [fas(Z3;Z1+ Z2)  Sf34(Z3;Z1+ Z5)f21(Z3;Z1 + Z3)
+ 20F33(Z3; Z1 + Zo)f 5 (23121 + Z2)
60F 32(Z3; 21 + Z2)F 31 (Z3; 21 + Z2)
+ 30f 2,(Z3;Z1 + Z2)f31(Z3;Z1 + Z2)
10f33(Z3; Z1 + Z2)f 32(Z3: 21 + Z2) + 31(Z3: 21 + Z2)]5

(2.112)

which hasa form like the rst equation of the system (2.103).

Therefore, we may summarize that the system of partial functional equations
(2.103) considered,with v e functional equations and fteen unknown functions
frj :V21 C; (r=123;j = 1,2,3;45) is equivalert to the system obtained
which is formed by the rst equation of the system (2.103) and the equations
(2.109), (2.110), (2.111) and (2.112), whose general contin uous solution is given
by the formulas (2.104), (2.105), (2.106), (2.107) and (2.108).

The vector systems of partial nonlinear functional equations consideredhere
have not beentaken into accourt in the referenceg2,3,5,10,11].
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