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REGULAR  HALF-LINEAR SECOND ORDER DIFFERENTIAL
EQUA TIONS

ONDREJ DOSLY AND JANA REZNICKOVA

Abstra ct. We intro duce the concept of the regular (nonoscillatory) half-
linear second order di eren tial equation
0 .
) r)(x9 “+ce®(x)=0; (x):=xP x; p>1
and we show that if (*) is regular, a solution x of this equation such that
x%(t) 6 O for large t is pzrincipal if and only if
1 dt

r(tx2(H)ixquje 2

Conditions on the functions r; c are given which guarantee that (*) is regular.

1. Intr oduction and preliminaries

The aim of this paper is to investigate half-linear secondorder di eren tial equa-
tions

@ @ (xN%+ct) (x)=0; (x):=jxP 2x; p>1;

where r; ¢ are cortinuous functions, r(t) > 0, via the properties of solutions of

the assaiated Riccati di erential equation (related to (1) by the substitution w =
r(t)( XO))
(%)

@ W+ (b Dt oMt =0; a= P
In particular, we will focusour attention to the so-calledregular half-linear equa-
tions and to the integral characterization of their principal solutions.

The notion of the principal solution of the nonoscillatory Sturm-Liouville dif-
ferertial equation

() (r()x9%+ c(t)x = 0
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(which is the special casep = 2 of (1)) wasintroducedby Leighton and Morse [12]

and this notion plays an important role in the oscillation theory of (3). Recall that

a solution x(t) of nonoscillatory equation (3) is said to be principal (at t = 1 ) if
x(t) _

) A" X

for any solution x(t) which is linearly independert of x(t). Di eren tiating the ratio
x(t)=x(t) and using the Wronskian identity r(x% xx% = const 6 0, it follows
that (4) is equivalent to

Z 1
at
®) oem

Clearly, the principal solution x(t) of (1) is unique up to a constart multiple.
On the other hand, for any other solution x(t), linearly independert of x(t), the

relation Z
1
dt

e -
holds.

Mirzov [15] extendedthe conceptof the principal solution to half-linear equation
(1) and de ned this solution via the eventually minimal solution of the assaiated
Riccati equation (2). This method is known to be the equivalent de nition of the
principal solution in the linear case,see[10, Chap. Xl]. Elbert and Kusano [8]
de ned this concept as the \zero maximal" solution (which is in the linear case
also equivalent characterization of the principal solution, see[13]), and showved
that their de nition is equivalent to Mirzov's one. The attempt to nd an integral
characterization of the principal solution of (1) which reducesto (5) in the linear
casehas been made in [3]. It was shown that the property being the principal
solution is closely related to the divergenceof the integral

© 0= O
B r(Ox2(O)ixqu)e 2
In this paper we cortinue in this investigation and we nd conditions on the

functions r; ¢ which guarantee that a solution x of (1) is principal if and only if
l)=1.

2. Riccati equation, Picone's identity and princip al solution

In this section we recall somebasic facts concerningequations (1), (2), in par-
ticular, their principal and eventually minimal solutions.

It is well known that the classical Sturmian theory extends almost verbatim
to (1), seee.g.[5, 14]. In particular, equation (1) can be classi ed as oscillatory
or nonoscillatory according to the oscillatory nature of its solution near 1 . First
we recall Mirzov's de nition of the principal solution of (1). Suppose that this
equation is nonoscillatory and let x be its solution for which x(t) 6 Ofort > T.
Further, for b > T, let x, be the solution of (1) given by the initial condition

- Up) = - 1(x9 - 1 (xp) i i
Xp(b) = 0, x¥(b) 1. Letw 5+ Wo &) be the corresponding solutions
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of (2). Thenw(b )= 1 andwy(t) < w(t) on[T;h). Moreover,if T < b< Bthen
Wp(t) < wy(t) < w(t) on[T;h). Asb! 1, the functions w, corvergeuniformly on
every compactinterval [T; T1] [T;1 ) to afunction w which is alsoa solution (2).
This solution has the property that any other solution w of (2) which is de ned
on the whole interval [T; 1 ) satis es w(t) > w(t) in this interval. Now, if
t
x(t) = exp rtA(s) qw(s))ds 5 q(w) = jwjT Pw;

then x is a solution of (1) which is called the principal solution of this equation.

Elbert and Kusano [8] used a somewhat di erent construction basedon the
generalizedPrufer transformation and generalizedtrigonometric functions. They
proved the following comparisontheorem for (1) and for another di eren tial equa-
tion of the sameform

@) (R (y)°+ Ct)(y) = 0:
Lemma 1. Supmsethat
0< R(t) r(t); C(t) c{t)

hold for larget, i.e. (7) is a Sturmian majorant of (1). Further suppsethat equa-
tion (7) is nonoscillatory and let x, y be principal solutions of (1) and (7), respec-
tively. Denote by w = r(t) ( ¥°=%), v = R(t) ( ¥*=y) the correspnding eventualy
minimal solutions of (2) and of

®) V+Ct)+ (p DR )i = 0

Then w(t)  w(t) for large t. Moreover, if to is suciently large and w;v are
solutions of (2) and (8), respectively, which exist on the whole interval [to;1 )
and satisfy v(tg) w(to), thenv(t) w(t) fort to.

Now we formulate (in a simplied form as neededin this paper) the recertly
found Piconetype identity for (1), (see[1, 11]).

Lemma 2. Suppmsethat w is a solution of (2) de ned in the wholeinterval | =
[a;b]. Then for any 'y 2 C(l) the following identity holds:

r@iyd®  ct)iviPl= wiyiP°+ prt AP y% ( y)w);
wher
ip ivid
Py 1

o = 197
9) P(u;v) = 0 0

for any u;v 2 R, with the equality if and only if v= ( u).

The next statemert (provedin [3]) comparesthe function P with the quadratic
part of its Taylor's expansion(with respectto v) at the certer vo = ( u)).

Lemma 3. The function P (u;Vv) de ned in (9) satis es the following inequalities

(10) P(u;v) ? %jujz P(v (u)?® for p72; v6 (u);
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and

(12) P(u;v)7

1 P 2 - ..
ujc P(v u for p7 2; uj)>jvj; uv>0:
20 1)11 (v (uw) P (jup)>jvj

Of course,in casep = 2 we have the equality in both relations (10) and (11).

The previoustwo lemmasplay the crucial role in the proofs of the main statemerts
of [3] which are summarizedin the next proposition.

Prop osition 1. Suppsethat (1) is nonoscillatory and x is its solution suchthat
x(t) 6 0 for larget.

() Letp2 (1;2). If

! dt
(42 0= Tempenp 2T
then x is the principal solution.
(i) Letp> 2. If yis the principal solution then (12) holds.
(iii) Supposethat Lol qdt)ydt=1 ,%he function
1
(1) = c(s) ds
t
existsand (t) Obut (t) 6 0eventualy. Then x(t) is the principal solution
if and only if (12) holds.

Note that the proof of the part (i) is basedon inequality (10) with p 2 (1; 2),
whereas (ii) leans on this inequality for p > 2. The proof of (iii) usesthe fact
that under additional restrictions on r; ¢ given there all solutions of (2) which are
extensibleup to 1 are positive and one can then usealso inequalities (11).

Generally, aspointed out in [3], the fact that (12) equivalently characterizesthe
principal solution x of (1) can be proved wheneer the inequalities of the form

P(u;v) > Cijui? P(v  (u)?; P(uv) < Cojuj® P(v ((u)?;

C1; C, being positive real constarts, hold. This obsenation motivatesthe following
statemert.

Lemma 4. Let T > 0 be arbitrary. There existsa constant K > 0 suchthat
(13) P(ujv) 7 Kjui2 (v (u)? for p72

and every u; v 2 R satisfying ("u) T,v6 (u).
Pro of. Considerthe casep 2 (1;2), i.e. q> 2, the casep > 2 can be treated in a
similar way. For any K > Oand u 6 (O we have )
1 v ¢ v 1 v 2
P(uiv) Kjuj? P(v  (up?=juf = — —+=- K —— 1
q (u) (u p (u)
Denotet := s, f (1) := 5 t+ 1 g(t) == K(t 1)%1f K > %2, by adirect
computation onecanverify that (f g)(1) = 0= (f g)X1), the function f g has
the local maximum at t = 1, two negative local minima attained at the numbers
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1

whoseabsolute value is greater than T := qZLl “? (where the graph of (f  g)

has the in ection), and (f g) is concave for jtj < T and convex for jtj > T.
Consequettly, if we choseK such that (f g)( T) < 0 then according to the
previous considerationsand the fact that f ( t) = f (t)+ 2t wehave (f g)(t)< O
fort2[ T;T] i.e.

itid

L Kt 1)
q p
which implies (13) for g > 2. The existenceof a K with the required property

follows from the seconddegreeTaylor expansion formula for f at to = 1 (with
2 (1;T))

f(T) g T)=Ff(T)+2T K(T+1)?

q—Zl qui.;.z'r K(T+1)2;

so, if wetake K su cien tly large,then (f g)( T) < O really holds. O

(T 1) 1+

3. Regular half-linear  equations
We start with the basic de nition of our paper.
De nition 1. Supposethat (1) is nonoscillatory. Equation (1) is saidto beregular
if there exists a positive constart T 2 R such that

. wq(t)
(14) I||t”r!115up )

for any pair of solution wy;w, of (2) for which w,(t) > wy(t) eventually.

T

Next theorem justi es the introduction of the concept of regular half-linear
secondorder equations, for these equations we have the equivalert integral char-
acterization of the principal solution of these equations.

Theorem 1. Supmsethat (1) is regular and x is its solution suchthat x°6 0
eventualy. Then x is the principal solution if and only if
1
dt
4o 0= roeoxor 2T
Pro of. We distinguish the casesp 2 (1;2) and p > 2. In the rst casewe have the
implication \1(x) = 1 =) x isthe principal solution" by Proposition 1, part (i).
To prove the opposite implication we borrow someideasusedin [3]. Suppose, by
contradiction, that x is the principal solution and 1 (x) < 1 . Let T bethe constart

from (14). By Lemma 4 there exists K > 0 such that (13) holds if %~ < T.

(u)
Further, let tg 2 R be sud that
z 1

dt < 1
o FOX2OXAYP 2 Kp
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and considerthe solution w of (2) given by the initial condition w(tg) = w(to)
(2xP(to)) !, wherew = r X7° is the eventually minimal solution of (2). Sub-

stituting the principal solution x into the Picone identity with the above de ned
solution w of (2), we have

rixIP  ct)xP = [xPwl’+ prt AOXP)P( q(w);w);

where 4(s) = jsj% 2sisthe inversefunction of , and at the sametime, replacing
w by w and using the fact that P( q(w);w) = 0,

r)ix9®  c(t)jxiP® = xPw]+ pri G)XPE)P( (w);w) = [xPw]®
Subtracting the last two equalities, we get
(16) XP(w w)]°= prt AOXPP( q(w);w):

By (13)
P( q(W)iw) < Kj o(w)i® P(w w)”:
This implies, in view of (16),

02 p
XP(w w)]°< Kpr® 9P rt “X; (w  w)?
K
Denote h := xP(w w). Then h(to) = 5 and the last inequality reads
(17) My . Kp

h2(®) ~ rOxEXP 2
Integrating this inequality from to to t we have
i i < “ Kp ds;
h(to) h(t) ¢, r(SX3()xAs)iP 2
which means,taking into accourt that h(tp) = %
h(t) < R—

R, - :
2 Kp , moempooez dt

Consequetly, % < h(t) < 1,fort 2 [to; 1), i.e. h(t) can be continued up to 1 .
Hencew(t) is a solution of (2) which is extensibleup to 1 and w(t) < w(t) for
t to, i.e. w(t) is not the eventually minimal solution and thus the solution x(t)
is not principal, a contradiction.

If p> 2, the implication \x is the principal solution =) [I(x) = 1" is
given in Proposition 1, part (ii). Concerning the opposite implication, suppose
that 1(x) = 1 and x is not the principal solution, i.e. there exists a solution w
of (2) which is de ned on someinterval [tp; 1 ) and satis es there the inequality
w< w:=r( XTO). If h is the sameasin the rst part of the proof, using a similar
reasoningas above we have the inequality

hqt) . Kp

h2() ~ roxeOpoop 2 o bt
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and integrating this inequality from tg to t; > tg we get
1 1 1 21 dt
> > Kp 2D 2"
h(to)  h(to) h(ta) to F(OX2(1)jxAL)P
Letting t; ! 1 we have the required contradiction. Hence x is the principal
solution. O

Remark 1. It is shown in [3] that under the assumptions of the part (iii) of
Proposition 1, every solution of (2) is evertually positive. This meansthat (1) is
regular since0 < wj (t) < wy(t) is equivalent to 0 < a;g; < 1. From this point of
view, the previous theorem is a natural extension of the integral characterization

of the principal solution of (1) givenin Proposition 1 (iii).

In the next part of this sectionwe deal with (1) under the restriction r(t) 1,
i.e. we investigate the equation

(18) (X + o) ( x) = 0:
Using the transformation of the independert variable
z t

x()=y(s); s= ' 9()d

which transforms (1) into (18), the results can be extendedto generaleqygtion (1).
In the previous remark we have showvn that (18) with positive ¢ (and ! c(t) dt
convergert) is a typical example of the regular half-linear equation. Next we deal
with the casewhen the function c is negative and we presert su cien t conditions
on the function ¢ which guarantee that (18) is regular.

Theorem 2. Suppsethat
(19) Jim (t) = 2<0:
Then equation (18) is regular.

Pro of. According to the de nition we have to nd a positive constarts T such
that (14) holds. We usethe following notation. Let

c(t) §
t) = >0 and 9:= > 0:
&(t) 1 an 0 1
Then our assumption limyy  c(t) = 2 is equivalert to limy;  &(t) = 9: This
meansthat for every 0< " <  there existstg 2 R such that
( "i<e)y<( +")?

for everyt  to: Now, considerthe equations (the rst oneis rewritten equation

(18))

(20) ((xN° (0 De(t) ( x) = 0;
(21) (CyN° (e 1 +M%(y)=0;
(22) ((29° ( 1 " 2)=0;
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i.e. (21) is the Sturmian minorant to (20) and (22) is the Sturmian majorant to
(20). The Riccati type equations assaiated with (20), (21) and (22) are

(23) wit) (p DIe(t) jw(t)"]= 0;
(24) wy(t) (P DIC + M jwy ()i = 0;
(25) wp () (P DIC MY jw (D)= 0

Equation (24) hasconstart solutionswy = ( + ") and any other solution of this
equation satis es

(26) Jimowy () =+
see[6]. Similarly, (25) hasconstart solutionsw, = (") and all other solutions
satisfy limyy - wy(t) = "

Let w(t) be the minimal solution of (23). Then according to the Sturmian

comparisontheorem for evertually minimal solutions of Riccati equations(Lemma
1) we obtain

(27) (+") wt (")

where ( + ") = wy(t) is the minimal solution of (24) and ( ") = wy(t) is
the minimal solution of (25). Let w(t) be a solution of (23) which is not minimal.
Then there existstp 2 R such that

w(t) > w(t) t to
and using (27) we have
(28) wt)> ( +") for t tp:

Now, let wy, w, be the solutions of (24) and (25) given by the initial condition
Wy (to) = w(to) = w,(to). Then by Lemma 1
(29) wz(t)  w(t)  wy(t)
for everyt  tp. We distinguish the following casesaccording to the value of the
initial condition w(to):

@ ( +") < w(to) ( "): Then

(30) w(t) we(t)> ( +") for t to
what we already know from (28).
) ( ") < w(tp) ". Then using (29) we have
(31) w(t) > R S
(c) "< w(tp) + ": Then accordingto (29) we have
(32) "ow(t) +"; t tp:

(d) w(tg) > +" Then by (29) and the fact that for all solutions of (24) relation
(26) holds, we obtain

(33) lim supw(t) < + 2":
t
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From (28) - (33) we concludethat
(34) ( +")<wit)< +2"; t to;

for any proper solution w(t) of (23) which is not minimal, and henceusing (27)
and (34) we obtain that

+ 2 <W(t)< +2;

W(t) t to:
Since" > 0 was arbitrary (su cien tly small), we have
ooow(t) w(t)
(35) 1 Iltr!q inf w(D) Ilwlsupw

Now, let w1;w, beany solutions of (2) which exist onthe wholeinterval [tg; 1 ) and
for which w,(t) > wy(t) ( w(t)) in this interval. Then by the previous analysis

. w(t)
lims
It!l P wo(t)

and hence(18) is regular. O

Remark 2. It is easyto seethat condition (19) can be replaced by a weaker
condition.

(36) 1< Iitrlqinf c(t) limsupc(t) < O:
: t
In the next theorem equation (18) is comparedwith the below given Euler type
equation (38).
Theorem 3. Suppsethat
(37) tIlilm tPct) = < O:
Then (18) is regular.

Pro of. Similarly asin the proof of Theorem 2 we will nd a positive constarts T
satisfying (14). To this end, considerthe Euler equation

(38) (( x9°+ m(x)=0:

The transformation y(t) = x(e') transforms this equation into the equation (with
constart coe cien ts)

(39) (CYN° (P D(Y)+ (=0
The corresponding Riccati equation is

(40) wl= (p Djwj'+ (p Lw

The sametransformation transforms (18) into

(41) ((YD° (P D(y)+ece™)(y)=0

and the Riccati equation assaiated with (41) is
(42) wl= (p DLjwjo+ (p Lw eEe™):
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Now, if (37) holds, then for every " > 0;" < | |; there existsty 2 R such that
"< é)t C(ept) < "

for everyt to: Considerthe equations

(43) (CxN° (p D(xH+ +"=0
and
(44) (CxN® (p D(xH+ "=0;

i.e., (43) is the Sturmian majorant to (41) and (44) is the Sturmian minorant to
(41). The corresponding Riccati equationsare

(45) V= (p Dvi%+(p v ( +")
and
(46) 2= (p DiZi%+(p Dz ( "):

Note that equations(43), (44) can be written in the form (1), soLemma 1 applies
alsoto (45) and (46). Let (") < 0< ("), 1(") < 0< (") bethe roots of
the equation

(P 1G* )+ +"=0; (p G )+ "=0;

respectively. Then (45) hasthe constart solutions vi2(t) = 1.2("), (46) has con-
stant solutions z;.2(t) = 1.2(") and the constarts 1.2("), 1.2(") play the same
role asthe constarts ( + "), ( ") in the proof of Theorem 2. In particular,
the solutionsv = ("), z= 1(") are eventually minimal of (45) and (46) and
any solutions v; z which are not evertually minimal satisfy

Jmov®) = o("); limz(t) = 2("):

Let w(t) be the minimal solution of (42). Then by the Sturmian comparisonthe-
orem we obtain

(47) 1) w(t) 1)

If w is any nonminimal solution of (42) then comparing this solution with those
of (45) and (46) we have that this solution satis es either the sameinequality as
the minimal solution w in (47) or

2(")  liminfw(t) lim supw(t) 2("):
ti1 t11

Since" > Owasarbitrary and lim«; o+ 1.2(") = lim+ o+ 1.2(") = 1.2, where
~1; T2 arethe negative and the positiveroot of the equation(p 1)(j j* p)+ = 0,
respectively, and sincej™1j < T, ascan be veri ed by a direct computation, using
the sameargumert as usedin the proof of the previous theorem we have

wy (t) < _2.

lim su :
P wo(t) T
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This provesthat (41) is regular and hence (18) is also regular since the trans-
formation of independert variable t 7! €' presenes regularity of transformed
equations. O

Remark 3. Similarly asin Remark 2 we can replace condition (37) by a weaker
condition

1 < liminftPc(t) lim suptPc(t) < O:
1 tin

4. Remarks

(i) A subject of the current discussionis whether (15) is really a good candidate
for the integral characterization of the principal solution of (1). There are seweral
supporting points, the most important of them is that the expression

Z ds
W= TSeexEr 2

plays in oscillation theory of (1) the samerole asthe term “ro1x 2(s)dsin the
linear oscillation criteria, see[4, 9]. On the other hand, this integral characteri-
zation requiresrestrictions on the functions r; ¢ which guarantee that solutions of
(1) satisfy x°6 0 for largg t as shows the examplethe equation (1) with p 2 (1;2),
¢ 0 and r satisfying L ylagt = 1. In this casex(t) 1 is the principal
solution but in its integral characterization | (x) = 0, wherel (x) is de ned by (6).

(ii) In our paper weinvestigatethe principal solution at 1 , i.e. a solution having
somespecial propertiesfor larget. Let b< 1 bearegular point of (1) (in the sense
that the initial conditions x(b) = A, x%b) = B determinesthe unique solution of
(1) for any A; B 2 R) and denote by x;, the solution given by the initial condition
xp(b) = 0, x2(b) = 1. This solution can be regardedas the principal solution at b
(since principal solution at 1 is the limit (asb! 1) of such solutions). In the
linear casexy is the only solution (up to a multiple by a nonzeroreal constar)
for which  °r (t)x 2(t)dt = 1. A natural question is whether the principal
solution x;, of (1) is alsothe only one solution of this equation which satis es

I = “ dt =1

S O O/
sincethis is the casefor linear equation (3). Another solution which could satisfy
Ib(X) = 1 in casep 2 (2;1 ) is the solution %, given by the initial condition
xp(b) = 1, x2(b) = 0. In this case,if c(b) 8 0, then Ip(%,) < 1, i.e. the solution Xy,
is really the only solution satisfying 1,(x) = 1 . Indeed, let w = r ( xy=*%,) be the
solution of (2) corresponding to x;,. Then w(b) = 0, wib) = c(b) 6 0 and since
() = 1, r(b) > 0, we have ( xqt)) w(t) (b t)sgnc(b) fort ! b. Hence
ixY0)jP 2 jt b7 andthus () < 1 . However, if c(b) = 0, it may generally
happen that I,(%p) = 1, i.e. Ip(X) is not equivalent integral characterization of
the principal solution at a nite point. This problem is a subject of the presen
investigation.
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(i) As mertioned at the beginning of this paper, another important character-
ization of the principal solution x in the linear caseis the limit characterization
limpy  (x(t)=x(t)) = O for any solution x linearly independert of x. Concerning
nonoscillatory half-linear equation (1), sincethe solution spaceof (1) is no longer
additive and Wronskian identit y is lost, see[7], it is an open problem whether the
samehold also in half-linear case.The ratio x=x is a monotonic function (since
x%  xx° has no zero, otherwise x%=x = x%x at some point which means that
there exist two di erent solution of the assaiated Riccati equation (2) satisfying
the sameinitial condition, a contradiction), hencethere exists a ( nite or in nite)
limit L = limgg  %(t)=x(t). Moreover, if solutions x; % are eventually positive,
normalized in the sensethat x(tp) = 1= x(tg) for sometgy (su cien tly large) and
X is principal, then L 2 [0;1). We conjecture, basedon all nonoscillatory equa-
tions which can be computed explicitly, that similar to the linear caseL = 0. This
conjecture is is equivalert to the following conjecture.

Conjecture 1. Supmsethat (1) is nonoscillatory, w;w are solutions of the as-
saciated Riccati equation (2), the solution w is minimal. Then
z 1
r 9 gw(t)  qw(t)] dt=1 :

The proof (disprove) of this conjecture is a subject of the presen investigation.
Note alsothat in the very recert paper [2] it is provedthat if c(t) < O for large t,
the above conjecture is true.

(iv) We concludethe paper with an exampleillustrating the statemerts of the
previous section. Consider the Euler-type equation

(48) ((X°+ 5 (x)=0;

with < 0. This equation satis es the assumptions of Theorem 3, hence there
exists unique (up to a multiple by a nonzero real constart) solution for which
I (x) = 1 . Here we compute this solution explicitly. By a direct computation one
can verify that equation (48) possessegamong others) two linearly independert
solutions x1(t) = t *, xo(t) =t 2, where ; < 0< , areroots of the equation

R()=jjP + =0;
O)=iir () 0 1 0;
all other solutions are asymptotically (ast! 1 ) equivalent to x,(t) and 1., are
the only real roots of (49), see[6]. We have R(0) = o1 < O,R(1)=1 and
R(%) < 0, hence ;> % This meansthat
21 dt _ 21 d
x3x3(nje 2 tp( 2 D2

sincep( 2 1)+ 2> 1. Consequetly, X;(t) is really the only solution for which
Ix)=1.
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