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ASYMPTOTIC BEHA VIOUR OF SOLUTIONS
OF TW O-DIMENSIONAL LINEAR DIFFERENTIAL

SYSTEMS WITH DEVIA TING AR GUMENTS

R. KOPLATADZE, N. PARTSVANIA AND I. P. STAVROULAKIS

Abstra ct. Sucien t conditions are established for the oscillation of proper
solutions of the system

uf(t) = p(tyuz( (1) ;
ud(t) = atus( (1)
where p; q: R+ ! R4+ arelocally summable functions, while and :R4 !

R+ are contin uous and contin uously di eren tiable functions, respectively, and
lim (t)y=+1, lm (t)=+1.
to+1 tho+1

1. Statement of the problem and the formula tion of the main
resul ts

Consider the di erential system
u(t) = p(tyuz( (1));

1.1) ore _
ux(t) = a®us( (1) ;

wherep; q: R+ ! R, arelocally summablefunctions, :Rs; ! R. isa con-

tinuous function, and : R, ! R, is a corntinuously di erentiable function.

Throughout the paper we will assumethat
0 T — . H — .
(t) 0 for t2R. ,t!h[rnl t)y=+1; t!|IQ’Il (t)y=+1:

In the presert paper, new su cien t conditions are establishedfor the oscillation
of system (1.1) (seeDe nition 1.3 below) aswell as conditions for system(1.1) to
have at least one proper solution. Analogous problems for secondorder ordinary
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di erential equationsand systemsand for higher order functional di erential equa-

tions are studied in [1, 2, 4, 9{12] and [6], respectively. For secondorder di eren tial

equations with deviating argumerts the problem of oscillation is investigated in

[5, 7, 8, 13] (seealso the referencestherein).

Denition 1.1, Let to 2 R+ and ap = min tintf (t); tin{ (t) . A cortin-
0 0

uous vector function (uj;u,) dened on [ag;+1 ) is said to be a proper solu-

tion of system (1:1) in [to;+1 ) if it is absolutely continuous on eadh nite seg-
ment contained in [to;+1 ), satises (1:1) almost everywhere on [tp;+1 ), and
sup jui(s)j+ jua(s)j: s t >0fort to.

De nition  1.2. A proper solution (u1;u;) of system(1:1) is said to be oscillatory
if both u; and u, have sequencef zerostending to in nit y; otherwise it is said
to be nonoscillatory.

Denition  1.3. System(1:1) is said to be oscillatory if every its proper solution
is oscillatory.

Let :Rs ! R, beacontinuously dierentiable function satisfying the fol-
lowing conditions

(1.2) %% 0 for t2R;; Jim o (@) =+1:
In the sequel,we will usethe notation
Zt
(1.3) h(t)= p(s)ds for t O;
8
21 for (1) (1);
(1.4) (0 =_ h( (1) _
BYEO) for ()< (1);
Zt 71
@5 gt )=h ((®) p( () As) o) (Hh (()dds
1 S

for t 1, 2 (0;1);
(16) g()= Iti!m+in gt ), 9()= ||tr|n Silp g(t; ) for 2(0;1):

R
It is easyto show that if h( (t))g(t)dt < +1 , then system (1.1) has a
proper nonoscillatory solution. Therefore it will be assumedthat

71
(1.7) h( (t)q(t)dt= +1 :

Moreover, below we will assumethat
71
(2.8) lim sup h( (t)) qg(s) (s)ds< +1 :
t +1

t
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Note that condition (1.8) is not an essetial restriction in the sensethat if
R

limsup h( (t))=h(t) < +1 and lim sup h( (t)) g(s) (s)ds = +1, then, as
iE! i; ;asyto prove, system(1.1) is t(;s::ﬁlatory. t

Remark 1.1. Without lossof generality it will be assumedthat

(1.9 p(t)6 0 for t2[0;1] and (1)> O;

sincethe alternation of coe cien ts of the systemin a nite interval hasnoin uence
on oscillatory properties of that system.

Theorem 1.1. Let
(1.10) t!I|[rnl h(t) = +1 ;

and let there exist a continuously di er entiable function : R: ! R.: suchthat
conditions (1:2), (1:8) are ful | led and for su ciently larget,

(1.11) (@) t:
If, moreover, for some 2 (0;1),

., LA+ )2
41 )4 )

where h(t) and g ( ) are de ned by (1:3) and (1:4) - (1:6), resgctively, and

(1.12) g ()> min

_ 20
Co= Iitrlnf}lp h( (1)) h( o(t) + a(s)h(s)ds ;
(1.13) (' 0
0= (t) for (1) t;
o) = t for (t)>1t;
then system(1:1) is oscillatory.

Corollary 1.1. Let condition (1:10) hold, and let there exist a continuously dif-
ferentiable function : R, ! R. suchthat conditions (1:2), (1:8), (1:11) are
full led and (t) t for suciently larget. If, moreover, for some 2 (0;1),
(22 @+ )y

41 )Y 4@ )

where g () is de ned by (1:4){(1:6), then system(1:1) is oscillatory.

(1.14) g ()> min

Theorem 1.2. Let conditions (1:2), (1:8), (1:10), (1:11) hold, and let
. 1
(1.15) im (1 )9 ()> 4:

where g () is de ned by (1:4){(1:6). Then system(1:1) is oscillatory.
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Theorem 1.3. Let conditions (1:2), (1:8), (1:10), (1:11) be ful | led, and let for
some ¢ 2 (0;1),

.
401 o)
where g ( o) is de ned by (1:4){(1:6). Then system(1:1) is oscillatory.

(1.16) g(o0)>

Corollary 1.2. If conditions (1:2), (1:8), (1:10), (1:11) are ful | led and for some
02(0;1),

71
(117)  liminf bt °( () o) (h °( () ds> 4(1710);
t
where h(t) and (t) are de ned by (1:3) and (1:4), then system(1:1) is oscillatory.

Corollary 1.3. If conditions (1:2), (1:8), (1:10), (1:11) hold and for some ¢ 2
(0;1),

Zt
(1.18) Itim in h °( (1) qos) (sh** °( (s))ds> 4i;
I+ 0
1
where h(t) and (t) are de ned by (1:3) and (1:4), then system(1:1) is oscillatory.
Theorem 1.4. Let condition (1:10) be ful | led and let for some 2 (0;1),
Zt 71
(1.19) imsuph (1) p(s) gl )h ( () d ds< 1;
th +1
0 (s)

where h(t) is de ned by (1:3). Then system (1:1) has a proper nonoscillatory
solution.

Now considerthe secondorder linear di erential equation

(1.20) u®tt) + atyu( (1) = 0;

whereq : Ry ! R, is a locally summable function, and : R; ! Ry isa
cortinuous function such that tIIi|:n1 (t) = +1 . For equation (1.20), Theorem

1.3 and Corollaries 1.2 and 1.3 have the following form.
Theorem 1.3°% Let

(1.21) t t for t2Rs;
and let for some 2 (0;1),

Zt 71

. 1 _
(1.22) It|!m+|rln‘ t q( ) d ds> m
1 s

where 2 (0;+1 ). Then equation (1:20) is oscillatory.
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Corollary 1.2% If condition (1:21) holds and for some 2 (0; 1),
71 1
H i 1 .
(1.23) It|!m+|r1n‘ t s q(s)ds> YRR T )
where 2 (0;+1 ), then equation (1:20) is oscillatory.
Corollary  1.3% If condition (1:21) is full led and for some 2 (0; 1),
Zt 1
[ 1+ .
(1.24) It|!m+|rln‘ t s q(s)ds> 7
1
where 2 (0;+1 ), then equation (1:20) is oscillatory.

t

Remark 1.2. For the casewhere equation (1:20) is without delay (i.e, (t) t;
= 1) Corollaries 1.2° and 1.3° lead to the results by Nehari [12] and Lomtatidze
[9], respectively. So, Theorem 1.3° is important even for equations without delay,
sincethe above mentioned results by Nehari and Lomtatidze are particular cases
of that theorem. Moreover, it is possible to construct examples showing that
conditions (1:23) and (1:24) are violated but condition (1:22) is satis ed.

2. Auxiliar y statements

Lemma 2.1. Let condition (1:10) be full led, g(t) 6 0 in any neightourhood of
+1 , and let (usi(t);uz(t)) be a proper nonoscillatory solution of system (1:1).
Then there existst 2 R, suchthat

(2.1) up(t)up(t) >0 for t t :
For the proof of Lemma 2.1 see[8, Lemma 2.1].

Lemma 2.2. Let condition (1:10) hold, g(t) 6 0 in any neightourhood of +1 ,
and let (ui(t);u2(t)) be a proper nonoscillatory solution of system (1:1). Then
there existsty 2 R, suchthat either

2.2) h(uz( (1) ut) O for t to
or
(2.3) h(t)uz( (t)) ui(t)< 0 for t to;

where h(t) is de ned by (1:3).

Pro of. By Lemma 2.1 there existst 2 R. sud that inequality (2.1) holds for
t t . Without lossof generality we can assumethat u;(t) > 0 and ux(t) > O for
t t . Therefore,in view of (1.1), we nd

h(tuz( (1)  ux(®) °= pHuz( (1) + h(Hud( (1) A1)  ud()
=hug( (1) A 0 for t ti;

wheret; > t is a su cien tly large number. Consequetly, since h(t)ux( (t))
uy(t) is a nonincreasingfunction, there exists to > t; suc that either condition
(2.2) or condition (2.3) is ful lled. 2
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Lemma 2.3. If conditions (1:2), (1:8){(1:10) are ful | led, then for any 2 (0; 1),

71
(2.4) limsuph! ( (1) qis) (s)h ( (s))ds< +1
th +1
t

and

71 7s
(2.5) p( (Nh 2( () As) qa() (Hh* (())d ds<+1;

0 0

where h(t) and (t) are de ned by (1:3) and (1:4).

Pro of. First we show the validity of (2.4). Due to (1.8) there exist M > 0 and
to 2 R+ suc that

71
(2.6) h( (1)) q(s) (s)ds M for t to:

t
Note that accordingto (2.6) for any 2 (0;1),
71
a(s) (s)h ( (s)ds< +1 :
Thus, by (1.10) and (2.6), we have

71
ht () abs) (9h ((s)ds= ht ( (1)

t

71 71 71
h ((s)d o) ()d =h( (1) ofs) (s)ds?
t le IZl
+ht (@) pE)h () As) o) ()d ds
t 71 S

M+ Mht (1) p(()Hh *( (s) Ys)ds
t

M
=M+ M = for t tg:
1 1 0

Consequettly inequality (2.4) is valid.

R
1) Due to (1.8), it is obvious that for any 2 (0;1), lim h ( (1) q(s) (s)ds= 0.
tl +1
t
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Now show the validity of (2.5). Taking into accourt conditions (1.10), (2.6) and
Remark 1.1, we get

71 Zs
p( (SHh 2( () %) a() (Oh™ ( () d ds
1 0
71 Zs 71
= p((Dh 2 () A h* ((Nd o) (2)dds
1 0
71 71
= p((s) 9 () o) ()d ds
' 71 Zsl
SR () o) 9ds  p( () AN 2( (ds+ 1+ )
0 1
71 7s y1
p( () A9 2( () p( () (h (() a1 ()dad ds
1 0
zt 1 M
+
' (O)h (@) o) (ds+ : )) h (@)
0
Therefore inequality (2.5) is ful lled. 2

Lemma 2.4. Let conditions (1:8) and (1:10) be ful | led. Then for any 2 (0;1)
the function g(t; ), which is de ned by (1:5), admits the representation
71
gt )=h" () P (Nh 2 () A3

t
7s

(2.7) q() ()R (()dds+Oh ( (1) ;
0
where (t) satis es (1:2), and h(t), (t) are given by (1:3), (1:4).

Pro of. First we show that

7t
(2.8) ,lim h @) ds) (9h' ((9)ds=0:

0
Let " be an arbitrary positive number. By virtue of (1.8), we can chooseT > 0
such that

71

(2.9) as) (s)h ( (s))ds<":
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On the other hand,

Zt

h @) ae (sh'* ( (9)ds
0
zr 7t

=h ' (@) as) (' ((Nds+h *( (1) qs) (' ( (s)ds

0 T
i) 71

h @) ab (h'" ((s)ds+  qs) (h ( (s) ds:

0 T
Hence,by (1.2), (1.10) and (2.9), we obtain
7t
lim Sfph ) a) (9h' ((s)ds
t! o+

0
4

limsuph *( (1)) q(s) (9h'" ( () ds+ " ="
|
tl +1 0
Therefore, taking into accourt the arbitrariness of ", the last inequality yields
(2.8).
In view of (1.8) and (2.8), for any 2 (0;1) we have

Zt 71
gt )=h (@) p((s) As) a) (Hh (()dds
1 s
Zt 71 Z
=h (@®) p(() As) h*(Nd a(1) (1)h* ((1)dads
1 s 0
Zt Zs
= h (@) p(() A9 *((s) () (Hh* (())dds
;t 71 ’
+h (@®) pC) A pCC) A 2 ()
1 s

Z
a( 1) ()h™ ( (1) daid ds=h ( (1)
0
Zt 71 Z
h( (spd  p( () X)Hh 2 () a(1) (Dh" ( (1) d1d

1 S 0
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Zt 71
+h (@) pCOE) A p () 2 ()

1 s
4

q( 1) (Dh* ( (1) da1d ds=ht ( (1)
0

71 7s
p( () As)h 2( () a() ()h* ( () d ds Ah ( (t);
t 0
where
71 7s
A=h( (1) p((s) AN *( () a() (Hh* ( () d ds;
1 0

and dueto (2.5) (seeLemma 2.3), A < +1 . Consequetly (2.7) is valid. 2

Lemma 2.5. Forany ; 02 (0;1) ( 6 o) the following representation
Zt
g, )=t o) 2 oh ()  AIp( (sHh *( (s)g(s; o)ds
1
( 0)( o Dh ( (1)
Zt 71
(2.10) As)p( (3)) QI (Ph 2 (N5 o) d ds

1 s

is valid, where h(t) and g(t; ) are de ned by (1:3) and (1:4), (1:5), and (t)
satis es (1:2).

Proof. Forany ; 2 (0;1) we have
7t 71
gttt )=h (@) p((s) As) a() (Hh (()dds= h ( (1)

1 S

Zt 71 71
P () A9 h °((Nd a(1) (Dh°( (1)dids
1 s
Zt 71
=h (@®) p((s) A9 °((s) a) (Hh°(()dds
1 " Zsl

+( oh (@ p(s) A) h o rCNpC (N A)

1 S
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71
q( 1) (1)h°( (1)) dqid ds

Zt zs 71

1 1
Zt 71 Z

h (@ h °Cpd A () a(1) (Dh°( (1)dad

+( oh (@) p(E) h o (Nd A e (1)

1 S 1

71

a( 2) (2)h °( (2))d2dds
1 7t 71
h (@)  Xs)p( (s)) a() ()h°( () dds
1 S
Zt 7s
( oh ((®) p((s) A ° ()  A)p ()

1 1

71
q( 1) (1)h°( (1)) d1d ds

Zt 7s
( oh (®) p((s) A9 ° X (9) e ()
. 1 1
a( 1) (1)h°( (1)) daid ds ( 0)( o Lh ( (1)

7t y1
p( (s)) As) h 2 (NpC () %)
1 s .
pP( (1) A1) a(2) (2h°( (2)d.d.dds
1 1
7t
=9t o) 2 oh ((®) p((s) A *( (9)d(s; o)ds
1

(o) o Dh (1)
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zZt 71
PC () As)  p( () A)h 2C (N5 o)d ds:
1 S
Therefore (2.10) is valid. 2
Lemma 2.6. Forany ; 2 (0;1) ( 6 o) the following representation

71
gt =9t o)+2(  oht ( (1) As)p( (sHh  2( (s)g(s; o) ds
t .
( 0)( o+ Dht ( (1) As)p( ()h 2( (s)

(2.11)
7s

QI (Nh 2 (NY(; 0)d ds+ O h ( (1)
1
is valid, where h(t) and g(t; ) are de ned by (1:3) and (1:4), (1:5), and (t)
satis es (1:2).
Lemma 2.6 can be proved analogouslyto Lemma 2.5 if we take into considera-
tion Lemma 2.4.

Lemma 2.7. Let conditions (1:2), (1:8) and (1:10) hold. Theng ( ), g ( ) 2
C((0;1))?. Moreover,

(2.12) im g ()= lm @ )g()
(2.13) lim g ()= lm @ )g()
and for any ¢ 2 (0; 1),

(214) im @ g () o o9 (o)
(2.15) im (L )9 () o og (o)

where g ( ), g () are de ned by (1:4){(1:6).

Pro of. First we shaw that g ( ) 2 C((0;1)). Forany ¢ 2 (0;1) we have
(2.16) g(o<+1:

Indeed, accordingto conditions (1.2), (1.8), (1.10) and Lemma 2.3, condition (2.4)
issatis ed for any 2 (0;1). Thusthere exist a positivenumber ( o) andt 2 R.
sudh that for any ¢ 2 (0;1),

71
ht °( (1) o) (dh°( (Nds (o) for t t:

t

2 By C((a;b)) we denote the set of contin uous functions de ned on (a; b).
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Then
Zt 71
ot )=h ((®) p(() %) ) (Ohe( ()d ds
1 Zt S
(oh °( 1) p((S) (D ( (9)ds (00’
1
for t t :

Therefore (2.16) is valid.
Let o2 (0;1) and let " be a positive number. Choosetg 2 R+ such that

(2.17) ot; o) g(o)+" for t to:
By (1.10) and (2.17), from (2.10) (seeLemma 2.5) we nd

g() 9g(o0+*+2 ojg(o)+" Iitr!nf}lph ( (1)

Zt
As)p( (sHh  *( (9)) ds+ ] ol ] o Lg(ot"
N Zt 71
|itll”n§fph (®)  Ap( () CIpC (Nh 2( () dds
' to s
(2.18)
=g (0+ I g(gr + LT g(qe
Analogously to this we can show that
g() 9(o Ug(o)“
j o] o "
(2.19) T ) g(o+":

Due to (2.16), (2.18) and (2.19), it is clearthat g ( ) 2 C((0;1)). On the other
hand, in view of the arbitrariness of ", (2.18) implies

Iir? iup(l () ol 0)g(o0):

Since the last inequality is satised for any o 2 (0;1), it is evidert that there
exists !lnl1 (2 )g (). Consequetly (2.14)is fullled for any 2 (0;1).
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Now we show the validity of (2.12). By (1.10) and (2.17), from (2.11) (see
Lemma 2.6) we get

g ()= limsup g(t o)+ 2( o)ht  ( (1)
71
As)p( (s)Hh 2 (s)a(s; o)ds ( 0)( o+ Lht ( (1)

t

71 Zs
AP (Nh 2 () LI (Nh (N5 o) d ds
t 0
£oh ()  g(o+ 3 g+
Zo
i ol ot L AP (Nh I (9g(s; o)ds
0
limsuph (D) +]  off  o*2g(o)*"
71 7s
”tf!nffphl (®) A9 (NHh 2( () A)p( (Hh *(()dds
t to
:g(o)+72j1 Ojg(o)+"+j Oj(i )O+1JQ(0)+"
Consequetly,

Iirp(S)gpg() ol o0g(o+":

Sincethe last inequality is valid for any o 2 (0;1) and " > 0, we conclude that
there exists !in3+ g ( ) and, moreover, for any o 2 (0;1),

lim g () ol 0)g(o0):

1 0+

This inequality together with (2.14) results in (2.12).
Analogously to the above we can show that g ( ) 2 C((0;1)) and (2.13), (2.15)
are ful lled. 2

Lemma 2.8. Let conditions (1:2), (1:7), (1:8), (1:10), (1:11) be ful | led and let
system(1:1) havea proper nonoscillatory solution. Then for any 2 (0; 1),

L G C @+ )
(2.20) g() min —+4(1 3@ y

where g ( ) and ¢y are de ned by (1:4) - (1:6) and (1:13).

Pro of. Let (uy(t);u2(t)) be a proper nonoscillatory solution of system (1.1).
Then by Lemma 2.1 there existst 2 R; sud that (2.1) is ful lled. Without loss
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of generality we can assumethat u;(t) > O and u,(t) > Ofort t . On the other
hand, by Lemma 2.2 there existstg t sud that either (2.2) or (2.3) is satis ed.
Suppose(2.2) holds. Then, by virtue of (1.1), we have

) ° 1 ¢
t:ll((t)) 0 h(Hui®) pHus(t) = hpz((t)) h(uz( (1)) ui(t) 0

for t ti;

wheret; > tp is a sucien tly large number. Thus there exista > Oand t t;
such that

u( (t)) ah( (t)) for t ¢t
Due to the last inequality, from system(1.1) we nd
71 71
uz(t) as)ur( (s))ds a  qg(s)h( (s)) ds:
r r

This contradicts (1.7). The contradiction obtained provesthat inequality (2.3)
holds.

According to (2.3),
0

ug(t) .
(2.21) h(D 0 for t ti:
If (1) (1), then, due to the fact that u;(t) is nondecreasingwe have
(2.22) ur( (1)  ui( (1) for t to;
andif (t) < (t), then by (2.21),
2.23) (@) gD for o

wheret; > t; is a su cien tly large number.
In view of (2.22) and (2.23), we have

ur( (1)  (Qua( (1) for t  ta;
wherethe function (t) is de ned by (1.4). Therefore from system(1.1), we obtain

(2.24) ug(t)  q(t) (ua( (1) for t to:
First we show that for any 2 (0;1),
% .
(2.25) g() —+m.

Below we will assumethat ¢y < +1 ; otherwise the validity of (2.25) is obvious.
Let 2 (0;1). Multiplying both sidesof inequality (2.24) by h ( (t))=ui( (t))
and integrating from t to +1 , we get

71
h ( (s))ud(s) d
ui( (s)

71

(2.26) qa(s) (s)h ( (s))ds for t t:
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On accourt of (1.11) we have

ZhCeue Uas) | T U (9) %S)
T ) B T ) IR T (IC N
©w (s)
Uz 1 0 Ux(S,
NCOGE OO O
2y PO 99
R T )
t
= e hz( ()PZ( (SN AsN?  shz 1 (9)pz( () As)? ds
T >
2
h () 22 h ()

ur( (1)) 4@ )
Thus, in view of (2.26), we nd

71
(2.27) q(s) (s)h ( (s)ds h *( (1)

t

h( () , 2
w( @) AT )

for t ts:

On the other hand, since ¢(t) t, by Lemma 2.3in [8], we have

s )
TP TR

where cg and o(t) are de ned by (1.13). Therefore, according to (2.27), for any
"> Othereist > t, sud that

71 5
l n .
as) (sh ((s)ds h “( (1)) co+ "+ @ ) for t t:
t
Multiplying both sidesof this inequality by p( (t)) %t) and integrating from t
to t, we get

Zt 71
p( () Xs) a() (H)h (()dds

t S

C0+II

+ 401 ) h (@) h((t) for t t :
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If we multiply both sidesof this inequality by h  ( (t)) and passto the limit as
t! +1,then, taking into account the arbitrariness of ", we obtain
7t 71
|itr|n+sgph (@) p() As) a() (H)h (()dds
' t s

Therefore (2.25) is valid.
Now we show that for any 2 (0; 1),

“ :
a1 )’

2
(2.28) a() % :

Indeed, let 2 (0;1). If we multiply both sidesof (2.24) by h'* ( (t))=ui( ()
and integrate from t, to t, then we nd

A 0 1+ Zt
u&h ™ ( (s) " |
us( (9) ds a(s) (™ ( (s))ds for t to:

Analogously to the above reasoningwe can obtain the following estimate

(2.29)

Zt 0 1+ 2
uz(s)h™ ( (s)) a+ ) .
t () ds 2 h (@) c for t ty;
wherec= h'* ( (t2))ua(t2)=us( (t2)). Thus from (2.29) we have
7t
a9 O (ds EVn (@yee tor o1

t2
Multiplying both sidesof the last inequality by h 2( (t))p( (t)) %t) and integrat-
ing fromtto +1 , we get
71 Zs
h 2 (sNp( (s) As) a() ()h* ( () d ds
t t2
1+ )?
41 )
Now multiplying both sidesof this inequality by h* ( (t)) and passingto the
limit ast! +1 , we obtain
71 Zs
“t'f”f'fp ht (@)  h20@E)p () As) a() (H)h* (())d ds
' t t2
1+ ).
41 )
This, taking into accourt Lemma 2.4 (formula (2.7)), evidertly results in (2.28).
On the other hand, (2.25) and (2.28) imply (2.20). 2

h (@) +ch X} @) for t tr:
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The following lemma is a special caseof the Schauder{Tikhono theorem (see,
e.g.,[3, p. 227)).

Lemma 2.9. Lettp 2 R, V be a closal boundel convexsubsetof C([tg; +1 ); R),
andlet T :V ! V be a continuous mapping suchthat the set T(V) is equicontin-
uouson every nite subsgmentof [to;+1 ). Then T hasa xed point.

3. Pr oof of the main resul ts

Pro of of Theorem 1.1. First we show that from (1.12) it follows (1.7). Assume
the contrary. Suppose

y1
(3.1) h( (t)qt)dt< +1 :

Since (Hh( (1)) h( (V), (3.1) yields
71
q(t) (Oh( (D)) dt< +1 :

Let " be an arbitrary positive number. We chooseT > 0 sud that
71
a(s) (s)h( (s))ds<":
T
This together with (1.5) implies
z 71
gt ) h (@ p((s) As) a() (Hh (()dds
1 2 S
+"h (@) p((9) AHh *( (s))ds
T
zZr 71 "
h (@) p((s) As) o) ()h (()dds+ —:
1 S
Hence, by virtue of (1.2) and (1.10), passingto the limit ast! +1 , we nd

g ()= limsupg(t; ) —:
t! +1

In view of the arbitrariness of " we have g ( ) = 0, which contradicts (1.12). The
contradiction obtained provesthat condition (1.7) is satis ed.

Now we assumethat the theorem is not valid. Suppose system (1.1) has a
proper nonoscillatory solution. Then all the conditions of Lemma 2.8 are ful lled.
Therefore inequality (2.20) holds. But this contradicts condition (1.12). The
contradiction obtained provesthe validity of the theorem. 2
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Pro of of Corollary 1.1. It suces to note that since (t) t, wehavecy, 1
(co is de ned by (1.13)), and therefore (1.14) implies (1.12). 2

Pro of of Theorem 1.2. By virtue of (2.14) (seeLemma 2.7) and (1.15) there
exists" > 0 such that for any 2 (0;1);

1+

(3.2) g() m3

We choose 2 (0;1) sothat (1+ )2< 1+ ". Then from (3.2) we have

a+ )

g()>m,

which results in (1.12). Therefore all the conditions of Theorem 1.1 are ful lled.
Thus the theorem is proved. 2

Pro of of Theorem 1.3. According to (1.16) and (2.15) (seeLemma 2.7), we
have

im (1 )g() lm@ )g()> g

Therefore all the conditions of Theorem 1.2 are satis ed. Thus the theorem is
proved. 2

To prove Corollaries 1.2 and 1.3, it su ces to note that the ful Iment of each
of conditions (1.17) and (1.18) guaranteesthe ful Imen t of condition (1.16).

Pro of of Theorem 1.4. According to (1.10) and (1.19) it is clear that

Zt 71
limsuph (t) 1+ p(s) gl )h ( () dds <1:
tr+1

0 (s)
Thus there existstg 2 R+ sud that

Zt 71
(3.3) 1+ p(s) g()h (())dds<h (t) for t to:

to (s)
Let V bethe setofall v2 C([ ( (to));+1);R) satisfying the conditions

(3.4) v(it)=1 for t2[ ( (to));to] and 1 wv(t) h (t) for t t03):

3) Here tg is chosen so large that h(to) 1.
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De ne
g Zt 71
1+ ps) q)v( () dds for t t,¥;
35  TMW(M= °
2t (s)
"1 for t2[ ( (to));to):
On accourt of (3.3) and (3.4) it is evidert that T(V) V. Moreover, the setT (V)
is equicortinuous on every nite subsegmenof [ ( (tg));+1 ). SinceV is closed
and cornvex, by Lemma 2.9there existsvy 2 V sudh that vo = T(Vp). According to
(3.5) it is obvious that the vector function (u4(t); ux(t)), the componerts of which
are de ned by the equalities
Zt 71 71
ui(t) = 1+  p(s) a()vo( ())d ds; ux(t)=  a(s)vo( (s))ds;
to (s) t

is a proper nonoscillatory solution of system (1.1). 2
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