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ASYMPTOTIC BEHA VIOUR OF SOLUTIONS
OF TW O-DIMENSIONAL LINEAR DIFFERENTIAL

SYSTEMS WITH DEVIA TING AR GUMENTS

R. KOPLA TADZE, N. PARTSVANIA AND I. P. STAVR OULAKIS

Abstra ct. Su�cien t conditions are established for the oscillation of prop er
solutions of the system

u0
1(t ) = p(t)u2 (� (t )) ;

u0
2(t ) = � q(t)u1 (� (t )) ;

where p; q : R+ ! R+ are locally summable functions, while � and � : R+ !
R+ are contin uous and contin uously di�eren tiable functions, respectively, and

lim
t ! + 1

� (t ) = + 1 , lim
t ! + 1

� (t ) = + 1 .

1. St atement of the pr oblem and the f ormula tion of the main
resul ts

Consider the di�eren tial system

u0
1(t) = p(t)u2(� (t)) ;

u0
2(t) = � q(t)u1(� (t)) ;

(1.1)

where p; q : R+ ! R+ are locally summable functions, � : R+ ! R+ is a con-
tinuous function, and � : R+ ! R+ is a continuously di�eren tiable function.
Throughout the paper we will assumethat

� 0(t) � 0 for t 2 R+ ; lim
t ! + 1

� (t) = + 1 ; lim
t ! + 1

� (t) = + 1 :

In the present paper, new su�cien t conditions are establishedfor the oscillation
of system (1.1) (seeDe�nition 1.3 below) as well as conditions for system(1.1) to
have at least one proper solution. Analogous problems for secondorder ordinary
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di�eren tial equationsand systemsand for higher order functional di�eren tial equa-
tions arestudied in [1, 2, 4, 9{12] and [6], respectively. For secondorder di�eren tial
equations with deviating arguments the problem of oscillation is investigated in
[5, 7, 8, 13] (seealso the referencestherein).

De�nition 1.1. Let t0 2 R+ and a0 = min
�

inf
t � t 0

� (t); inf
t � t 0

� (t)
	

. A contin-

uous vector function (u1; u2) de�ned on [a0; + 1 ) is said to be a proper solu-
tion of system (1:1) in [t0; + 1 ) if it is absolutely continuous on each �nite seg-
ment contained in [t0; + 1 ), satis�es (1:1) almost everywhere on [t0; + 1 ), and
sup

�
ju1(s)j + ju2(s)j : s � t

	
> 0 for t � t0.

De�nition 1.2. A proper solution (u1; u2) of system(1:1) is said to be oscillatory
if both u1 and u2 have sequencesof zerostending to in�nit y; otherwise it is said
to be nonoscillatory.

De�nition 1.3. System (1:1) is said to be oscillatory if every its proper solution
is oscillatory.

Let � : R+ ! R+ be a continuously di�eren tiable function satisfying the fol-
lowing conditions

� 0(t) � 0 for t 2 R+ ; lim
t ! + 1

� (t) = + 1 :(1.2)

In the sequel,we will use the notation

h(t) =

tZ

0

p(s) ds for t � 0 ;(1.3)

� (t) =

8
><

>:

1 for � (t) � � (t) ;

h(� (t))
h(� (t))

for � (t) < � (t) ;
(1.4)

g(t; � ) = h� � (� (t))

tZ

1

p(� (s)) � 0(s)

+ 1Z

s

q(� )� (� )h� (� (� )) d� ds(1.5)

for t � 1; � 2 (0; 1);

g� (� ) = lim inf
t ! + 1

g(t; � ); g� (� ) = lim sup
t ! + 1

g(t; � ) for � 2 (0; 1) :(1.6)

It is easy to show that if
+ 1R

h(� (t))q(t) dt < + 1 , then system (1.1) has a
proper nonoscillatory solution. Therefore it will be assumedthat

+ 1Z
h(� (t))q(t) dt = + 1 :(1.7)

Moreover, below we will assumethat

lim sup
t ! + 1

h(� (t))

+ 1Z

t

q(s)� (s) ds < + 1 :(1.8)
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Note that condition (1.8) is not an essential restriction in the sense that if

lim sup
t ! + 1

h(� (t))=h(t) < + 1 and lim sup
t ! + 1

h(� (t))
+ 1R

t
q(s)� (s) ds = + 1 , then, as

it is easyto prove, system (1.1) is oscillatory.

Remark 1.1. Without lossof generality it will be assumedthat

p(t) 6= 0 for t 2 [0; 1] and � (1) > 0;(1.9)

sincethe alternation of coe�cien ts of the systemin a �nite interval hasno in
uence
on oscillatory properties of that system.

Theorem 1.1. Let

lim
t ! + 1

h(t) = + 1 ;(1.10)

and let there exist a continuously di�er entiable function � : R+ ! R+ such that
conditions (1:2), (1:8) are ful�l led and for su�ciently large t,

� (� (t)) � t :(1.11)

If, moreover, for some� 2 (0; 1),

g� (� ) > min
�

c0

�
+

�
4(1 � � )

;
(1 + � )2

4� (1 � � )

�
;(1.12)

where h(t) and g� (� ) are de�ned by (1:3) and (1:4) - (1:6), respectively, and

c0 = lim sup
t ! + 1

h(� (t))
. �

h(� 0(t)) +

� 0 ( t )Z

0

q(s)h(s) ds
�

;

� 0(t) =

(
� (t) for � (t) � t ;

t for � (t) > t ;

(1.13)

then system(1:1) is oscillatory.

Corollary 1.1. Let condition (1:10) hold, and let there exist a continuously dif-
ferentiable function � : R+ ! R+ such that conditions (1:2), (1:8), (1:11) are
ful�l led and � (t) � t for su�ciently large t. If, moreover, for some� 2 (0; 1),

g� (� ) > min
�

(� � 2)2

4� (1 � � )
;

(1 + � )2

4� (1 � � )

�
;(1.14)

where g� (� ) is de�ned by (1:4){ (1:6), then system(1:1) is oscillatory.

Theorem 1.2. Let conditions (1:2), (1:8), (1:10), (1:11) hold, and let

lim
� ! 1�

(1 � � )g� (� ) >
1
4

;(1.15)

where g� (� ) is de�ned by (1:4){ (1:6). Then system(1:1) is oscillatory.
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Theorem 1.3. Let conditions (1:2), (1:8), (1:10), (1:11) be ful�l led, and let for
some� 0 2 (0; 1),

g� (� 0) >
1

4� 0(1 � � 0)
;(1.16)

where g� (� 0) is de�ned by (1:4){ (1:6). Then system(1:1) is oscillatory.

Corollary 1.2. If conditions (1:2), (1:8), (1:10), (1:11) are ful�l led and for some
� 0 2 (0; 1),

lim inf
t ! + 1

h1� � 0 (� (t))

+ 1Z

t

q(s)� (s)h� 0 (� (s)) ds >
1

4(1 � � 0)
;(1.17)

where h(t) and � (t) are de�ned by (1:3) and (1:4), then system(1:1) is oscillatory.

Corollary 1.3. If conditions (1:2), (1:8), (1:10), (1:11) hold and for some � 0 2
(0; 1),

lim inf
t ! + 1

h� � 0 (� (t))

tZ

1

q(s)� (s)h1+ � 0 (� (s)) ds >
1

4� 0
;(1.18)

where h(t) and � (t) are de�ned by (1:3) and (1:4), then system(1:1) is oscillatory.

Theorem 1.4. Let condition (1:10) be ful�l led and let for some� 2 (0; 1),

lim sup
t ! + 1

h� � (t)

tZ

0

p(s)

+ 1Z

� (s)

q(� )h� (� (� )) d� ds < 1;(1.19)

where h(t) is de�ned by (1:3). Then system (1:1) has a proper nonoscillatory
solution.

Now consider the secondorder linear di�eren tial equation

u00(t) + q(t)u(� (t)) = 0 ;(1.20)

where q : R+ ! R+ is a locally summable function, and � : R+ ! R+ is a
continuous function such that lim

t ! + 1
� (t) = + 1 . For equation (1.20), Theorem

1.3 and Corollaries 1.2 and 1.3 have the following form.

Theorem 1.30. Let

� (t) � �t for t 2 R+ ;(1.21)

and let for some� 2 (0; 1),

lim inf
t ! + 1

t � �

tZ

1

+ 1Z

s

� � q(� ) d� ds >
1

4�� (1 � � )
;(1.22)

where � 2 (0; + 1 ). Then equation (1:20) is oscillatory.
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Corollary 1.20. If condition (1:21) holds and for some� 2 (0; 1),

lim inf
t ! + 1

t1� �

+ 1Z

t

s� q(s) ds >
1

4� (1 � � )
;(1.23)

where � 2 (0; + 1 ), then equation (1:20) is oscillatory.

Corollary 1.30. If condition (1:21) is ful�l led and for some� 2 (0; 1),

lim inf
t ! + 1

t � �

tZ

1

s1+ � q(s) ds >
1

4��
;(1.24)

where � 2 (0; + 1 ), then equation (1:20) is oscillatory.

Remark 1.2. For the casewhere equation (1:20) is without delay (i.e, � (t) � t;
� = 1) Corollaries 1.20 and 1.30 lead to the results by Nehari [12] and Lomtatidze
[9], respectively. So, Theorem 1.30 is important even for equations without delay,
since the above mentioned results by Nehari and Lomtatidze are particular cases
of that theorem. Moreover, it is possible to construct examples showing that
conditions (1:23) and (1:24) are violated but condition (1:22) is satis�ed.

2. Auxiliar y st atements

Lemma 2.1. Let condition (1:10) be ful�l led, q(t) 6� 0 in any neighbourhood of
+ 1 , and let (u1(t); u2(t)) be a proper nonoscillatory solution of system (1:1).
Then there exists t � 2 R+ such that

u1(t)u2(t) > 0 for t � t � :(2.1)

For the proof of Lemma 2.1 see[8, Lemma 2.1].

Lemma 2.2. Let condition (1:10) hold, q(t) 6� 0 in any neighbourhood of + 1 ,
and let (u1(t); u2(t)) be a proper nonoscillatory solution of system (1:1). Then
there exists t0 2 R+ such that either

h(t)u2(� (t)) � u1(t) � 0 for t � t0(2.2)

or

h(t)u2(� (t)) � u1(t) < 0 for t � t0 ;(2.3)

where h(t) is de�ned by (1:3).

Pro of. By Lemma 2.1 there exists t � 2 R+ such that inequality (2.1) holds for
t � t � . Without lossof generality we can assumethat u1(t) > 0 and u2(t) > 0 for
t � t � . Therefore, in view of (1.1), we �nd

�
h(t)u2(� (t)) � u1(t)

� 0
= p(t)u2(� (t)) + h(t)u0

2(� (t)) � 0(t) � u0
1(t)

= h(t)u0
2(� (t)) � 0(t) � 0 for t � t1 ;

where t1 > t � is a su�cien tly large number. Consequently , since h(t)u2(� (t)) �
u1(t) is a nonincreasingfunction, there exists t0 > t1 such that either condition
(2.2) or condition (2.3) is ful�lled. 2
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Lemma 2.3. If conditions (1:2), (1:8){ (1:10) are ful�l led, then for any � 2 (0; 1),

lim sup
t ! + 1

h1� � (� (t))

+ 1Z

t

q(s)� (s)h� (� (s)) ds < + 1(2.4)

and
+ 1Z

0

p(� (s))h� 2(� (s)) � 0(s)

sZ

0

q(� )� (� )h1+ � (� (� )) d� ds < + 1 ;(2.5)

where h(t) and � (t) are de�ned by (1:3) and (1:4).

Pro of. First we show the validit y of (2.4). Due to (1.8) there exist M > 0 and
t0 2 R+ such that

h(� (t))

+ 1Z

t

q(s)� (s) ds � M for t � t0 :(2.6)

Note that according to (2.6) for any � 2 (0; 1),

+ 1Z
q(s)� (s)h� (� (s)) ds < + 1 :

Thus, by (1.10) and (2.6), we have

h1� � (� (t))

+ 1Z

t

q(s)� (s)h� (� (s)) ds = � h1� � (� (t))

�

+ 1Z

t

h� (� (s)) d

+ 1Z

s

q(� )� (� ) d� = h(� (t))

+ 1Z

t

q(s)� (s) ds1)

+ �h 1� � (� (t))

+ 1Z

t

p(� (s))h� � 1(� (s)) � 0(s)

+ 1Z

s

q(� )� (� ) d� ds

� M + �M h1� � (� (t))

+ 1Z

t

p(� (s))h� � 2(� (s)) � 0(s) ds

= M +
�

1 � �
M =

M
1 � �

for t � t0 :

Consequently inequality (2.4) is valid.

1) Due to (1.8), it is obvious that for any � 2 (0; 1), lim
t ! + 1

h � (� (t ))
+ 1R

t

q(s)� (s) ds = 0.
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Now show the validit y of (2.5). Taking into account conditions (1.10), (2.6) and
Remark 1.1, we get

+ 1Z

1

p(� (s))h� 2(� (s)) � 0(s)

sZ

0

q(� )� (� )h1+ � (� (� )) d� ds

= �

+ 1Z

1

p(� (s))h� 2(� (s)) � 0(s)

sZ

0

h1+ � (� (� )) d

+ 1Z

�

q(� 1)� (� 1) d� 1 ds

= �

+ 1Z

1

p(� (s)) � 0(s)h� � 1(� (s))

+ 1Z

s

q(� )� (� ) d� ds

+ h1+ � (� (0))

+ 1Z

0

q(s)� (s) ds

+ 1Z

1

p(� (s)) � 0(s)h� 2(� (s)) ds + (1 + � )

�

+ 1Z

1

p(� (s)) � 0(s)h� 2(� (s))

sZ

0

p(� (� )) � 0(� )h� (� (� ))

+ 1Z

�

q(� 1)� (� 1) d� 1 d� ds

� h1+ � (� (0))h� 1(� (1))

+ 1Z

0

q(s)� (s) ds +
(1 + � )M
� (1 � � )

h� � 1(� (1)) :

Therefore inequality (2.5) is ful�lled. 2

Lemma 2.4. Let conditions (1:8) and (1:10) be ful�l led. Then for any � 2 (0; 1)
the function g(t; � ), which is de�ned by (1:5), admits the representation

g(t; � ) = h1� � (� (t))

+ 1Z

t

p(� (s))h� 2(� (s)) � 0(s)

�

sZ

0

q(� )� (� )h1+ � (� (� )) d� ds + O
�
h� � (� (t))

�
;(2.7)

where � (t) satis�es (1:2), and h(t), � (t) are given by (1:3), (1:4).

Pro of. First we show that

lim
t ! + 1

h� 1(� (t))

tZ

0

q(s)� (s)h1+ � (� (s)) ds = 0:(2.8)

Let " be an arbitrary positive number. By virtue of (1.8), we can chooseT > 0
such that

+ 1Z

T

q(s)� (s)h� (� (s)) ds < " :(2.9)
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On the other hand,

h� 1(� (t))

tZ

0

q(s)� (s)h1+ � (� (s)) ds

= h� 1(� (t))

TZ

0

q(s)� (s)h1+ � (� (s)) ds + h� 1(� (t))

tZ

T

q(s)� (s)h1+ � (� (s)) ds

� h� 1(� (t))

TZ

0

q(s)� (s)h1+ � (� (s)) ds +

+ 1Z

T

q(s)� (s)h� (� (s)) ds:

Hence,by (1.2), (1.10) and (2.9), we obtain

lim sup
t ! + 1

h� 1(� (t))

tZ

0

q(s)� (s)h1+ � (� (s)) ds

� lim sup
t ! + 1

h� 1(� (t))

TZ

0

q(s)� (s)h1+ � (� (s)) ds + " = " :

Therefore, taking into account the arbitrariness of " , the last inequality yields
(2.8).

In view of (1.8) and (2.8), for any � 2 (0; 1) we have

g(t; � ) = h� � (� (t))

tZ

1

p(� (s)) � 0(s)

+ 1Z

s

q(� )� (� )h� (� (� )) d� ds

= h� � (� (t))

tZ

1

p(� (s)) � 0(s)

+ 1Z

s

h� 1(� (� )) d

�Z

0

q(� 1)� (� 1)h1+ � (� (� 1)) d� 1 ds

= � h� � (� (t))

tZ

1

p(� (s)) � 0(s)h� 1(� (s))

sZ

0

q(� )� (� )h1+ � (� (� )) d� ds

+ h� � (� (t))

tZ

1

p(� (s)) � 0(s)

+ 1Z

s

p(� (� )) � 0(� )h� 2(� (� ))

�

�Z

0

q(� 1)� (� 1)h1+ � (� (� 1)) d� 1 d� ds = h� � (� (t))

�

tZ

1

h(� (s)) d

+ 1Z

s

p(� (� )) � 0(� )h� 2(� (� ))

�Z

0

q(� 1)� (� 1)h1+ � (� (� 1)) d� 1 d�
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+ h� � (� (t))

tZ

1

p(� (s)) � 0(s)

+ 1Z

s

p(� (� )) � 0(� )h� 2(� (� ))

�

�Z

0

q(� 1)� (� 1)h1+ � (� (� 1)) d� 1 d� ds = h1� � (� (t))

�

+ 1Z

t

p(� (s)) � 0(s)h� 2(� (s))

sZ

0

q(� )� (� )h1+ � (� (� )) d� ds � Ah � � (� (t)) ;

where

A = h(� (1))

+ 1Z

1

p(� (s)) � 0(s)h� 2(� (s))

sZ

0

q(� )� (� )h1+ � (� (� )) d� ds;

and due to (2.5) (seeLemma 2.3), A < + 1 . Consequently (2.7) is valid. 2

Lemma 2.5. For any �; � 0 2 (0; 1) (� 6= � 0) the following representation

g(t; � ) = g(t; � 0) � 2(� � � 0)h� � (� (t))

tZ

1

� 0(s)p(� (s))h� � 1(� (s))g(s; � 0) ds

� (� � � 0)( � � � 0 � 1)h� � (� (t))

�

tZ

1

� 0(s)p(� (s))

+ 1Z

s

� 0(� )p(� (� ))h� � 2(� (� ))g(� ; � 0) d� ds(2.10)

is valid, where h(t) and g(t; � ) are de�ned by (1:3) and (1:4), (1:5), and � (t)
satis�es (1:2).

Pro of. For any �; � 0 2 (0; 1) we have

g(t; � ) = h� � (� (t))

tZ

1

p(� (s)) � 0(s)

+ 1Z

s

q(� )� (� )h� (� (� )) d� ds = � h� � (� (t))

�

tZ

1

p(� (s)) � 0(s)

+ 1Z

s

h� � � 0 (� (� )) d

+ 1Z

�

q(� 1)� (� 1)h� 0 (� (� 1)) d� 1 ds

= h� � (� (t))

tZ

1

p(� (s)) � 0(s)h� � � 0 (� (s))

+ 1Z

s

q(� )� (� )h� 0 (� (� )) d� ds

+ (� � � 0)h� � (� (t))

tZ

1

p(� (s)) � 0(s)

+ 1Z

s

h� � � 0 � 1(� (� ))p(� (� )) � 0(� )
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�

+ 1Z

�

q(� 1)� (� 1)h� 0 (� (� 1)) d� 1 d� ds

= h� � (� (t))

tZ

1

h� � � 0 (� (s)) d

sZ

1

� 0(� )p(� (� ))

+ 1Z

�

q(� 1)� (� 1)h� 0 (� (� 1)) d� 1 d�

+ (� � � 0)h� � (� (t))

tZ

1

� 0(s)p(� (s))

+ 1Z

s

h� � � 0 � 1(� (� )) d

�Z

1

� 0(� 1)p(� (� 1))

�

+ 1Z

� 1

q(� 2)� (� 2)h� 0 (� (� 2)) d� 2 d� 1 ds

= h� � 0 (� (t))

tZ

1

� 0(s)p(� (s))

+ 1Z

s

q(� )� (� )h� 0 (� (� )) d� ds

� (� � � 0)h� � (� (t))

tZ

1

p(� (s)) � 0(s)h� � � 0 � 1(� (s))

sZ

1

� 0(� )p(� (� ))

�

+ 1Z

�

q(� 1)� (� 1)h� 0 (� (� 1)) d� 1 d� ds

� (� � � 0)h� � (� (t))

tZ

1

p(� (s)) � 0(s)h� � � 0 � 1(� (s))

sZ

1

� 0(� )p(� (� ))

�

+ 1Z

�

q(� 1)� (� 1)h� 0 (� (� 1)) d� 1 d� ds � (� � � 0)( � � � 0 � 1)h� � (� (t))

�

tZ

1

p(� (s)) � 0(s)

+ 1Z

s

h� � � 0 � 2(� (� ))p(� (� )) � 0(� )

�

�Z

1

p(� (� 1)) � 0(� 1)

+ 1Z

� 1

q(� 2)� (� 2)h� 0 (� (� 2)) d� 2 d� 1 d� ds

= g(t; � 0) � 2(� � � 0)h� � (� (t))

tZ

1

p(� (s)) � 0(s)h� � 1(� (s))g(s; � 0) ds

� (� � � 0)( � � � 0 � 1)h� � (� (t))



TW O-DIMENSIONAL SYSTEMS 223

�

tZ

1

p(� (s)) � 0(s)

+ 1Z

s

p(� (� )) � 0(� )h� � 2(� (� ))( � ; � 0) d� ds:

Therefore (2.10) is valid. 2

Lemma 2.6. For any �; � 0 2 (0; 1) (� 6= � 0) the following representation

g(t; � ) = g(t; � 0) + 2(� � � 0)h1� � (� (t))

+ 1Z

t

� 0(s)p(� (s))h� � 2(� (s))g(s; � 0) ds

� (� � � 0)( � � � 0 + 1)h1� � (� (t))

+ 1Z

t

� 0(s)p(� (s))h� 2(� (s))

�

sZ

1

� 0(� )p(� (� ))h� � 1(� (� ))g(� ; � 0) d� ds + O
�
h� � (� (t))

�

(2.11)

is valid, where h(t) and g(t; � ) are de�ned by (1:3) and (1:4), (1:5), and � (t)
satis�es (1:2).

Lemma 2.6 can be proved analogouslyto Lemma 2.5 if we take into considera-
tion Lemma 2.4.

Lemma 2.7. Let conditions (1:2), (1:8) and (1:10) hold. Then g� (� ), g� (� ) 2
C((0; 1)) 2) . Moreover,

lim
� ! 0+

�g � (� ) = lim
� ! 1�

(1 � � )g� (� );(2.12)

lim
� ! 0+

�g � (� ) = lim
� ! 1�

(1 � � )g� (� );(2.13)

and for any � 0 2 (0; 1),

lim
� ! 1�

(1 � � )g� (� ) � � 0(1 � � 0)g� (� 0);(2.14)

lim
� ! 1�

(1 � � )g� (� ) � � 0(1 � � 0)g� (� 0);(2.15)

where g� (� ), g� (� ) are de�ned by (1:4){ (1:6).

Pro of. First we show that g� (� ) 2 C((0; 1)). For any � 0 2 (0; 1) we have

g� (� 0) < + 1 :(2.16)

Indeed, accordingto conditions (1.2), (1.8), (1.10) and Lemma 2.3, condition (2.4)
is satis�ed for any � 2 (0; 1). Thus there exist a positivenumber 
 (� 0) and t � 2 R+

such that for any � 0 2 (0; 1),

h1� � 0 (� (t))

+ 1Z

t

q(s)� (s)h� 0 (� (s)) ds � 
 (� 0) for t � t � :

2) By C(( a; b)) we denote the set of contin uous functions de�ned on (a; b).
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Then

g(t; � 0) = h� � 0 (� (t))

tZ

1

p(� (s)) � 0(s)

+ 1Z

s

q(� )� (� )h� 0 (� (� )) d� ds

� 
 (� 0)h� � 0 (� (t))

tZ

1

p(� (s)) � 0(s)h� 0 � 1(� (s)) ds �

 (� 0)

� 0

for t � t � :

Therefore (2.16) is valid.
Let � 0 2 (0; 1) and let " be a positive number. Chooset0 2 R+ such that

g(t; � 0) � g� (� 0) + " for t � t0 :(2.17)

By (1.10) and (2.17), from (2.10) (seeLemma 2.5) we �nd

g� (� ) � g� (� 0) + 2j� � � 0 j
�
g� (� 0) + "

�
lim sup
t ! + 1

h� � (� (t))

�

tZ

t 0

� 0(s)p(� (s))h� � 1(� (s)) ds + j� � � 0 j j� � � 0 � 1j
�
g� (� 0) + "

�

� lim sup
t ! + 1

h� � (� (t))

tZ

t 0

� 0(s)p(� (s))

+ 1Z

s

� 0(� )p(� (� ))h� � 2(� (� )) d� ds

= g� (� 0) +
2j� � � 0 j

�

�
g� (� 0) + "

�
+

j� � � 0 j j� � � 0 � 1j
� (1 � � )

�
g� (� 0) + "

�
:

(2.18)

Analogously to this we can show that

g� (� ) � g� (� 0) �
2j� � � 0 j

�

�
g� (� 0) + "

�

�
j� � � 0 j j� � � 0 � 1j

� (1 � � )

�
g� (� 0) + "

�
:(2.19)

Due to (2.16), (2.18) and (2.19), it is clear that g� (� ) 2 C((0; 1)). On the other
hand, in view of the arbitrariness of " , (2.18) implies

lim sup
� ! 1�

(1 � � )g� (� ) � � 0(1 � � 0)g� (� 0) :

Since the last inequality is satis�ed for any � 0 2 (0; 1), it is evident that there
exists lim

� ! 1�
(1 � � )g� (� ). Consequently (2.14) is ful�lled for any � 0 2 (0; 1).
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Now we show the validit y of (2.12). By (1.10) and (2.17), from (2.11) (see
Lemma 2.6) we get

g� (� ) = lim sup
t ! + 1

�
g(t; � 0) + 2(� � � 0)h1� � (� (t))

�

+ 1Z

t

� 0(s)p(� (s))h� � 2(� (s))g(s; � 0) ds � (� � � 0)( � � � 0 + 1)h1� � (� (t))

�

+ 1Z

t

� 0(s)p(� (s))h� 2(� (s))

sZ

0

� 0(� )p(� (� ))h� � 1(� (� ))g(� ; � 0) d� ds

+ O
�
h� � (� (t))

�
�

� g� (� 0) +
2j� � � 0 j

1 � �

�
g� (� 0) + "

�

+ j� � � 0 j j� � � 0 + 1j

t 0Z

0

� 0(s)p(� (s))h� � 1(� (s))g(s; � 0) ds

� lim sup
t ! + 1

h� � (� (t)) + j� � � 0 j j� � � 0 + 1j
�
g� (� 0) + "

�

� lim sup
t ! + 1

h1� � (� (t))

+ 1Z

t

� 0(s)p(� (s))h� 2(� (s))

sZ

t 0

� 0(� )p(� (� ))h� � 1(� (� )) d� ds

= g� (� 0) +
2j� � � 0j

1 � �

�
g� (� 0) + "

�
+

j� � � 0j j� � � 0 + 1j
� (1 � � )

�
g� (� 0) + "

�
:

Consequently ,
lim sup
� ! 0+

�g � (� ) � � 0(1 � � 0)
�
g� (� 0) + "

�
:

Since the last inequality is valid for any � 0 2 (0; 1) and " > 0, we conclude that
there exists lim

� ! 0+
�g � (� ) and, moreover, for any � 0 2 (0; 1),

lim
� ! 0+

�g � (� ) � � 0(1 � � 0)g� (� 0) :

This inequality together with (2.14) results in (2.12).
Analogously to the above we can show that g� (� ) 2 C((0; 1)) and (2.13), (2.15)

are ful�lled. 2

Lemma 2.8. Let conditions (1:2), (1:7), (1:8), (1:10), (1:11) be ful�l led and let
system(1:1) havea proper nonoscillatory solution. Then for any � 2 (0; 1),

g� (� ) � min
�

c0

�
+

�
4(1 � � )

;
(1 + � )2

4� (1 � � )

�
;(2.20)

where g� (� ) and c0 are de�ned by (1:4) - (1:6) and (1:13).

Pro of. Let (u1(t); u2(t)) be a proper nonoscillatory solution of system (1.1).
Then by Lemma 2.1 there exists t � 2 R+ such that (2.1) is ful�lled. Without loss
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of generality we can assumethat u1(t) > 0 and u2(t) > 0 for t � t � . On the other
hand, by Lemma 2.2 there exists t0 � t � such that either (2.2) or (2.3) is satis�ed.

Suppose(2.2) holds. Then, by virtue of (1.1), we have
�

u1(t)
h(t)

� 0

=
1

h2(t)

�
h(t)u0

1(t) � p(t)u1(t)
�

=
p(t)
h2(t)

�
h(t)u2(� (t)) � u1(t)

�
� 0

for t � t1 ;

where t1 > t0 is a su�cien tly large number. Thus there exist a > 0 and ~t � t1

such that
u1(� (t)) � a h(� (t)) for t � ~t :

Due to the last inequality, from system (1.1) we �nd

u2(~t) �

+ 1Z

~t

q(s)u1(� (s)) ds � a

+ 1Z

~t

q(s)h(� (s)) ds:

This contradicts (1.7). The contradiction obtained proves that inequality (2.3)
holds.

According to (2.3),
�

u1(t)
h(t)

� 0

� 0 for t � t1 :(2.21)

If � (t) � � (t), then, due to the fact that u1(t) is nondecreasing,we have

u1(� (t)) � u1(� (t)) for t � t2 ;(2.22)

and if � (t) < � (t), then by (2.21),

u1(� (t)) �
h(� (t))
h(� (t))

u1(� (t)) for t � t2 ;(2.23)

where t2 > t1 is a su�cien tly large number.
In view of (2.22) and (2.23), we have

u1(� (t)) � � (t)u1(� (t)) for t � t2 ;

wherethe function � (t) is de�ned by (1.4). Therefore from system(1.1), we obtain

u0
2(t) � � q(t)� (t)u1(� (t)) for t � t2 :(2.24)

First we show that for any � 2 (0; 1),

g� (� ) �
c0

�
+

�
4(1 � � )

:(2.25)

Below we will assumethat c0 < + 1 ; otherwise the validit y of (2.25) is obvious.
Let � 2 (0; 1). Multiplying both sidesof inequality (2.24) by h� (� (t))=u1(� (t))

and integrating from t to + 1 , we get
+ 1Z

t

h� (� (s))u0
2(s)

u1(� (s))
ds � �

+ 1Z

t

q(s)� (s)h� (� (s)) ds for t � t2 :(2.26)
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On account of (1.11) we have

+ 1Z

t

h� (� (s))u0
2(s)

u1(� (s))
ds =

+ 1Z

t

h� (� (s)) d
u2(s)

u1(� (s))
+

+ 1Z

t

h� (� (s))
u2(s)u0

1(� (s)) � 0(s)
u2

1(� (s))
ds

� � h� (� (t))
u2(t)

u1(� (t))
� �

+ 1Z

t

h� � 1(� (s))p(� (s)) � 0(s)
u2(s)

u1(� (s))
ds

+

+ 1Z

t

h� (� (s))
p(� (s)) � 0(s)u2

2(s)
u2

1(� (s))
ds

=

+ 1Z

t

�
u2(s)

u1(� (s))
h

�
2 (� (s))p

1
2 (� (s))( � 0(s))

1
2 �

�
2

h
�
2 � 1(� (s))p

1
2 (� (s))( � 0(s))

1
2

� 2

ds

� h� (� (t))
u2(t)

u1(� (t))
�

� 2

4(1 � � )
h� � 1(� (t)) :

Thus, in view of (2.26), we �nd

(2.27)

+ 1Z

t

q(s)� (s)h� (� (s))ds � h� � 1(� (t))
�

h(� (t))u2(t)
u1(� (t))

+
� 2

4(1 � � )

�

for t � t2 :

On the other hand, since� 0(t) � t, by Lemma 2.3 in [8], we have

lim sup
t ! + 1

h(� (t))u2(t)
u1(� (t))

� c0 ;

where c0 and � 0(t) are de�ned by (1.13). Therefore, according to (2.27), for any
" > 0 there is t � > t2 such that

+ 1Z

t

q(s)� (s)h� (� (s)) ds � h� � 1(� (t))
�

c0 + " +
� 2

4(1 � � )

�
for t � t � :

Multiplying both sidesof this inequality by p(� (t)) � 0(t) and integrating from t �

to t, we get

tZ

t �

p(� (s)) � 0(s)

+ 1Z

s

q(� )� (� )h� (� (� )) d� ds

�
� c0 + "

�
+

�
4(1 � � )

� �
h� (� (t)) � h� (� (t � ))

�
for t � t � :
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If we multiply both sidesof this inequality by h� � (� (t)) and passto the limit as
t ! + 1 , then, taking into account the arbitrariness of " , we obtain

lim sup
t ! + 1

h� � (� (t))

tZ

t �

p(� (s)) � 0(s)

+ 1Z

s

q(� )� (� )h� (� (� )) d� ds �
c0

�
+

�
4(1 � � )

:

Therefore (2.25) is valid.
Now we show that for any � 2 (0; 1),

g� (� ) �
(1 + � )2

4� (1 � � )
:(2.28)

Indeed, let � 2 (0; 1). If we multiply both sidesof (2.24) by h1+ � (� (t))=u1(� (t))
and integrate from t2 to t, then we �nd

tZ

t 2

u0
2(s)h1+ � (� (s))

u1(� (s))
ds � �

tZ

t 2

q(s)� (s)h1+ � (� (s)) ds for t � t2 :(2.29)

Analogously to the above reasoningwe can obtain the following estimate
tZ

t 2

u0
2(s)h1+ � (� (s))

u1(� (s))
ds � �

(1 + � )2

4�
h� (� (t)) � c for t � t2 ;

where c = h1+ � (� (t2))u2(t2)=u1(� (t2)). Thus from (2.29) we have
tZ

t 2

q(s)� (s)h1+ � (� (s)) ds �
(1 + � )2

4�
h� (� (t)) + c for t � t2 :

Multiplying both sidesof the last inequality by h� 2(� (t))p(� (t)) � 0(t) and integrat-
ing from t to + 1 , we get

+ 1Z

t

h� 2(� (s))p(� (s)) � 0(s)

sZ

t 2

q(� )� (� )h1+ � (� (� )) d� ds

�
(1 + � )2

4� (1 � � )
h� � 1(� (t)) + ch� 1(� (t)) for t � t2 :

Now multiplying both sides of this inequality by h1� � (� (t)) and passing to the
limit as t ! + 1 , we obtain

lim sup
t ! + 1

h1� � (� (t))

+ 1Z

t

h� 2(� (s))p(� (s)) � 0(s)

sZ

t 2

q(� )� (� )h1+ � (� (� )) d� ds

�
(1 + � )2

4� (1 � � )
:

This, taking into account Lemma 2.4 (formula (2.7)), evidently results in (2.28).
On the other hand, (2.25) and (2.28) imply (2.20). 2
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The following lemma is a special caseof the Schauder{Tikhono� theorem (see,
e.g., [3, p. 227]).

Lemma 2.9. Let t0 2 R, V be a closed bounded convexsubsetof C([t0; + 1 ); R),
and let T : V ! V be a continuous mapping such that the set T(V) is equicontin-
uous on every �nite subsegment of [t0; + 1 ). Then T has a �xed point.

3. Pr oof of the main resul ts

Pro of of Theorem 1.1. First we show that from (1.12) it follows (1.7). Assume
the contrary . Suppose

+ 1Z
h(� (t))q(t) dt < + 1 :(3.1)

Since� (t)h(� (t)) � h(� (t)), (3.1) yields
+ 1Z

q(t)� (t)h(� (t)) dt < + 1 :

Let " be an arbitrary positive number. We chooseT > 0 such that
+ 1Z

T

q(s)� (s)h(� (s)) ds < " :

This together with (1.5) implies

g(t; � ) � h� � (� (t))

TZ

1

p(� (s)) � 0(s)

+ 1Z

s

q(� )� (� )h� (� (� )) d� ds

+ " h� � (� (t))

tZ

T

p(� (s)) � 0(s)h� � 1(� (s)) ds

� h� � (� (t))

TZ

1

p(� (s)) � 0(s)

+ 1Z

s

q(� )� (� )h� (� (� )) d� ds +
"
�

:

Hence,by virtue of (1.2) and (1.10), passingto the limit as t ! + 1 , we �nd

g� (� ) = lim sup
t ! + 1

g(t; � ) �
"
�

:

In view of the arbitrariness of " we have g� (� ) = 0, which contradicts (1.12). The
contradiction obtained provesthat condition (1.7) is satis�ed.

Now we assumethat the theorem is not valid. Suppose system (1.1) has a
proper nonoscillatory solution. Then all the conditions of Lemma 2.8 are ful�lled.
Therefore inequality (2.20) holds. But this contradicts condition (1.12). The
contradiction obtained provesthe validit y of the theorem. 2
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Pro of of Corollary 1.1. It su�ces to note that since � (t) � t, we have c0 � 1
(c0 is de�ned by (1.13)), and therefore (1.14) implies (1.12). 2

Pro of of Theorem 1.2. By virtue of (2.14) (seeLemma 2.7) and (1.15) there
exists " > 0 such that for any � 2 (0; 1);

g� (� ) �
1 + "

4� (1 � � )
:(3.2)

We choose� 2 (0; 1) so that (1 + � )2 < 1 + " . Then from (3.2) we have

g� (� ) >
(1 + � )2

4� (1 � � )
;

which results in (1.12). Therefore all the conditions of Theorem 1.1 are ful�lled.
Thus the theorem is proved. 2

Pro of of Theorem 1.3. According to (1.16) and (2.15) (see Lemma 2.7), we
have

lim
� ! 1�

(1 � � )g� (� ) � lim
� ! 1�

(1 � � )g� (� ) >
1
4

:

Therefore all the conditions of Theorem 1.2 are satis�ed. Thus the theorem is
proved. 2

To prove Corollaries 1.2 and 1.3, it su�ces to note that the ful�lmen t of each
of conditions (1.17) and (1.18) guaranteesthe ful�lmen t of condition (1.16).

Pro of of Theorem 1.4. According to (1.10) and (1.19) it is clear that

lim sup
t ! + 1

h� � (t)
�

1 +

tZ

0

p(s)

+ 1Z

� (s)

q(� )h� (� (� )) d� ds
�

< 1:

Thus there exists t0 2 R+ such that

1 +

tZ

t 0

p(s)

+ 1Z

� (s)

q(� )h� (� (� )) d� ds < h� (t) for t � t0 :(3.3)

Let V be the set of all v 2 C([� (� (t0)) ; + 1 ); R) satisfying the conditions

v(t) = 1 for t 2 [� (� (t0)) ; t0] and 1 � v(t) � h� (t) for t � t 3)
0 :(3.4)

3) Here t0 is chosen so large that h(t0 ) � 1.
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De�ne

T(v)( t) =

8
>><

>>:

1 +

tZ

t 0

p(s)

+ 1Z

� (s)

q(� )v(� (� )) d� ds for t � t 4)
0 ;

1 for t 2 [� (� (t0)) ; t0) :

(3.5)

On account of (3.3) and (3.4) it is evident that T(V ) � V . Moreover, the set T(V)
is equicontinuous on every �nite subsegment of [� (� (t0)) ; + 1 ). SinceV is closed
and convex, by Lemma 2.9 there exists v0 2 V such that v0 = T(v0). According to
(3.5) it is obvious that the vector function (u1(t); u2(t)), the components of which
are de�ned by the equalities

u1(t) = 1 +

tZ

t 0

p(s)

+ 1Z

� (s)

q(� )v0(� (� )) d� ds; u2(t) =

+ 1Z

t

q(s)v0(� (s)) ds;

is a proper nonoscillatory solution of system (1.1). 2
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